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Hydrodynamics and conjugate heat transfer in porous media subject to unidirectional-steady state as
well as steady-periodic flow conditions were numerically studied. Two-dimensional flows in porous
media composed of periodically configured arrays of square cylinders were simulated using a computa-
tional fluid dynamics tool, with sinusoidal time variation of inlet and exit boundaries and conjugate heat
transfer between the solid and fluid domains. The simulated domain contained seven unit cells, with each
unit cell representing a square cylinder. Simulations showed that the end effects did not persist more
than two unit cells. Simulations were conducted for flow oscillation frequencies of 0–60 Hz, and low
and high velocity amplitudes (representing tidal fluid penetration amplitudes of 8 and 2 times the
hydraulic diameter, respectively, at inlet) for a 75% porous domain. Using the simulation results, pore-
scale volume-average Darcy permeability, Forchheimer coefficient, and Nusselt number associated with
the standard volume-average porous media momentum and thermal energy equations were calculated.
These parameters were calculated in instantaneous as well as cycle-averaged forms. The Forchheimer
coefficient and Nusselt number were significantly different in unidirectional-steady and oscillatory flow
conditions. These parameters strongly depend on the flow oscillation frequency and amplitude. Further-
more, significant phase lag occurs among velocity, pressure, temperature and heat transfer processes. The
results confirm that unidirectional-steady flow models and correlations are not suitable for applications
involving flow oscillations.

� 2013 Elsevier Ltd. All rights reserved.
1. Introduction

Periodic flows in porous media are encountered in a number of
important industrial applications, including conventional heat
exchangers, microchannels, and the regenerators and heat
exchangers of Stirling and pulse tube cryocoolers. The regenerator
is a vital component of Stirling and pulse tube cryocoolers which is
subject to periodic flow of a cryogen (usually helium) during the
operation of the cryocoolers. Frictional losses and other types of
irreversibility in the regenerators and heat exchangers of Stirling
and pulse tube cryocoolers adversely impact their performance,
and can even render them dysfunctional. An understanding of
the hydrodynamics and thermal transport phenomena in porous
media during periodic flow is thus necessary for the development
of reliable analytical or numerical design tools for these cryogenic
systems.

Transport phenomena in oscillatory flow in porous media are
currently not well understood. Design and analysis tools address-
ing periodic flow in porous media should evidently use tractable
model conservation and transport equations that are often derived
based on the homogenization technique, volume-averaging, or
simple postulation. Volume-average conservation and transport
equations for unidirectional-steady and quasi-unidirectional-stea-
dy flows in porous media have been rigorously derived by several
authors [1–5], and postulated and discussed by others [6,7]. Sözen
and Vafai [8], who were interested in the thermal storage behavior
of packed beds under low frequency (0.05–0.2 Hz) oscillatory com-
pressible flow conditions, applied standard macroscopic porous
media conservation equations with closure relations borrowed
from unidirectional-steady flow literature. These standard model
equations are often applied to relatively fast transient flow in
porous media, even though their applicability to fast transients is
not certain. The volume-average equations, furthermore, need
closure relations for solid–fluid interactions which must be found
from experiment or pore-level numerical simulations. Several
experimental investigations have been reported for periodic flow
in porous media that are of interest for cryocooler applications
[9–12]. These investigations in general have shown that unidirec-
tional-steady flow closure relations are not always suitable for
application to periodic flow. There appears to be no systematic
investigation about heat or mass transfer phenomena in porous
media during fast transients.

Reliable closure parameters for volume-average transient flow
in porous media can be rigorously obtained when the details of
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Nomenclature

a flow pulsation amplitude [–]
af specific solid–fluid interface area [1/m2]
A area [m2]
b inertial resistance coefficient [m2]
cf Forchheimer coefficient [–]
Cpf specific heat [J/kg K]
D cylinder diameter [m]
Dh cylinder hydraulic diameter [m]
DT thermal dispersion [W/m2]

dT
dx

� �
volume-average unit cell temperature gradient [W/m]

h heat transfer coefficient [W/m2 K]
k thermal conductivity [W/m K]
K permeability coefficient [m2]
L unit cell longitudinal dimension [m]
nj component of the unit normal vector [–]
NuL unit cell length-based Nusselt number [–]
NuK permeability-based Nusselt number [–]
ReK permeability-based Reynolds number [–]
t time [s]
T temperature [K]
hTif unit cell volume-average fluid temperature [K]
TS solid surface temperature [K]
h u!i volume-average fluid velocity [m/s]

U velocity [m/s]
uj component of the velocity vector [m/s]
V total volume [m3]
Vf fluid volume [m3]

