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ABSTRACT

It is difficult to robustly estimate the parameters of an additive
exponential model from a small number of frequency-domain
measurements, especially when the model order is unknown
and the parameters must be constrained to be real. Recent
work in sparse sampling and sparse reconstruction casts this
problem as a linear dictionary selection problem by densely
sampling the parameter space. We present a modified `p-
regularized least squares algorithm, for 0 ≤ p ≤ 1, and show
that it is effective when the frequency sampling is sparse over
a couple of decades and the parameters must be estimated
over more than four decades. An empirical method for choos-
ing the regularization parameter is also studied. Using tests
on synthetic data and laboratory measurements for an EMI
application, the proposed method is shown to provide robust
estimates of the model parameters up to eighth order.

Index Terms— Parameter estimation, `1 minimization,
sum of exponentials, basis pursuit.

1. INTRODUCTION

Additive exponential models are commonly used in science
and engineering to model a wide range of physical phenom-
ena such as the eddy currents for electromagnetic induction
(EMI), dielectric material properties in polymer science, and
many others in the fields of chemistry, biology, and speech, to
name a few. It can be difficult to extract the model parameters
from measurements when the number of parameters is more
than a few, when the model order is unknown, or when the
number of measurements is very small. Furthermore, when
the measurements are made in the frequency domain and the
exponential parameters must be real, very few techniques
exist to solve the resulting constrained estimation problem.
In [1] we developed a constrained linear least-squares method
to estimate these models when the parameters are nonnega-
tive, and demonstrated the utility and robustness of this algo-
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rithm for wideband EMI systems. The method uses 21 mea-
surements, equi-spaced in the logarithmic frequency domain,
taken over a range of 2.5 decades, and estimates parameter
values over 4.17 decades. We have tested this method on syn-
thetic data and lab data, and have shown that it can reliably
extract models. Recently, Austin et al. [2] studied parameter
estimation for additive models through sparse sampling and
reconstruction. They formulated a linear problem by enumer-
ating an overcomplete dictionary of possible models. Then
they proposed a sparse nonuniform sampling strategy based
on the Fisher information, and demonstrated their method on
a time-domain sum-of-exponentials model.

In this paper, we extend the frequency-domain tech-
nique [1] to remove the nonnegative constraint. We linearize
the estimation problem with a dictionary as in [1, 2], and
solve it with `p-regularized least squares for 0 ≤ p ≤ 1. We
exploit the fact that after linearizing the problem the solution
vector is most likely sparse, and we show that a log-frequency
sampling scheme performs nearly the same as one based on
Fisher information. The proposed method requires no prior
knowledge of the model order K and always returns real
parameters. We demonstrate its robustness with results on
synthetic and laboratory data, even when using high model
orders and frequencies measured over several decades.

2. ESTIMATION METHOD

The EMI frequency responseH(ω) of a metallic target, which
is proportional to a projection of the magnetic polarizability
tensor of the target,can be expressed as [3]:

H(ω) = c0 +
K∑
k=1

ck
1 + jω/ζk

(1)

where c0 is the shift, K the model order, ck the real spectral
amplitudes, and ζk the relaxation frequencies. The parameter
set S = {(ζk, ck) : k = 1 . . .K} is called the Discrete Spec-
trum of Relaxation Frequencies (DSRF); each pair (ζk, ck) is
one relaxation. The term DSRF and spectrum will be used
interchangeably.



It is advantageous to model the EMI signal with (1) be-
cause the relaxation frequencies are invariant to target orien-
tation, which is valuable in target detection. However, it is
difficult in practice to obtain the model parameters in (1) from
a small number of measurements. For most existing estima-
tion methods, a good guess of the model order K is required
for the fitting process to converge. Prior knowledge of K,
however, is usually unavailable. The highly correlated sum-
mands in (1) and the nonlinear relation between H(ω) and ζk
also make estimation difficult. Most existing methods often
give sub-optimal solutions that are far from the truth, or return
complex parameters that do not have physical meaning [4].

When the target response is measured at N distinct fre-
quencies, (1) can be written in matrix form:


H(ω1)
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h = Zc (2)

where ωmin = ω1 < ω2 < · · · < ωN = ωmax, h is the
observation vector, c the spectral amplitude vector augmented
by the shift c0, and Z a matrix containing information about
the relaxation frequencies ζ.

To estimate the DSRF (i.e., ζk and ck) from a given ob-
servation h, the usual approach is to minimize the norm of
the error, but this leads to a nonlinear optimization problem.
Instead, we follow the strategy of basis pursuit to linearize
the problem with an overcomplete dictionary. The overcom-
plete dictionary is a matrix Z̃ that has the same form as Z in
(2), but with many more columns. To generate the columns,
we enumerate a large set of M possible relaxation frequen-
cies uniformly distributed in the log-ζ space (M � K), and
create one column for each enumerated ζ [1]. Compared to
the non-uniform sampling [2] based on the Fisher information
where the step size is given by

∆(ζ̃m) = α

[
N∑
n=1

( ωn

ω2
n + ζ̃2

m

)2
]− 1

2

the uniform log-ζ sparse sampling gives similar sample points
(Fig. 1).

