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An Investigation of Numerical 
Dispersion in the Vector Finite Element 
Method Using Quadrilateral Elements 

Gregory S. Warren, Student Member, IEEE, and Waymond R. Scott, Jr., Member, IEEE 

Abstruct- The discretization inherent in the vector finite ele- 
ment method results in the numerical dispersion of a propagating 
wave. The numerical dispersion of a time-harmonic plane wave 
propagating through an infinite, two-dimensional, vector finite 
element mesh composed of uniform quadrilateral elements is 
investigated in this work. The effects on the numerical dispersion 
of the propagation direction of the wave, the order of the poly- 
nomials used for the basis functions, and the electrical size of the 
elements are investigated. Simple formulas are presented which 
are excellent approximations to the exact numerical dispersion. 
The numerical dispersion is validated by a numerical example. 

I. INTRODUCTION 

HE VECTOR FINITE element method is becoming an T increasingly popular technique in computational electro- 
magnetics for solving vector field problems [ 11-[4]. The main 
reason for this is that it does not suffer from spurious or 
nonphysical solutions for many types of problems as does the 
node based finite element method [ 5 ] .  In addition, boundary 
conditions are generally easier to impose along conductor 
edges and material interfaces when vector finite elements are 
used. 

Even though the vector finite element method has been 
extensively used, the errors associated with it have not been 
thoroughly investigated. The errors must be quantified in 
order for one to have complete confidence in the numerical 
solution. For finite elements, one of the most significant errors 
arises from the inability of the polynomial basis functions 
to represent the fields exactly within an element. A wave 
propagating through a finite element mesh will experience 
numerical dispersion as a result of this error. Many researchers 
have looked at the numerical dispersion for plane waves in 
the node based finite element method for the two-dimensional 
case. Mullen and Belytschko investigated the numerical dis- 
persion of a number of first-order uniform meshes consisting of 
triangular and quadrilateral elements [ti]. They indicated that 
the dispersion depends on the node density and the direction of 
propagation through the mesh. In addition, they considered the 
effects of mass lumping (diagonalization) on the dispersion. 
Lynch et al. demonstrated the effect of lossy materials on 
the numerical dispersion for first-order uniform triangular 
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and rectangular meshes [7 ] .  Recently, Lee and Cangellaris 
extended the analysis to second-order quadrilateral elements 
for a plane wave propagating along a mesh axis [8]. 

In two-dimensional problems, several types of vector el- 
ements are used. One of the most common, and of interest 
here, is the quadrilateral element. The numerical dispersion of 
a time-harmonic plane wave propagating through an infinite, 
two-dimensional, vector finite element mesh composed of uni- 
form quadrilateral elements is investigated in this work. This 
numerical dispersion can be characterized by a cumulative 
phase error. The phase error is quantified as a function of the 
electrical size of the elements, the direction of propagation of 
the plane wave, and the order of the elements. It is shown that 
the phase error for the first- and second-order, quadrilateral, 
vector finite elements is the same as that for the corresponding 
nodal elements. Simple formulas are presented which are 
excellent approximations to the exact numerical dispersion. 
Finally, numerical results that verify the analysis are given. 

11. VECTOR FINITE ELEMENT FORM~~ATION 
In order to quantify the numerical dispersion of the vec- 

tor finite element method, consider an infinite, linear, two- 
dimensional, homogeneous, isotropic, and source free region. 
The field in this region is governed by the vector Helmholtz 
equation: 

V X  V X E  - k 2 1 ? = Q  (1) ( ’> 
where an ejwt  time dependence is assumed and k = wfi 
is the wavenumber. In a finite region, the following boundary 
conditions are used for the finite element formulation [9]: 

+ 

7 i x E = O  (2 )  

on the portion of the boundary rl that lies on a perfect electric 
conductor and 

(3) 

which is used on all other boundaries r2. The role of-this 
boundary condition is determined by the values of y and U .  In 
the finite element method, the region of interest is subdivided 
into discrete elements. Then, the vector field is approximated 
within an element by an expansion in terms of vector basis 
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functions: 

where 8T are the vector basis functions, E: are the unknown 
coefficients, and n is the number of unknown coefficients. A 
system of linear equations is obtained by Galerkin's method. 
The weighted residual for the eth element is [9] 

j = 1 , 2 , 3 , . . . , 7 ~  (5) 

where 0" is the area enclosed by the element e. Substituting 
the field expansion into the residual equation and placing it 
in the "weak form" gives the residual equation for the eth 
element: 

j = 1 , 2 , 3 , . - . , n  . (6) 

The global equations are obtained by expanding the above 
equation and then assembling the local equations for all the 
elements. The resulting equations are set equal to zero, and 
the system of linear equations is solved to obtain the unknown 
coefficients E:. A more detailed explanation is given in  [91. 

