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Computing Simple Models for Scatterers in Eddy
Current Problems Using a Modal Decomposition
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Abstract— A modal decomposition method for computing the
solution to an eddy-current problem is presented. Modes are com-
puted using the finite element method and the modes produced
are simplified to a magnetic polarizability dyadic in the form of
a singularity expansion. This reduced form is a very compact
and easily-implemented model for the scatterer’s reaction to an
arbitrary magnetic field. Due to scaling properties, a single model
can be applied to scatterers with different sizes and conductivities.
The modal decomposition method could be used to compute a
variety of parameterized simple models for canonical shapes to
assist in algorithm design for clutter discrimination in buried
object detection systems. The method is verified using analytically
known formulas for the dyadic of a sphere and a loop. The code
is then used to predict the behavior of cylinders with arbitrary
conductivity and size, showing excellent agreement with a set of
measured cylinders.

Index Terms— electromagnetic induction, discrete spectrum
of relaxations, eddy current modeling, finite elements, body of
revolution, singularity expansion method

I. INTRODUCTION

One of the main difficulties in buried object detection for
the purpose of clearing land mines or unexploded ordnance is
distinguishing between a target of interest and a clutter target.
Electromagnetic induction (EMI) sensors show great promise
in this respect, as these sensors are much less responsive
to variations in the properties of soils than their electric or
higher frequency electromagnetic counterparts. When dealing
with a soil that is not itself magnetic, EMI sensors reduce the
clutter problem to that of distinguishing between the responses
of different metallic objects. However, in regions with large
amounts of man-made metallic debris, the clutter problem can
still make dangerous target detection with a traditional metal
detector too time-consuming to pursue.

A somewhat successful method for distinguishing metallic
clutter from desired targets is the use of wideband magnetic
excitations. Sensors might excite the buried object using a
continuous wave multisine [1] or with a broadband pulse
[2]. The additional frequency data may then be used to
delineate clutter from non-clutter using a manually designed
or machine-trained algorithm. To use the additional frequency
data obtained from a broadband sensor in an intelligent way, a
number of simple models for describing broadband induction
have been proposed.

Several of these algorithms are based on Carl Baum’s
singularity expansion method [3]. In [3], it is proposed that
the inductively excited target be modeled by its magnetic
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polarizability dyadic as a function of frequency. Models that
attempt to extend this idea to deal with larger targets have
also been proposed [4], [5]. In [6], an alternative approach
is proposed where a target is approximated by the best-fit
prolate spheroid. We will focus on Baum’s original magnetic
polarizability dyadic formulation in this paper.

A number of papers have used Baum’s model to justify the
expansion of the frequency response in terms of a singularity
expansion of real-valued poles [7], [8]. The interest in this
approach is generally motivated by the fact that the relaxation
time constants obtained are independent of the target’s orien-
tation, which allows one to neglect the spatial behavior of the
response. Because of this orientation-independence, the main
computational work on the polarizability dyadic has limited
the discussion to the calculation of the pole values [9], [10].
However, the spatial shape of the target response can be a
significant indicator of target symmetry, as discussed in [11],
and some work focusing specifically on the spatial response
has been done using time-domain systems [12].

In this work we provide a complete path for computing the
magnetic polarizability dyadic. Rather than basing our work on
Baum’s singularity expansion method, we instead begin with
the eigenvalue formulation proposed and later implemented
with FEM in [13], [14]. This approach is modal in nature,
and therefore may be more familiar to engineers than the
singularity expansion method. It also has the advantage of
providing an eigenvalue system, which gives access to the
modes of the scatterer and efficient routines for locating the
pole locations.

Because the use of finite-elements in eddy current work
is not new, even specifically for use in the EMI problem
[15], [16], the majority of this paper is dedicated to the
modal solution and how the modes are used to construct the
magnetic polarizability dyadic. Much of this is independent of
the numerical method used to obtain the modes. For simplicity
of meshing and viewing, we use the body-of-revolution (BOR)
assumption to compute the modes, but the modal method does
not require the assumption.

In this paper, we begin Section II by describing the modal
solution and how it provides the form of a singularity expan-
sion of the scattered field. Next, we show how the computed
modes can be simplified to a term in the singularity expansion
of the magnetic polarizability dyadic. In Section III we provide
a brief description of the BOR-FEM code implemented to
obtain the modes. In Section IV, the output of the code is
compared with the available analytic magnetic polarizability
dyadics and shows excellent agreement. In Section V, a graph
of the response of an arbitrary cylinder is given up to the
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Fig. 1. Eddy current problem geometry. Magnetic fields are shown in each
figure.

first two poles and compared with measured data using the
polarizability dyadic measurement system described in [17].

II. THE MODE-BASED EDDY CURRENT MODEL

In this section, we begin by providing a modal solution to
the eddy-current problem. We show that this solution takes the
form of a singularity expansion of the scattered field response.
After describing how the modes are obtained, we will show
how they can be simplified to an approximate representation
as a portion of the magnetic polarizability dyadic.

A. Field-based Model of the Eddy Current Response

Consider a conductive region like that shown in Fig. 1.
The total fields in this region,

(
~Et, ~Ht

)
, satisfy Maxwell’s

equations. We make the standard eddy-current approximation
of neglecting the displacement current and apply a two-sided
Laplace transform to the equation in the variable, s. The
equations are,

∇× ~Et = −sµ~Ht (1)

∇× ~Ht = σσr~E
t (2)

∇ · ~Et = 0 (3)

∇ · ~Ht = 0, (4)

where µ is the permeability in the space and σ is the
conductivity. Each of these is assumed to be a constant. The
function σr takes the value,

σr(~r) =

{
1 ~r ∈ V
0 ~r /∈ V (5)

where ~r is the position vector in the space. Note that σr can
be made non-constant on V with only a minor modification
to the following work.

Combining (1) and (2), we obtain a Helmholtz-like equa-
tion,

∇×∇× ~Et = −sµσσr~Et. (6)

The solution evaluated at s = jω corresponds to the Fourier
transform of ~Et at the angular frequency, ω.

