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SUMMARY

A three-dimensional �nite-di�erence time-domain model has been developed to simu-

late the propagation of elastic waves in an elastic half space. The model incorporates

a free-surface boundary condition for the surface of the half-space and a perfectly-

matched layer absorbing boundary condition. This thesis includes a detailed descrip-

tion of the numerical model, a theoretical study of the stability of the �nite-di�erence

algorithm at a material interface, an analytical derivation of the elastic surface waves

that arise at the surface of a solid medium, an extensive analysis of the interaction of

elastic waves with buried land mines, a description of the resonant behavior of various

mechanical objects, and results of experimental measurements of the elastic wave mo-

tion in a sand tank. The numerical model is primarily used to investigate the elastic

wave motion in the ground and to explore the interaction of elastic waves with buried

land mines. Various aspects of the mine-wave interaction have been studied. Simple

mine models are used to explore the interaction with buried anti-personnel and anti-

tank mines on a large scale. A more detailed mine-model is utilized to analyze the

resonant behavior of buried mines. When elastic waves interact with a buried land

mine, resonant oscillations occur at the location of the buried mine. These resonant

oscillations enhance the mine's signature and distinguish it from clutter objects such

as rocks. The resonance has been found to be largely dependent on the soil proper-

ties in the vicinity of the mine and on the burial depth of the mine. Although the

numerical model is primarily used for the the mine-detection problem, it is far more

versatile and applicable to general problems in the �eld of elasticity. As an example

for the model's versatility, the resonant motion of a tuning fork, as computed with

xvi
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the numerical model, is illustrated in this text.
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CHAPTER 1

Introduction

In today's technology, elastic waves in solid media are utilized for various applica-

tions in a wide range of di�erent �elds. Surface Acoustic Wave devices are found in

many TV-sets and mobile telephones as frequency �lters with excellent characteris-

tics. Quartz resonators are used in watches and computers and wherever a �xed clock

rate must be maintained. Ultrasound imaging is used for medical diagnosis, and the

number of applications for acousto-optic devices is steadily growing. In this work,

the elastic wave motion in solids is revisited, and a numerical model is presented that

simulates the elastic wave propagation in a solid medium.

Recently, the use of elastic waves to detect buried land mines has been proposed

[1] { [12]. With more than 100 Million land mines buried throughout the world caus-

ing an estimated 26,000 injuries and deaths each year, the public attention on the

problem of buried land mines has increased dramatically in recent years, resulting in

extensive research e�orts to develop more e�ective detection systems. Acoustic (elas-

tic) sensor systems might, under certain circumstances, bear signi�cant advantages

over systems that are in use today. Ground-penetrating radars (GPR), for example,

utilize electromagnetic waves to locate buried mines and are, thus, dependent on the

contrast in the dielectric properties between a mine and the surrounding soil. In

other words, ground-penetrating radar systems often fail if the metal content of a

buried mine is low, as it is the case, for example, for many plastic-cased land mines.

With a GPR, plastic mines are almost impossible to detect in dry soils, if the soil
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and the mine have similar dielectric properties. Elastic systems, on the other hand,

exploit the di�erences in the elastic properties of a buried mine and its surrounding

soil, which are, in general, substantial. Furthermore, elastic systems and ground-

penetrating radar systems might complement one another in certain scenarios. For

example, the electromagnetic loss in a wet soil is signi�cant, degrading the function-

ality of a ground-penetrating radar. The elastic loss in a wet soil, however, in general

is reduced, thus enhancing the response in an elastic sensor.

An elastic land mine detection system utilizes elastic waves that propagate in

the soil. To investigate the elastic wave motion in solid media, a numerical model

has been developed. The model is based on the equation of motion and the stress-

strain relation, which, together with a constitutive relation, form a set of �rst-order

partial di�erential equations that completely describes the elastic wave motion in a

medium. Introducing �nite di�erences, this set of equations is discretized and adapted

to the �nite-di�erence time-domain (FDTD) modeling scheme. The numerical model

has been implemented in two and three dimensions. In the model, the ground is

approximated as an in�nite half space, the surface of the ground is modeled as a

stress-free boundary, and an absorbing boundary condition is implemented to avoid

arti�cial reections at the outer faces of the numerical grid.

The model has been developed to supplement the development of an experimen-

tal sensor system that simultaneously uses both elastic and electromagnetic waves

to detect buried land mines [12] { [15]. Fig. 1.1 illustrates the experimental set-up

for the elastic-electromagnetic sensor. An electrodynamic transducer is placed on the

surface of the ground and excites elastic waves in the ground. The elastic waves prop-

agate mainly along the surface and interact with the buried land mine, causing both

the mine and the ground to vibrate. Due to the presence of the mine, the ground

will move di�erently around the mine than elsewhere. A radar, mounted above the

surface of the ground, scans the surface, records the vibrations and, thus, detects the

mine.

Although the numerical model is primarily applied to investigate the elastic

2
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Figure 1.1: Schematic drawing of the elastic-electromagnetic sensor.

wave motion in the ground, it is applicable to a wide range of general elastic problems.

With minor adjustments, the numerical model could be used, for example, to simulate

ultrasonic imaging systems, to compute the wave motion in Acoustic-Wave devices,

or to determine the acoustic wave �elds of loud speaker systems. As an example for

the applicability of the model, the resonant motion of a tuning fork, as computed

with the numerical model, is presented in this text.

This dissertation gives a detailed description of elastic wave motion in solids and

explains various aspects of the interaction of elastic waves with buried mines. The

text is largely divided into two parts. Chapters 2 { 6 are theoretical in nature and

describe the numerical model and its theoretical foundation. Chapters 7 { 9, on the

other hand, describe the practical application of the model and explain the elastic

wave propagation in the ground.

In Chapter 2, the background of numerical modeling using the �nite-di�erence
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time-domain method is described, and the history of the algorithm and the fun-

damental literature that lead to the numerical model as presented in this text are

outlined. In Chapter 3, the fundamental equations governing the elastic wave motion

in solids are explained. In Chapter 4, the numerical model and its implementation

are described in detail. In Chapter 5, the stability of the �nite-di�erence algorithm

at a material interface is studied and results are presented that indicate that the

�nite-di�erence algorithm will only be stable if the material properties are averaged

on the interface between two media. In Chapter 6, the theory of elastic surface waves

is revisited. The waves that are excited at a surface are identi�ed and their char-

acteristics are explained. In Chapter 7, the interaction of elastic waves with buried

land mines is described. Results are presented for various studies, considering buried

anti-personnel mines as well as anti-tank mines. In Chapter 8, the resonant behavior

of buried land mines is investigated. In Chapter 9, experimental procedures to mea-

sure the elastic wave �elds in the ground are described. Results are presented, and

the material properties in the ground are derived. Finally, in Chapter 10, the work

is summarized and conclusions are drawn.

Four sections are appended to the text. In Appendix A, the complete set of

the three-dimensional �nite-di�erence equations is given, incorporating the split-

�eld formulation that is necessary for the implementation of the absorbing boundary

condition. In Appendix B, a listing of the correction terms required for the total-

�eld/scattered-�eld formulation as described in Chapter 4 is given. In Appendix C,

the computer program that has been developed to implement the numerical model

is documented. And in Appendix D, the de�nitions of some fundamental elastic

constants are listed.
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CHAPTER 2

Background

The �nite-di�erence time-domain (FDTD) method has long been applied to solve

problems in the �eld of elasticity and electromagnetics. With advances in the com-

puter technology, the FDTD method has gained importance especially since the end

of the 1980's and the beginning of the 1990's. Numerous publications on the FDTD

method and its application have been published throughout the years. A few of

these are described and referenced in this chapter, briey outlining the history of the

method and the fundamental work that led up to the model as presented in this text.

Various algorithms are widely used for numerical modeling in both elasticity and

electromagnetics. Some algorithms, such as the well-known and frequently employed

Method of Moments (MoM), solve integral equations in the frequency-domain. Other

algorithms, such as the �nite-di�erence and the �nite-element (FEM) method, operate

on the partial-di�erential equations (PDE) and solve the equations either in the time-

domain or in the frequency domain. Each of these algorithms has its own advantages

and disadvantages, and some algorithms are more suitable for certain problems than

others. The development of PDE algorithms was motivated by certain properties

that these algorithms exhibit. PDE algorithms have been found to be robust and

accurate. They yield either sparse-matrices (FEM) or no matrices at all (FDTD),

reducing constraints on the size of the numerical models. These constraints limit the

MoM algorithm, because the MoM, in general, requires operations on full matrices.

Furthermore, PDE algorithms generally handle inhomgeneities without any signi�cant
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additional computational cost, whereas the inclusion of inhomogeneities in the MoM

in general induces a drastic increase in computational cost.

For the particular modeling problem presented in this text, the FDTD method

bears several advantages over other PDE algorithms, such as the �nite-element method.

The �nite-di�erence formulation, on the one hand, is simple and straightforward.

Boundary conditions can be implemented easily, and the numerical equations can

be solved eÆciently. The FDTD method can attack large problems involving large

numbers of unknowns. Due to the structure of the �nite-di�erence grid and the

computation procedure being simple, the adaptation of a FDTD model to a parallel

computer is straightforward [16, 17]. The parallelization is eÆcient, and an almost

linear speed-up with the number of processors can be achieved. In the FEM, on the

other hand, a matrix must be inverted. Current linear-algebra technology limits the

size of the matrix that can be inverted and, thus, limits the number of unknowns

that the FEM can handle. Furthermore, the parallelization of FEM models is not

as straightforward as for the FDTD algorithm. Contrary to the �rst-order FDTD

scheme, the FEM operates on the wave equation. A common problem of the FEM

is that spurious, non-physical modes are predicted. These spurious modes must be

excluded in a post-processing step, which can be a formidable task. Essentially no

di�erences between the FDTD algorithm and the FEM arise when comparing their

accuracy, as was pointed out by Marfurt [18]. Concluding, the FDTD method has

been chosen for the numerical model that is described in this thesis. The deciding

factor for this choice has been that a problem of the size considered here (involving

up to 20,000,000 unknowns) either cannot be handled at all by the FEM or can be

implemented only in a most tedious way, forfeiting the simplicity inherent to the

FDTD algorithm.

The �nite-di�erence time-domain algorithm has been used in the area of elastic-

ity since the late 1960's, when Alterman and Karal introduced a second-order �nite-

di�erence formulation based on the elastic wave equation to compute the propagation

of elastic waves in a layered medium in 1968 [19]. Following Alterman and Karal, the
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second-order FDTD formulation has been advanced and applied to a wide variety of

di�erent problems in the �eld of elasticity [20] { [18]. In the late 1970's and the 1980's,

various other elastic �nite-di�erence schemes have been proposed. Emerman et al.

presented an implicit �nite-di�erence scheme based on the wave equation [24]. And

Madariaga (1976) and Virieux (1984, 1986) introduced a �rst-order �nite-di�erence

formulation which used the two-dimensional �rst-order equations of elasticity [25] {

[27]. Madariaga's and Virieux's �rst-order formulation was based on the early work

of Yee, who had introduced a �rst-order scheme for electromagnetic �nite-di�erence

modeling in 1966 [28]. Yee was the �rst to introduce the characteristic staggered

�nite-di�erence grid, in which the �eld components, unlike in the second-order for-

mulations, were not known at the same points in space and time. The �rst-order

formulation by Madariaga and Virieux was second-order accurate in space and time.

