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ABSTRACT

The discretization inherent in Ihe finite-element method results in the
numerical dispersion of a propagating wave. Ihc ntuncrical dispersion
of a lime-harmonic plane wave propugating through an injtnile. two-
dimensional, finite-element mesh composed of uniform triangular edge
elements is investigated in Ihis work. The effects on Ihe numerical
dispersion of Ihe propagation direction ofthe wave, the electrical size of
the elements, and ihe mesh geometry are investigated. The dispersion for
Ihe hexagonal mesh geometry is .shown to be much smaller and to
converge at a quicker rale ihan the other meshes. The dispersion analysis
is validated hy numerical examples. © 1995 John Wiley <i Sons. Inc.

\. INTRODUCTION

The finite-element method is a popular technique in compu-
tational eleetromagnetics. Two different approaches are com-
monly used when applying the finite-element method to solve
vector field problems. In both techniques, the domain of
interest is divided into subdomains or elements. The differ-
ence in the two approaches is in the manner in which the
field is approximated within the elements. In the nodal ele-
ment approach, each component of the field is represented
by an expansion of scalar basis functions, whereas, in the
edge-element approach, the vector field is approximated by
an expansion of vector basis functions. The latter technique
offers some significant advantages over the former. For one,
it does not suffer from spurious or nonphysieal solutions for
many types of problems, as does the nodal clement approach
[1]. In addition, boundary conditions are generally easier to
impose along conductor edges and material interfaces when
the edge elements are used.

Even though the finite-element method has been exten-
sively used, the errors associated with it have not been

thoroughly investigated. A quantification of these errors is
important for one to have complete confidence in the numer-
ical soiulion. One of the most significant errors arises from
the inability of the polynomial basis functions to represent
the fields exactly within an elemenL This error is commonly
called the discretization error and is present when nodal
elements or vector elements are utilized. A wave propagating
through a mesh of finite elements will experience numerical
dispersion as a result of this error.

Most research into the numerical dispersion of plane
waves propagating through finite element meshes has concen-
trated on meshes composed of nodal elements [2-5]. The
research into the numerical dispersion of edge-element
meshes is not as extensive. The authors have investigated the
numerieal dispersion for quadrilateral, edge-element meshes
[6]. Monk and Parrott have investigated the numerical dis-
persion of several types of triangular elements for a finite-
element time-domain method for Maxwell's equations. Their
method uses a separate mesh to approximate the electric
field and the magnetic field [7].

In this work, the numerieal dispersion of a time-harmonic
plane wave propagating through a number of infinite, two-
dimensional, finite-clement meshes composed of triangular
edge elements is investigated. The numerical dispersion is
characterized by a cumulative phase error. The phase error is
quantified as a function of the electrical size of the elements,
the direetion of propagation of the plane wave, and the
orientation of the elements. Results are given that ean serve
as a guide in selecting the appropriate element size and mesh
geometry. The phase error for the hexagonal mesh is demon-
strated to be significantly smaller and to converge quicker
than the phase error for the other meshes. Finally, numerical
results that verify the analysis are given.

II. DISPERSION ANALYSIS

in order to quantify the numerical dispersion of the vec-
tor finite-element method, consider an infinite, linear, two-
dimensional, homogeneous, isotropic, and source-free region.
The field in this region is governed by the vector Helmholtz
equation:

V X (V X E) - = 0, (1)

where an e^"" time dependence is assumed and k =
the wave number.

It is well known that a plane wave is an exact solution to
the vector Helmholtz equation (1). For the plane-wave solu-
tion, the field at any point p is related to the field at any
other point ^ by a simple phase factor:

(2)

where k = cos (/>fl, + sin <f}a^, is a unit vector pointing in the
direction of propagation and where Ar is the vector from
point p to point q.