To formulate a scattering problem, we introduce the incident
fields, (~Ei, ~Hi), as shown in the right frame of Fig. 1. These
fields are what would be present in the region if the scatterer
were not there and they will also satisfy Maxwell’s equations,

(1)-(4), with σ = 0. We assume that given an ~Hi that has no
s-dependence and that satisfies (2), we can easily find an Ẽi

that satisfies1,

∇× Ẽi = ~Hi. (7)

Solutions for the particular ~Hi of interest in this paper will
be provided explicitly in Section II-B. We then propose that
the incident electric field will take the form of a product,
~Ei(~r, s) = Ẽi(~r)ei(s). Inserting this representation for ~Ei into
(1) and using (7), we obtain

∇× ~Ei = ∇× Ẽiei(s) = ~Hiei(s) = −sµ~Hi

⇒ ei(s) = −sµ

This suggests that

~Ei(~r, s) = −sµẼi. (8)

We define the scattered response,
(
~Es, ~Hs

)
, to be the dif-

ference between the total and incident fields. Inserting ~Et =
~Ei + ~Es into (6) gives

∇×∇×
(
~Ei + ~Es

)
= −sµσσr

(
~Ei + ~Es

)
.

Noting from (8) and our assumption on ~Hi, that

∇×∇× ~Ei = −sµ∇× ~Hi = 0,

we obtain the scattering problem,

∇×∇× ~Es + sµσσr~E
s = −sµσσr~Ei. (9)

We will attempt to solve (9) using a modal decomposition
method. We consider the generalized eigenvalue problem

∇×∇× Ẽn(~r) = λnẼn(~r) when ~r ∈ V (10a)

∇×∇× Ẽn(~r) = 0 when ~r /∈ V (10b)

∇ · Ẽn = 0 when ~r /∈ V (10c)∣∣∣~En(~r)
∣∣∣ = O

(
|~r|−2

)
as |~r| → ∞. (10d)∣∣∣∇× ~En(~r)

∣∣∣ = O
(
|~r|−2

)
as |~r| → ∞. (10e)

Conditions (10a) and (10b) are a sourceless form of (9). We
will see below that λn is related to the relaxation associated
with the mode. Condition (10c) states that the modes should
be divergence free in the exterior region. In a statics situation,
this would correspond to an absence of charge outside of the
scatterer. The last conditions, (10d) and (10e), specify how
quickly the modes must go to zero away from the scattering
object. These are chosen to allow us to show that the modes
are orthogonal.

In Appendix I, we show that any two real-valued solutions
to (10), ~X and ~Y, must be orthogonal in the bilinear form,

〈
~X, ~Y

〉
σ

=
y

V

~X · ~YdV. (11)

1As a rule, tilded vector fields will represent quantities that are independent
of the Laplace variable, s. Following electromagnetics convention, both
vector fields and vectors will be denoted with an arrow, with the distinction
determined from the context.
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Suppose we have N modes, (λn, Ẽn), that satisfy (10).
Assume we have normalized the modes so that

〈
Ẽn, Ẽn

〉
σ

=

1. We may then write the source term, σrẼi as

σrẼ
i =

N∑
n=1

〈
Ẽi, Ẽn

〉
σ
σrẼn + σrẼ

i,⊥, (12)

where
〈
Ẽi,⊥, Ẽn

〉
σ

= 0.
We may then guess a solution to (9) as

~Es(~r, s) =

N∑
n=1

en(s)Ẽn(~r) + ~Es,⊥(~r, s), (13)

where ~Es,⊥ satisfies

∇×∇× ~Es,⊥ + sµσσr~E
s,⊥ = −sµσσr~Ei,⊥. (14)

Substituting (8), (12), and (13) into (9) gives

N∑
n=1

en(s)
(
∇×∇× Ẽn + sµσσrẼn

)
+
(
∇×∇× ~Es,⊥ + sµσσr~E

s,⊥
)

= −sµσ

(
N∑
n=1

〈
~Ei(~r, s), Ẽn(~r)

〉
σ
σrẼn + σr~E

i,⊥

)
Using (5), (10a) and (14) to simplify yields,

N∑
n=1

en(s) (λn + sµσ)σrẼn

= −sµσ

(
N∑
n=1

〈
~Ei(~r, s), Ẽn(~r)

〉
σ
σrẼn

)
.

This is a sum of modes that are orthogonal in the bilinear form,
〈•, •〉σ , so the coefficients in n can be equated to obtain the
functions en(s). Upon introducing the notation λn = snµσ
these may be written as

en(s) = −

(
s
sn

)〈
~Ei, Ẽn

〉
σ(

1 + s
sn

) .

We may then write the solution, (13) as

~Es(~r, s) = −
N∑
n=1

(
s
sn

)
(

1 + s
sn

) Ẽn

〈
~Ei, Ẽn

〉
σ

+ ~Es,⊥(~r, s)

(15)

This solution is in the form of a singularity expansion with
an additional residual term. At this point, a reader may be
curious what we know about the residual, ~Es,⊥. As seen in
Appendix II, we know that it is orthogonal to the rest of the
solution wherever ~Es(~r, s) is defined, so we can expect that
our coefficients, en(s), are actually the complete frequency
dependence associated with the mode, Ẽn. This is all that
needs to be true if we wish to compare our computation
with measurements because our measurements already put the
solution in the form of a singularity expansion.

Bounding the residual in general would be difficult, because
N is chosen arbitrarily. This means the residual could contain
an additional pole, sn. For s near sn the residual will become
arbitrarily large. The question of whether for some particular
s where ~Es is defined, ~Es,⊥ will go to zero as N → ∞ is
interesting, but beyond the scope of this paper. Instead, we
will just note, like Davey [13], that for most problems we
have encountered, only a few modes are needed to explain a
measurement.

B. Simplifying the Modes

Ignoring the residual term in (15), we have

~Es(~r, s) = −
N∑
n=1

(
s
sn

)
(

1 + s
sn

) Ẽn

〈
Ẽn, ~E

i
〉
σ
. (16)

This equation provides a way of mapping an arbitrary incident
field, ~Ei(~r, s) to the scattered field, ~Es, produced by it. We
can think of (16) as the action of a map, M, from an incident
vector field, ~Ei, to the scattered field, ~Es,

~Es(~r, s) = M~Ei(~r, s), (17)

where we define M to be

M = −
N∑
n=1

(
s
sn

)
(

1 + s
sn

) Ẽn

〈
Ẽn, •

〉
σ
, (18)

and the action of the map is to insert a vector field to its right
into the •, much like a dyadic.

