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In geophysics, spectrum analysis of surface waves �SASW� refers to a noninvasive method for soil
characterization. However, the term spectrum analysis can be used in a wider sense to mean a
method for determining and identifying various modes of seismic surface waves and their properties
such as velocity, polarization, etc. Surface waves travel along the free boundary of a medium and
can be easily detected with a transducer placed on the free surface of the boundary. A new method
based on vector processing of space-time data obtained from an array of triaxial sensors is proposed
to produce high-resolution, multimodal spectra from surface waves. Then individual modes can be
identified in the spectrum and reconstructed in the space-time domain; also, reflected waves can be
separated easily from forward waves in the spectrum domain. This new SASW method can be used
for detecting and locating landmines by analyzing the reflected waves for resonance. Processing
examples are presented for numerically generated data, experimental data collected in a laboratory
setting, and field data. © 2007 Acoustical Society of America. �DOI: 10.1121/1.2346130�

PACS number�s�: 43.60.Gk, 43.60.Fg, 43.60.Ac, 43.20.Gp �EJS� Pages: 1499–1509
I. INTRODUCTION

Waves that propagate in a medium can be roughly di-
vided into two main categories: body waves and surface
waves. Surface waves are generated at a boundary and can
be essentially of two types: Love waves and Rayleigh waves.
Rayleigh waves are always generated when a free surface
exists in a continuous body. In a vertically heterogeneous
medium the phase velocity of the Rayleigh wave is a func-
tion of frequency and this dependence is strictly related to
the mechanical parameters of the medium.1,2 Conversely, if
we can determine the dispersion curve �i.e., phase velocity
versus frequency�, it is theoretically possible to calculate the
mechanical parameters of the medium. This inversion tech-
nique is the basis of spectrum analysis of surface waves
�SASW� methods. Traditional methods use data collected at
two receivers from which the phase of the average cross-
power spectrum is used to calculate the phase velocity.1,2

One crucial step in this process is unwrapping the cross
power spectrum phase, because additive noise can produce
fictitious phase jumps. For data from multiple receivers, ar-
ray techniques have been developed based on two-
dimensional �2D� frequency-wave-number analysis1,2 and
slant-stack analysis followed by a Fourier-Bessel transform,3

but these use the Fourier transform so they have less spatial
resolution than the method described in Sec. II.

The technique proposed here is based on the combina-
tion of a temporal Fourier transform across t followed by a
pole-zero model across the spatial domain x. Using the com-
plex amplitude and root estimates from pole-zero modeling,
it is possible not only to construct dispersion curves, but also
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to obtain insight into several other important parameters,
e.g., attenuation and polarization. We have extended our al-
gorithm to the two-channel case so that we can also estimate
polarization. When the array data is collected by means of
triaxial sensors, we use two channels that provide the hori-
zontal and vertical particle motion �acceleration is actually
measured� to derive a vector pole-zero model that estimates
the complex amplitudes of the measurements in these two
channels from which polarization ellipses are estimated. A
surface wave consists of particle motion along a specific
path, e.g., a Rayleigh wave involves particle motion along a
retrograde elliptical path.1,4,5 We have successfully used po-
larization to identify these waves in field data as well a labo-
ratory data.

Detection of buried landmines and subsurface structures
has been investigated at Georgia Tech �Atlanta, GA� and
elsewhere in recent years using seismic waves.5–8 A seismic
wave is launched from a source, and it travels through the
soil and interacts with targets. This interaction is recorded by
means of a sensor array placed on the surface of the earth.
The goal is to use this collected space-time data to localize
the buried targets and, in some cases, to isolate the resonance
of the target for better imaging and clutter discrimination.
The location of the buried targets can be estimated from the
reflected wave, if the reflected wave can be identified and
separated from the forward probing wave. In this new SASW
technique, it is possible not only to separate the forward
wave from the reflected wave, but also to resynthesize both
of them. Based on this wave separation, a simple imaging
algorithm will be presented to locate buried landmines.

The next sections will describe the details of the para-
metric pole-zero model and the 2D spectrum analysis tech-
nique. The algorithm will be used to extract individual waves

and their modes, to estimate polarization, and to derive a
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new imaging method. The performance of algorithm will be
demonstrated on numerical data and field data with land-
mines and clutter.