Now eonsider dividing the region into an infinite, uniform
mesh. The field in this mesh will be governed by a discretized
vector Helmholtz equation. A plane wave propagating along
the mesh at an angle (̂  is a solution to the diseretized vector
Helmholtz equation as well. However, the plane wave propa-
gates with a numerical wave number k that differs from the
analytical wave number k.

Consider the points p and q depietcd in the mesh in
Figure I. The relationship between the discretized field at
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any point p within an clement and any other point q at the
same relative position within atiother element is a simple
phase factor [5, 6]:

E (3)

where Ar is the veetor trom the point p to point q. It should
be emphasized that the relationship between the tields at two
arbitrarily located points is not as simple. This is in contrast
to the ideal field relationship (2). which is true regardless of
the relative location of p and q.

The goal in the dispersion analysis is to determine the
relationship between the numerical wave number k and
the analytical wave number k. This is aeeomplished by
using the relationship given by (3) in conjunction with resid-
ual equations for the unknowns which can be obtained from
the vector finite-clement formulation [6, 8], A system of
nonlinear equations can be obtained, which can be solved to
give the numerical wave number when the analytical wave
number is known.

The best way to demonstrate the dispersion analysis pro-
cess is with a simple example. Figure 2{a) shows a local
portion of an infinite mesh of two-dimensional, triangular
edge elements. The unknowns assoeiated with the mesh in
Figure 2(a) arc identified as belonging to group A, B, or C in
Figure 2(b). Each unknown within a particular group is

\ \

\

\ \

Figure 1 Diagram depicting a plane wave propagating through a
portion of an intinite uniform vector finite-element mesh

located at the same relative position within the mesh. As a
result, all the residual equations for the unknowns in that
group are equivalent, and only one of these equations is
necessary to describe their behavior [6]. Thus, one residual
equation from each group is needed to characterize the
mesh; three in all for the mesh in Figure 2. The residual
equations for the unknowns associated with the basis fune-
tions ( + 5, i -I- 3, and / + 9 are chosen to represent their
respective groups. Equation (3) is used to express all of the
unknowns in a partieular group in terms of one of the
unknowns in that group. The unknowns in group A are
expressed in terms of E, + 5, the unknowns in group B in
terms of £,+ 1, and the unknowns in group D in terms of
E,^ii. Substituting the relationships for all of the unknowns
into the residual equations for the unknowns associated with
the basis functions / + 5, / + 3, and / + 9 results in the
following set of equations:

0 = 2c,r -H

0 = 2C|,s -I-

,scos{A:,,/4 -

(4)

where ^,. = kh eos 4>-> k^ = kh sin <b, r = E^, 3/E, + 5, s =
Ei+,^/E^, 5, /i is the length of the sides of an element, and the
constants c, and Cj are

(48 - 5k~h^)

(48
(5)

The three transcendental equations are solved numerically to
obtain k as well as r and s.

III. RESULTS

The various meshes investigated in this work are shown in
Figure 3. Note that results for the mesh of quadrilateral edge

(a) (b)

Figure 2 Schematic representation of (a) a local portion of an infinite mesh of triangular edge elements, (b) the groupings of the
unknowns in the mesh
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(a) (h)

(c)

Figure 3 Schematic representations of the uniform, infinile. two-
dimensional edge-elemenl meshes: (a) quiidriltiientl mesh, (h) arrow
mesh, (c) diamond mesh, (d) one-directional mesh, and (c) hexagonal
mesh

elements are included in this work for comparison [6], For all
of the meshes the length of the shortest side of any element
is h. The names for the meshes are given in Figure 3. The
numerical wave number k for each type of mesh was ealeu-
lated using the process outlined previously. The resulting
phase error, in degrees per wavelength, is defined as

= 360
k -k

(6)