Greek letterse
porosity [–]

l dynamic viscosity [kg/m s]
m kinematic viscosity [m2/s]
q density [kg/m3]
/ fluid property
~/ spatial deviation of fluid property
h/if volume-average fluid property
x angular frequency [rad/s]

Super/subscriptsf
fluid

L based on unit cell length
s solid

AbbreviationsCFD
computational fluid dynamics

UDF user defined function
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pore-level processes are known. Direct experimental measure-
ments of pore-level transport phenomena are difficult when very
small pores are of interest, for example in the aforementioned
cryocooler regenerators. Due to the very small pore size and flow
constraints of cryogenic regenerators, even miniature measure-
ment instruments cause unacceptable flow disturbance. Direct
numerical simulation can be used instead provided that the exact
geometry of the porous structure is known, however porous media
often have complex and non-uniform structures. Nevertheless,
valuable information can be deduced by the direct numerical sim-
ulation of flow in generic porous media composed of periodic ar-
rays of regular-shaped structures such as arrays of parallel
square or circular cylinders [13–20]. These and other similar inves-
tigations thus far have all addressed unidirectional-steady flow,
however.

Two-dimensional flow through arrays of tubes or fins of various
shapes is also of great interest in relation to heat exchangers
[21–23]. Most investigations that were concerned with heat
exchangers are interested in tube friction, drag coefficients, and
Nusselt numbers. However, flow in large heat exchangers have
been treated as flow in porous media by many investigators as well
[24–28]. Past investigations dealing with simulation of flow in heat
exchanger tube bundles have mostly addressed unidirectional-
steady flow as well.

In this paper we report on numerical simulations aimed at
understanding the hydrodynamic resistant parameters and heat
transfer during laminar steady-periodic flow in generic porous
media composed of a periodic array of parallel square cylinders.
The differences between unidirectional-steady and periodic flow
are of interest and are described. This study is a follow-up of our ear-
lier work [29–31], in which the hydrodynamic and thermal param-
eters associated with laminar unidirectional-steady and pulsating
flow through the same generic porous media were investigated.
Fig. 1. Generic computational domain.
2. Geometric configuration of the simulated system

The generic porous media simulated here are regularly spaced
square rods arranged in a linear pattern with rows parallel to the
direction of the flow field. The domain is similar to those addressed
in [29,30]. Fig. 1 displays the physical configuration of the parallel
square rods. Previous researchers typically studied the flow details
in a single unit cell, using periodic boundary conditions. However,
for periodic flow, a single unit cell is not sufficient due to the en-
trance effect complications and the development of phase shift
which makes simple periodic boundary conditions along the main
flow direction unsuitable [29]. Therefore, the generic computa-
tional domain for this study is composed of seven consecutive unit
cells in series, as depicted in Fig. 2.
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The upper and lower surfaces of each unit cell consist of a sym-
metry boundary condition, since the flow about the x-axis for the
entire computation domain is symmetric. The square cylinders
have an edge length represented by D = 100 lm, the hydraulic
diameter is Dh = 50 lm, and the domain has a porosity of 0.75.

Previous studies with unidirectional-steady and pulsating
flows indicate that the end effects of the simulated row of the unit
cells essentially disappear after the first few unit cells with the
addition of beginning and ending buffer zones [29,30]. Following
the results of these numerical investigations, the buffer zone at
the inlet has a length of 10Dh for the high amplitude cases and
a length of 2.5Dh for the low amplitude cases. These buffer zones
were used at both ends of the simulation domain. For all cases,
the tidal fluid penetration amplitude was kept at 80% buffer zone
length. The flow details of the fourth unit cell were used in the
forthcoming pore-scale computations so that all end effects were
mitigated. The entire computational domain with the buffer zones
is shown in Fig. 2.

3. Theory and method of solution

3.1. Governing equations

For flow of an incompressible, Newtonian fluid, the local and
instantaneous conservation equations are,
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These equations are to be numerically solved for pore-scale
analysis, using fine nodalization of the system shown in Fig. 2.
The tractable conservation equation for the macroscopic analysis
of flow in porous media can be derived by performing volume-
averaging on all the terms in these equations, where volume-aver-
age properties are defined as,

h/if ¼ 1
Vf

Z
Vf

/dV ð4Þ
Fig. 2. Computati
Any fluid property can be separated into a volume-average fluid
property term and a spatial deviation term [1–5],

/ ¼ h/if þ ~/ ð5Þ

where ~/ is the spatial deviation of the property /. Volume-averag-
ing of Eqs. (1)–(3), and modeling the frictional loss terms in the
momentum equation by using the permeability and Forchheimer
coefficients, then lead to,
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where Einstein’s summation rule has been used.
The thermal dispersion term is defined as,

DT ¼ �eqf cpf h~uj
eT if ð9Þ
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represents tortuosity, which vanishes

when the surface temperature is uniform. The last term on the right
side of Eq. (8) represents the solid–fluid (interfacial) heat transfer,
and can be used for the definition of the unit cell-average interfacial
heat transfer coefficient,
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Substituting from Eqs. (9) and (10) into Eq. (8) leads to [30],
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Fig. 3. 2D mesh and details of cell 4 for low amplitude case.

