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ABSTRACT

The EMI response of a target can be accurately modeled by
a sum of real exponentials. However, it is difficult to obtain
the model parameters from measurements when the number
of exponentials in the sum is unknown. In this paper, a con-
strained linear method for estimating the parameters is for-
mulated by enumerating the relaxation parameter space and
imposing a nonnegative constraint on the parameters. Using
tests on synthetic data and laboratory measurement of known
targets the proposed method is shown to provide accurate and
stable estimates of the model parameters. The estimated pa-
rameters are then used to cluster different targets types for
classification.

Index Terms— Electromagnetic induction (EMI), dis-
crete spectrum of relaxation frequencies (DSRF), sum of
exponentials, magnetic polarizabilities, detection.

1. INTRODUCTION

Recent research has shown that broadband electromagnetic
induction (EMI) sensors together with advanced signal pro-
cessing is capable of discriminating between certain types of
buried targets [1]. The EMI response of a metallic target can
be accurately modeled by a sum of real exponentials [2]. In
the frequency domain, an EMI target response H(ω), which
is proportional to a projection of the magnetic polarizability
tensor of the target, can be expressed as:

H(ω) = c0 +
K∑
k=1

ck
1 + jω/ζk

(1)

where c0 is the shift, K the model order, ck the real spectral
amplitudes, and ζk the relaxation frequencies. The frequency
response can be characterized by the set S = {(ζk, ck) : k =
1 . . .K} which we will call the Discrete Spectrum of Relax-
ation Frequencies (DSRF). Each pair (ζk, ck) is one relax-
ation. The response at zero frequency H(0) =

∑K
k=0 ck is

due to the DC magnetization of the target. The term DSRF
and spectrum will be used interchangeably.

It is difficult in practice to obtain the model parameters
in (1) from measurements. For most existing estimation meth-
ods, a good guess of the model order K is required for the
fitting process to converge. Prior knowledge of K, however,
is usually impossible to obtain. The highly correlated sum-
mands in (1) and the nonlinear relation between ck and ζk
also make estimation difficult. Most existing methods often
suffer from (a) sub-optimal solutions that are far from the
truth and (b) complex parameters that do not have physical
meaning [3].

In this paper, we present a constrained DSRF estimation
method that requires no prior knowledge of K and always
returns real parameters. We demonstrate its robustness with
results on synthetic, laboratory, and field data. We also pro-
pose using the DSRF in target discrimination by showing how
to cluster DSRFs of eleven types of targets.

2. A CONSTRAINED ESTIMATION METHOD

When the target response is measured at N distinct frequen-
cies, (1) can be written in matrix form:


H(ω1)
H(ω2)

...
H(ωN )

=


1 1
1+jω1/ζ1

1
1+jω1/ζ2

. . . 1
1+jω1/ζK

1 1
1+jω2/ζ1

1
1+jω2/ζ2

. . . 1
1+jω2/ζK

...
...

...
. . .

...
1 1

1+jωN/ζ1
1

1+jωN/ζ2
. . . 1

1+jωN/ζK
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Z


c0
c1
c2
...
cK


h = Zc (2)

where ωmin = ω1 < ω2 < · · · < ωN = ωmax, h is the
observation vector, c the spectral amplitude vector augmented
by the shift c0, and Z a matrix containing information about
the relaxation frequencies ζ.

To estimate the DSRF (i.e., ζk and ck) from a given ob-
servation h, the usual approach is to minimize the norm of
the error, but this leads to a nonlinear optimization problem.
Instead, we follow the strategy of basis pursuit to linearize the
problem with an overcomplete dictionary. The overcomplete
dictionary is a matrix Z̃ that has the same form as Z in (2),



but with many more columns. To generate the columns, we
enumerate a large set ofM (M � K) possible relaxation fre-
quencies uniformly distributed in the log-ζ space, and create
one column for each enumerated ζ [4].

Since the matrix Z̃ has (M+1) columns, we redefine the
unknown as an (M+1)-element weighted selector vector c̃
and rewrite the problem as:

h = Z̃c̃+ error (3)

where we expect the solution for c̃ to have many zero ele-
ments because M � K. The vector c̃ contains the shift es-
timator c̃0 followed by the spectral amplitude estimators c̃m.
Ideally, when the error between h and Z̃c̃ is minimized, only
those c̃m with corresponding ζ̃m that are near a true ζk will
be nonzero, and they will take on the correct spectral ampli-
tudes ck. It follows that a DSRF can then be deduced from
the nonzero estimated c̃m and their corresponding ζ̃m.