Based on Madariaga's and Virieux's �rst-order formulation, Levander developed a

scheme that was fourth-order accurate in space by employing a four-point di�erenc-

ing approximation for the spatial derivatives in the governing equations, providing

an improvement in accuracy on the expense of higher computational cost [29]. In

today's �nite-di�erence modeling, the �rst-order scheme by Madariaga and Virieux

is the most common approach. The �rst-order formulation exhibits several advan-

tages over the second-order formulation. Speci�cally, due to the staggering of the

�eld components in the grid, the �rst-order scheme is more accurate, reducing grid

dispersion e�ects. Furthermore, boundary conditions are easier implemented in the

�rst-order formulation. In today's research and technology, the FDTD method is

applied to a wide range of di�erent problems in the �eld of elasticity. For example,

the FDTD method is applied to model the elastic wave propagation in porous media

[30, 31], to compute elastic waves in boreholes [32], or to simulate the ultrasonic pulse

propagation in human tissue [33].

The numerical model described in this text computes the elastic wave �elds in

a linear, isotropic, lossless, heterogeneous half-space. The model simpli�es the elastic

behavior of the ground. In reality, the ground might, dependent on the condition and
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composition of the ground and the amplitude of the excitation, act in a strongly non-

linear way, and loss will play a role in the wave propagation. Furthermore, the ground

only approximately behaves as an elastic half-space. Sand, for example, is a porous

medium, and the existence of pores, formed by the grains of the sand, might alter

the wave motion signi�cantly. Various schemes have been proposed to include these

and other e�ects into a numerical �nite-di�erence model. Krebes and Quiroga-Goode

(1994) [34] and Robertson et al. (1994) [35] described the modeling of viscoelastic

materials. The inclusion of loss e�ects in the FDTD formulation, however, involves

the solution of a convolution integral, thus complicating the formulation. Faria and

Sto�a (1994) [36] developed a �nite-di�erence formulation for transversely isotropic

media, which represent a certain class of anisotropic media. The �nite-di�erence

modeling of porous media has been treated by Dai et al. (1995) [30] and by Zeng and

Liu (2001) [31]. Poroelastic modeling is based on the poroelastic equations developed

by Biot (1956) [37]. In poroelastic materials, in addition to the shear and the pressure

phase, a third phase { a slow pressure wave { might arise, which is due to the relative

motion of the solid frame and the uid �lling the pores. It has been found that, for

this work's purpose, the assumptions that have been made (i. e., linear, isotropic,

lossless half-space) are reasonable. The simplicity in the formulation that is achieved

far outweighs the gain in accuracy that would be obtained by incorporating some or

all of the e�ects mentioned above.

In a numerical �nite-di�erence model, boundary conditions must be satis�ed ex-

plicitly. The model as presented here incorporates a free-surface boundary condition

to approximate the surface of the ground and a Perfectly-Matched Layer absorbing

boundary condition to reduce arti�cial reections at the outer grid faces. The treat-

ment of boundaries has been described extensively in the literature. The free-surface

boundary condition is well-known and is commonly used to approximate the surface

of the ground [19, 21, 22, 29, 38]. Absorbing boundary conditions have been a topic of

vast research for a long time. In the 1980's, one commonly applied absorbing bound-

ary condition in elastic �nite-di�erence modeling was a boundary condition presented
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by Clayton and Engquist (1977) for the second-order formulation [39]. The Clayton-

Engquist absorbing boundary condition was based on a paraxial approximation of the

wave equation, allowing to separate the wave �elds into inward and outward traveling

wave components. In this way, the outward traveling waves could be absorbed, and a

boundary arose which appeared transparent to outward traveling waves. One draw-

back of the Clayton-Engquist condition was that, due to the validity of the paraxial

approximations, it worked well only over a limited range of incident angles. Vari-

ous authors subsequently proposed improvements to the Clayton-Engquist condition

[40, 41] or presented modi�ed or di�erent schemes [42] { [48], all with somewhat

similar limitations as the Clayton-Engquist condition. In 1994, Berenger presented

an entirely new concept of absorbing boundary conditions. Berenger developed the

so-called Perfectly-Matched Layer (PML) absorbing boundary condition for �nite-

di�erence modeling in electromagnetics [49]. This novel boundary condition used a

non-physical splitting of the wave �elds to introduce a lossy boundary layer which

was perfectly matched to the solution space. The PML reduced the reections at the

outer grid faces by as much as 100 dB and its performance was roughly independent

from the angle of incidence. Following Berenger, the PML formulation was improved

by various authors [50] { [53] and adapted to elastic �nite-di�erence modeling [54]

{ [56]. Due to its superior performance, the PML absorbing boundary is now the

commonly used absorbing boundary condition in both elastic and electromagnetic

�nite-di�erence modeling. For the numerical model presented here, the PML formu-

lation of Chew and Liu has been applied [55].
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CHAPTER 3

Elastic Wave Propagation in Solids

3.1 Governing Equations

The equation of motion, better known as Newton's law, and the strain-displacement

relation, combined by an elastic constitutive relation, form a fundamental set of equa-

tions which completely describes the elastic wave motion in a linear medium. This

fundamental set of equations is comparable to Maxwell's equations in electromag-

netics. The �eld quantities describing an elastic �eld are the vector of the particle

displacement, u, and the tensors of the mechanical stress, � , and the mechanical

strain, S.1 In electromagnetics, the elastic �eld quantities �nd their analogues in the

vectors of the electric �eld E, the electrical displacement D, the magnetic �eld B and

the magnetic excitationH. The fundamental governing equations are well-known and

shall be explained only briey in this text. A detailed description of the theory of

elasticity can be found, for example, in [58] and [57].

In a lossless medium, the equations that govern the wave motion are the equation

of motion

r � � = �
@2u

@t2
� F (3.1)

and the strain-displacement relation

S =
1

2
(r(uT) + (r(uT))T); (3.2)

1The terminology used is by no means standard. All symbols are chosen according to [57], except
for the stress tensor, which is marked with � throughout this text, but is denoted with T in [57].
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combined by the elastic constitutive relation

� = c � S; (3.3)

also known as Hooke's Law [57]. Here, � is the density of the medium and is in general

a function of position. The vector F describes the inner body forces. The tensor c is

called the sti�ness matrix. It is a 3� 3� 3� 3 matrix and describes the medium and

its characteristics. r is the Nabla operator,

r =
@

@x
� x̂ + @

@y
� ŷ + @

@z
� ẑ: (3.4)

In cartesian coordinates, the displacement vector is de�ned as

u = ux � x̂+ uy � ŷ + uz � ẑ; (3.5)

and the tensors are in matrix notation

� =

2
666664
�xx �xy �xz

�yx �yy �yz

�zx �zy �zz

3
777775 ; (3.6)

S =

2
666664
Sxx Sxy Sxz

Syx Syy Syz

Szx Szy Szz

3
777775 : (3.7)

In Eq. (3.2), r is assumed to be a column vector and uT is a row vector. In that

case, the vector product r(uT) represents a tensor:

r(uT) =

2
666664

@ux
@x

@uy
@x

@uz
@x

@ux
@y

@uy
@y

@uz
@y

@ux
@z

@uy
@z

@uz
@z

3
777775 : (3.8)

The superscript T in Eq. (3.2) denotes the transpose.

The notation of the tensor elements is such that the �rst subscript of each ele-

ment describes the plane in which the component is e�ective and the second subscript
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marks its direction. Thus, �xy is the stress in the y-direction acting in the y-z-plane

(described by its normal vector in the x-direction). Figure 3.1 shows an in�nitesi-

mally small cube in a cartesian coordinate system with the stresses that act on its

surfaces. Within a medium, this cube must be in both rotational and lateral equilib-

x

y

z

�xx �xy

�xz

�yy�yx

�yz

�zz

�zy�zx

Figure 3.1: In�nitesimally small cube in a cartesian coordinate system with the
stresses acting onto its surfaces.

rium. The lateral equilibrium implies that the stresses acting on the cube's faces are

point-symmetric to the cube center. Hence, the stresses on the sides of the cube that

are not visible are equivalent to the stresses on their opposing sides, but rotated by

180 degrees. From the rotational equilibrium condition it follows that the sum of the

moments acting onto the cube must be zero. Then, the stress tensor � must be sym-

metric, i. e., �yx = �xy, �zx = �xz etc. Consequently, there are only six independent

stress components in the stress tensor. From Eq. (3.2) it can be seen, that the strain

tensor S is always symmetric, because it is just the symmetric part of the matrix

r(uT). Thus, the strain tensor is comprised of only six independent components.

The (i; j)-th element of the strain tensor can also be written as

Sij =
1

2

 
@ui
@xj

+
@uj
@xi

!
: (3.9)

12



3.2 Elastic Waves in Isotropic Media

3.2 Elastic Waves in Isotropic Media

3.2.1 The Wave Equation in Isotropic Media

In isotropic media, the entries of the sti�ness matrix c can be completely described

in terms of two independent constants. These constants are called Lame's constants

and are denoted by � and �. Using Lame's constants, the constitutive relation for

the six unknown stress components reduces to

�xx = (�+ 2�)Sxx + �Syy + �Szz (3.10)

�yy = �Sxx + (�+ 2�)Syy + �Szz (3.11)

�zz = �Sxx + �Syy + (�+ 2�)Szz (3.12)

�yz = 2�Syz (3.13)

�xz = 2�Sxz (3.14)

�xy = 2�Sxy: (3.15)

Using equation (3.2), the strain can be expressed in terms of the displacement:

�xx = (�+ 2�)
@ux
@x

+ �
@uy
@y

+ �
@uz
@z

(3.16)

�yy = �
@ux
@x

+ (�+ 2�)
@uy
@y

+ �
@uz
@z

(3.17)

�zz = �
@ux
@x

+ �
@uy
@y

+ (�+ 2�)
@uz
@z

(3.18)

�yz = �(
@uy
@z

+
@uz
@y

) (3.19)

�xz = �(
@ux
@z

+
@uz
@x

) (3.20)
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�xy = �(
@ux
@y

+
@uy
@x

): (3.21)

Finally, combining Eq. (3.1) with Eqs. (3.16){(3.21) and assuming that no body

forces are present (F = 0), the elastic wave equation for the three displacement

components in x, y and z is obtained:

�r2ux + (�+ �)(
@2ux
@x2

+
@2uy
@x@y

+
@2uz
@x@z

) = �
@2ux
@t2

(3.22)

�r2uy + (�+ �)(
@2uy
@y2

+
@2uz
@y@z

+
@2ux
@y@x

) = �
@2uy
@t2

(3.23)

�r2uz + (�+ �)(
@2uz
@z2

+
@2ux
@z@x

+
@2uy
@z@y

) = �
@2uz
@t2

; (3.24)

where r2 is the Laplace operator: r2 = @2

@x2
+ @2

@y2
+ @2

@z2
.

Regrouping Eqs. (3.22){(3.24) and using vector notation, the vector wave equa-

tion is obtained:

(�+ 2�)r � r � u� �r�r� u = �
@2u

@t2
: (3.25)

3.2.2 Propagating Waves

Generally, the elastic wave equation gives rise to two di�erent kinds of waves prop-

agating in an elastic solid: a longitudinal wave referred to as pressure wave and a

transverse wave called shear wave. Both waves are propagating independently of each

other with di�erent phase velocities. The wave number for the pressure wave can be

written as

k2P =
!2�

(�+ 2�)
(3.26)

with the corresponding phase velocity cP =
q

�+2�
�

. The wave number for the shear

wave, similarly, can be expressed as

k2S =
!2�

�
(3.27)
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3.2 Elastic Waves in Isotropic Media

with its phase velocity cS =
q

�
�
. Since � and � are both always positive, the phase

velocity of the longitudinal wave is always larger than the phase velocity of the trans-

verse wave.

When a boundary or discontinuity is introduced, the existence of both longitu-

dinal and transverse waves in an elastic medium gives rise to additional waves. The

most important of these is the Rayleigh surface wave2 and appears at a free surface

boundary.