II. PARAMETRIC MODEL FOR SURFACE WAVES-
VECTOR SENSOR APPROACH

The parametric model is based on a technique developed
for borehole sonic logging applications.9 For the single chan-
nel case, the collected data s�x , t� is a function of space and
time, see Fig. 1. We can represent the data with its 2D Fou-
rier transform

s�x,t� =
1

4�2�
−�

� �
−�

�

Ŝ�k,��ej�kx−�t�dkd� , �1�

where x is the spatial position, k is the spatial wave number,
and � is the temporal frequency. If we only take a temporal

FIG. 1. �Color online� Space-time data for �a� horizontal channel sx�x , t� and
�b� vertical channel sz�x , t�.
Fourier transform across t, we have
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S�x,�� =
1

2�
�

−�

�

Ŝ�k,��ej�kx�dk . �2�

At each temporal frequency �, we can imagine that we ap-
proximate the integral on the right-hand side of Eq. �2� with
a sum of exponentials. This is carried out with pole-zero
modeling across the spatial dimension to get a model con-
sisting of a sum of exponentials that represents propagating
waves

S�x,�� � �
p=1

P

ap���ejkp���x, �3�

where P is the model order.
In the multichannel case, the collected data s�x , t� is a

vector. For the two-channel case, we have

s�x,t� = �sx�x,t�
sz�x,t� 	 , �4�

where sx�x , t� is the horizontal displacement channel �along
the direction of propagation�, and sz�x , t� is the vertical dis-
placement channel as in Fig. 1. If we do pole-zero modeling
separately for each channel, then we obtain two independent
Pth-order exponential models like Eq. �3�

Sx�x,�� � �
p=1

P

Axp���ejkxp���x, �5�

Sz�x,�� � �
p=1

P

Azp���ejkzp���x. �6�

However, there is no guarantee that the wave-number infor-
mation for the two channels, kxp��� and kzp���, will match in
the k−� domain. If not, it will be very hard to align the
vertical and horizontal complex amplitudes and calculate po-
larization.

A. Vector IQML

A better approach is to determine the two models simul-
taneously so that they share the same poles.10 The pole-zero
modeling technique used in this paper is based on the IQML
�iterative quadratic maximum likelihood� algorithm which is
also called the Steiglitz-McBride extension of Prony’s
method.11 We have reformulated the IQML algorithm for the
multichannel case.

For a plane wave impinging on m two-channel sensors,
we can take temporal Fourier transforms of the collected data
�4� to obtain

S��� = �S1���,S2���, . . . ,Sm���� , �7�

where

Si��� = �Sx�xi,��
Sz�xi,�� 	 . �8�

The transform vector in Eq. �7� consists of the complex
amplitudes from both channels at a specific frequency �. The
IQML technique determines P estimates for the poles which

are the same for both channels, and then computes the best

Alam et al.: Spectrum analysis of surface waves



complex amplitudes Axp and Azp, which are different for the
two channels. The resulting exponential model from IQML is

S��� � 
�
p=1

P

Axp���ej�p���x

�
p=1

P

Azp���ej�p���x� . �9�

The poles determine the exponent �p��� whose real part is
the wave-number kp��� and whose imaginary part is the at-
tenuation �p���.

Wave number is converted to velocity via �p���
=� /kp���, and then we can plot the magnitude of Axp, or Azp,
versus frequency and velocity as shown in Fig. 2�a�. This
type of plot makes it easy to obtain the dispersion curves of
velocity versus � for the various modes that make up the
signal. The complex amplitudes are used to determine the
strength of different wave components, but they can also be
used to obtain the parameters for polarization ellipses as dis-
cussed next.

B. Polarization Ellipses

The complex amplitudes obtained from two channels
can be used to draw polarization ellipses.12 If the x and z
components of the vector complex amplitude are the two
complex amplitudes Ax and Az, then

Ā = Axx̂ + Azẑ = Ax�x̂ + �ej�ẑ� .