Since the dictionary matrix Z̃ has (M+1) columns, we
redefine the unknown as an (M+1)-element weighted selector
vector c̃ and rewrite the problem as:

h = Z̃c̃+ error (3)

The vector c̃ contains the shift estimator c̃0 followed by the
spectral amplitude estimators c̃m. We expect the solution for
c̃ to have many zero elements becauseM � K, i.e., c̃will be
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Fig. 1. Samples generated from uniform log-ζ sampling and non-
uniform sampling based on the Fisher information.

sparse. We utilize the `p-regularized least squares technique,
for 0 ≤ p ≤ 1, because it promotes sparse solutions.

arg min
c̃
||Z̃
′
c̃− h′||22 + λ||c̃||pp , 0 ≤ p ≤ 1 (4)

where Z̃
′

=
[
Re(Z̃)
Im(Z̃)

]
and h′ =

[
Re(h)
Im(h)

]
where λ is the regularization parameter. Separating the real
and imaginary parts in Z̃ makes the whole system real. Ide-
ally, in the best selected c̃, only those c̃m with corresponding
ζ̃m that are near a true ζk will be nonzero, and they will take
on the correct spectral amplitudes ck. It follows that a DSRF
can then be deduced from the nonzero estimated c̃m and their
corresponding ζ̃m.

The `p-regularized least squares for p < 1 can be approx-
imated by the iteratively reweighted `1 algorithm proposed by
Candès et al. [5]. The weights are updated as suggested in [6].
We also adopt the ε-regularization technique used in the same
paper. In summary, (4) is approximated by (see also [7]):

Algorithm 1: Approximated `p-regularized least square

Input: Z̃
′
, h′, p, λ, c̃0

c̃n ← c̃01

for k ← 0 to −8 step −1 do2

ε← 10k3

repeat4

c̃n−1 ← c̃n5

wni ← (|c̃n−1
i |+ ε)p−16

c̃n ← arg min ||Z̃
′
c̃− h′||22 + λ

∑M+1
i=1 wni |c̃i|7

until ||c̃n − c̃n−1||2 <
√
ε/1008

return c̃n9

The `1 minimization problem is solved by l1 ls, a MATLAB
optimizer proposed by Kim et al. [8]. We have also found
that normalizing the input data h, as well as the columns of
Z̃
′

to have unit `2 norm increases the accuracy of estimation.
Setting entries of c̃0 to all ones also seems to be effective.
The nonzero entries of c̃ selected by (4) are the relaxations
need in the estimated DSRF, Ŝ = {(ζ̂l, ĉl) : l = 1 . . . L}.
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Fig. 2. Estimation of a synthetic six-relaxation DSRF. p = 0.5.

3. ESTIMATION RESULTS

The proposed estimation method is tested against synthetic
and laboratory data to show its functionality, accuracy, and
stability. The hardware system used is a wideband EMI sen-
sor operating at 21 frequencies approximately logarithmically
distributed over the range 300 Hz–90 kHz (2.5 decades) [9].
The synthetic data is generated in accordance with the hard-
ware specification. The range of ζ for estimation is chosen
such that log(ζ̃min) and log(ζ̃max) are 2.45 and 6.62, respec-
tively, i.e., 4.17 decades. All estimations are performed with
M = 100, and all presented spectra are normalized such that∑
i=1 |ci| = 1. Spectral amplitudes less than 10−5 are not

displayed. Unless specified, p = 0.5 is chosen as a represen-
tative case. The choice of λ is discussed in Section 4.
Notation: ζ and c are the true/theoretical relaxation frequen-
cies and spectral amplitudes; ζ̂ and ĉ are the estimates.

3.1. Dissimilarity Measure Between Two DSRFs

In order to evaluate the goodness of the estimate, we need
to define a measure of dissimilarity that is appropriate for
sparse spectra with multiple peaks. We use the Earth Mover’s
Distance (EMD) [10] which quantifies the “amount of work”
to morph one spectrum into the other. Strictly speaking the
EMD is only defined for positive spectra, but we can account
for negative spectral amplitudes by defining the distance func-
tion between two relaxations (ζi, ci) and (ζ̂j , ĉj) to be:

dij =
{
| log ζi − log ζ̂j | , ciĉj ≥ 0
1 + | log ζi − log ζ̂j | , ciĉj < 0

which penalizes relaxations with different signs. Spectra are
made nonnegative and normalized prior to the EMD compu-
tation. Notice that the EMD has units of decades.