111. DISPERSION ANALYSIS 

Consider a plane wave propagating through an infinite 
uniform mesh at an arbitrary angle @ in the J-y plane. It is 
well known that a plane wave is an exact solution to the vector 
Helmholtz equation ( 1 ) .  For this solution, it is easy to show 
that the field at any point p is related to the field at any other 
point q by a simple phase factor: 

3 q -  - g p e - j k k . A F  (7) 

where k = cos q5Gx + sin &iy is a unit vector pointing in 
the direction of propagation and where A? is the vector from 
point p to point q.  

A plane wave propagating along the mesh at the angle (i, 
is a solution to the discretized vector Helmholtz equation. 
The plane wave propagates with a numerical wavenumber k .  
Consider the points p and q depicted in the mesh in Fig. 1. 
The relationship between the field at any point p within an 
element and any other point q at the same relative position 
within another element is a simple phase factor: 

where A? = rnAx&, + nAyG, is the vector from the point 
p to point q in which 712 and n are restricted to be integers. 

Fig, I .  
infinite uniform vector finite element mesh. 

Diagram depicting a plane wave propagating through a portion of an 

However, the relationship between the fields at two arbitrarily 
located points ( T u  or rrL is not an integer) is not as simple. 

A. First-Order Elrment 

The basis functions used in vector finite elements are of 
mixed order. In this paper, two different types of elements are 
considered. The first is commonly called the edge element and 
is referred to here as the first-order element. In this element 
the vector basis functions are constant in the direction of the 
vector component and linear in the direction transverse to 
it. The element is depicted in Fig. 2(a) and the vector basis 
functions, ~q:, are the usual first-order vector finite element 
basis functions [ 9 ] .  Note that for this element, the unknowns 
Ef ' s  correspond to the constant value of the field component 
tangent to the edge. 

Fig. 2(bj shows a local portion of an infinite mesh of first- 
order, two-dimensional, vector finite elements. Two types of 
edges occur in this mesh, an 2-directed edge and a y-directed 
edge. The relationship between the field at the two types of 
edges is not given by (8) because the edges are not at the same 
relative element position in the mesh. Thus, it is necessary to 
consider an equation for the unknown associated with a :I:- 
directed edge and the unknown associated with a :y-directed 
edge to derive the dispersion relation. The necessary equations 
can be obtained by setting the total residual at these edges 
equal to zero. The equations for the total residual at edges 11 
and 2 + 6 are 

2(  1 - F) E, + Ei+5 + E,+I, - - Ei+8 

- (1 + 7) (E,+1 + E,+2) = 0 (9) 

2 (  1 - 7) Et+6 + E,+1 + E,+'$ - EL+3 - E, 

- (1 + y )  (E,+:, + Et+7) = 0 (10) 

where h = A:c = Ay is the length of an edge. 

with the x-directed edges is 
From (8), the relationship between unknowns associated 

- .  
E!(A?) = e = i + l , i ,  + 2.2 + 3 , i  + 4 

(1 1) 
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Fig. 2. 
a local portion of an infinite mesh of first-order vector finite elements. 

Schematic representation of (a) a first-order vector finite element; (b) 

where AT is the vector that points from the center of the edge i 
to the center of edge e. The relationship between the unknowns 
associated with the y-directed edges is 

Et(A.3 = Ei+se -JrcL.Ap c = i + 5 , i  + 7, i  + 8 , i  + 9 
(12) 

where A? is the vector that points from the center of the edge 
z + 6 to the center of edge e .  By substituting (11) and (12) 
into (9) and (10) and eliminating Ei and E;+s, an expression 
for k in the form of a transcendental equation can be obtained: 

( k 2 h 2  + 12) cos k ,  COS kc + 4(k2h2 - 6) = 

-2 (k2h2  + 3 ) ( c o s k ,  f c o s k , )  (13) 

where k ,  = khsin4 and Ice = khcosd .  This dispersion 
relation can be shown to be the same as the dispersion relation 
for the first-order, two-dimensional (quadrilateral), nodal finite 
element. 