Various parameters of the polarization ellipse can be ob-
tained directly from � and �. The tilt angle � �with respect to
the x axis� is given by

tan�2�� =
2�

1 − �2 cos��� . �10�

If major and minor axes are denoted by a and b, then the
axial ratio is

b

a
= tan�	� , �11�

where 	 is

sin�2	� =
2�

1 + �2 sin��� . �12�

The major and minor axes of the ellipse are given by

a =
1

��2cos2��� + sin2��� − 2� sin���cos���cos���
,

�13�

b =
1

��2sin2��� + cos2��� + 2� sin���cos���cos���
.

�14�

In other words, the complex amplitudes derived via vector
IQML modeling allow us to quickly calculate polarization

parameters for the propagating waves.
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III. PROCESSING DATA FROM LINEAR ARRAYS

A. Synthetic data

Numerical data generated from a 3D finite-difference
time-domain �FDTD� model can accurately model elastic
wave propagation in a stratified medium.5 The seismic
source in the model is a vertically oriented point source ex-
cited with a differentiated Gaussian pulse with a center fre-

FIG. 2. �Color online� �a� Multimodal dispersion curves extracted with
IQML using a fourth-order model �P=4�, �b� expanded view of mode-0
showing polarization ellipses, and �c� comparison of analytical solution and
IQML Processing.
quency of 450 Hz. The profile used for this numerical data is
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given in Table I. The data simulate what the sensors would
have measured on the surface given the known stratified me-
dium of the model. Examples of synthetic data for the hori-
zontal and vertical channels are shown in Fig. 1, where the

TABLE I. Soil profile used in numerical data.

Thickness �cm� Vs �m/s� Vp �m/s� Density �kg/m3�

2.5 60 250 1400
2.5 70 250 1400
2.5 80 250 1400
2.5 90 250 1400
� 100 250 1400
1502 J. Acoust. Soc. Am., Vol. 121, No. 3, March 2007
horizontal axis is time and the vertical axis is sensor position.
The first sensor lies 110 cm from the source and the intra-
sensor distance is 0.5 cm. The total number of sensors is 60,
covering an aperture of 30 cm.

Processing of this data set with the vector IQML algo-
rithm and a model order of P=4 yields the dispersion curves
shown in Fig. 2�a�. These multimodal dispersion curves are
typical for a layered media.1,5 Four different modes can be
identified at the higher frequencies, with the strongest one
being the Rayleigh wave �mode-0�. Traditional two-station
methods would only be able to detect the dominant Rayleigh
mode. Modes 1 through 3 are guided waves that are due to
the layered soil properties used in the model and are essen-

FIG. 3. �Color online� Extraction of
mode-0 versus the original: �a� hori-
zontal channel and �b� vertical chan-
nel.
Alam et al.: Spectrum analysis of surface waves



tially linearly polarized in the vertical direction.1,5 The re-
sults obtained by IQML processing can be verified by com-
paring to the analytical solution, which produces the modes
from the subsurface profile.13 The same profile is used to
produce the space-time data. This comparison is shown in
Fig. 2�c�, in which the modes obtained from IQML process-
ing follows the analytical solution very closely.

The predominant Rayleigh wave exhibits an elliptical
polarization which has been calculated from the complex
amplitude estimates and plotted in Fig. 2�b�. At each fre-
quency an ellipse is plotted at the corresponding phase ve-
locity. The parameters for the ellipse, tilt angle �10�, axial
ratio �11�, major axis �13�, and minor axis �14�, are obtained
by using the complex amplitude estimates for the horizontal
and vertical particle motions. The size of each ellipse is pro-

portional to the complex amplitude values in the two chan-
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nels. The size is also encoded in the thickness of the line
displayed when plotting the ellipse, with the thickness being
proportional to �Ax2+ Az2. The vertical channel displace-
ments are larger so the major axis of the ellipse is tilted
toward the vertical direction for the Rayleigh wave in Fig.
2�b�. The sign of the axial ratio is used to indicate the direc-
tion of particle motion, either retrograde or prograde. This
polarization direction can be encoded with �color� shading: a
dark �blue� shade indicating retrograde motion �as in the
Rayleigh wave�, and a light �red� shade for prograde.