At a free surface (i. e., at the interface between an elastic medium and vacuum),

the normal stress components vanish due to the continuity of the normal stress at an

interface. Both the longitudinal and the transverse wave traveling along a free surface

cannot ful�ll this boundary condition by themselves. However, a combination of the

two can, giving rise to the Rayleigh surface wave.

Rayleigh surface waves have characteristic properties that distinguish them from

longitudinal and transverse waves. Rayleigh surface waves travel along the surface

and decay exponentially into the medium. The reach of the surface wave into the

medium is dependent on frequency. The higher the frequency, the faster the surface

wave decays into the medium. Due to their origin, surface waves are neither purely

longitudinal nor purely transverse. The particles that are subjected to a surface

wave instead undergo an elliptic motion, due to the superposition of longitudinal and

transverse �eld components. A surface wave travels with a phase velocity slightly

smaller than the phase velocity of the transverse wave and, thus, is slower than

both the longitudinal and the transverse wave. The wave speed of the surface wave

cannot be determined explicitly, but is de�ned by a transcendental equation. Since

the surface wave is traveling along a plane (i. e., the surface of a medium), it has a

somewhat two-dimensional character. While longitudinal and transverse waves due

to a point source in a three-dimensional medium decay proportionally to the inverse

of the distance from the source(/ r�1), a surface wave decays with the inverse of

2After Lord Rayleigh, who discovered the existence of elastic surface waves in the late nineteenth
century.
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3.2 Elastic Waves in Isotropic Media

the square root of the distance (/ r�1=2). Thus, its energy is in some way con�ned

to the surface. Moreover, if a two-dimensional case is considered (e. g., an in�nite

line source in a three dimensional medium), the surface wave has a one-dimensional

character and does not decay at all with distance from the source. This property of

con�nement of energy to a surface is most successfully used in Surface Acoustic Wave

(SAW) devices.

Figure 3.2 shows the elastic waves in the ground due to a point-like excitation

on the ground's surface.3 The particle displacement on a cross section through the

ground is plotted in a pseudo color plot. A logarithmic scale is used, where dark red

corresponds to the largest magnitude (0 dB) and blue to the smallest (�70 dB). The
top edge of the plot coincides with the free surface. The excitation is a di�erentiated

Gaussian pulse. The pressure wave and the shear wave are visible. Both describe

spherical wave fronts. The Rayleigh surface wave propagates along the surface. At

the surface, plane waves arise. One is a lateral wave and is due to the passage of

the pressure wave along the surface , inducing a plane shear wave. The other one is

a leaky surface wave. The origin of this wave will be discussed in detail in a later

chapter.

3The wave �elds are computed with the numerical model which is described in the subsequent
chapter.
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Figure 3.2: Elastic waves due to a point source on a free surface.
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CHAPTER 4

Numerical Model

During the development of the elastic/electromagntic sensor, experiments have been

performed with mines buried in a large sand tank [12]. In these experiments, elas-

tic waves are excited by an electrodynamic transducer placed on the surface of the

ground. The waves propagate in the ground and along its surface and interact with

the buried land mines. To investigate the interactions of the elastic waves with the

buried mines, a three-dimensional �nite-di�erence model has been developed. In this

chapter, the �nite-di�erence model and its implementation are described.

4.1 The Finite-Di�erence Scheme

4.1.1 Problem Statement

Fig. 4.1 outlines the problem geometry. A transducer (labeled Source) is placed on

the surface of the ground. The transducer launches elastic waves, which interact with

an Object that is buried in the ground at some distance from the transducer. When

adapting this problem to a numerical model, assumptions must be made to simplify

the model and to make its implementation feasible. For the numerical model, the

ground is assumed to be a semi-in�nite half-space, bounded only by the surface at

z = 0. Thus, the tank with its walls as used in the experiments is not modeled and its

e�ects are neglected. The ground is approximated to be linear, isotropic, and lossless.

Within a numerical model, the elastic wave �elds are computed at a number of
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z
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Air
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Object

Figure 4.1: Problem geometry; top: isometric view, bottom: cross sectional
view.
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4.1 The Finite-Di�erence Scheme

discrete points in space. For the �nite-di�erence modeling scheme, a discrete grid of

regular cubic shape is introduced. Within the numerical model, the in�nite half-space

must be truncated and appropriate boundary conditions must be implemented to

avoid arti�cial reections at the outer grid faces. Figure 4.2 shows a schematic drawing

of the three-dimensional �nite-di�erence model. The solution space is bounded on

top by a free-surface boundary and on all other sides by a Perfectly-Matched Layer

(PML) absorbing boundary. The source is located on the free surface.

4.1.2 Governing Equations

As described in Chapter 3, elastic wave propagation in a linear medium is governed by

three fundamental partial di�erential equations: the equation of motion, the strain-

displacement relation, and the elastic constitutive relation. By eliminating the strain,

a system of partial di�erential equations is obtained that describes the wave �elds in

terms of solely the displacement and the stress:

�
@2ux
@t2

=
@�xx
@x

+
@�xy
@y

+
@�xz
@z

(4.1)

�
@2uy
@t2

=
@�xy
@x

+
@�yy
@y

+
@�yz
@z

(4.2)

�
@2uz
@t2

=
@�xz
@x

+
@�yz
@y

+
@�zz
@z

(4.3)

�xx = (�+ 2�)
@ux
@x

+ �
@uy
@y

+ �
@uz
@z

(4.4)

�yy = �
@ux
@x

+ (�+ 2�)
@uy
@y

+ �
@uz
@z

(4.5)

�zz = �
@ux
@x

+ �
@uy
@y

+ (�+ 2�)
@uz
@z

(4.6)

�yz = �(
@uy
@z

+
@uz
@y

) (4.7)
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Object

PML

Source
Free Surface

Figure 4.2: Three-dimensional �nite-di�erence model.
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�xz = �(
@ux
@z

+
@uz
@x

) (4.8)

�xy = �(
@ux
@y

+
@uy
@x

): (4.9)

Two approaches can be chosen to adapt the governing equations to the �nite-

di�erence scheme. First, the wave equations for the displacement �eld components,

as described in Eqs. (3.22){(3.24), can be discretized [19]. This results in only three

equations with three unknowns. However, due to the second order character of the

wave equations, the �nite-di�erence equations are complicated. A di�erent approach

is to discretize Eqs. (4.1){(4.9) [26, 27]. The resulting system of equations includes

nine equations with nine unknowns. The equations contain only �rst-order deriva-

tives, if the particle velocity is introduced for the particle displacement. These equa-

tions are simple and, hence, can be implemented in a straightforward way. With the

�rst-order approach, the implementation of boundary conditions, for example, is con-

siderably easier than with the second-order approach. Because of its simplicity, the

�rst-order approach is now the most common approach for �nite-di�erence modeling

in elastodynamics.

To eliminate the second-order time-derivatives from Eqs. (4.1){(4.9), the particle

velocity is introduced for the displacement. The particle velocity is the time derivative

of the displacement:

v =
@u

@t
: (4.10)

Taking the time derivative of Eq. (4.4) { (4.9) and replacing @ux
@t

with vx etc., one

obtains a system of equations with only derivatives of �rst order:

�
@vx
@t

=
@�xx
@x

+
@�xy
@y

+
@�xz
@z

(4.11)

�
@vy
@t

=
@�xy
@x

+
@�yy
@y

+
@�yz
@z

(4.12)

�
@vz
@t

=
@�xz
@x

+
@�xz
@y

+
@�zz
@z

(4.13)
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@�xx
@t

= (�+ 2�)
@vx
@x

+ �
@vy
@y

+ �
@vz
@z

(4.14)

@�yy
@t

= �
@vx
@x

+ (�+ 2�)
@vy
@y

+ �
@vz
@z

(4.15)

@�zz
@t

= �
@vx
@x

+ �
@vy
@y

+ (�+ 2�)
@vz
@z

(4.16)

@�yz
@t

= �(
@vy
@z

+
@vz
@y

) (4.17)

@�xz
@t

= �(
@vx
@z

+
@vz
@x

) (4.18)

@�xy
@t

= �(
@vx
@y

+
@vy
@x

): (4.19)

In these equations, the elastic wave �elds are described in terms of nine unknowns:

the three particle displacement components vx, vy, and vz, and the six stress tensor

components �xx, �yy, �zz, �yz, �xz, and �xy.

4.1.3 Discretization of the Governing Equations

In the �nite-di�erence scheme, the partial di�erential equations are commonly dis-

cretized using centered �nite di�erences. Introducing the �nite di�erence �x, the

derivative of a function f = f(x) with respect to x at the point x0 can be approxi-

mated by
@f

@x

����
x0

=
f(x0 +

�x
2
)� f(x0 � �x

2
)

�x
: (4.20)

Similarly, the time derivative of a function f = f(t) at t0 can be expressed introducing

the �nite di�erence �t:

@f

@t

����
t0

=
f(t0 +

�t
2
)� f(t0 � �t

2
)

�t
: (4.21)

When applying the �nite-di�erence discretization to the governing partial-

di�erential equations, a discrete grid of regular cubic shape arises. In this grid each
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4.1 The Finite-Di�erence Scheme

�eld component is surrounded by the �eld components it is dependent on [27]. One

important characteristic of the �nite-di�erence grid is that the displacement and

stress components are not known at the same points in space and time. The resulting

�nite-di�erence expressions are centered around the �eld components to be deter-

mined. The structure of the �nite-di�erence grid is very similar to the one used for

electromagnetic �nite-di�erence modeling, where the so-called Yee-cell is introduced

[17].

The �nite-di�erence grid can be viewed as being composed of basis cells. Each

basis cell is characterized by its dimensions in x, y, and z, i. e., the �nite di�erences

�x, �y, and �z, and the position of the cell center in the grid. By introducing the

indices i, j, and k for the position of the cell in x, y, and z, respectively, the position

of the center is labeled and in that way uniquely identi�ed within the grid. Fig. 4.3

shows the (i; j; k)-th basis cell of the three-dimensional �nite-di�erence grid with its

elastic �eld components. The numerical (discrete) velocity components are indicated

by V and the numerical stress tensor components by T . In Fig. 4.4, a larger portion

of the �nite-di�erence grid is depicted.

The position of the cell center in real space is given by x = i ��x, y = j ��y,
and z = k � �z. However, no �eld component is located at the cell center. The

positions of the �eld components of the (i; j; k)-th cell in real space are given in

Table 4.1. To uniquely identify the �eld components in the �nite-di�erence grid, only

the �eld components on the corners of the shaded region in Fig. 4.3 are assigned to

the (i; j; k)-th basis cell.

The discrete time is labeled with the index l. Due to the centered �nite-di�erence

formulation, half indices must be introduced for the velocity equations. Assuming the

incremental time of the �nite-di�erence algorithm to be �t, the values for the stress

tensor components are arbitrarily set to be known at the full time step, t = l ��t, and
the particle velocity components are calculated at the half time step, t = (l+0:5) ��t.

Introducing �nite di�erences in space and time, the partial-di�erential equa-

tions are discretized and discrete di�erence equations approximating the di�erential
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Tyz

Txz

Txy

�x

�z

�y

x i[ ]

y j[ ]

z k[ ]

Figure 4.3: Three-dimensional �nite-di�erence basis cell.

equations are obtained. For example, applying the discretization to Eq. (4.11) yields

�
V l+0:5
x ji;j;k � V l�0:5

x ji;j;k
�t

=
T l
xxji;j;k � T l

xxji�1;j;k
�x

+

+
T l
xyji;j;k � T l

xxji;j�1;k
�y

+
T l
xzji;j;k � T l

xzji;j;k�1
�z

: (4.22)

Here, the capital letters mark the numerical values of the �eld components at their

discrete locations in space and time. The notation is such that V l+0:5
x ji;j;k, for example,

stands for the numerical value of the particle velocity vx at the (i; j; k)-th cell at time

t = (l + 0:5)�t.