Table 1
The effect of mesh number on typical simulation results.

Flow type

Steady flow Oscillatory flow

Mesh size 20 � 40
mesh

40 � 80
mesh

46 � 92
mesh

20 � 40
mesh

40 � 80
mesh

Cycle-average fluid
temperature (K)

299.963 299.964 299.964 188.7 185.4

Cycle-average fluid
velocity (m/s)

0.01243 0.01243 0.1244 0.054 0.052
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The inertial resistance coefficient and Forchheimer coefficient
are related according to,

cf ¼ b
ffiffiffiffi
K
p

ð12Þ
3.2. Numerical solution method

The microscopic level (pore-scale) calculations were performed
by numerically solving Eqs. (1)–(3) in the domain shown in Fig. 2.
The CFD code ANSYS Fluent 13 [32] was used for this purpose. The
pressure-based Navier–Stokes coupled solution algorithm of
Fluent, which includes low Mach number conditioning, artificial
compressibility, and dual time stepping for the solution of stea-
dy-periodic flow, was used to solve the mass continuity, momen-
tum, and thermal-energy conservation equations simultaneously.

The two-dimensional mesh and zoom-in details of cell 4, gener-
ated by using Gambit 2.2 [33], are shown in Fig. 3.

For initial conditions, first a unidirectional-steady-state simula-
tion was performed assuming that ideal gas helium at 2 MPa pres-
sure and a temperature of 80 K filled the entire system. Transient
simulations were then initiated by imposing the following moving
wall boundary condition as a special user defined function (UDF),

U ¼ xa cosðxtÞ ð13Þ

The amplitude was either 8Dh for high amplitude scenarios or 2Dh

for low amplitude scenarios.
The solid interface experienced conjugate heat transfer. The mi-

cro-scale numerical calculations were continued until steady peri-
odic conditions were reached, where-after all calculated
parameters everywhere in the simulated system were identical
from one cycle to the next. Fig. 4 shows the development of unidi-
rectional-steady-periodic conditions for a typical case.

Once steady-periodic conditions were established, various
parameters were calculated. These included volume-average
velocity, pressure, and temperature; instantaneous and volume-
average Darcy permeability, Forchheimer coefficient, and Nusselt
Fig. 4. Development of unidirectional-steady-periodi
Number. The instantaneous permeability-based and unit cell
length-based Nusselt number was found from,
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R
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nj dA is the heat transfer rate between the solid
surface and fluid, and Aint is the solid–fluid interphase area in a unit
cell. The reference temperature difference DT is defined as the dif-
ference between the high-end (300 K) and low-end (80 K) temper-
atures in the simulated system. This reference temperature
difference remains constant, and is used because the instantaneous
temperature difference is inappropriate and leads to singularity in
the magnitude of Nusselt number due to the phase lag between
the solid surface and fluid temperatures. Cycle-average temperature
difference between solid and fluid is also inappropriate because it is
always equal to zero. This aforementioned choice of reference tem-
perature difference DT is similar to the definition used by Ashwin
et al. [34] for steady-periodic flow.

UDFs were developed in C++. The simulation results were post
processed using Matlab [35]. For all numerical simulations, the
convergence criterion applied to the residuals for the continuity
and momentum equations was a tolerance of 10�3. A convergence
criterion of 10�6 was used for the energy equation residuals. These
tolerance criteria are known to be quite adequate for simulations
with Fluent [32]. A detailed grid independence study was
performed, the results of which showed that good grid-indepen-
dence could be achieved by using 20 � 40 nodes in each unit cell.
Table 1 and Fig. 5 show the comparison of periodic flow results
at 6 six seconds after the initiation of a transient simulation, be-
tween a 20 � 40 mesh and a 40 � 80 mesh for a low amplitude
60 Hz case for unit cell 4, and temperature contours of the entire
c conditions in a 40 Hz simulation in unit cell 4.