The data in the map is the set of modes and relaxations,
(sn, Ẽn). The premise of this paper is that these modes and
relaxations represent a model for the scatterer. However, this
model requires an excessive amount of data and provides
results in terms of the scattered electric field, which is not
typically a useful quantity for applications in EMI. In this
section, we will simplify the model map, M, into the form
of the magnetic polarizability dyadic, ¯̄M(s). This quantity
can be measured using an EMI sensor as described in [17],
and consists of at most seven real numbers per mode. This
reduction will be achieved first by restricting the domain of
M to certain ~Ei, then by approximating the mode Ẽn with an
associated spatial response of a magnetic dipole.

First, we consider the domain of M. In most EMI applica-
tions where spectroscopy is likely to be useful, the scatterer
is fairly small and it is a reasonable approximation to assume
that the magnetic field is constant over its extent. Therefore,
we will expand the incident magnetic field as a constant vector
field,

~Hi(~r, s) = hixx̂+ hiyŷ + hizẑ. (19)

The incident field, ~Ei(~r, s), that is present with this magnetic
field is not unique in the eddy current approximation, but a
particular field that satisfies (7) can be chosen fairly easily
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by inspection2. Because we will use a body-of-revolutions
assumption below, a useful choice of Ẽi can be expressed
in cylindrical coordinates, (ρ, φ, z), as

Ẽi(~r) = ρ sinφẑhix − ρ cosφẑhiy +
ρ

2
φ̂hiz, (20)

where φ is the azimuthal angle and ρ is the radial coordinate.
This was chosen by inspection to satisfy (7), which, when
combined with (8), provides a valid solution to Faraday’s
law. Note that while this incident field diverges at infinity,
the boundedness of the region V ensures that the applications
of 〈•, •〉σ in (16) are finite. We now introduce the coupling
vector, c̃n,

c̃n =
〈
Ẽn, ρ sinφẑ

〉
σ
x̂−

〈
Ẽn, ρ cosφẑ

〉
σ
ŷ

+
〈
Ẽn,

ρ

2
φ̂
〉
σ
ẑ, (21)

which allows us to write〈
Ẽn, Ẽ

i
〉
σ

= c̃n · ~Hi. (22)

Because each mode is a real vector field, the coupling vector,
c̃n, is a real three-vector. This will remove one instance of Ẽn

in M and replace that data with the three components of c̃n.
We will now address the second instance of Ẽn in M, which

will be removed by changing the range of our map. Because
each mode decays to zero as the distance from the scatterer
increases, the majority of the information necessary to express
the vector field, Ẽn, is in its variation inside of the scatterer.
However, in EMI work, the only scattered fields of interest are
those that reach the receive coil. One fairly general assumption
that could be made to simplify this situation is that the scatterer
is contained inside of some bounding ball that does not touch
the receive coil. This is generally true for sufficiently small
scatterers, although it could fail to be true when studying a
long and thin structure near the coil. When this is true, one way
to reduce the information in the mode to that of interest is to
expand it in terms of vector spherical harmonics (VSH) outside
of the bounding ball. In this paper we use the VSH scheme
defined in [18] but base the VSH on tesseral harmonics to keep
the functions real-valued. We give the definitions for these
VSH in Appendix III. If we introduce the standard spherical
coordinate system, (r, θ, φ), we may write

Ẽn(~r) = ẼCF
n (~r) +

∑
l,m,p

φnlmp
Φ̃lmp(θ, φ)

rl+1
, (23)

where ẼCF
n is a curl-free vector field, meaning that it does

not contribute to the eventual magnetic field obtained. The
coefficients, φnlmp, will become the data that represents the
mode. When sufficiently far from the scatterer, only the l = 1
terms are necessary. These terms can be related to the field
produced by a magnetic dipole.

2We require that Ẽi be divergence free and curl-free, but because there is
no requirement that ~Ei go to zero at infinity, the gradient of any harmonic
function can be added to the field without affecting H̃i. It can be shown that
the gradient of a scalar is orthogonal to any of the modes and produces no
magnetic dipole moment, so any choice is consistent. This choice has been
referred to as a gauge condition for the problem [16].

One fairly easy way to obtain the coefficients for the VSH
expansion in (23) is to sample the mode at a set of points,
then compute the least-squares fit for these sampled points in
terms of the expansion. We have attempted this procedure in
this work, and it can be used to obtain a reasonable estimate
if one only computes the first-order expansion needed for the
dipole moment. As an alternative, we show in Appendix IV
that φnlmp can be computed using the volume integral,

φnlmp =
−λn

(2l + 1)(l + 1)l

〈
Ẽn,

(
rlΦ̃lmp

)〉
σ
. (24)

The advantages of this integral representation are two-fold.
First, there is no matrix inversion necessary in its computation,
so its value is independent of how many l one computes.
Second, there is no need to choose optimal sampling points,
as all points in the conductor are automatically included in
the expression. Our experience with these two methods has
generally indicated that the integral representation converges
faster than the sampling method when using modes obtained
using finite-elements. This agrees with our intuition as the
integral representation computes an average of more samples
in the mode than are available in the sampling method. Due
to space limitations, we will not provide a comparison of the
two methods.

Having obtained φnlmp, inserting (23) into (16), taking the
curl of both sides, and noting (1), we obtain,

− sµ~Hs = −
∑

l,m,p,n


(
s
sn

)
(

1 + s
sn

) 〈Ẽn, ~E
i
〉
σ
φnlmp

·∇ ×

(
Φ̃lmp(θ, φ)

rl+1

))
. (25)

Using the VSH identities available in [18], we can show that

∇×

(
Φ̃lmp(θ, φ)

rl+1

)
= l∇

(
Ylmp(θ, φ)

rl+1

)
, (26)

where Ylmp is a scalar spherical harmonic as defined in
Appendix III.

Substituting this into (25) and using (8), we obtain

~Hs(~r, s) = −∇

 ∑
l,m,p,n

(
s
sn

)
(

1 + s
sn

) 〈Ẽn, Ẽ
i
〉
σ
lφnlmp(

Ylmp(θ, φ)

rl+1

))
. (27)

The form of ~Hs in (27) is, for fixed s, a spherical multi-
pole expansion expressed in terms of a scalar magnetostatic
potential. We will not require any poles higher than the dipole
(l = 1) for this work, and we prefer to use the Cartesian
form [19]. To make the conversion, we define the equivalent
Cartesian dipoles ~mn by the equation,∑

m,p

φn1mp

(
Y1mp(θ, φ)

r2

)
=

~mn · r̂
4πr2

, (28)
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which gives the form3,

~mn =
4π√

4π
3

((−φn11e) x̂+ (−φn11o) ŷ + φn10eẑ) . (29)

Dropping l > 1 terms and substituting (28) into (27) gives

~Hs(~r, s) = −∇

∑
n

(
s
sn

)
(

1 + s
sn

) ~mn

〈
Ẽn, Ẽ

i
〉
σ
· r̂

4πr2

 .