By rearranging the di�erence equation, an equation for Vx at the incremented

time t = (l+0:5)�t can be obtained entirely in terms of �eld components at previous

times. Thus, if the �eld values at and prior to t = l�t are known, Vx at the incre-

mented time t = (l+0:5)�t can be computed. In the same way, each �eld component

can be expressed in terms of the previous �eld values. The resulting equations are
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4.1 The Finite-Di�erence Scheme

Figure 4.4: A portion of the three-dimensional �nite-di�erence grid.
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Table 4.1: Positions of the �eld components of the (i; j; k)-th cell in the �nite-
di�erence grid.

x y z

Vx i�x (j � 0:5)�y (k � 0:5)�z

Vy (i + 0:5)�x j�y (k � 0:5)�z

Vz (i + 0:5)�x (j � 0:5)�y k�z

Txx (i + 0:5)�x (j � 0:5)�y (k � 0:5)�z

Tyy (i + 0:5)�x (j � 0:5)�y (k � 0:5)�z

Tzz (i + 0:5)�x (j � 0:5)�y (k � 0:5)�z

Tyz (i + 0:5)�x j�y k�z

Txz i�x (j � 0:5)�y k�z

Txy i�x j�y (k � 0:5)�z

commonly called the �nite-di�erence update equations. The complete set of update

equations for the nine �eld components of the (i; j; k)-th grid cell is given by

V l+0:5
x ji;j;k = V l�0:5

x ji;j;k + �t

�
�
"
T l
xxji;j;k � T l

xxji�1;j;k
�x

+ (4.23)

+
T l
xyji;j;k � T l

xyji;j�1;k
�y

+
T l
xzji;j;k � T l

xzji;j;k�1
�z

#

V l+0:5
y ji;j;k = V l�0:5

y ji;j;k + �t

�
�
"
T l
xyji+1;j;k � T l

xyji;j;k
�x

+ (4.24)

+
T l
yyji;j+1;k � T l

yyji;j;k
�y

+
T l
yzji;j;k � T l

yzji;j;k�1
�z

#

V l+0:5
z ji;j;k = V l�0:5

z ji;j;k + �t

�
�
"
T l
xzji+1;j;k � T l

xzji;j;k
�x

+ (4.25)
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+
T l
yzji;j;k � T l

yzji;j�1;k
�y

+
T l
zzji;j;k+1 � T l

zzji;j;k
�z

#

T l+1
xx ji;j;k = T l

xxji;j;k +�t �
"
(�+ 2�)

V l+0:5
x ji+1;j;k � V l+0:5

x ji;j;k
�x

+ (4.26)

+ �
V l+0:5
y ji;j;k � V l+0:5

y ji;j�1;k
�y

+ �
V l+0:5
z ji;j;k � V l+0:5

z ji;j;k�1
�z

#

T l+1
yy ji;j;k = T l

yyji;j;k +�t �
"
�
V l+0:5
x ji+1;j;k � V l+0:5

x ji;j;k
�x

+ (4.27)

+ (�+ 2�)
V l+0:5
y ji;j;k � V l+0:5

y ji;j�1;k
�y

+ �
V l+0:5
z ji;j;k � V l+0:5

z ji;j;k�1
�z

#

T l+1
zz ji;j;k = T l

zzji;j;k +�t �
"
�
V l+0:5
x ji+1;j;k � V l+0:5

x ji;j;k
�x

+ (4.28)

+ �
V l+0:5
y ji;j;k � V l+0:5

y ji;j�1;k
�y

+ (�+ 2�)
V l+0:5
z ji;j;k � V l+0:5

z ji;j;k�1
�z

#

T l+1
yz ji;j;k = T l

yzji;j;k +�t � �
"
V l+0:5
z ji;j+1;k � V l+0:5

z ji;j;k
�y

+ (4.29)

+
V l+0:5
y ji;j;k+1 � V l+0:5

y ji;j;k
�z

#

T l+1
xz ji;j;k = T l

xzji;j;k +�t � �
"
V l+0:5
z ji;j;k � V l+0:5

z ji�1;j;k
�x

+ (4.30)

+
V l+0:5
x ji;j;k+1 � V l+0:5

x ji;j;k
�z

#

T l+1
xy ji;j;k = T l

xyji;j;k +�t � �
"
V l+0:5
y ji;j;k � V l+0:5

y ji�1;j;k
�x

+ (4.31)
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+
V l+0:5
x ji;j+1;k � V l+0:5

x ji;j;k
�y

#
:

Note that the velocity components are computed at the half time steps, whereas the

stress components are determined at the full time steps.

The �nite-di�erence scheme, then, works as follows. Initially, i. e., at l = 0, the

values of all �eld components are set to zero. At one point or in an entire region

(i. e., in the source region) an elastic �eld is excited. The velocity components are

updated throughout the grid for l = 0:5, and using the velocities at l = 0:5 the stress

components are calculated for l = 1. Then the velocities are computed for l = 1:5 from

the stresses at l = 1 and so on. Following this procedure, sequentially the velocity and

stress �elds can be calculated up to any desired time. Due to the gradual progressing

in time by \hopping" from the stresses to the velocities, the algorithm is commonly

referred to as leapfrog scheme [17].

General constraints on the size of the space increments �x, �y, and �z and

the time increment �t arise. To compute the elastic wave �elds with a reasonable

accuracy, the space step must not exceed one tenth of the minimum wave length

excited within the model [17]:

�x;�y;�z < �min=10: (4.32)

By obeying this condition, arti�cial numerical dispersion e�ects are minimized. The

time increment is linked to the space increment by the general condition for stability,

the Courant condition:

cmax�t

s
1

�x2
+

1

�y2
+

1

�z2
� 1; (4.33)

where cmax is the maximum wave speed occurring in the numerical model. If �x =

�y = �z, this reduces to

cmax
�t

�x
� 1p

3
: (4.34)

In plain words, the Courant condition states that the physical wave speed of any wave

excited in the model must not exceed the speed information can travel with in the

numerical grid.
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4.2 Boundaries

When implementing the �nite-di�erence scheme, boundary conditions have to be

treated in a special manner. Three di�erent kinds of boundaries arise: points or re-

gions where the �elds are excited (i. e., the source), internal boundaries (i. e., bound-

aries within the medium caused by a change in material properties), and external

boundaries (i. e., the outer grid faces).

4.2.1 Source

Elastic wave �elds can be excited at any point in space. For most of the results

that are presented in this thesis, a source is used that emulates the transducer used

in the experiments. For this, the vertical particle velocity component, vz, is excited

on the surface throughout a region of approximately the same shape and size as the

transducer foot. A di�erentiated Gaussian pulse is used as excitation, which closely

resembles the transducer foot motion. For some results, instead of modeling the

transducer, a plane wave is injected. This requires a special formulation, which is

described in Sec. 4.3.

4.2.2 Internal Boundaries

Internal boundaries that occur at the interface between two di�erent media, are usu-

ally satis�ed implicitly within the �nite-di�erence formulation. Figure 4.5 shows a

cross section of the �nite-di�erence grid at an interface between two media. The

interface between two media is represented naturally by a change in the material

properties. To minimize the number of �eld components that are located on the

interface, the boundary is placed such that it always passes through the cell center.

In that case, the normal particle velocity components will always be placed on the

interface.

It has been found that at a material interface the Courant condition might not
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Figure 4.5: Schematic drawing of the �nite-di�erence grid at the interface be-
tween two media. The normal particle velocity components are
always located on the interface.

be a suÆcient condition for stability of the �nite-di�erence algorithm. To ensure that

the Courant condition is a suÆcient stability condition, the material properties must

be averaged for all �eld components located on the boundary. A discussion of the

stability of the �nite-di�erence algorithm at a material interface and a derivation of

the averaging procedure is given in Chapter 5.

At an interface between two media, say Medium 1 and Medium 2, the averaged
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material density and the averaged shear sti�ness are

�avg =
�Medium 1 + �Medium 2

2
(4.35)

�avg =
2

1
�Medium 1

+ 1
�Medium 2

: (4.36)

The longitudinal sti�ness does not have to be averaged, because, due to the placement

of the interface, the longitudinal stresses will never lie on the boundary. Note that

the inverse of the shear sti�ness is averaged.

In the discrete �nite-di�erence grid, the material density and the shear sti�ness

are known at the locations of the particle velocity components and the shear stresses,

respectively. For example, in the cross section in Fig. 4.5, Vxji;j;k lies on the interface,

and at its location the material density is averaged:

�avgji;j;k = (�ji�1;j;k + �ji;j;k) =2: (4.37)

At the location of the shear stress Txzji;j;k�1, the averaged shear sti�ness is

�avgji;j;k�1 = 2

 
1

�ji;j;k�1 +
1

�ji�1;j;k�1

!�1

: (4.38)

For the shear stress on the corner of the interface (which corresponds to an edge if

the grid is expanded to its three dimensions), the shear sti�ness must be averaged

between all four adjacent cells:

�avgji;j;k = 4

 
1

�ji;j;k +
1

�ji�1;j;k +
1

�ji;j;k+1 +
1

�ji�1;j;k+1

!�1

: (4.39)

The averaging is performed in an analogous manner for all �eld components on the

interface.

4.2.3 Free-Surface Boundary

Six external boundaries arise at the six outer grid faces of the numerical model.

Contrary to internal boundaries, external boundaries have to be treated explicitly to

satisfy the required boundary conditions.
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4.2 Boundaries

The numerical model is bounded at its upper face by a free surface (see Fig. 4.2).

A free surface is the interface between a medium and vacuum. In vacuum, all elastic

�elds vanish. Consequently, due to the continuity of the normal stress, all normal

stress components on the free surface must be zero:

�xz(x; y; z = 0) = 0; (4.40)

�yz(x; y; z = 0) = 0; (4.41)

�zz(x; y; z = 0) = 0: (4.42)

To enforce these conditions numerically, the �eld components on the free surface have

to be determined separately.

Fig. 4.6 shows a cross section of the grid at the free surface. The normal stress

Tzz is located on the surface, whereas Txz and Tyz are not. All components within the

medium are computed using the conventional �nite-di�erence update equations. The

components on the boundary are then computed by applying the boundary conditions

according to Eqs. (4.40){(4.42).

The stress-free boundary condition has to be satis�ed during the computation of

both the stress components at t = l�t and the velocity components at t = (l+0:5)�t.

The numerical �eld components of the (i; j; 0)-th cell located on the free surface are

the velocities Vxji;j;0 and Vyji;j;0, the longitudinal stresses Txxji;j;0,Tyyji;j;0 and Tzzji;j;0,
and the shear stress Txyji;j;0. At t = l�t, the boundary conditions Eqs. (4.40){(4.42)

must be satis�ed for the stress components. Eq. (4.42) is ful�lled by setting Tzz on

the surface to zero:

T l
zzji;j;0 = 0: (4.43)

Because Txz and Tyz do not lie on the boundary, the boundary conditions Eqs. (4.40)

and (4.41) cannot be applied directly. To make the shear stresses vanish on the

surface, an extra row of basis cells is introduced one step beyond the free surface.

With this extra row, Txz and Tyz are averaged on the boundary, and the average is

33



4.2 Boundaries

z

x

Free Surface

ii�1

k = 0

k = 1�

k = 1

Medium

Txz|i j, , 1�

Tzz|i j, ,0

Txz|i j, ,0

Vz|i j, , 1�

Figure 4.6: Finite di�erence grid and its �eld components at the free surface;
cross section at y = (j � 0:5)�y. An extra row at k = �1 must
be inserted to satisfy the stress-free boundary condition at the free
surface.

set to zero:

�
T l
xzji;j;�1 + T l

xzji;j;0
�
=2 = 0 (4.44)

�
T l
yzji;j;�1 + T l

yzji;j;0
�
=2 = 0: (4.45)

Because T l
xzji;j;0 and T l

yzji;j;0 lie within the medium, they are determined together

with the �eld components in the medium using the normal update equations. Thus,

Eqs. (4.44) and (4.45) can be used to determine the shear stresses on the extra row
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beyond the boundary:

T l
xzji;j;�1 = �T l

xzji;j;0 (4.46)

T l
yzji;j;�1 = �T l

yzji;j;0: (4.47)

Finally, knowing the velocity components on the free surface and on the extra row

from the previous time step, T l
xxji;j;0, T l

yyji;j;0, and T l
xyji;j;0 on the boundary are calcu-

lated using the normal update equations.