Figure 4 is a polar graph of the phase error as a function
of the angle of propagation (/> for the one-direetional, arrow,
diamond, and quadrilateral meshes. Note that the phase
errors for the arrow and diamond meshes are almost the
same and are within a linewidth of each other in the graph. It
can be seen that the phase error for each of the triangular
edge element meshes is less than the phase error for the
quadrilateral edge element mesh. Figure 5 is a polar graph of
the phase error as a function of <b for the hexagonal mesh. In
both these plots X/h = 10. Note the seale ehange on the
graphs; the value of the phase error at the outer edge is
indicated on each graph. By comparing Figures 4 and 5 it is
quite apparent that the dispersion for the hexagonal mesh is
signifieantly less than that for the other me-'hes. It can be
seen that the phase error for all of the meshes is anisotropic;
it varies with the direction of propagation.

For the one-directional, diamond, and arrow meshes, the
numerical wave number is sometimes larger than the analyti-
cal wave number and sometimes less, depending on <}). the
angle of propagation of the plane wave through the mesh.
The sign of the difference between the two wave numbers,
^ - A, is indicated in Figure 4 for eaeh of these meshes. The
nulls in the graph of the phase error for the one-directional.
arrow, and diamond mesh are the points at which the numeri-
cal wave number k actually equals the analytical wave num-

= 6.0

180" -;

270"

—"— Quadrilateral
One-directional
Arrow

— Diamond

Figure 4 Polar graph of the phase error in degrees per wavelength
lor [he different edge-element meshes as a function of <}) lor X/h =
10

180'

270°

Figure 5 Polar graph of the phase error in degrees per wavelength
for the hexagonal mesh as a function nl" 4> f'"" A//i = H)

ber k. In the ease of the quadrilateral and hexagonal meshes,
the numerical wave number of a plane wave propagating
through either of the meshes is always greater than the
analytieal wave number, and thus there are no nulls in the
graphs of the phase error for these two meshes.

In order to estimate the error in a practical application,
one often uses a worst-case scenario. Beeause the angular
dependenees of the error for the various meshes differ, it is
difficult to use Figures 4 and 5 to get the worst-case error.
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Therefore, a worst-case comparison is presented in Figure 6.
where the maximum phase error with respect to <b is graphed
as a function of (A//i) for each mesh. For all of the meshses
except the hexagonal mesh, the error is seen to be propor-
tional to (X/h)'. Thus k converges at the rate of O[(/i/A)-]
for these meshes. The error for the hexagonal mesh is seen to
be proportional to (A//i)"*. which indicates that k converges
at the rate of O[(/i/A)''] for this mesh. Thus, the error for the
hexagonal mesh is not only significantly smaller than the
error for the other meshes, but it also converges at a mueh
quicker rate.

This high rate of convergence of the phase error for the
hexagonal mesh is surprising, since this rate of convergence is
usually associated with second-order element meshes [5, 6].
Monk and Parrott [7] observed the same rates of convergence
for their edge-constant, finite-element method for Maxwell's
equations. The reason for this high rate of convergence is
unknown,

IV. NUMERICAL VERIFICATION

A vector finite-element code was written to numerically verify
the dispersion analyses and to show that they have relevance
for a finite-size mesh. The geometry modeled was an in-
finitely wide, parallei-platc waveguide of width a and length /
with prefectly conducting walls, as in Figure 7. The phase
constant of the TM, mode in the waveguide is calculated first
by the vector finite-element code and then it is predicted
using the dispersion relations [6].

10-'

Quadrilateral
One-directional
AiTow
Diamond
Hexagonal

10 100

Figure 6 Graph of the maximum phase error with respect to ip in
degrees per wavelength for the different edge-element meshes as a
function of \/h

y-0

The error, Si,, in the numerical phase constant, p. in
degrees per guide wavelength is

- 360 (7)

where p is the phase constant of the TM, mode and (3 is the
numerieal phase constant as determined by first the finite-
clement code and then predicted by the dispersion relations.
Figure 8 and 9 arc graphs of the phase eonstant error as a
function of A/a for the diamond mesh and the hexagonal
meshes, respectively. In both graphs, the symbols denote the
phase constant error as determined by the finite-element
code, and the lines denote the phase constant error using the
dispersion analysis. For both types of meshes, the agreement