(30)

Introducing our equivalent dipole,

~m(s) =
∑
n

(
s
sn

)
(

1 + s
sn

) ~mn

〈
Ẽn, Ẽ

i
〉
σ
, (31)

we see that ~Hs has the spatial response produced by the
dipole ~m at each complex frequency s as described by a scalar
magnetostatic potential [19],

~Hs = −∇
(
~m(s) · r̂

4πr2

)
. (32)

With an equivalent dipole representation in hand, we may now
compute the dipole magnetization dyadic. Substituting (22)
into (31) gives

~m(s) =
∑
n

(
s
sn

)
(

1 + s
sn

) ~mn~cn · ~Hi. (33)

We now define the dyadics
¯̄Mn = ~mn~cn, (34)

and obtain our simplification of M, the magnetic polarizability
dyadic, ¯̄M(s), by writing

~m(s) = ¯̄M(s) · ~Hi, (35)

with

¯̄M(s) =
∑
n

(
s
sn

)
(

1 + s
sn

) ¯̄Mn. (36)

The dyadics ¯̄Mn contain nine real terms. In [11] they
are derived from a different perspective and are shown to
always be symmetric, meaning only six terms are necessary to
describe ¯̄Mn. This means we have reduced the data necessary
to compute the response of a target to an arbitrary quasi-
magnetostatic field to seven real numbers per mode. In the next
section, we will describe how we numerically compute the
modes, Ẽn, that satisfy (10) for a particular scatterer shape.

3As defined in Appendix III, our spherical harmonics are almost the
same as those used in [18]. Upon referring to Barrera’s paper where he
writes the relation between the spherical dipole coefficients and the Cartesian
dipole coefficients, we see a difference from (29). He instead obtains mz =√

4π
3
M10. This differs from (29) by a factor of (4π)2

3
. A factor of 4π can

be accounted for by our use of SI units rather than CGS, which introduces an
additional factor of 1

4π
into (28) when compared with [18]. The remaining

4π
3

comes from our use of the spherical harmonic coefficients, φlmp, not the
multipole coefficients. In our notation, the multipole coefficients in [18] are
defined by Mlmp = 2l+1

4π
φlmp, and for l = 1,m = 0, M10e =M10.

III. NUMERICAL COMPUTATION OF MODES

To construct modes that approximately satisfy (10), we will
use the finite element method. An introduction to the technique
can be found in [20]. To truncate our mesh in a way that
will give a symmetric matrix to solve, we apply a Neumann
boundary condition at a fixed distance from the scatterer. We
will call the truncated region Ω. If our mode of interest is Ẽ,
we apply that tangential ∇× Ẽ must be zero at the boundary
of our space. To simplify the problem, we will enforce

∇×∇× Ẽ = λεẼ when ~r /∈ V, (37)

for a small but non-zero number, ε. This approximates (10b)
and implies (10c) when λ 6= 0. In our work, we have typically
chosen ε = 1× 10−6. If we define σa,

σa(~r) =

{
1 ~r ∈ V
ε ~r /∈ V (38)

then our new approximate problem is,

∇×∇× Ẽ = λσaẼ on Ω

n̂×
(
∇× Ẽ

)
= 0 on ∂Ω (39)

where n̂ is the outward pointing normal on ∂Ω.
As noted in [10], the problem (39) is formally identical

to the microwave vector Helmholtz equation for Ẽ where we
have substituted εr for σa and k2 for λ, and µr = 1. One can
obtain a weak formulation for this problem as described in
[20],

y

V

(
∇× T̃ · ∇ × Ẽ− λσaT̃ · Ẽ

)
dV = 0, (40)

where T̃ is an arbitrary test function.
Up to this point, the formulation has not depended on

any additional assumptions on our scatterer. To simplify the
meshing process, improve the accuracy of the modes, and
allow the modes to be presented easily as a two-dimensional
cross-section, we now make the assumption that the scatterer
is a body of revolution about the z-axis.

As described in [21], this assumption decouples (40) into a
set of equations on the Fourier coefficients of Ẽ. We define
ẼT and Eφ by

Ẽ (ρ, φ, z) = ẼT (z, ρ) sinmφ+ Eφ (z, ρ) cosmφ. (41)

This allows Ẽ to be represented by one vector and one scalar
function, each of two variables. An additional set of solutions
with cosmφ and sinmφ switched is also valid, but this set will
be unnecessary to compute our representation, ¯̄M. Substituting
(41) into (40) and proceeding as described in [22] or [23], one
obtains a new weak formulation for the variables ẼT and Eφ.
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This form is, for an arbitrary test function
(
T̃T , Tφ

)
,

x

Vρz

([
∇× T̃T · ∇ × ẼT

]
ρ+

m2

ρ
T̃T · ẼT

− m

ρ

[
T̃T · ∇̃ (ρEφ) + ẼT · ∇̃ (ρTφ)

]
+

1

ρ
∇̃ (ρTφ) · ∇̃ (ρEφ)

)
dρdz

= λ
x

Vρz

σa

[
ρT̃T · ẼT +

(ρTφ) (ρEφ)

ρ

]
dρdz, (42)

where ∇̃ =
(
∂
∂z ẑ + ∂

∂ρ ρ̂
)

is a two-dimensional gradient taken
as if the variables ρ and z were Cartesian coordinates and Vρz
is the intersection of some meridian plane, {(z, ρ) : ρ > 0},
with the scatterer.