3.2. Synthetic Six-relaxation DSRF

We test our method on a six-relaxation DSRF synthesized at
65 dB SNR with AWGN (Fig. 2). This is a case that can-
not be handled by traditional nonlinear parameter optimiza-
tion which tends to return complex-valued estimates [4]. Us-
ing p = 0.5, all six relaxation frequencies are recovered by
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Fig. 3. Monte Carlo simulation on goodness of estimation vs. SNR
performed on a four-relaxation DSRF. Sample size is 100 per SNR.

solving (4). Though the estimation is not perfect, it is never-
theless satisfactory. The estimated model parameters are real,
and the deviation from truth is small. The EMD between the
estimated and the true DSRF is 0.09 decades. The estimate
using p = 1 is also shown in Fig. 2. It is less sparse, but its
EMD is still small, 0.10 decades. Satisfactory estimates are
also observed for model orders up to eight.

3.3. Signal to Noise Ratio

To see how the proposed method performs in noise, a Monte
Carlo simulation versus SNR is run for several p’s. The true
spectrum is a target with a four-relaxation DSRF including
negative relaxations. The simulation result, shown in Fig. 3,
shows the robustness of the estimation method at different
signal-to-noise ratios. For all p’s, the EMD between the es-
timate and the truth increases as the SNR decreases. This
suggests that the proposed method is functional in a range of
SNR where the EMD is below some threshold. This thresh-
old, however, depends on the application of the estimated
spectrum. For example, if the DSRF produces features for
classification, a more robust classifier may tolerate worse es-
timations and, therefore, allow lower SNR. It seems p < 1
offers performance similar to that of p = 1, but p < 1 does
give sparser estimates as demonstrated above. The sparsity,
however, is not reflected in the EMD measure.

3.4. Two Coplanar Coaxial Circular Loops

For laboratory data, a target with two coplanar coaxial circu-
lar loops of copper wire was constructed. The circumferences
of the two loops were chosen to be 200 mm and 150 mm. The
larger loop has a wire radius of 0.06 mm, and the smaller one
of 0.32 mm. The EMI response of this target was measured
in the laboratory and is shown in Fig. 4(a), and the estimated
and theoretical DSRF are displayed in Fig. 4(b).

The estimated DSRF deviates from the theory with an
EMD of 0.04 decades. We believe the extra estimated re-
laxation and the deviation is mostly due to the thin-wire ap-
proximation used in the theory [1]. The measured frequency
response itself deviates from the theory slightly, but the devia-
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Fig. 4. (a) Laboratory measured frequency response of two coplanar
coaxial circular loops. Responses are normalized such that ‖h‖2 =
1. (b) Theoretical and estimated DSRF. log ζk and ck are (4.76 6.07)
and (0.50 0.50), respectively. log ζ̂l and ĉl are (4.77 4.89 6.03) and
(0.45 0.04 0.51), respectively.

tion is small. We conclude that this estimated DSRF correctly
represents the physical DSRF of the target.

4. CHOOSING λ

We propose an empirical method to find the best λ in (4) as
a function of SNR. First, we build a collection of synthetic
spectra with different model orders and a wide variety of dis-
tributions of relaxations. For each spectrum at a fixed SNR,
the spectrum is estimated with different λ’s, and then the λ
that gives the smallest error (EMD) is recorded. This is done
for a range of SNR and is repeated 100 times to obtain an
average. The result shown in Fig. 5 is for the case p = 0.5.
The EMD plays an important role in finding the best λ when
there are many peaks in the spectrum because it combines
all the spectrum deviations into one number. Some authors
only count the number of perfect reconstructions when eval-
uating the goodness of fit, but imperfect estimates are often
acceptable and some level of error always occurs, especially
for ill-conditioned dictionaries.

Surprisingly, for each spectrum, the best λ has a simple
relationship with the SNR: log λ is linear vs. SNR. We can,
therefore, choose the best λ based on the SNR through a sim-
ple linear equation such as (5). Although targets of different
model orders have different lines of best λ, we have observed
that the minimum EMD is not highly sensitive to the exact
choice of λ; changing by one or two decades gives an error
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Fig. 5. Best λ vs. SNR for spectra of various model order. The line
with markers is chosen to represent the best λ for all model orders.

very close to the minimum. As a result, there is some free-
dom in choosing the best λ in a practical application. For our
problem setup, the λ is chosen by

log λ = −0.06 · SNR− 2 (5)

The same empirical method can be repeated for other p’s, and
the result is also a linear relationship between log λ and SNR.
With field data we use (5) along with an estimate of the SNR
to determine λ for use in Algorithm 1.
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