At t = (l + 0:5)�t, the velocity components are determined. Using the stress

components on the surface and on the inserted row, the velocity components, includ-

ing the ones on the surface, can be updated using the normal update equations. The

only velocity component that cannot be obtained in this manner is V l+0:5
z ji;j;�1 on

the inserted row. Instead, V l+0:5
z ji;j;�1 is obtained by setting T l+1

zz ji;j;0 to zero within

Eq. (4.28) according to (4.42). One obtains

0 = (�+ 2�)
�t

�z
(V l+0:5

z ji;j;0 � V l+0:5
z ji;j;�1)

+ �
�t

�x
(V l+0:5

x ji+1;j;0 � V l+0:5
x ji;j;0) (4.48)

+ �
�t

�y
(V l+0:5

y ji;j;0 � V l+0:5
y ji;j�1;0): (4.49)

By rearranging, Vz on the extra row is determined:

V l+0:5
z ji;j;�1 = V l+0:5

z ji;j;0 + �

�+ 2�
�

�
 
�z

�x
(V l+0:5

x ji+1;j;0 � V l+0:5
x ji;j;0) +

+
�z

�y
(V l+0:5

y ji;j;0 � V l+0:5
y ji;j�1;0)

!
: (4.50)

Vzji;j;�1 is necessary to calculate the stress components on the surface at the next time
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step. Following this scheme, the stress-free boundary condition is satis�ed across the

entire surface, and all �eld components on the surface are determined.

4.2.4 Perfectly-Matched Layer Absorbing Boundary

To model the in�nite extent of the half space, the waves that reach the outer grid

faces must be absorbed. The boundary condition that does this most accurately is

the Perfectly Matched Layer boundary condition. The particular formulation that is

used here has been developed by Chew and Liu [55].

The Perfectly Matched Layer (PML) boundary condition was �rst introduced by

Berenger [49] for the �nite-di�erence modeling of electromagnetic wave propagation,

then simpli�ed for example by Sacks [50] and Gedney [51] and adapted to the elastic

case by Chew and Liu [55]. A PML is a boundary layer consisting of a lossy material,

in which waves are propagating with exactly the same phase velocity and the exact

same wave impedance as waves in the solution space. Arbitrarily polarized waves

incident on the PML are perfectly transmitted and then attenuated within the PML.

In order to match the PML to the medium of the solution space, the �eld quantities

must be split, leading to a set of non-physical equations.

Chew and Liu interpret the PML as coordinate stretching in the frequency do-

main [55]. This can be understood as follows: given a plane wave propagating in a

lossless medium and described by the phasor ejkx
0

, the stretching of coordinates rep-

resents a change of variables: x0 �! (1+ j�)x. The resulting plane wave is described

by e��xejkx and, thus, is attenuated in the x-direction due to the complex coordinate

stretching.

Introducing the nabla operator for stretched coordinates,

re =

2
666664

1
ex

@
@x

1
ey

@
@y

1
ez

@
@z

3
777775 ; (4.51)

where ex = 1+j�x, ey = 1+j�y and ez = 1+j�z represent the stretching factors, it can
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be shown that a perfectly matched layer exists simultaneously for both pressure (P)

and vertical shear (SV) waves [55]. Considering an interface between Medium 1 and

Medium 2 at z = 0 normal to the z-direction, ez in (4.51) can be chosen di�erently in

Medium 1 and Medium 2 while still maintaining a perfectly matched interface between

the two media . For example, if Medium 1 is lossless in the z-direction (ez = 1) and

Medium 2 is lossy (ez = 1 + j�z), then Medium 1 will still be perfectly matched to

Medium 2, and a wave incident from Medium 1 onto Medium 2 will be transmitted

without any reection. A theoretical derivation of the PML for elastodynamics is

given in [55].

The implementation of the PML for the discrete grid shall be explained here by

deriving the formulation for the velocity component vx from Eq. (4.11). Transform-

ing Eq. (4.11) into the frequency domain and introducing the coordinate-stretching

variables

ex = 1 + j

x

!
(4.52)

ey = 1 + j

y

!
(4.53)

ez = 1 + j

z

!
; (4.54)

one obtains

�j!�vx =
1

1 + j 
x
!

@�xx
@x

+
1

1 + j 
y
!

@� xy
@y

+
1

1 + j 
z
!

@� xz
@z

; (4.55)

where the bar indicates quantities in the frequency domain. In order to dampen the

�elds independently in the x-, y- and z-direction, the �eld components must be split.

For each derivative in space, a new �eld component is introduced. Thus, three split

�eld components arise for Eq. (4.55), one for each term on the right hand side of the

equation:

�j!�vx;x =
1

1 + j 
x
!

@�xx
@x

; (4.56)
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�j!�vx;y =
1

1 + j 
y
!

@� xy
@y

; (4.57)

�j!�vx;z =
1

1 + j 
z
!

@�xz
@z

; and (4.58)

vx = vx;x + vx;y + vx;z: (4.59)

Rearranging Eqs. (4.56){(4.58) and transforming them back into the time do-

main, expressions for the split �elds in the time domain are obtained:

(�
@

@t
+ �
x)vx;x =

@�xx
@x

; (4.60)

(�
@

@t
+ �
y)vx;y =

@�xy
@y

; (4.61)

(�
@

@t
+ �
z)vx;z =

@�xz
@z

(4.62)

vx = vx;x + vx;y + vx;z (4.63)

The above set of equations can be discretized by introducing �nite di�erences. Note

that, when Eqs. (4.60){(4.62) are discretized, formally the velocities must be known

at the previous full and half time step. This is due to the fact that the velocities on

the left hand side appear once in their time-di�erentiated form and once in a non-

di�erentiated form. For example, in order to calculate V l+0:5
x;x , both V l

x;x and V l�0:5
x;x

must be known due to the fact that @vx;x
@t

and vx;x appear in the governing equation

(see Eq. (4.60)). However, V l
x;x can be approximated by V l

x;x = (V l+0:5
x;x + V l�0:5

x;x )=2.

In that way, V l
x;x is eliminated and only V l+0:5

x;x and V l�0:5
x;x remain.

Altogether, 21 split �eld components arise from the original set of governing

equations. A set of 21 equations is derived, which, together with the nine combining

equations, form a complete set for the 21 split �eld components and the nine original

�eld components. The �nite-di�erence update equations for the split �eld formulation

can be found in Appendix A.
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4.3 Injection of Plane Waves

Even though a perfectly matched layer exists in continuous space, it does not

exist in discrete space and reections will occur at the interface between the solution

space and the PML. In order to keep the reections low, a tapered loss pro�le is used

within the PML, causing the loss to increase gradually. Typically, a second-, third-

or fourth-order pro�le for the loss within the PML is chosen. In this way, reections

at the interface can be reduced by as much as 80 dB. For this work, the loss pro�le

within the PML is chosen to be


(i) = 
max �
�

n

NPML

�m
; (4.64)

where m = 2:1 and 
max =
0:1NPML

�t
; NPML is the thickness of the PML in basis cells,

and n indicates the position within the PML. A similar loss pro�le has been found

to yield best performance in electromagnetic �nite-di�erence modeling. Figure 4.7

shows a schematic drawing of a PML adjacent to the solution space. The crosses

indicate the loss values for the �eld components at the center of a cell, whereas the

circles mark the loss values of the �eld components on the cell edges.

4.3 Injection of Plane Waves

To excite plane waves in the numerical model, the total-�eld/scattered-�eld formula-

tion is used. In [17], a detailed description of the total-�eld/scattered-�eld formula-

tion for electromagnetic �nite-di�erence modeling can be found. In this section, the

adaption of the procedure to the elastodynamic case is explained.

The total-�eld/scattered-�eld formulation makes use of the linearity of the gov-

erning elastic equations by decomposing the total �eld into its incident and its scat-

tered �eld component:

vtot = vinc + vscat: (4.65)

For the total-�eld/scattered-�eld formulation, the solution space is divided into two

regions. Within a box, the total �eld, consisting of the incident and the scattered

�eld, is computed, whereas outside of the box only the scattered �eld is determined.
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Figure 4.7: Schematic drawing of a PML layer in the x-direction: loss pro�le
according to Eq. (4.64). The crosses and circles indicate the loss
values of the �eld components at the center and at the edges of a
cell, respectively.

Fig. 4.8 illustrates schematically the division of the solution space into the two

regions, the inner Total-Field Region and the outer Scattered-Field Region. The struc-

ture that scatters the incident waves must necessarily be completely embedded in the

total-�eld region. Within the total-�eld region, the �nite-di�erence algorithm oper-

ates on the total-�eld components. In the outer region, no incident wave is present

and the algorithm operates only on the scattered �eld. The scattered-�eld region is

terminated by the boundary conditions at the outer grid faces, i. e., either by the

free-surface boundary condition or the PML absorbing boundary condition.

An arti�cial, non-physical interface will arise between the total-�eld region and

the scattered-�eld region. To provide the transition from the total-�eld region to the
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4.3 Injection of Plane Waves

Scattered-Field Region

Total-Field Region

PML

Figure 4.8: Division of the solution space into a Total-Field Region and a
Scattered-Field Region. The scattering objects must be completely
embedded in the total-�eld region.

scattered-�eld region, all �eld components adjacent to the interface must be adjusted.

This is possible, if the incident �eld is known at all points in space and for all times. In

that case, the scattered �eld can be computed from the total �eld for the components

on the interface and vice versa.

4.3.1 Procedure

In each the total-�eld region and the scattered-�eld region, the conventional �nite-

di�erence update equations are applied to compute the �eld values. At the interface

between the two regions, the �eld components are adjusted. In general, a correction

term must be added to all �eld components that are dependent on �eld components

lying across the boundary.

Fig. 4.9 shows the �eld components at the interface on a cross section repre-

senting the x-z-plane and cutting through the in-plane velocity components Vx and
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and Vz. The �eld components at the interface are indicated in black. The interface

Vx

Vy

Vz

T , T , Txx yy zz

Tyz

Txz

Txy

Scattered Field

Total FieldVx i j l| , , Txx i j l| , ,

x

z

Figure 4.9: Both the �eld components just outside and just inside the total-�eld
box must be corrected with the known incident �elds.

is placed such that the longitudinal stresses will always lie on the edges and corners

of the bounding box for the inner total-�eld region.