To obtain a solution to (42) using FEM, we must choose a
basis to expand ẼT and Eφ, then test this expansion for each
element of that basis. This requires a mesh, which we obtain by
using a modified form of the distmesh package [24]. It also
requires a basis element scheme for each triangle in that mesh.
Because the vector Helmholtz equation admits non-physical
solutions when λ = 0, the null solutions of the curl operator,
some care must be taken when selecting this scheme. If the
basis is chosen improperly these non-physical modes may not
be represented well enough to attain an eigenvalue near zero in
the matrix, making them difficult to distinguish from physical
modes without direct inspection. A discussion of this problem
is available in [20] and [25]. In [22], the nullspace of the curl
is shown to be properly resolved for a BOR code by expanding
ρEφ in nodal scalar finite elements and ẼT in edge elements.

The traditional choice of edge elements in FEM is the
Nedelec curl-conforming elements described in [20]. While
this basis is suitable, we were concerned that it might result
in a reduced accuracy of solutions with m 6= 0 compared
with m = 0. This is because a Nedelec basis element, Bi,
as defined in [20] will satisfy ∇̃ · Bi = 0 on the interior of
each cell. This is a desirable condition for ẼT to have when
solving a two-dimensional problem on a plane because it is
consistent with the total divergence of the field being zero.
However, when working on a meridian plane, we have, from
(41),

∇ · Ẽ = sinmφ∇ · ẼT +
−m sinmφ

ρ
Eφ = 0 (43)

⇒ ∇ · ẼT =
m

ρ
Eφ. (44)

This suggests that enforcing a zero divergence may be in-
consistent with m 6= 0. Nedelec elements do not enforce a
zero divergence at triangle boundaries, so this may not be
catastrophic, but we chose to work around the possibility
anyway. The problem can be avoided by using a polynomial
complete set of first-order vector elements for ẼT like that
described in [26]. To properly resolve the curl, this basis
requires at least second-order scalar elements for ρEφ.

If we write our scalar basis as {Bi(~r)}NSi=1, and our vector

basis as
{

B̃i

}NV
i=1

, then we have

ẼT (z, ρ) =

NV∑
i=1

[eT ]i B̃i(z, ρ)

ρEφ(z, ρ) =

NS∑
i=1

[eφ]iBi(z, ρ), (45)

where we denote matrix quantities in brackets.
To obtain a matrix equation, we substitute (45) into (42)

and evaluate tests on the equation, letting T̃ range over all
possible basis elements. The matrix equation for any m can be
obtained by evaluating the following matrices using Gaussian
quadrature4:

[AdTdT ]ij =
x

Vρz

(
∇× B̃i · ∇ × B̃j

)
ρdρdz

[ATT ]ij =
x

Vρz

B̃i · B̃j

ρ
dρdz

[ATdφ]ij =
x

Vρz

(
B̃i · ∇̃ (Bj)

)
ρ

dρdz

[Adφdφ]ij =
x

Vρz

∇̃ (Bi) · ∇̃ (Bj)

ρ
dρdz

[BTT ]ij =
x

Vρz

σaB̃i · B̃jρdρdz

[Bφφ]ij =
x

Vρz

σa
BiBj
ρ

dρdz,

where we have subscripted each matrix based on its use of
tangential (T) or φ-based unknowns, and whether the associ-
ated unknown is differentiated (d). The full matrix equation to
solve is then[

[AdTdT ] +m2 [ATT ] −m [ATdφ]

−m [ATdφ]
T

[Adφdφ]

] [
[eT ]
[eφ]

]
= λ

[
[BTT ] 0

0 [Bφφ]

] [
[eT ]
[eφ]

]
, (46)

or more concisely,

[A] [e] = λ [B] [e] . (47)

The final equation, (47), is in the form of a generalized
eigenvalue problem and can be solved using the MATLAB
function, eigs. While eigenvalues obtained do not tend
to perfectly break up into exactly zero and non-zero due
to numerical round-off error, the first non-zero eigenvalue
obtained is generally several orders of magnitude larger than
the largest non-physical solution. The matrices [A] and [B] are
both sparse, real, and symmetric, and the matrix [B] is also
positive definite. This ensures that the eigenvalues obtained

4One might note that some of these integrands are singular as ρ→ 0. We
have found, like [22], that while for an individual triangle these terms may be
significant, the eigenvalues and eigenmodes do appear to converge properly.
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Fig. 2. Geometries of the conductors simulated. Here R denotes the scale
factor for the object. Graphed quantities are shown for a conductivity and
R of unity, from which all other situations can be derived using the scaling
principles.

will be real and their associated eigenvectors orthogonal in
the bilinear form,

〈[x] , [y]〉Σ = [x]
T

[B] [y] . (48)

This form is an approximation of 〈•, •〉σ , except due to the
BOR assumption, it does not contain the azimuthal integration.
If two vector fields, Ẽ1 and Ẽ2, are expanded in coefficient
vectors, [e1] and [e2], then〈

Ẽ1, Ẽ2

〉
σ
≈ δm2

m1
π (δm1

0 + 1) 〈[e1] , [e2]〉Σ (49)

where δkm is the Kronecker delta symbol, and mk is the Fourier
mode-number of Ẽk as defined in (41).

Each evaluation of 〈•, •〉σ in section II-B that is necessary
to simplify the modes to their magnetic polarizability dyadic,
¯̄Mn, can be approximated writing the desired functions in

our basis (45) and using (49). The expansion of the incident
field given in (20) is already tailored to the BOR situation. By
inspection, we see that the hz excitation will only couple to
azimuthal part of the m = 0 mode, the hx excitation will only
couple to the tangential part of the m = 1 mode, and the hy
excitation will not couple to our expansion, but will couple to
the rotated expansion with cosφ and sinφ switched. As noted
above, it is not necessary to rework the model with these terms
switched because, due to symmetry, we know that the Mxx

component of ¯̄Mn must equal Myy, and that Mxy = Myx =
0.

IV. VERIFICATION

In this section, we provide verification of the method shown
using results available in [3]. Before presenting the computed
polarizabilities, ¯̄Mn, and relaxations, sn, two scaling proper-
ties should be noted. Consider each scatterer shown in Fig. 2.
One dimension is labeled R for each. If we compute the sn
and ¯̄Mn when R = 1 and σ = 1 and denote these ŝn and
M̂n, respectively, then sn and ¯̄Mn for an arbitrary R and σ
can be obtained from the formulas,

sn =
ŝn

σµR2

¯̄Mn = M̂nR
3. (50)

These scaling properties allow us to report only one set of
numbers to characterize a scatterer of any size or conductivity.
We will refer to these quantities as the normalized relaxations
and moments, and will plot them on the ŝ-axis or M̂ -axis
when presenting data.