In Fig. 2�a� it is obvious that individual modes of s�x , t�
can be identified and sorted according to velocity �p��� and
frequency. Less obvious is the fact that polarization can also
be used for sorting, but the expanded view of Fig. 2�b� shows

FIG. 4. �Color online� Field data
�space time� for �a� horizontal channel
sx�x , t� and �b� vertical channel sz�x , t�.
that polarization is consistent versus frequency for an indi-
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vidual mode; in that case, the Rayleigh wave. Once we have
sorted out a single mode in the velocity-frequency domain,
the wave form for that mode can be reconstructed in the
space-time domain by using the model

sz�x,t� = �
i

Az��i�e����i�x+j��it+k��i�x��, �15�

for the z channel; likewise, for the x channel.
Hence, by extracting individual modes from these dis-

FIG. 5. �Color online� �a� Multimodal dispersion curves. Polarization el-
lipses for �b� the Rayleigh wave �mode-0�, and �c� the Leaky surface wave
�mode-1�.
persion curves, along with their complex amplitudes, we can
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reconstruct signals in the time domain for each mode using
Eq. �15�. This time-domain resynthesis for the fundamental
mode is shown in Figs. 3�a� and 3�b� for the horizontal and
vertical channels, respectively. The original numerical data is
also shown for comparison. The reconstructed time-domain
plot is in close agreement with the original data especially
near the main pulse. The small differences between the origi-
nal and the reconstructed pulses at the leading edge for the
vertical channel are due to the higher-order modes which are
predominantly vertically polarized. When we reconstructed
the pulses from modes 1, 2, and 3 we verified this assertion.
Thus we are able to separate the modes, and this separation
will be a key step in the imaging methods based on the
reflected Rayleigh waves in Sec. IV.

B. Processing of field data

The system used for data collection in the field is de-
scribed in Refs. 5–7. In these experiments, the seismic waves
are created using a surface-contacting electrodynamic trans-
ducer which has a rectangular foot. The transducer is excited
with a chirp that sweeps from 30 Hz to 1 kHz with a 4 s
duration. The response from this chirp is measured and used
to synthesize the response to a differentiated Gaussian pulse

FIG. 6. �a� Array setup with linear array of sensors between the source and
target. The first sensor position is indicated by the arrow. �b� �Color online�
IQML spectrum analysis: reflected waves have positive velocity; forward
waves, negative velocity.
with a center frequency of 450 Hz. The response to the
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Gaussian pulse is graphed in the following figures. A set of
field data collected in a dirt roadbed at a temperate govern-
ment field site is shown in Figs. 4�a� and 4�b�, for the hori-
zontal and vertical channels, respectively. The first sensor is
at a distance of 61 cm from the source with succeeding sen-
sors 2.54 cm apart. Each sensor is a triaxial accelerometer,
but only the vertical and horizontal measurements were used.
In the IQML processing, the total number of sensors was 85,
and the model order was P=3. In Fig. 5�a�, there are two
dispersion curves visible with mode-0 related to the Rayleigh
wave. The portion of the spectrum in the frequency range
greater than 766 Hz and with velocities between 400 and
450 m/s seems to be related to the pressure wave, which is
the fastest body wave, and should appear at higher frequen-
cies. In Fig. 5�b�, the polarization ellipses of mode-0 are
shown, and we see retrograde elliptical polarization as ex-
pected for the Rayleigh wave. Mode-1 is a leaky surface
wave5,14 with prograde elliptical polarization, and this is con-
firmed in Fig. 5�c�.

IV. PROCESSING IN THE PRESENCE OF BURIED
LANDMINES

The IQML processing has been applied to data collected

FIG. 7. �Color online� Extracted waves at one sensor: �a� forward wave and
original and �b� reflected wave and original.
in the presence of buried targets using a single-axis sensor
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that records only the vertical channel.6,7,15,16 These experi-
ments were performed in a laboratory facility which consists
of a tank that is approximately 6-m wide 
 6-m long 

1.5-m deep and is filled with damp compacted sand. Damp
compacted sand is used as a soil surrogate in the experimen-
tal model as its properties closely resemble those of typical
soils, and it can easily be reconditioned for repeatable mea-
surements. The Rayleigh wave velocity is approximately
100 m/s in the damp compacted sand resulting in a wave-
length of approximately 22 cm at the 450-Hz center fre-
quency of the differentiated Gaussian pulse.