Since M is also much greater than N , the system in (3)
is underdetermined and there is not an unique c̃ to minimize
the error. Any vector in the null space of Z̃ can be added
to c̃ without changing the error. In the EMI application, we
have found that imposing a nonnegative constraint on c̃ ef-
fectively eliminates a large portion of the null space of Z̃ and
the remaining solution space contains reasonable answers.
Although the assumption of nonnegative spectral amplitudes
cannot be rigorously justified at present, it works well in
practice, and can be used where applicable. Mathematically,
the DSRF can be found by optimizing:

arg min
c̃
||Z̃

′
c̃− h′|| subject to c̃ ≥ 0 (4)

where Z̃
′
=
[
Re(Z̃)
Im(Z̃)

]
and h′ =

[
Re(h)
Im(h)

]
which can be easily implemented using lsqnonneg or CVX
in MATLAB. Separating the real and imaginary parts makes
the whole system real. The first element in c̃, c̃0, can be made
nonnegative by adding a sufficiently large value to h. We
have also found that normalizing the input data h to have an
`2 norm of unity increases the accuracy of estimation.

We have observed that in the estimated DSRF, an expected
relaxation (ζtrue, ctrue) often gets split into two peaks located
at the two sample points adjacent to ζtrue. Furthermore, the
two estimated spectral amplitudes add up to the true spectral
amplitude ctrue, and ζtrue is closer to the ζ̃ with larger c̃. We
can reverse this splitting processes through interpolation of
adjacent relaxations [4].

After the interpolation is performed, any c̃m with a value
of zero is eliminated along with its corresponding ζ̃m. We
denote the resulting relaxation frequencies as ζ̂l, with spectral
amplitudes, ĉl, or in vector notation, ζ̂ and ĉ, both with length
L. The estimated DSRF Ŝ = {(ζ̂l, ĉl) : l = 1 . . . L} is then
compactly stored in ζ̂ and ĉ. In addition, the vector length L
is an estimate of the model order K.

Table 1. Estimation of a six-relaxation DSRF
ck 0.18 0.12 0.18 0.24 0.18 0.12
log ζk 3.10 3.52 4.30 5.04 5.62 6.20

ĉl 0.17 0.12 0.17 0.24 0.18 0.11 0.01
log ζ̂l 3.09 3.51 4.29 5.05 5.64 6.25 4.52

3. ESTIMATION RESULTS

In this section, the proposed estimation method is tested
against synthetic, laboratory, and field data to show its func-
tionality, accuracy, and stability. The hardware system used is
a wideband EMI sensor operating at 21 frequencies approx-
imately logarithmically distributed over the range 300 Hz–
90 kHz. The measured data is post processed by a down-track
filter that is important to make the nonnegative constraint
applicable for this system [5]. The synthetic data is generated
in accordance with the hardware specification. The range of
ζ for estimation is chosen such that log(ζ̃min) and log(ζ̃max)
are 2.45 and 6.62, respectively. All estimations are performed
with with M = 100, and all presented spectra are normalized
such that

∑
i=1 ci = 1.

Notation: ζ and c are the true/theoretical relaxation frequen-
cies and spectral amplitudes; ζ̂ and ĉ are the estimates.

3.1. Dissimilarity Measure Between Two DSRF

Before we can evaluate the goodness of estimation, some kind
of measure is needed to assess the dissimilarity between the
estimated DSRF and the truth. The Earth Mover’s Distance
(EMD) [6] is a measure that can consistently quantify the dis-
similarity between two spectra even when they have different
numbers of relaxations. Intuitively, the EMD measures how
much work it takes to morph one spectrum into the other. In
the case of the DSRF, spectra are normalized prior to com-
puting the EMD. Finally, the EMD is measured in decades
because it is almost always examined in log-ζ space.

3.2. Synthetic Six-relaxation DSRF

We test our method on a six-relaxation DSRF synthesized at
70 dB SNR with AWGN (Table 1). This is a case that can-
not be handled by traditional nonlinear parameter optimiza-
tion which tends to get complex-valued estimates [3]. All six
relaxation frequencies are correctly recovered by solving (4).
The estimated model parameters are real, and the deviation
from truth is small. The EMD between the estimated and the
true DSRF is 0.02 decades. There is a seventh relaxation in
the estimate introduced by the noise, but its spectral ampli-
tude is small. Thus the proposed method returns a satisfactory
result even when the model order is high and unknown.
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Fig. 1. (a) Laboratory measured frequency response of two
coplanar coaxial circular loops. Responses are normalized
such that ‖h‖2 = 1. (b) Theoretical and estimated DSRF.
log ζk and ck are (4.76 6.07) and (0.50 0.50), respectively.
log ζ̂l and ĉl are (4.78 6.05) and (0.49 0.51), respectively.