-0.01 -0.005 0 0.005 0.01
0

0.002

0.004

0.006

0.008

0.01

0.012

ρ
 (

m
)

z (m)

Fig. 3. The interior region of an example BOR-FEM mesh used for the 1
cm radius sphere. This mesh was set to have an average triangle edge length
of 0.8 mm in the sphere interior. It was constructed using a modified form of
the distmesh package. The conductive region of the sphere is indicated in
gray.

For the sphere verification, a 1 cm radius sphere was meshed
with an average triangle length of 0.3 mm inside the sphere.
Outside the sphere, the mesh was truncated at a distance of 10
cm away from the origin. In this region, the average triangle
length was ballooned from 0.3 mm to 3 mm at the truncation.
For the chosen problem, our meshes had close to 22,000
triangles5. This mesh was too dense to show clearly in this
paper, but a similar mesh is shown in Fig. 3.

The matrices assembled for the problem are nearly
110,000×110,000 and have close to 2.5 million non-zero
entries. If a suitable starting point can be chosen, the eigs
function can compute a nearest eigenvalue and eigenvector
in close to 5 s. We computed the 240 smallest physical
eigenmodes in 25 min for this problem.

Of the 240 modes, only 14 contribute to the magnetic field,
with the remainder being “confined modes,” which are defined
in [27] for the microwave resonator problem that our problem
is equivalent to. Van Bladel suggests that these modes can
only exist when the scatterer is very symmetric. For example,
bodies of revolution, and particularly spheres, should produce
confined modes. This is consistent with what we see here, as
no other scatterer we simulated had a significant number of
confined modes.

Each of the non-confined modes takes the form of one
vector spherical harmonic, Φ̃lme, outside of the scatterer.
This situation is also unique to the sphere. In general, each
mode will produce a set of spherical harmonics. This fortunate
situation allows us to label each mode of the sphere by the l
and m values of the VSH it resembles outside of the scatterer.
The lowest-order modes are shown in Fig. 4. Each of the
vector components is shown and the outline of the sphere is
the dotted line. Note that the m value determines the azimuthal
dependence of the mode as in (41).

The 14 modes obtained were simplified to seven dyadics
and compared with the formula in [3]. They are normalized
using (50) where R represents the radius of the sphere. We

5The distmesh program has a random step when the mesh density is a
function of position, so the exact number of triangles for this problem varies.
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ρ
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Fig. 4. The l = 1 modes of a sphere as calculated using the BOR-FEM
code. An average side length of 0.3 mm was used here.
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Fig. 5. Normalized moment and relaxation frequency for a sphere of arbitrary
conductivity or size compared with the FEM solution.

define

M̂ = Mzzẑẑ +Mtt (x̂x̂+ ŷŷ) . (51)

The results are shown in Fig. 5. We see very good agreement
between the FEM and theory, with the most discrepancy
occurring in the transverse part of the seventh mode. Note that
the sphere should be perfectly isotropic, so only one analytic
component is shown.

The next verification shown is for a loop of wire based on
the formula given in [28]. Sower’s formula is an approximation
based on a uniform distribution of current, so it may be of
interest how accurate the formula is for thick wires. Let the
radius of the wire cross-section be a and the loop radius be R,
as shown in Fig. 2. When a/R is near 0.5, the wire loop has
become essentially a doughnut, and when a/R is near zero
the wire is the filament used in Sower’s theory. In Fig. 6, we
show Mzz as in (51) and ŝ as a function of the ratio a/R.

We see essentially a perfect agreement with Sower’s theory
for Mzz for all a/R. The two agree within 0.2% throughout
the range. This small discrepancy is most likely due to

0.1 0.2 0.3 0.4 0.5
10

0

10
1

10
2

a/R

s/
2π

0.1 0.2 0.3 0.4 0.5
10

0

10
1

a/R

M
zz

FEM
Sower

Fig. 6. Normalized moment and relaxation frequency for a ring of arbitrary
conductivity or size, parameterized over the ratio of wire radius to loop radius,
a/R. The result of the FEM code is compared with Sower’s formula. The
two agree very well when a/R << 1. A slight disagreement in relaxation
frequency is seen near a/R = 0.5, where Sower’s formula becomes least
accurate.

TABLE I
MEASURED ALUMINUM CYLINDERS

a/r Height (cm) Diameter (cm) Material σ (S/m)
0.200 0.632 3.16 Al-6061 2.5063×107
0.333 1.27 3.81 Al-2017-T451 1.9417×107
0.361 0.632 1.75 Al-6061 2.5063×107
0.500 1.90 3.81 Al-2017-T451 1.9417×107
0.655 0.632 0.965 Al-6061 2.5063×107
2.00 3.81 1.91 Al-2017-T451 1.9417×107
3.00 3.81 1.27 Al-2017-T451 1.9417×107

numerical error in the FEM. The relaxation, ŝ, also shows
some small disagreement, but only at a/R nearest 0.5. The
maximum disagreement occurs when the FEM prediction is
10.8% lower than Sower’s theory. We believe this is related to
Sower’s approximation that the current is uniform along the
wire’s cross-section. On the left side of the curve where a/R
is near zero, the FEM-computed ŝ agrees with Sower’s theory
again within 0.2%. Overall the agreement shown is very good.

V. RESULTS

In this section, we present a graph that describes a complete
model for a cylinder up to two relaxations. The normalized
relaxation and moments are presented for a cylinder as a
function of its aspect ratio. The geometry of the cylinder is
shown in Fig. 2. The normalization parameter R is

√
a2 + r2.

The results are shown parameterized with respect to a/r in
Fig. 7. The graph also shows measured results taken using the
measurement system described in [17]. The measurements are
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Fig. 7. Normalized moment and relaxation frequency for a cylinder of
arbitrary conductivity or size. The graph is parameterized with respect to a/r
as defined in Fig. 2. Measured values for the seven cylinders in Table I are
shown with the estimated moment and relaxation associated with a transverse
mode (×) and an axial mode (◦).

of the seven cylinders with the geometries described in Table
I. For each measured cylinder, the conductivity was computed
from published data in [29]. The agreement is very good for
this type of measurement.