The adjustment procedure is illustrated for Vxji;j;k and T l+1
xx ji;j;k at the interface

to the left. Vxji;j;k lies in the scattered-�eld region just outside of the total-�eld region.
To update the velocity components throughout the scattered-�eld region, the normal

�nite-di�erence equations are applied. The update equation for Vxji;j;k at the interface
then becomes:

V l+0:5
x;scat ji;j;k = V l�0:5

x;scat ji;j;k +
�t

�
�
"
T l
xx;scatji;j;k � T l

xx;scatji�1;j;k
�x

+ (4.66)

+
T l
xy;scatji;j;k � T l

xy;scatji;j�1;k
�y

+
T l
xz;scatji;j;k � T l

xz;scatji;j;k�1
�z

#
:

In this equation, T l
xx;scatji;j;k is unknown, because Txx at the (i; j; k)-th cell lies in the
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4.3 Injection of Plane Waves

total �eld region. However, T l
xx;scatji;j;k can be computed from the total-�eld value, if

the incident �eld value is known:

T l
xx;scatji;j;k = T l

xx;totji;j;k � T l
xx;incji;j;k: (4.67)

Inserting this into Eq. (4.66), one obtains an update equation for Vxji;j;k at the inter-
face in which all �eld components are known:

V l+0:5
x;scat ji;j;k = V l�0:5

x;scat ji;j;k +
�t

�
�
"
T l
xx;totji;j;k � T l

xx;scatji�1;j;k
�x

+

+
T l
xy;scatji;j;k � T l

xy;scatji;j�1;k
�y

+
T l
xz;scatji;j;k � T l

xz;scatji;j;k�1
�z

#
�

� �t

��x
� T l

xx;incji;j;k: (4.68)

The �eld components at the interface just inside the total-�eld region are treated

in a similar way. By applying the conventional update equation, T l+1
xx ji;j;k at the

interface is obtained:

T l+1
xx;totji;j;k = T l

xx;totji;j;k +�t �
"
(�+ 2�)

V l+0:5
x;tot ji+1;j;k � V l+0:5

x;tot ji;j;k
�x

+ (4.69)

+ �
V l+0:5
y;tot ji;j;k � V l+0:5

y;tot ji;j�1;k
�y

+ �
V l+0:5
z;tot ji;j;k � V l+0:5

z;tot ji;j;k�1
�z

#
:

In this equation, V l+0:5
x;tot ji;j;k is unknown, because it is located in the scattered-�eld

region. Using the incident �eld, an update equation with only known �eld values is

derived:

T l+1
xx;totji;j;k = T l

xx;totji;j;k +�t �
"
(�+ 2�)

V l+0:5
x;tot ji+1;j;k � V l+0:5

x;scat ji;j;k
�x

+

+ �
V l+0:5
y;tot ji;j;k � V l+0:5

y;tot ji;j�1;k
�y

+ �
V l+0:5
z;tot ji;j;k � V l+0:5

z;tot ji;j;k�1
�z

#
�

� �t(�+ 2�)

�x
� V l+0:5

x;inc ji;j;k: (4.70)
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Usually, to simplify the implementation, the �eld components at the interface are

�rst computed using the conventional update equations and are then adjusted after

each time step. In three dimensions, six interfaces between the inner total-�eld region

and the outer scattered-�eld region arise. By applying the normal update equations

to the terms at the interface, equations containing both scattered- and total-�eld

components arise. These are inconsistent and must be corrected by adding a term

containing the incident-�eld component (see Eqs. (4.68) and (4.70)). A complete

listing of the �eld components at each interface and their corresponding correction

terms can be found in Appendix B.

4.3.2 Incident Field

To adjust the �eld components on the interface between the total-�eld and the

scattered-�eld region, the incident �eld must be known at all points in space at

all times. Various schemes are possible to predict the incident �eld. To describe an

incident plane wave, a one-dimensional �nite-di�erence formulation can be employed.

With the 1-D �nite-di�erence algorithm, the plane wave is computed separately us-

ing the same space and time increment as in the 3-D grid. By mapping the 1-D �eld

onto the 3-D grid, a look-up table is created that contains the incident �eld values for

all points in space and time. Using this look-up table, the �eld components at the

interfaces between the total- and scattered-�eld region are adjusted. A plane pressure

wave as well as a plane shear wave can be, in this way, injected into the grid.

Employing the 1-D �nite-di�erence algorithm to compute the incident �eld has

the further advantage that the incident �eld as a function of time and space is de-

scribed as it appears in the three-dimensional grid. By using a numerical algorithm

rather than an analytical description, the numerical wave speed in the grid, which

will slightly di�er from its analytical value, is emulated. Thus, a more accurate

adjustment of the �eld components on the interface can be achieved.
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4.4 Parallelization

The three-dimensional �nite-di�erence model has been implemented using FORTRAN

90. The computational and memory requirements of the numerical model are im-

mense, and the computations usually cannot be performed on a conventional per-

sonal computer. Therefore, the model is implemented in a fully parallel fashion using

the Message-Passing Interface (MPI), and computers with a parallel architecture that

contain multiple processors are used.

In the model, the elastic wave �elds are computed on a three-dimensional discrete

grid. When implemented on a parallel computer, this grid is divided into several

sub-grids, and each sub-grid is assigned to one processor of the parallel machine

[17]. Fig. 4.10 visualizes the distribution of the processors across the computational

grid. Here, the grid is divided into eight sub-grids, and each sub-grid is assigned

to one processor. The processors then compute the wave �elds on their sub-grids

independently from each other and share the data on the common interfaces after

each time step. The procedure is algorithmically simple, but its implementation is

rather tedious. To improve the computational eÆciency of the parallel program, some

important guide lines should be followed. Most importantly, the amount of data that

is passed between the processors after each time step must be minimized. For this,

the grid is divided into sub-grids whose dimensions in all directions are approximately

equal. In that way, the surface area of the sub-grids, i. e., the face area that each

sub-grid shares with its neighbors and thus the amount of shared data, is minimal.

The computations for this work have been performed on a Cray T3E parallel

supercomputer at the ERDC Massively Shared Resource Center of the DoD, located

in Vicksburg, Mississippi, and on a Beowulf computer cluster [60]. The Beowulf

cluster is located at the Georgia Institute of Technology and contains 50 Pentium III

processors and 6 GBytes of memory.
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Processor I

Processor II

Interface Data
is exchanged

Figure 4.10: Parallelization; the solution space is divided into several cubes,
which are assigned to di�erent processor.
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CHAPTER 5

Stability of the FDTD Algorithm at a

Material Interface

As described in Chapter 4, a �nite-di�erence model has been developed in two and

three dimensions that simulates the elastic wave propagation in the ground. During

the development of the �nite-di�erence model, instabilities in the algorithm occurred.

In the �nite-di�erence algorithm, internal boundaries, i. e., boundaries between

di�erent materials, are satis�ed implicitly. The �nite-di�erence algorithm is usually

stable, if the Courant condition is satis�ed. However, if media with greatly di�erent

material properties are considered, it turns out that the Courant condition is not

necessarily a suÆcient condition for stability, but a more restrictive condition arises.

One way to avoid the more restrictive stability condition is to average the material

parameters at the interface between two di�erent media.

In this chapter, the stability behavior of the �nite-di�erence scheme at a mate-

rial interface is analyzed. First, a longitudinal wave normally incident onto a material

interface is considered. The von-Neumann method and the matrix method are em-

ployed, and theoretical bounds for stability are established. It is shown that, if the

material parameters are averaged on the boundary, the Courant condition poses a

suÆcient condition for stability, and no further restrictions on the stability condi-

tion due to the presence of the material interface arise. Second, a numerical study

of stability in 1-D and 2-D is performed, and the theoretical bounds are validated.
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Most importantly, it is shown that the FDTD algorithm in fact is stable whenever the

material properties are averaged on the boundary. Finally, the averaging procedure

is described.

The mathematical theorems and procedures presented in this chapter are well-

known. The stability analysis closely follows Richtmyer [61], Smith [62], and Mitchell

and GriÆths [63], who also provide a more thorough description of the mathematical

theory. A similar analysis of stability has been performed, for example, by Ilan

and Loewenthal, who investigated the stability of the second-order �nite-di�erence

formulation, based on the elastic wave equation, at a free-surface boundary [22].

5.1 Stability Analysis: Theory

The fundamental condition for stability of the �nite-di�erence algorithm, i. e., the

condition that relates the size of the time increment to the spacing of the discrete

nodes in the FDTD grid and that must be ful�lled for the �nite-di�erence algorithm

to be stable, is the Courant condition [64, 17]. The Courant condition states that the

physical wave speed of any wave excited in the model must not exceed the velocity

that information can travel with in the discrete grid. Mathematically, for a space

step of size �l, the Courant condition in an n-dimensional grid is

�t

�l
cmax � 1p

n
: (5.1)

Here, �t denotes the time step, and cmax is the maximum wave speed occurring in the

numerical model. Note that the Courant condition becomes more restrictive when

the number of dimensions is increased.

In this section, it is shown that the Courant condition by itself is not always a

suÆcient condition for stability, if a material interface is present. A theoretical bound

in terms of the material properties is derived beyond which the material parameters

must be averaged for the �nite-di�erence scheme to be stable. The bound is derived

using the von-Neumann method and the Matrix method for a 1-D longitudinal wave
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incident onto a material interface.

5.1.1 1-D Longitudinal Wave Incident onto a Material Inter-

face

The stability behavior of a 1-D �nite-di�erence grid for a longitudinal wave normally

incident onto a material interface is to be investigated. The propagation direction

coincides with the x-direction, and the only non-zero velocity component is vx. Fig-

ure 5.1 shows a portion of the discrete �rst-order �nite-di�erence grid. The material

interface is located between Txx at i�0:5 and Vx at i. The �rst-order �nite-di�erence

system of equations can be combined to obtain a second-order formulation in terms

of solely the particle velocity. By combining the discrete �rst-order equations rather

than discretizing the second-order wave equation, the stability behavior of the �rst-

order �nite-di�erence formulation is preserved. In the second-order formulation, the

stress Txx is eliminated, but the Lam�e constants, which are associated with the stress

components, are still located half a step in between the velocity components. The

second-order �nite-di�erence update equation for the longitudinal particle velocity Vx

becomes

V k+1
x jn = V k

x jn
"
2� �t2

�x2
�jn�0:5 + 2�jn�0:5 + �jn+0:5 + 2�jn+0:5

�jn

#

+V k
x jn+1

"
�t2

�x2
�jn+0:5 + 2�jn+0:5

�jn

#

+V k
x jn�1

"
�t2

�x2
�jn�0:5 + 2�jn�0:5

�jn

#

�V k�1
x jn; (5.2)

where n = 1 : : : N labels the nodes in the 1-D grid and k represents the discrete time

step. Again, note that the Lam�e constants are placed at the half steps in between

the velocity nodes.
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x

Medium 1

ii�1 i+1

Vx

Txx

�x

Medium 2

�|i� �| + 2 |i i-0.5 -0.5

Figure 5.1: 1-D �nite-di�erence grid for a longitudinal wave normally incident
onto a material boundary.

The von-Neumann Method

The second-order �nite-di�erence equation for Vx at the i-th node, i. e., the node

closest to the interface, can be written as

V k+1
x ji � 2V k

x ji + V k�1
x ji

�t2
= (5.3)

1

�2

(�2 + 2�2)V
k
x ji+1 � [(�1 + 2�1) + (�2 + 2�2)]V

k
x ji + (�1 + 2�1)V

k
x ji�1

�x2
:

Applying the von-Neumann (or Fourier-Series) method [63, 62], a solution of

the form

V k
x ji = qkej�i (5.4)

is inserted into Eq. (5.46). The solution can be thought of as the Fourier series repre-

sentation of an arbitrary error function which must not be ampli�ed as it propagates

through the grid. For the �nite-di�erence algorithm to be stable all solutions for

arbitrary � must be bounded at all times and, thus, their magnitude must be smaller

than or equal to 1, yielding

jqkj � jqj � 1: (5.5)
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Introducing the notation

L =
�2 + 2�2

�2

�t2

�x2

R =
�1 + 2�1

�2

�t2

�x2
; (5.6)

and inserting the von-Neumann solutions, Eq. (5.3) becomes

qk+1ej�i � 2qkej�i + qk�1ej�i = Lqkej�(i+1) � (L +R)qkej�i +Rqkej�(i�1): (5.7)

Dividing by qk�1ej�i, a quadratic equation for q is obtained:

q2 � 2q + 1 = Lqej� � (L +R)q +Rqe�j�: (5.8)

In the worst case, ej� and e�j� are equal to �1 and the quadratic equation reads

q2 � 2q(1� (L +R)) + 1 = 0: (5.9)

The roots of this equation are

q = 1� (L +R)�pL +R
p
L +R� 2: (5.10)

To satisfy jqj � 1, it can be shown that (L+R) � 2 and, thus,

�t2

�x2
(�1 + 2�1) + (�2 + 2�2)

�2
=

�t2

�x2

 
�1 + 2�1

�2
+ c22

!
� 2: (5.11)

This is a suÆcient condition for the local stability of the �nite-di�erence algorithm

at the node closest to the interface.