In the setup shown in Fig. 6�a�, the sensor array lies
between the source and the target, which is a VS-1.6 antitank
�AT� landmine buried at a depth of 5 cm. The VS-1.6 is a
plastic landmine, 23.3 cm in diameter and 9.2-cm tall. The
array consists of ten sensors �ground contacting accelerom-
eters� with an intersensor spacing of 3 cm. The IQML-
derived spectrum analysis plot of this collected data is shown
in Fig. 6�b�. The IQML analysis easily separates the forward
and reflected waves on the basis of positive and negative
velocities. These waves are identified in velocity-frequency
space, and then two groups of frequency-domain compo-
nents are extracted, followed by reconstruction in the space-

FIG. 8. �Color online� Space-time plots of �a� raw data collected at the
center sensor, and �b� extracted forward wave at the center sensor. Front and
back edges of the VS-1.6 mine are denoted by horizontal lines. 20-dB scale
normalized to the maximum.
time domain using Eq. �15�. The extracted forward and re-
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verse waves at the first sensor are shown in Fig. 7. These
signal reconstructions in the time domain show how well the
IQML method separates these waves.

Imaging algorithm for localizing landmines

A new localization and detection algorithm can be based
on the forward and reflected wave separation performed by

FIG. 9. �Color online� Space-time plots of �a� extracted reflected wave and
�b� product of extracted reflected wave and extracted forward wave. Front
and back edges of the VS-1.6 mine are denoted by horizontal lines. 20-dB
scale normalized to the maximum.

FIG. 10. �Color online� Group velocity estimate obtained from the IQML

spectrum analysis.

1506 J. Acoust. Soc. Am., Vol. 121, No. 3, March 2007
IQML. It is also based on the observation that a reflection
point exists when the forward and reflected waves are coin-
cident in time and space. Thus we form a space-time image
from the product of the forward and reflected waves to en-
hance such reflection points prior to detection.

In order to reconstruct the reflected wave at many spatial
positions, we use a linear array of M sensors to collect the
data. The linear array is moved away from the source, in a
direction of potential targets, by the intersensor spacing �x
each time. A total of 70 array positions are used. At each
array position, IQML separates and reconstructs the forward
and reflected Rayleigh waves at the middle sensor of the
array. If there is a target near the array then we will see a
strong reflected wave and possibly a resonance in the ex-
tracted data. This reflected wave can be plotted by itself, or
used to form a product image of the extracted forward and
reflected waves.

The effectiveness of this product image for locating a
target can be demonstrated with the previous example of an
antitank mine VS-1.6 buried at a depth of 5 cm. A linear
array consisting of M =31 sensors is moved 1 cm at a time
across the target. At each array position the extracted waves
are reconstructed at the middle sensor �the 16th� and are
saved for use in the final plot. The raw data collected at the

FIG. 11. �Color online� Energy based algorithm: �a� Positions of length-40
time window overlayed on the product of the forward and reflected waves
�Fig. 9�b��. �b� Energy plot, strongest where the mine is located.
center sensor positions is shown in Fig. 8�a�, where the front
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and back edges of the mine are denoted by two horizontal
lines. The extracted forward wave is shown in Fig. 8�b�, and
the extracted reflected wave in Fig. 9�a�. In this example, the
extracted reflected wave shows a very strong reflection
where the mine is located. The product of the reflected and
forward waves is shown in Fig. 9�b�, with the back edge
giving the strongest response.

The images in Fig. 9 can be used to develop a detection
algorithm similar to the energy-based method originally de-
scribed in Ref. 17. The signal formed from the product of the
forward and reflected waves will be used for the energy cal-
culation, but it is important to make the energy calculation in
a small region of the space-time plane. We use a time win-
dow of length N to extract a small part of the time signal for
each spatial position x. The center of the time window is
placed at the time corresponding to the travel time of the
Rayleigh wave from source to the sensor position x. This
travel-time calculation requires a group velocity estimate,
which can be calculated directly from the IQML analysis.
The group velocity is given by1,2

Vg = � d

d�
k����−1

, �16�

where k��� is the wave-number estimate at frequency �. The
values of k��� can be extracted directly from the IQML
analysis. A line is fit to the mode-shape plot, and the slope of
the line is the group velocity estimate. For the VS-1.6 ex-
ample above, the �� ,k� plot is shown in Fig. 10. The slope of
the line fit in Fig. 10 gives a value of 81.43 m/s for the