The curves follow predictable trends. We see that the dipole
moments, Mtt and Mzz , are equal to one another when a = r
and the cylinder is most isotropic. As a/r becomes small, the
cylinder approximates a disk, which we would expect to have
only a z-directed moment. This is consistent with the graph.
As a/r becomes large, the cylinder becomes a long thin tube,
which should not carry significant eddy currents. This occurs
on our graph also, with the relaxations pulling upward out of
the frequency band and the moments decreasing.

Finally, to clarify how the graph may be used, we provide
an example calculation of the first two relaxations for one of
the measured cylinders. Consider the first cylinder in Table
I with a/r = 0.2. We begin by reading off of Fig. 7 the
values Mzz = 2.58 and Mtt = 0.811 for the first and second
relaxations, ¯̄M1 and ¯̄M2. For this cylinder, R =

√
a2 + r2 =

1.61cm. We may then compute the dyadic from (50), to obtain
¯̄M1 = 10.8ẑẑ cm3 and ¯̄M2 = 3.39 (x̂x̂+ ŷŷ) cm3. The

relaxations associated with each moment are read off of Fig.
7 at ŝ1/2π = 3.04 and ŝ2/2π = 12.9. Using (50), our value of
R, the permeability of free space, and the σ given in the table,
we obtain s1/2π = f1 = 372Hz and s2/2π = f2 = 1580 Hz,
where f1 and f2 are the relaxation frequencies in Hz. For
comparison, the measured values for this cylinder come out
to ¯̄M1 = 10.9ẑẑ cm3 at 352 Hz and ¯̄M2 = 4.14 (x̂x̂+ ŷŷ)
cm3 at 1585 Hz.

VI. CONCLUSION

A modal-decomposition method for eddy-current problems
has been presented and numerically implemented using FEM.
The modes were simplified into a magnetic polarizability
dyadic in the form of a singularity expansion, allowing them
to be compared with analytic and measured results in [17],
[30]. Each comparison shows good agreement. This reduced
form is very compact and can be thought of as a model for
the scatterer, capable of producing a representation of the field
scattered by the target when placed in an arbitrary magnetic
excitation. Due to the scaling properties of the model, a large
variety of scatterer responses can be computed with very little
information.

To clarify how these models can be used, we present the
two most dominant poles of a cylinder as a function of its
aspect ratio. For further verification, measured data points
are shown to agree well with the curves. As provided, Fig.
7 combined with (50) can be used to model the quasi-
magnetostatic response of an arbitrary cylinder with aspect
ratio between 0.1 and 10, with an arbitrary conductivity or size,
and as excited by an arbitrary incident field. In future work,
we hope to provide general models for additional canonical
targets. Questions about the invertibility of the model could
also be of interest.

APPENDIX I
THE ORTHOGONALITY OF MODES

In Section II, we use the fact that the modes are orthogonal
to write our guess for the solution. We will argue these modes
must be orthogonal by showing that the operator, ∇×∇× •,
acts symmetrically on them. To show this, we will need an
identity that will be used a few times in the following appen-
dices. Suppose X̃(~r) and Ỹ(~r) are real vector-valued functions
that satisfy (10b). For the moment, we make no assumption
about the behavior of X̃ and Ỹ inside of V other than that
they are sufficiently well behaved to evaluate the expressions
below. Let BR be a ball with radius R large enough to contain
the volume, V . Using the divergence theorem and the vector
identity,

∇ ·
(
~A× ~B

)
= ~B · ∇ × ~A− ~A · ∇ × ~B, (52)

we have,〈
∇×∇× X̃, Ỹ

〉
σ

=
y

V

∇×∇× X̃ · ỸdV

=
y

BR

∇×∇× X̃ · ỸdV

=
y

BR

X̃ · ∇ ×∇× ỸdV +
{

∂BR

r̂ ·
[
∇× X̃

]
× ỸdS

+
{

∂BR

r̂ · X̃×
[
∇× Ỹ

]
dS,

(53)
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where, on the second line, we use (10b). Using (10b) again
we obtain the inequality,∣∣∣〈∇×∇× X̃, Ỹ

〉
σ
−
〈
X̃,∇×∇× Ỹ

〉
σ

∣∣∣
≤

{

∂BR

∣∣∣r̂ · [∇× X̃
]
× Ỹ

∣∣∣ dS+
{

∂BR

∣∣∣r̂ · X̃× [∇× Ỹ
]∣∣∣ dS.

(54)

If we assume that X̃ and Ỹ also satisfy (10d) and (10e),
we may introduce an arbitrary constant C for which,∣∣∣〈∇×∇× X̃, Ỹ

〉
σ
−
〈
X̃,∇×∇× Ỹ

〉
σ

∣∣∣
≤

{

∂BR

C

R4
dS +

{

∂BR

C

R4
dS =

8πC

R2
(55)

Since we have chosen R arbitrarily let R→∞ to show the
desired result,〈

∇×∇× X̃, Ỹ
〉
σ

=
〈
X̃,∇×∇× Ỹ

〉
σ
. (56)

This provides us with orthogonality of the solutions using a
standard argument. Let X̃ and Ỹ solve the full problem (10),
with λ = λx and λy respectively. We then have from (56) that,

λx

〈
X̃, Ỹ

〉
σ

= λy

〈
X̃, Ỹ

〉
σ

(57)

⇒ (λx − λy)
〈
X̃, Ỹ

〉
σ

= 0 (58)

This implies either λx = λy or the vectors are orthogonal. If
we have the situation where multiple modes all associate with
the same λ, we can still apply a Gram-Schmidt procedure
to obtain a set of orthogonal modes and use the solution as
provided6. This orthogonalization procedure will generally be
performed by the eigenvalue solver because the FEM matrix
is symmetric.

APPENDIX II
THE ORTHOGONALITY OF THE RESIDUAL

In Section II, we comment that the residual term, ~Es,⊥,
in (15) is orthogonal to the remainder of the expression for
~Es. This result is also a consequence of the symmetry of
the operator, ∇ × ∇× •, acting on vector-fields that satisfy
(10b),(10d), and (10e). This was shown in Appendix I. By
considering (14), we see that outside of V , it must satisfy

∇×∇× ~Es,⊥ = 0, (59)

and to be a valid scattered field created by a distribution of
current with no net charge build-up, it must also satisfy (10d),
and (10e). This means it is a valid solution for using the
identity (56). We may then dot (14) with any mode, Ẽn, to
obtain〈
∇×∇× ~Es,⊥, Ẽn

〉
σ

+ sµσ
〈
~Es,⊥, Ẽn

〉
σ

= −sµσ
〈
Ẽi,⊥, Ẽn

〉
σ
. (60)

6When multiple modes share one eigenvalue, the magnetic polarizability
dyadic associated with that λ will not be correct until all modes sharing that
λ are known.