The phase error that results from the dispersion, expressed 
in degrees per wavelength, is defined as 

Fig. 3 is a graph of the phase error as a function of X/h  = 
27r/kh (dashed lines) for selected values of 4.  As expected, 
the error becomes smaller as the electrical size of the element 
is decreased. The error is seen to be proportional to (h/X)' for 
large values of X/h;  thus, & converges at the rate 0 (h/X) . 
Fig. 4 is a polar graph of the phase error for selected values 
of X / h  as a function of 4 (dashed lines). Note that, due to 
the symmetry, the same dispersion error is obtained at the 
angles 4, q5 + n 90°, and m 90" - 4 ,  where m and n are 
integers. From this graph, it is apparent that the smallest error 
occurs when the plane wave traverses the elements diagonally 
(4 = f 45", f135') and the largest error occurs when the 
wave is propagating along an axis of the mesh i.e., (4 = 0", 
f 90", 180'). In the case of 4 = 0" (90") the dispersion 
relation simplifies to become 

[ 21 

I 
0.01 I I 

10 100 

Xlh 
Fig. 3. Log-log graph of the phase error in degrees per wavelength for 
first-order vector finite elements as a function of X/h  for selected values of 9. 

90' 

.-- .-- Exact 270" 
Approxfm&tlon 

Fig. 4. Polar graph of the phase error in degrees per wavelength for 
first-order vector finite elements as a function of 9 for selected values of X / h .  

The above equation is the same as the dispersion relation 
for the first-order one-dimensional nodal element [8]. This is 
because at this incidence angle the plane wave field only has 
a component in the y(z) direction which is approximated by 
a linear function in z(y). For X/h > 5, a good approximation 
to the dispersion relation (13) is 

k(4, kh)  = i (0 ,  kh) + a [ k ( o ,  k h / d i )  

- k ( O ,  k h ) ]  [l - cos (44)] . (16) 

The solid lines in Figs. 3 and 4 are the phase error calculated 
using this approximation. The approximation is seen to be 
excellent; the maximum error is 0.07 percent at X/h = 5. 

1 1 - ( k h ) ' / 3  
h 

. (15) &(4 = 0,  k h )  = - cosp1 
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B. Second-Order Element 

The second type of element is referred to as the second-order 
element. In this element, the vector basis functions are linear 
in the direction of the vector component and quadratic in the 
transverse direction [lo]. The el5ment is depicted in Fig. 5(a) 
and the vector basis functions, N," are given in the appendix. 
As can be seen, this element is considerably more complicated 
than the first-order element. To simplify things, the first step 
in the dispersion analysis is to eliminate or condense out the 
unknowns associated with the basis functions that lie normal to 
an edge. Fig. 5(b) shows a local portion of an infinite mesh of 
simplified second-order elements. As in the case with the first- 
order element mesh, there are two types of edges. However, 
there are now two unknowns associated with each edge instead 
of only one. The relationship between the field at the two 
types of edges is not given by (8); neither is the relationship 
between the field at the two unknowns associated with each 
edge. As a result, it is necessary to consider equations for 
the two unknowns associated with a 2-directed edge and the 
two unknowns associated with a y-directed edge to derive the 
dispersion relation. The residual equations for the unknowns 
associated with i + 4, i + 5, i + 11, and i + 14 are computed. 
From (8), the relationship between the unknowns along the 
z-directed edges are 

- j l k . A P  Ee(A7) = E;+4e 
C = i , i  + 2 , i  + 6,a + 8 (17) 

Ee(A,f?) = E .  e-jik.Ac 
2 + 5  

C = i + 1,  i + 3: i + 7, i + 9 (18) 

where AT is the vector that points from a position on edge 
i + 4 or i + 5 to the corresponding position on edge C. The 
relationship between the unknowns along the y-directed edges 
are 

Ee(A.3 = E;+lle-'Kk'AP 
l = i + 1 0 , i + 1 2 , i + 1 6 , i + 1 7  (19) 

where AT is the vector that points from a position on edge 
i + 11 or i + 14 to the corresponding position on edge 1. 
Substituting the relationships into the four residual equations 
results in the following set of equations: 

s (; + .) q +  .( ; + + (f - 

, I 'T, 
X 

10 

(a) (b) 
Fig. 5. Schematic representation of (a) a second-order vector finite element; 
(b) a local portion of an infinite mesh of simplified second-order vector finite 
elements. 