3.3. Two Coplanar Coaxial Circular Loops

For laboratory data, a target with two coplanar coaxial circu-
lar loops of copper wire was constructed. The circumferences
of the two loops were chosen to be 200 mm and 150 mm. The
larger loop has a wire radius of 0.06 mm, and the smaller one
of 0.32 mm. A theoretical EMI response and the DSRF of this
target can be found in [4]. The EMI response of this target was
measured in the laboratory and is shown in Fig. 1(a), and the
estimated and theoretical DSRF are displayed in Fig. 1(b).
The estimated DSRF deviates from the theory slightly with
an EMD of 0.03 decades. We believe this is mostly due to
the thin-wire approximation used in the theory. We can safely
conclude that this estimated DSRF is an accurate representa-
tion of the physical DSRF of the target.

3.4. Field Data

As a final demonstration of the proposed method, we estimate
the DSRF of two types of landmines (Fig. 2), which are buried
at different depths and locations. The DSRF of each sample
was estimated and then plotted together with others of the
same type. The average EMD between all pairs of the seven
mines presented in Fig. 2(a) is 0.06 decades, and 0.07 decades
for the eight mines in Fig. 2(b). In both types of mines, we
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Fig. 2. Estimated DSRF of real landmines. The spectral
amplitude is represented by the intensity: darker the color,
larger the amplitude. (a) Low-metal content, moderate EMI
response antipersonnel mines. (b) Low-metal content, strong
EMI response antipersonnel mines.

observe stability and consistency in the estimated DSRF. The
small variation in the estimated DSRF could be caused by sev-
eral issues such as manufacturing variations, corrosion, the
magnetic properties of the soil, or measurement errors. In-
deed, not all landmines have similar estimated DSRFs, but,
as we see in the next section, a landmine usually has an esti-
mated DSRF similar to others of the same type.

4. APPLICATION

In this section, we explore the possibility of using the DSRF
in target discrimination. We choose one hundred indepen-
dently measured field samples from eleven types of landmines
and various metal clutter objects [5]. We then compute the
EMD between all pairs of DSRFs in order to generate the dis-
similarity map shown in Fig. 3. The diagonal is zero because
that is the EMD between a DSRF and itself which is zero.

We clearly see that mines of the same type are, in EMD
units, close to each other, meaning mines of the same type are
similar. Mines of type I do not have small EMD among its
sample pairs. The reason is unclear, but we speculate that this
target has negative components in its spectrum and thus the
estimated DSRF is inaccurate. Mines and clutter, on the other
hand, are far from each other, with few exceptions. Clutter
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Fig. 3. The EMD between samples from eleven types of mines (A to K) and metal clutter. Darker colors denote smaller
distances which indicate that two samples are more similar.

that is similar to mines may cause false alarms, but notice that
the EMD from clutter to any type of mine is mostly smaller
than the EMD within that mine type. The plot simply shows
the clustering of mines and suggests the applicability of the
DSRF for target discrimination.

5. CONCLUSIONS

We have examined the performance of the proposed DSRF
method and shown its potential for target discrimination. The
proposed method gives accurate and stable estimates of the
DSRF with a variety of data. Future work will be directed
at developing new algorithms that permit us to drop the non-
negative constraint, as well as designing more sophisticated
classifiers based on the estimated DSRF to provide more ro-
bust and reliable detectors.

6. ACKNOWLEDGMENT

This work is supported in part by the US Army Night Vi-
sion and Electronic Sensors Directorate, Science and Tech-
nology Division, Countermine Branch and in part by the U.
S. Army Research Office under Contract Number W911NF-
05-1-0257.

7. REFERENCES

[1] P. Gao, L. Collins, P. M. Garber, N. Geng, and L. Carin,
“Classification of landmine-like metal targets using wide-
band electromagnetic induction,” IEEE Trans. Geosci.
Remote Sens., vol. 38, no. 3, pp. 1352–1361, May 2000.

[2] C. E. Baum, “On the singularity expansion method for the
solution of electromagnetic interaction problems,” Inter-
action Notes 88, Air Force Weapons Laboratory, 1971.

[3] Y. Das and J. E. McFee, “Limitations in identifying ob-
jects from their time-domain electromagnetic induction
response,” in Proc. SPIE, Orlando, FL, Apr. 2002, vol.
4742, pp. 776–788.

[4] M. Wei, W. R. Scott, Jr., and J. H. McClellan, “Robust es-
timation of the discrete spectrum of relaxations for elec-
tromagnetic induction responses,” IEEE Trans. Geosci.
Remote Sens., accepted for publication.

[5] W. R. Scott, Jr., “Broadband array of electromagnetic in-
duction sensors for detecting buried landmines,” in Proc.
IGARSS, Boston, MA, July 2008.

[6] Y. Rubner, C. Tomasi, and L. J. Guibas, “A metric for
distributions with applications to image databases,” in
Proc. ICCV, Bombay, India, Jan. 1998, pp. 59–66.