10' r-

10-'

a/h =

16

24

FEMcode
Dispersion Relation

1.0 1,2 t,4 16 1,8 2,0

A/a

Figure 8 Graph of the error in ihe phase constant of the parallel-
plate waveguide calctjlated from the finilc-elemeni a)de and from
the dispersion relations for the diamond mesh

to'

FEM code
Dispersion Relation

1.0 1.2 1.4 1.6 1.8 2,0

A/a

Figure 7 Geometry of the parallel-plate waveguide

Figure 9 Graph of the error in the phase constant of the parallcl-
platc waveguide calculated from the finite-element code and from
the dispersion relations for the hexagonal mesh
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between the results from the code and the dispersion rela-
tions is seen to be excellent. Note that the null in the phase
eonstant error in Figure 8 is where jS is equal to {3. The sign
of the differenee, 8̂ - /3, is denoted on the graph.

In Figure 10 the phase eonstant error is presented as a
function of a/h with X/u = 1.5. The solid line and dashed
line are the phase eonstant error as determined by the
dispersion relations for the diamond and hexagonal meshes,
respectively. The triangles and the circles are the phase
eonstant error calculated from the finite-element eode using
the geometry of Figure 7 for the diamond and hexagonal
meshes, respeetively. The agreement between the results
from the finite-element eode and the dispersion relations is
again seen to be excellent.

From Figures 8-10, it is seen that the hexagonal mesh
performs much better than the diamond mesh. In order to
see whether a quasihexagonal mesh would maintain this
performance, the hexagonal mesh was randomized. This was
aeeomplished by moving the interior vertices of the triangles
in the mesh:

x' = X + r cos(O),

y' = y + r (8)

where x and y are the locations of the vertices of the
hexagonal mesh, x' and y' are the loeations of the vertices of
the quasihexagonal mesh, r is a random number varying
uniformly from 0 to O.l/i, and 6 is a random number varying
uniformly from 0 to ITT. The finite-element code was run for
10 different quasihexagonal meshes and the rms error for the
10 runs is shown in Figure 10 as the square symbols. From
the graph, it is apparent that the performanee of the random-
ized hexagonal meshes is worse than that of the hexagonal
mesh, but is better than that of the diamond mesh,

V. CONCLUSION

The phase error that results from the numerical dispersion
inherent in the linite-element method when using triangular

10'

10-'

HexRgooiL FE code
DunMmd. FE code
Rindomizcd Hex, FE code
Heiagontl, Dispcraon ReL
Diunond. DiipcisioD Rel,

10

a/h

30

Figure 10 Graph of the error in ihe phase constant as a function of
a/h for the parallel-plale waveguide as determined from the tinile-
element code for the diamond, hexagonal, and randomized hexagonal
meshes, and from the dispersion relations for the diamond and
hexagonal meshes

edge elements has been investigated. This error is a function
of element electrical size, mesh type, and direction of propa-
gation of the plane wave through the mesh. The phase error
decreases with an increase in X/h. The numerieal wave
number, k, for most edge elements is seen to converge at a
rate of O[{h/X)~]. However, the phase error for the hexago-
nal mesh of edge elements is seen to converge at a rate of
O[(h/X)'*]. This seems to be a speeial ease that only holds for
the ideal, uniform, hexagonal mesh, as was demonstrated by
randomizing the hexagonal mesh.
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ABSTRACT

The power-transfer characteristics of a three-waeeguide nonlinear direc-
tional eoupler INLDC) are investigated with the beam-propagation
method based on the finite-difference scheme. The eoupler consists of
two outer linear waveguides and a center waeeguide with a nonlinear
Kerrlike medium. It is shown that the three-waveguide NLDC is useful
for constructing a power-dependent power divider, a power-dependent
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