Fig. 5. Unsteady temperature contours for 20 � 40 (top) and 40 � 80 mesh (bottom).
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system, respectively. Table 1 also shows that there is essentially no
difference in the unidirectional-steady flow results for 20 � 40,
40 � 80, and 46 � 92 meshes. Other simulations showed that
increasing the number of mesh points beyond 20 � 40 made insig-
nificant difference in simulation results and resulted in unrealistic
simulation times.

As mentioned before, all the volume-average terms in Eqs. (7)–
(9) were calculated using UDFs and post processing. The correct-
ness and consistency of these computations could then be
ascertained by using these computed volume-average terms in
the aforementioned equation. This was done for selected runs,
where Eq. (8) was finite differenced using forward differencing in
time and central differencing in space, and performing macro-
scopic calculations for unit cell 4. Excellent results were obtained.
As a note, to reach unidirectional-steady-periodic conditions, each
steady-periodic simulation typically take 550–600 h to run on a
commercially available core i7 PC, at full capacity. The extremely
long computational time appears to be a reason for the scarcity
of numerical investigations in the open literature.
Fig. 6. Unidirectional-steady-periodic profiles of various volume
All simulations assumed laminar flow for both unidirectional-
steady and unsteady flow cases. For the unidirectional-steady
(constant flow rate) cases, the same definition criteria of Reynolds
from Eqs. (16) and (17) was used, however the maximum velocity
from the corresponding steady-periodic flow case was used in the
definition of Reynolds number. In unidirectional-steady flow
through porous media the flow remains laminar as long as [36],

ReK < 300 ð16Þ

where,

ReK ¼
qf jh u!ij

ffiffiffiffi
K
p

lf
ð17Þ

Little is known about turbulence and conditions leading to transi-
tion from laminar to turbulent flow in periodic flow through a por-
ous medium. Nevertheless, in all simulations it was ascertained that
the latter threshold would not be reached.
-averaged parameters for 20 Hz flow oscillation frequency.



Fig. 7. Steady-periodic flow: variations of instantaneous unit cell-average Nusselt Numbers for 20 Hz, 40 Hz, and 60 Hz flow oscillation frequencies.
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4. Results and discussion

In periodic flow phase difference occurs among pressure, mass
flow rate, and solid and fluid temperatures, and greatly compli-
cates the overall hydrodynamics and transport processes. Fig. 6
displays the steady-periodic variations of various volume-average
parameters for the low-amplitude velocity oscillations and 20 Hz
frequency. The phase lag between pressure and velocity
(Fig. 6(a)), for example, plays a crucial role in acoustic energy
transport that is vital for the operation of pulse tube cryocoolers.



Table 2
Summary of volume and cycle-averaged momentum and heat transfer parameters.

Case Unidirectional-steady flow Steady-periodic flow

Amp Freq (Hz) L2/K cf NuL ReK,max L2/K cf NuL

Low 20 111.39 0 1.113E�03 6.3E�02 101.59 0 0.0096
Low 40 93.17 0 1.124E�03 1.3E�01 101.59 0 0.0183
Low 60 93.17 7.62E�01 1.135E�03 1.9E�01 101.59 3.16E�04 0.0259
High 20 93.17 5.68E�01 3.457E�04 2.3E�01 101.59 6.42E�03 0.0255
High 40 93.17 3.69E�01 3.707E�04 4.6E�01 101.59 6.72E�03 0.0426
High 60 93.17 2.54E�01 3.965E�04 6.9E�01 101.59 3.75E�03 0.0415

For the unidirectional-steady (constant flow rate) cases the maximum velocity from the corresponding steady-periodic flow case was used in the definition of Reynolds
number.
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The phase difference depends on oscillation frequency and the
fluid penetration depth in the porous medium. The phase differ-
ence thus brings under question the definition and utility of instan-
taneous wall-fluid momentum transfer parameters (permeability
and Forchheimer coefficients, for example). Fig. 6(c) and (d) shows
that significant phase difference also occurs between the wall heat
transfer rate and volume-averaged temperature and velocity,
respectively. The heat transfer rate of course changes sign during
a cycle due to the conjugate nature of the thermal exchange be-
tween the solid and fluid. These phase differences also vary with
oscillation frequency, and render instantaneous heat transfer coef-
ficient defined based on local wall surface–fluid temperature dif-
ference inadequate. The phase difference between instantaneous
Nusselt number and mean velocity (Fig. 6(d)) is particularly of
interest, as it shows that the heat transfer coefficient and local
velocity are almost out of phase.

The cyclic variation of the wall-fluid heat transfer coefficient
can be better understood by defining instantaneous unit cell-aver-
aged Nusselt number based on the temperature difference be-
tween the wall surface and the inlet fluid [see Eq. (8)], following
[34]. These instantaneous volume-average Nusselt numbers are
shown in Fig. 7. As expected, the instantaneous Nusselt numbers
vary periodically and over a wide range, and strongly depend on
the flow oscillation amplitude.