The analysis outlined above does not take the general medium into account, but

derives a stability criterion for the boundary node viewed by itself. The von-Neumann

method checks for local stability in the �nite-di�erence grid. It is not yet clear how

good an estimate this analysis provides for the stability of the entire system. However,

in the next section it will be shown that the condition derived here is in fact a bound

for stability and, furthermore, in a certain range represents a fairly good estimate for

the stability of the entire system.
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The Matrix Method

For a �nite-sized problem, the �nite-di�erence scheme can be formulated as a matrix

equation [62]. Considering a one-dimensional grid with nodes n = 1 : : :N , and as-

suming Vxj0 = VxjN+1 = 0 on the outer grid edges at all times, the �nite-di�erence

scheme can be written as

Vx

k+1 = A �Vx

k � I �Vx

k�1; (5.12)

where

V
x

k =

2
666664
V k
x j1
...

V k
x jN

3
777775

is a vector containing the velocity values at the N nodes at time k, and I is the N�N
identity matrix. A is a tri-diagonal matrix:

A =

2
666666666666666666666666664

. . .
. . .

. . . 2� 2�t
2

�x2
c21

�t2

�x2
c21 0

�t2

�x2
c21 2� 2�t

2

�x2
c21

�t2

�x2
c21

�t2

�x2
�1+2�1

�2
2� �t2

�x2

�
c22 +

�1+2�1
�2

�
�t2

�x2
c22

�t2

�x2
c22 2� 2�t

2

�x2
c22

�t2

�x2
c22

0 �t2

�x2
c22 2� 2�t

2

�x2
c22

. . .

. . .
. . .

3
777777777777777777777777775

;

(5.13)

where

c1 =

s
�1 + 2�1

�1
; c2 =

s
�2 + 2�2

�2
(5.14)

describe the longitudinal wave speeds in Medium 1 and Medium 2, respectively. In

this matrix, rows n = 1 : : : i � 1 describe Medium 1, the i-th row is the material
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interface, and the rows n = i+1 : : : N represent Medium 2. Eq. (5.12) can be written

in a more compact form:2
64 V

x

k+1

Vx

k

3
75 = B �

2
64 Vx

k

Vx

k�1

3
75 =

2
64 A �I
I 0

3
75 �
2
64 Vx

k

Vx

k�1

3
75 ; (5.15)

where each submatrix of B is N �N and, consequently, B is 2N � 2N .

For the �nite-di�erence algorithm to be stable, the magnitude of all eigenvalues

of B must be smaller than 1 [63] {[61]. However, the eigenvalues cannot be easily

determined in closed form and, thus, they are estimated and bounds on the eigenvalues

are established.

The analysis of the eigenvalues is made considerably easier considering the struc-

ture of the matrix B. B consists of four blocks of size N � N : A, I, �I and 0. In

general, if a matrix can be divided intoM�M square sub-blocks of equal size N�N ,

and the sub-blocks have a common set of N linearly independent eigenvectors, then

the eigenvalues of the entire matrix are given by the eigenvalues of the matrices2
666666664

�p11 � � � �p1M
...

...

�pM1 � � � �pMM

3
777777775
; p = 1 : : : N (5.16)

where p labels the p-th eigenvector to each sub-block [62].

Since any vector is an eigenvector of I and 0, the four sub-blocks of B indeed

have a common set of eigenvectors: all eigenvectors of A are also eigenvectors to

the identity matrix as well as the zero matrix. The identity matrix has the N -fold

eigenvalue one and the zero-matrix has the N -fold eigenvalue zero. Thus, letting �A

indicate any eigenvalue of A, the eigenvalues of B are given by the eigenvalues of the

matrix 2
64 �A �1

1 0

3
75 ; (5.17)

and are determined from the quadratic equation

1� �(�A � �) = 0: (5.18)
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The eigenvalues are then

� =
�A
2
�
s
�2A
4
� 1: (5.19)

Note here that all eigenvalues of A are real.1

The magnitude of all eigenvalues of B must be smaller than or equal to 1:

j�j � 1. For this to be true, it can be shown from Eq. (5.19) that the magnitude of

all eigenvalues of A must be smaller than or equal to 2:

j�Aj � 2: (5.20)

It is then suÆcient to �nd or estimate the eigenvalues of A and conclude the stability

condition from these.

The eigenvalues of a matrix can most easily be approximated using Gershgorin's

Circle Theorem [65]. Gershgorin's Circle theorem states that the eigenvalues of a

matrix lie within circles in the complex plane whose centers are the elements of the

matrix's main diagonal and whose radii are equal to the sum of the magnitude of the

o�-diagonal row elements:

j�n � annj �
X
m

n 6=m

janmj: (5.21)

According to Gershgorin's Circle Theorem, the eigenvalues of A lie within three

circles:

������A �
 
2� 2

�t2

�x2
c21

!����� � 2
�t2

�x2
c21; (5.22)

������A �
 
2� �t2

�x2

 
c22 +

�1 + 2�1
�2

!!����� � �t2

�x2

 
c22 +

�1 + 2�1
�2

!
; (5.23)

������A �
 
2� 2

�t2

�x2
c22

!����� � 2
�t2

�x2
c22: (5.24)

Eq. (5.22) and Eq. (5.24) yield the Courant condition for Medium 1 and 2, respec-

tively. Because all eigenvalues of A are real, �A according to Eq. (5.22) will lie in the

1A tridiagonal matrix with either all its o�-diagonal elements positive or all its o�-diagonal
elements negative is diagonizable and has only real eigenvalues [62].
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range

2� 4
�t2

�x2
c21 � �A � 2: (5.25)

Because j�Aj � 2 is to be satis�ed, it follows that

�t2

�x2
c21 � 1; (5.26)

which is the Courant condition for Medium 1. Similarly, from Eq. (5.24), the Courant

condition for Medium 2 is obtained as

�t2

�x2
c22 � 1: (5.27)

Eq. (5.23) gives a bound for the stability condition at the node between Medium 1

and Medium 2. For the boundary node, the eigenvalues lie in the range

2� 2
�t2

�x2

 
c22 +

�1 + 2�1
�2

!
� �A � 2: (5.28)

This yields the stability criterion for the boundary node:

�t2

�x2

 
c22 +

�1 + 2�1
�2

!
� 2; (5.29)

which is the same result as obtained earlier with the von-Neumann method.

The most restrictive of the three conditions (Eq. (5.26), (5.27) and (5.29)) poses

the stability condition for the entire system. Note that the overall stability condition

is a suÆcient condition, not a necessary one and, consequently, represents a bound

for stability.

Eq. (5.29) can be written as

�t2

�x2
c22

 
1 +

�1 + 2�1
�2 + 2�2

!
=

�t2

�x2
c21
�1
�2

 
1 +

�2 + 2�2
�1 + 2�1

!
� 2: (5.30)

For c1 > c2, the stability condition at the boundary will be most restrictive, if

�1
�2

 
1 +

�2 + 2�2
�1 + 2�1

!
> 2: (5.31)

On the other hand, for c2 > c1, the boundary stability criterion is most restrictive, if 
1 +

�1 + 2�1
�2 + 2�2

!
> 2: (5.32)
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Expressed di�erently, the material interface does not impose an additional constraint

on the stability of the �nite-di�erence scheme, ifs
�2 + 2�2
�1 + 2�1

� 1 or (5.33)

s
�2 + 2�2
�1 + 2�1

�
s
2
�2
�1
� 1: (5.34)

This stability bound is plotted in Fig. 5.2 as a function of
q
(�2 + 2�2)=(�1 + 2�1)

and
q
�2=�1. The radial lines in Fig. 5.2 correspond to lines of constant velocity ratios.

In the outer region, indicated by Courant Region in Fig. 5.2, the Courant condition

is a suÆcient condition for the stability of the �nite-di�erence algorithm. In the

region called Boundary Region, the stability condition at the boundary is more re-

strictive than the Courant condition and poses the decisive condition for stability of

the �nite-di�erence algorithm.
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Figure 5.2: Stability bounds due to the presence of a material interface.

Note that, if the boundary in Fig. 5.1 is placed in between the velocity at node

i and the stress at node i + 0:5, the bounds on stability will be exactly the same as
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depicted in Fig. 5.2, but the ratios on the axes are inverted:
q
�1=�2 on the horizontal

axis and
q
(�1 + 2�1)=(�2 + 2�2) on the vertical axis. Thus, the stability condition

at the boundary node now becomes the restrictive condition for stability of the �nite-

di�erence algorithm, if the density and the sti�ness in Medium 1 are smaller than in

Medium 2.

The analysis of a 1-D shear wave incident onto a material interface is very similar

and the results are analogous to the results obtained for the pressure wave. In fact, by

substituting �2=�1 for (�2+2�2)=(�1+2�1) in Eq. (5.33) and Eq. (5.34), the bounds

for the shear wave case are obtained.

The above description is not very intuitive but rather describes the derivation of

a mathematical bound on the stability of the �nite-di�erence algorithm at a boundary.

To obtain a more intuitive picture of the actual reason why instabilities occur at the

boundary, one can look at the boundary row of A in Eq. (5.1.1). It is seen that in the

boundary row a mixed term appears which is composed of the sti�ness in Medium 1

and the density in Medium 2: (�1 + 2�1)=�2. This mixed term has the units of a

squared wave speed. Thus, by comparing the value of the mixed term to the wave

speeds in the general media, a reason for the instabilities can be suggested. If the

longitudinal sti�ness in Medium 1 is large or the density in Medium 2 is small (which,

for example, is true at the interface between a solid and air), the mixed term might

be quite large and, thus, the square root of its value might exceed the wave speeds in

both Medium 1 and Medium 2. In that case, the stability condition at the boundary

can become more restrictive than the Courant condition in the general medium, and

neither the Courant condition for Medium 1 nor the one for Medium 2 is a suÆcient

condition for stability.

Estimated Stability Condition

An estimate for the stability condition is achieved by modifying the matrix which

describes the �nite-di�erence algorithm. If a matrix is found for which the eigenvalues
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can be calculated explicitly and which closely approximates the actual matrix, an

estimate for the stability condition of the �nite-di�erence algorithm is obtained.

In Eq. (5.1.1), the upper i� 1 rows describe Medium 1, whereas the lower N � i

rows describe Medium 2. The intermediate row represents the node at the interface

between the two media. If the entire tridiagonal matrixA is �lled with the elements of

the intermediate row, the new matrix will describe a non-physical problem. However,

it approximates the original matrix, and its eigenvalues can be determined explicitly.

The matrix A is rede�ned as

A0 =

2
66666666666666664

. . .
. . .

. . . 2� �t2

�x2

�
c22 +

�1+2�1
�2

�
�t2

�x2
c22

�t2

�x2
�1+2�1

�2
2� �t2

�x2

�
c22 +

�1+2�1
�2

�
�t2

�x2
c22

�t2

�x2
�1+2�1

�2
2� �t2

�x2

�
c22 +

�1+2�1
�2

� . . .

. . .
. . .