.(: + v ) c l  + ,u t ( ;  + + (f - .)I., 

(23) 
) + ( s  + 7 - 1 - uw CA + u(l  - s)cg  + 27.C6 + 2UtC7 = 0 

u s  

U( d + ,U>, + s( :  + u ) c 2  + ( U U t  - 

+ (ut + v t  - - - v r  c4 + (r  - t)c5 + 2vc6 + 2 x 7  = o 
U 

(24) 

r = Et+s/&+ii, where = e j 2 k h c o s Q  = e j 2 k h s i n d  

s = Ez+14/Ez+ll, t = Et+4/Ez+ll, and the constants c1-q  
are 

r ,  

c1 = -900 - 105k2h2 - 8k4h4 + 8k6h6 
cg = -900 - 15k2h2 - 16k4h4 + 16k6h6 
c3 = 900 - 65k2h2 + 2k4h4 
c4 = -900 + 415k2h2 - 22k4h4 
~5 = -900 + 1265k2h2 - 242k4h4 
c6 = 900 - 1345k2h2 + 328k4h4 - 24k6h6 
~7 = 900 - 2135k2h2 + 656k4h4 - 48k6h6 (25) 

where h = A x / 2  = A y / 2 ;  note that the length of the 
side of a second-order element is 2h and not h. These four 
transcendental equations are solved to obtain as well as r ,  
s, and t. Then k is used to determine the phase error. This 
phase error can be shown to have the same value as that for 
the second-order, quadrilateral, nodal element [ 1 11. 

Fig. 6 is a graph of the phase error as a function of the 
electrical size of the element X/h(dashed lines) for selected 
values of 4. The second-order element, like the first-order 
element, has an error that decreases as the elements decrease 
in electrical size. However, the error is seen_ to decrease at 
a uicker rate; the rate of convergence of k is seen to be 

0 (h/X)4 . Fig. 7 shows the phase 
error as a function of 4 (dashed line) for selected values of 
A /  h. The second-order element, like the first-order element, 
has an error that is smallest when = f45" ,  h135" and 
is largest when 4 =0°,*900, 180'; however, the ratio of the 

instead of 0 (h/X)  r 1  [ 'I 
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Fig. 6. Log-log graph of the phase error in degrees per wavelength for 
second-order vector finite elements as a function of X / h  for selected values 
of Q. 

largest error to the smallest error is greater for the second-order 
element. In addition, the error for the second-order element 
displays the same type of symmetry as the does the error 
for the first-order element. In the case of 4 = 0" (90") the 
dispersion relation simplifies to become 

15 - 26k2h2 + 3k4h4 
15 + 4k2h2 + k4h4 2h 

which is the same as the dispersion relation for the second- 
order, one-dimensional, nodal element and the second-order, 
two-dimensional (quadrilateral), nodal element with 4 = 0" 
(90"). This is because at this incidence angle the plane wave 
field only has a component in the y(z) direction which is 
approximated by a quadratic function in z(y). For X/h > 5, 
a good approximation to the dispersion relation represented 
by the-four transcendental equations is also given by (16) 
using k from (26). The solid lines in Figs. 6 and 7 are the 
phase error calculated using this approximation. Once again 
the approximation is seen to be excellent; the maximum error 
is 0.05 percent at X/h = 5. 

IV. NUMERICAL VERIFICATION 

A vector finite element code was written to numerically 
verify the dispersion analyses and to show that they have 
relevance for a finite size mesh. The geometry modeled was an 
infinitely wide, parallel-plate waveguide of width a and length 

with perfectly conducting walls, as in Fig. 8. The phase 
constant of the T M I  mode in the waveguide is calculated 
first by the vector finite element code and then it is predicted 
using the dispersion relations. By comparing the results, it is 
seen that the dispersion relations are correct. 

The arrangement of elements used in the code is depicted in 
Fig. 8. Due to the symmetry of the T M l  mode, only one half 
of the waveguide is divided up into elements and a perfect 

180' 

90" ...... .." ......._ 
,. . . ....*y-y .. ....,., 

4 = 0' 

270" - - -  *--Exact 
Approximation 

Fig. 7 Polar graph of the phase error in degrees per wavelength for sec- 
ond-order vector finite elements as a function of Q for selected values of 
X/h. 

r' 

ro rl 

Fig. 8. 
element mesh. 