Using (56), the fact that
〈
Ẽi,⊥, Ẽn

〉
σ

= 0, and (10a) for Ẽn,
we obtain 〈

~Es,⊥, Ẽn

〉
σ

(λn + sµσ) = 0. (61)

This gives that either s = −λnµσ = −sn or
〈
~Es,⊥, Ẽn

〉
σ

=

0. When s = −sn, our solution, ~Es, is not defined, so we
would not generally be concerned about the comparison, so it
is fair to say the residual is orthogonal to the remainder of the
expression for Ẽs.

APPENDIX III
VSH NOTATION

In Section II, we make use of the vector spherical harmonics
defined in [18] to characterize the modes. We also refer to
some of the vector identities listed in [18] to obtain (26). We
have used slightly different notation for the VSH in this paper,
and here we will describe the relationship between our notation
and [18]. Since we are working with purely real fields in this
paper, it is natural to work with real-valued harmonics. We
use the tesseral harmonics, defined in [31], but normalized as
in [32]. We define them,

Ylmp(θ, φ) =

√
(l + 1

2 )(l −m)!

π(δ0
m + 1)(l +m)!

Pml (cos θ)

(
cosmφ
sinmφ

)
,

(62)

where p = e or o, even or odd, depending on whether one takes
the cos or sin azimuthal dependence. Pml is an unnormalized
associated Legendre function [33].

These correspond to the SSH used in [32] that [18] bases
definitions on by

Ylm =

{ 1√
2

(Ylme + iYlmo) l 6= 0,m > 0

Y00e l = m = 0.
(63)

We then define the VSH analogously to [18] by

Φ̃lmp = ~r×∇ (Ylmp) . (64)

Then (63) makes each Φ̃lm defined in Barrera into a linear
combination of Φ̃lmp. One may use this fact to quickly check
(26), or any other linear VSH identities required.

APPENDIX IV
DECOMPOSITION OF A MODE INTO VSH

In this section, we will derive (24). Begin by introducing a
short-hand notation. By the Helmholtz decomposition, a mode,
Ẽn, can be written as a sum of a curl-free field, ẼCF

n , and a
divergence-free field, ẼDF

n :

Ẽn = ẼCF
n + ẼDF

n . (65)

This allows us to write (10a) and (10b) as,

∇×∇× ẼDF
n (~r) = λnẼn(~r) when ~r ∈ V (66)

∇×∇× ẼDF
n (~r) = 0 when ~r /∈ V. (67)

If we let BR be a ball of radius R that is large enough
to contain V , then outside of BR, we may expand ẼDF

n in
terms of a product of vector spherical harmonics and functions



11

of r only. By examining this expansion, we may use the
requirement in (67), and that ẼDF

n must go to zero as |~r| → ∞,
to see that the only allowable terms that are also divergence
free will be

ẼDF
n (r, θ, φ) =

∑
l,m,p

φnlmp
Φ̃lmp(θ, φ)

rl+1
, (68)

where the coefficients φnlmp are exactly those in (23).
The idea for the remainder of this section is to take a

product of both sides of (66) with a particular function that
will emphasize the contribution of a particular φnqrs in (68).
This function is rqΦ̃qrs(θ, φ), and its product is〈

∇×∇× ẼDF
n , r

qΦ̃qrs

〉
σ

= λn

〈
Ẽn, r

qΦ̃qrs

〉
σ
. (69)

We now apply (53) to the left-hand side of (69). Doing so
gives

λn

〈
Ẽn, r

qΦ̃qrs

〉
σ

=
y

BR

ẼDF
n · ∇ ×∇×

(
rqΦ̃qrs

)
dV

+
{

∂BR

r̂ ·
[
∇× ẼDF

n

]
×
(
rqΦ̃qrs

)
dS

+
{

∂BR

r̂ · ẼDF
n ×

[
∇×

(
rqΦ̃qrs

)]
dS. (70)

The function, rqΦ̃qrs, satisfies ∇ × ∇×
(
rqΦ̃qrs

)
= 0

everywhere as long as q ≥ 1, so the volume integral term
is zero. Using the expansion (68) and employing the triple-
product identity, we obtain

λn

〈
Ẽn, r

qΦ̃qrs

〉
σ

=

∑
l,m,p

φnlmp

{

∂BR

(
rqΦ̃qrs

)
·

(
r̂ ×

[
∇×

(
Φ̃lmp

rl+1

)])
dS

−
{

∂BR

Φ̃lmp

rl+1
·
(
r̂ ×

[
∇×

(
rqΦ̃qrs

)])
dS

 . (71)

Using the identities available in [18], one may show that for
an arbitrary function, F (r),

r̂ ×
[
∇×

(
F (r)Φ̃lmp

)]
= −F

′(r)

r
Φ̃lmp. (72)

Applying (72) to each surface integral in (71), one obtains

λn

〈
Ẽn, r

qΦ̃qrs

〉
σ

=
∑
l,m,p

φnlmp

×
{

∂BR

{
−(l + 1)

rq

rl+2
Φ̃qrs · Φ̃lmp − q

rq−1

rl+1
Φ̃qrs · Φ̃lmp

}
dS

= −
∑
l,m,p

φnlmp

(
(l + 1)

Rq+2

Rl+2
+ q

Rq+1

Rl+1

){

Ω

Φ̃qrs·Φ̃lmpdΩ,

(73)

where Ω is the unit sphere and dΩ = sin θdθdφ. From [18],
we know,

{

Ω

Φ̃qrs · Φ̃lmpdΩ = l(l + 1)δqrslmp, (74)

where δ is the Kronecker delta. We may then write (73) as

λn

〈
Ẽn, r

qΦ̃qrs

〉
σ

= −
∑
l,m,p

φnlmp((l + 1) + l)l(l + 1)δqrslmp

= l(l + 1)(2l + 1)φnqrs. (75)

This gives the desired expression,

φnlmp = − λn
(2l + 1)(l + 1)l

〈
Ẽn, r

lΦ̃lmp

〉
σ
. (76)
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