At higher frequencies the Nusselt number experiences higher
amplitudes for both high amplitude and low flow oscillation ampli-
tude cases. This is of course expected because higher frequency
implies higher fluid mean velocity. As the Reynolds number
(defined based on fluid mean or maximum velocity) increases,
Nusselt number also increases.

Table 2 is a summary of cycle and volume (unit cell)-averaged
momentum and heat transfer parameters obtained from the simu-
lations. These parameters, as mentioned earlier, are suitable for use
in standard time and volume-averaged porous media conservation
equations such as Eqs. (7) and (8). Parameters obtained from uni-
directional-steady flow simulations are also depicted in the table.
The steady-unidirectional flow simulation results can be directly
compared with steady-periodic results because in each of the
unidirectional-steady simulations the mean velocity corresponded
to the maximum velocity in the corresponding steady-periodic
simulation.

For unidirectional-steady flow, permeability is a constant, as ex-
pected. Furthermore, for simulations corresponding to low ampli-
tude 20 and 40 Hz flow oscillation frequencies the Forchheimer
coefficient is essentially zero due to very low flow inertia effects.
For higher frequencies (Re numbers) for unidirectional steady flow
the Forchheimer coefficient depends on Reynolds number, and de-
creases as Reynolds number is increased. The dependence of Nus-
selt number on ReK and other variables shows that for ReK < 2, NuL

is of the order of 10�3 and increases slowly as ReK is increased. A
transition takes place approximately at ReK = 2, where after the
magnitude of NuL drops by approximately a factor of 3. For
ReK > 2, once again, Nusselt number increases slowly and mono-
tonically as ReK is increased.

The parametric dependencies in oscillatory flow simulations are
more complicated than unidirectional steady flow results. Note
that all the parameters depicted in Table 2 are all unit cell and
cycle averaged. The Darcy permeability is a constant, as expected,
because permeability is generally considered to be primarily a
function of the porous media geometry. The cycle average Forch-
heimer coefficient not only is sensitive to flow oscillation ampli-
tude and frequency, but is also smaller than the corresponding
unidirectional-steady flow Forchheimer coefficient by two orders
of magnitude. These order-of-magnitude differences confirm that
unidirectional-steady parameters are not appropriate for periodic
flow conditions.

Comparison between unidirectional-steady and cycle-average
Nusselt numbers for periodic flow show that cycle-average Nusselt
number generally increase with increasing ReK,max, but is made
complicated by the apparent effect of oscillation frequency. Of far
more importance is that the cycle-average Nusselt numbers are
one (in the case of lowest frequency and ReK) or two orders of mag-
nitude (for other conditions) larger that the corresponding Nusselt
numbers for unidirectional-steady flow simulations.

From the presented results it is clear that the unidirectional-
steady flow hydrodynamic and thermal parameters greatly differ
from those of periodic flow. Using predictive methods and correla-
tions that are based on unidirectional steady flow data in the
design and analysis of periodic flow systems is therefore not appro-
priate. The exception to the aforementioned comment is when low
amplitude low frequency periodic flow is under consideration,
where the use of steady flow results may be substituted with
limited error in analytical modeling. This is of course limited to
lower flow periodic flow scenarios.

Our simulations results are not sufficient for the identification
of more general trends or development of reliable correlations, gi-
ven the extremely intensive computations that are needed for stea-
dy-periodic flow simulations. Nevertheless, these results indicate
the need for further investigations.

5. Conclusions

A numerical investigation of the hydrodynamics and thermal
energy associated with unidirectional-steady and periodic flow in
porous media was conducted in this investigation. Two-dimen-
sional, laminar flow in a generic porous medium consisting of a
periodic array of square cylinders with conjugate heat transfer
conditions was simulated using ANSYS Fluent CFD code. These sim-
ulations were based on fine nodalization and the resolution of
pore-scale phenomena, and covered frequencies of 0–60 Hz at
two distinct amplitudes. The numerical data were used for the
calculation of unit cell and cycle-average Darcy permeability,
Forchheimer coefficient, and Nusselt number, which are suitable
for use in the standard volume-average momentum and thermal
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energy equations for flow in porous media. These terms, under
periodic conditions, were sensitive to frequency and amplitude,
and were significantly different from their counterparts that repre-
sented unidirectional-steady flow. Our results show that using pre-
dictive methods and correlations that are based on unidirectional
steady flow data in the design and analysis of periodic flow sys-
tems is not appropriate.
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