Geometry of the parallel-plate waveguide with the vector finite 

magnetic conductor (PMC) is placed along the middle of the 
waveguide. The TM1 mode is injected at z = 0 and is 
absorbed at z = C using the appropriate Neumann b o u n d 9  
conditions. The error, Sp, in the numerical phase constant, 0, 
in degrees per guide wavelength is 

where p is the phase constant of the T M 1  mode. Fig. 9 is a 
graph of the error as a function of X/a for first and second 
order elements for selected values of a / h  (symbols). 

The numerical phase constant is also predicted using the 
dispersion relations by viewing the TM1 mode as the super- 
position of two numerical plane waves, one that propagates 
in the +$ direction and another that propag_ates in the -4 
direction, both with a numerical wavenumber k. For the T M l  
mode, and 4 are related: 

T -  
- = ks in4  . 
a 

The dispersion relations along with (28) are solved simultane- 
ously to obtain k and 4. Then, the numerical phase constant 
is obtained from the relation 

- -  
p =  /€cos4 . (29) 

Authorized licensed use limited to: Georgia Institute of Technology. Downloaded on February 7, 2010 at 17:45 from IEEE Xplore.  Restrictions apply. 



1507 WARREN AND SCOTT: NUMERICAL DISPERSION USING QUADRILATERAL ELEMENTS 

h 10 

2 
c l  e, 

M - 
0 
c 
3 0.1 

= 0) 

0.01 

I4 
Q 

; 0.001 -A-,-- 
e, 
W 

2 0.0001 
5 
W 

0 F E  code, Plrat-Ordar 
A F E  code, Second-Order 

Dirperiion Relation, Fbt-Order - - Dispersion Relation, Second-Order 

2.0 
0.000001 

1.0 1.2 1.4 1.6 1.8 

l a  
Fig. 9. Graph of the error in the phase constant of the parallel-plate waveguide calculated from the finite element code and from the dispersion relations. 

The error in the numerical phase constant derived from the 
dispersion relations are also graphed in Fig. 9. The agreement 
between the results from the code and the dispersion relations 
is seen to be excellent. 

V. CONCLUSION 

The phase error that results from the discretization error in 
the vector finite element method when quadrilateral elements 
are used has been quantified. The phase error for the first- 
and second-order, quadrilateral, vector finite elements is the 
same as that for the corresponding nodal elements [ 1 11. For 
both the nodal and vector elements, this error is a function of 
the propagation direction, the electrical size of the element, 
and the order of the element. In addition, Figs. 3 and 6 show 
that for a n* order vector finite element converges at the 
superconvergent rate of 0 ( / z / X ) ~ ' ~  rather than the ordinary 
rate of O[(h/X)"] [12]. 

The analysis presented here shows that second-order vector 
finite elements dramatically decrease the phase error. The 
use of second-order elements can dramatically increase the 
computational efficiency when accuracy is an issue. This is 
particularly true when the computational domain is electrically 
large since the phase error is cumulative [13]. For instance, 
looking at Figs. 3 and 6, one sees that to get the same error of 
0.1 degrees per wavelength for any direction of propagation 
requires a value of X/h = 75 for the first-order element but 
only a value of A/h = 16 for the second-order element. The 
number of unknowns per square wavelength is approximately 
(75/16)2 ~ 2 2  times larger for the first-order element as for 
the second-order element. 

Finally, a simple approximation has been introduced that 
expresses the dispersion of the two-dimensional vector finite 

[ I  

elements in terms of the dispersion of the one-dimensional 
nodal elements. The form of this approximation may work for 
elements of order greater than second but that has not been 
verified. 

The conclusions made from this study are based on the 
quadrilateral vector element. Other types of vector elements 
may perform differently. For instance, in a recent numerical 
study of three-dimensional elements, tetrahedral elements are 
shown to be more accurate for a particular problem than 
hexagonal elements [ 141. 

APPENDIX 

The basis functions for the second order vector finite ele- 
ment are 

where the interpolation functions are 

ax-x 
a&) = ____ 

a;(.) = - 
A X  
2 

Ax 
2 ( ~  - %)(x - AX:) 

a?(.) = Ax2 

4x(Ax - x) 
Ax2 

ai(.) = 

2 4 s  - 9) 
a;(.) = 

Ax2 
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