FIG. 12. Experimental setup: �a� �Color online� Photograph of the mines
and rocks prior to burial. �b� Map of the relative positions and depths of the
mines and rocks.
group velocity estimate.
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Once we have the group velocity, we form a time win-
dow of length N at each spatial position, with the center of
the window tc being calculated via

tc =
Dx

Vg
, �17�

where Vg the group velocity, and Dx the distance between the
source and the sensor position at x. At each spatial position
the local energy is calculated via

Ex = �
t=tc−N/2

tc+N/2

pr�x,t�2, �18�

where pr�x , t� is the signal formed from the product of the
extracted forward and reflected waves at each spatial posi-
tion x. A window of length N=40 is used which corre-
sponds to 5 ms in time. The window at each spatial posi-
tion along with the center position line is shown in Fig.
11�a� for all x positions, and the energy calculated is
shown in Fig. 11�b�. The energy is strongest where the
mine is located, thus indicating the spatial position of the
mine. Once again, the back edge of the mine gives a stron-

FIG. 13. �Color online� Space-time plots �20-dB scale� of the waves along
the scan-2 position: �a� Extracted reflected wave and �b� product of the
extracted reflected wave and the extracted forward wave. Positions of the
mine centers are denoted by the horizontal lines.
ger response.
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In the second experiment different kinds of mines are
buried along with clutter �rocks�. The mines are a M-14 bur-
ied at 0.5 cm, a VS-1.6 at 5 cm, a Butterfly �PFM-1� at 2 cm,
a VS-50 at 1.5 cm, and a TS-50 at 2 cm. The TS-50 and
VS-50 are plastic antipersonnel �AP� landmines, 9 cm in di-
ameter and 4.6 cm in height. The M-14 is a plastic AP land-
mine, 5.8 cm in diameter and 3.8 cm in height. The PFM-1
is a plastic AP landmine, 12-cm long, 2-cm wide, and 6.1-cm
high. The rocks are comparable in size to the TS-50.

The relative sizes, positions, and depths of the mines and
rocks are shown in Fig. 12. The reflected Rayleigh waves are
extracted for three different linear scans across all x posi-
tions: scan-1 at y=20 cm, scan-2 at y=40 cm, and scan-3 at
y=60 cm. The space-time reflected wave across scan-2 is
shown in Fig. 13�a�, and we observe three x positions where
reflections are strong. In Fig. 13�b� the product image of the
extracted forward and reflected waves is shown, and we can
see three positions where there are indications of the pres-
ence of targets. Similarly, waves extracted across scan-1 and
scan-3 positions are shown in Fig. 14. The rocks give rela-
tively little response, because their reflected waves do not
exhibit resonance; the mines, on the other hand, form a reso-
nator with a flexible case of the mine and the soil layer above
the mine. The Rayleigh waves couple very effectively into

FIG. 14. �Color online� Space-time plots �20-dB scale� of the reflected wave
extracted via IQML: �a� across scan-1 and �b� across scan-3. Positions of the
mine centers are denoted by horizontal lines.
the resonator resulting in enhanced motion above the mine
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and an enhanced reflected wave.7,17 The final energy image
for the whole 2D scan is shown in Fig. 15, where each row
consists of an energy calculation as in Fig. 11�b�. In Fig. 15
it is easy to pick out the positions of landmines, and there is
hardly any evidence of the presence of rocks, which verifies
the effectiveness of this technique in discriminating mines
from clutter.

V. CONCLUSION

In this paper, a new method is proposed for multi-
channel spectrum analysis of surface waves using a vector
form of the IQML algorithm. Using this method we are able
to separate not only the different modes and their polariza-
tion behavior, but also we can reconstruct these modes in the
space-time domain. From collected field data we have suc-
ceeded in identifying and reconstructing the mode that is the
Rayleigh wave. For landmine detection, the same algorithm
for single channel data has been applied successfully in re-
covering the reflected Rayleigh wave from which a new im-
aging algorithm has been developed for detecting the signa-
ture of landmines with and without clutter.
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