3
77777777777777775

:

(5.35)

Note that A0 is, like A, of size N �N . The other submatrices of B remain the same

and, as before, the magnitude of the eigenvalues of A0 must be smaller than or equal

to 2. According to [62], the eigenvalues of A0 are de�ned as

�A0 = 2� �t2

�x2

 
c22 +

�1 + 2�1
�2

!
+ 2

�t2

�x2
c2

s
�1 + 2�1

�2
cos(

p�

N + 1
); (5.36)

where p = 1 : : :N indicates the p-th eigenvalue. Since the cosine can assume values

in between �1 and +1, the eigenvalues lie in the range

2� �t2

�x2

 
c22 +

�1 + 2�1
�2

+ 2c2

s
�1 + 2�1

�2

!
� �A0

� 2� �t2

�x2

 
c22 +

�1 + 2�1
�2

� 2c2

s
�1 + 2�1

�2

!
: (5.37)

This can also be written as

2� �t2

�x2

 
c2 +

s
�1 + 2�1

�2

!2

� �A0 � 2� �t2

�x2

 
c2 �

s
�1 + 2�1

�2

!2

: (5.38)
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The magnitude of �A0 must be smaller or equal to 2. The right hand side of Eq. (5.38)

is obviously always smaller than 2. For the left hand-side to be larger than �2,

�t2

�x2

 
c2 +

s
�1 + 2�1

�2

!2

� 4; (5.39)

which is the condition for stability for the modi�ed matrix. Note that Eq. (5.39)

represents an estimate, not a bound, for the stability of the actual matrix. Figure 5.3

shows that Eq. (5.39) yields a less restrictive stability condition (dark gray area) than

the derived bound for the actual matrix (light gray area).
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Figure 5.3: Stability bound for the actual matrix (A) and estimate from the
eigenvalues of the modi�ed matrix (B).

Averaging the Material Parameters on the Interface

To ensure that the Courant condition is a suÆcient condition for stability, the material

parameters are averaged for the �eld components on the boundary. The averaging

procedure is described in Sec. 5.3. For the 1-D case discussed above, the velocity

component Vx is placed on the boundary (see Fig. 5.1) and the material density is

averaged according to Eq. (5.51). In the matrix equation (Eq. (5.1.1)), only the
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boundary row of A will change, and A for the averaged case is obtained by replacing

�2 by the averaged density, (�1 + �2)=2, throughout the boundary row.

By applying Gershgorin's Circle Theorem to the interface row of the averaged

matrix, the eigenvalue associated with this row is determined to lie in the range

2� 2
�t2

�x2
�1 + 2�1 + �2 + 2�2

(�1 + �2)=2
� �Aavg

� 2: (5.40)

As shown previously, the magnitude of the eigenvalues of A must be smaller than or

equal to 2, and the stability condition is obtained as

�t2

�x2
�1 + 2�1 + �2 + 2�2

�1 + �2
� 1: (5.41)

This can be rewritten by introducing the wave speeds:

�t2

�x2
c21�1 + c22�2
�1 + �2

=
�t2

�x2
c21
�1 + �2(c2=c1)

2

�1 + �2
=

�t2

�x2
c22
�1(c1=c2)

2 + �2
�1 + �2

� 1: (5.42)

When having a closer look at this equation, it becomes clear that the stability condi-

tion for the averaged boundary is always less restrictive than the Courant condition

in the general medium, and the �nite-di�erence scheme will be stable as long as the

Courant condition is satis�ed. If c1 > c2, the stability condition for the entire system

is
�t2

�x2
c21 � 1; (5.43)

which is the Courant condition for Medium 1. From the second term in Eq. (5.42), it

can be seen that the stability condition for the averaged boundary layer is always less

restrictive than the Courant condition for Medium 1, because c2 is smaller than c1 and,

consequently, the numerator of the second term will be smaller than the denominator.

Thus, the boundary does not pose any further constraints on the stability of the

system. Similarly, if c2 > c1, the stability condition for the system is

�t2

�x2
c22 � 1; (5.44)

which is the Courant condition for Medium 2. From the third term in Eq. (5.42), it

is clear that again the stability criterion for the averaged boundary layer is always

satis�ed, if the Courant condition for Medium 2 is ful�lled.
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5.2 Stability Analysis: Numerical Results

A numerical study has been performed to investigate the stability behavior of the

�nite-di�erence scheme. Results are presented for the 1-D and 2-D �nite-di�erence

algorithm. For the 1-D case, a grid with 10 nodes is considered, whereas for the 2-D

case a grid with 6 � 7 nodes for both Vx and Vz is chosen. The grid dimensions are

far smaller than for any practical application, but a small grid will display a stability

behavior very similar to a large grid, while the computation time for the stability

analysis is greatly reduced. For the 1-D case, the matrix B describing the �nite-

di�erence algorithm (see Eq. (5.15)) has dimensions 20 � 20. The �nite-di�erence

scheme for the 2-D case can also be written as a matrix equation, similar to Eq. (5.15).

For a 2-D grid with 6�7 nodes for each velocity component, the matrix has dimensions

84� 84 (2 � 7 � 6� 2 � 7 � 6). The matrix for the 2-D case has a more complex structure,

because it relates V
x
and V

z
at time k to V

x
and V

z
at time k + 1.

For the stability analysis, the matrix A is generated and its eigenvalues are de-

termined. A root �nder seeks the value of the time step, �t, for which the magnitude

of the largest eigenvalue just exceeds 2 and, thus, determines the maximum size of the

time step that must not be exceeded to ensure that the �nite-di�erence algorithm is

stable. The time step is determined as a function of the material density and Lam�e's

constants, and the results for the averaged and non-averaged case are compared.

5.2.1 1-D Case

The stability behavior of the 1-D �nite-di�erence grid for a longitudinal wave (see

Fig. 5.1) is analyzed. In Fig. 5.4, the required time step, �t, as determined from the

eigenvalues is plotted as a function of the square root of the ratios of material density

and the longitudinal sti�ness in the two media. The results are normalized to the

value of the time step calculated from the Courant condition in the general medium

(Eq. (5.1)). Due to the normalization, a value of 1 corresponds to the value predicted

by the Courant condition. Values smaller than 1 represent a condition for stability
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that is more restrictive than the Courant condition.

When the material parameters are not averaged on the material interface, the

interface imposes a constraint on the stability condition. If the density ratio
q
�2=�1

and the sti�ness ratio
q
(�2 + 2�2)=(�1 + 2�1) fall below some critical value (� 1), the

time step must be chosen smaller than dictated by the Courant condition in order to

achieve a stable behavior. When
q
�2=�1 and

q
(�2 + 2�2)=(�1 + 2�1) approach zero,

the necessary stability condition also approaches zero, and, thus, the required time

step becomes in�nitely small. For
q
�2=�1 > 1 or

q
(�2 + 2�2)=(�1 + 2�1) > 1, the

stability condition at the boundary is less restrictive than the Courant condition.

Fig. 5.5 shows the stability condition that arises when the material parameters

are averaged on the interface. For the averaged case, the normalized required time

step always has a value larger than 1, and, consequently, the boundary does not

pose an additional stability constraint. Thus, the Courant condition is a suÆcient

condition for stability independent of the ratios for the material density and Lam�e's

constants.

Note that, if the material interface in Fig. 5.1 was shifted by half a step, the

ratios on the axes of Fig. 5.4 would be inverted, and the stability condition at the

boundary node would become more restrictive than the Courant condition for
q
�2=�1

and
q
(�2 + 2�2)=(�1 + 2�1) larger than 1. Regardless, when the material properties

are averaged on the boundary, the Courant condition is a suÆcient condition for

stability.

To analyze the stability behavior in a more quantitative manner, the stability

condition is plotted along the lines of constant velocity ratios (the radial lines in the

density-/sti�ness-plane in Fig. 5.4). In Fig. 5.6, the stability condition is shown for

four ratios of pressure wave speeds in the two media. The plots include the normalized

time step for the non-averaged case, for the averaged case, the lower bound for the

stability condition at the boundary according to Eq. (5.29), an upper bound which

has been found empirically to be the lower bound multiplied by
p
2 and the estimate

according to Eq. (5.39).
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Figure 5.4: Normalized stability condition; 1-D case. The material properties
are not averaged on the boundary.
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Figure 5.5: Normalized stability condition; 1-D case. The material properties
are averaged on the boundary.
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Figure 5.6: Normalized stability condition; 1-D case; for four constant velocity ratios.
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5.2 Stability Analysis: Numerical Results

The stability condition for the non-averaged matrix exhibits two regions. In

the �rst region, the Courant condition for the general medium is the decisive sta-

bility condition (see Fig. 5.2, Courant Region). In the second region, the stability

condition for the boundary will be the restrictive one, and, consequently, the �nite-

di�erence scheme would be unstable, if the time step satis�ed only the Courant con-

dition (Fig. 5.2, Boundary Region). Note that the bounds and the estimate in Fig. 5.6

apply only to the second region.

Fig. 5.6 shows that the actual stability condition that is determined numerically

always lies in between the lower and the upper bound, as does the estimated stability

condition. For c2=c1 = 0, the estimate coincides with the upper bound. As c2=c1

increases, the estimate approaches the lower bound.

From Fig. 5.6, the critical value of the material density ratio �2=�1, below which

the Courant condition does not represent a suÆcient stability condition, can be de-

termined as a function of the wave speed ratio. For c2=c1 = 0, the critical value of the

density ratio is approximately Kcrit � 0:7. This value is predicted also by the lower

bound. For
q
�2=�1 < 0:7, the time step must be chosen smaller than required by

the Courant condition, or the material properties must be averaged on the boundary.

Note that the case c2=c1 = 0 describes a non-physical situation. For c2=c1 = 0, the

pressure wave speed is zero in the second medium. Only in vacuum the pressure wave

speed becomes zero, and thus c2=c1 = 0 only for �2=�1 = 0. However, the case of

c2=c1 = 0 represents the limiting case for two materials with greatly di�erent pres-

sure wave speeds and is therefore included here. For c2=c1 = 0:5, the critical value

is shifted slightly up, and for c2=c1 = 1, Kcrit � 1. Thus, for c2=c1 = 1, the material

properties have to be averaged whenever the material density in the second medium

is smaller than the density in the �rst medium (�2 < �1). Overall, for c2=c1 < 1, the

critical value is predicted accurately by the theoretically determined lower bound. For

c2=c1 = 2, i. e., the velocity in the second medium is larger than in the �rst medium,

the critical value predicted by the lower bound (Kcrit = 0:5) exceeds the actual value

(Kcrit � 0:35). However, the actual stability condition still lies in between lower and
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5.2 Stability Analysis: Numerical Results

upper bound.

Note that the Courant condition can be slightly exceeded in the �rst region

(Courant Region), indicated by a value for the normalized time step larger than 1.

This is due to the limited size of the problem dimensions used for the stability analysis.

An explanation for this can be found in Sec. 5.4.

5.2.2 2-D Case

A similar analysis has been performed for the 2-D �nite-di�erence algorithm. Two

di�erent placements of the material interface are considered. First, the boundary is

placed such that a plane pressure wave normally incident onto the boundary sees the

same node arrangement as the 1-D pressure wave in the 1-D grid according to Fig. 5.1.

This arrangement will be referred to as Boundary A and is shown schematically in

Fig. 5.7 (a). Second, the boundary will be shifted by half a space step in both the x-

and the z-direction . This case will be referred to as Boundary B, Fig. 5.7 (b).

For the 1-D analysis, the shear wave case and the pressure wave case were

treated separately. Thus, by varying the density ratio and the ratio of the longitudinal

sti�ness, all possible cases for a longitudinal wave in 1-D normally incident onto a

material interface have been considered. However, for the 2-D analysis, the shear

wave case and the pressure wave case cannot be treated separately, because only one

grid exists that supports both shear and pressure waves. Thus, not only the variation

of the longitudinal sti�ness � + 2� is of interest, but also the size of � relative to �,

i. e., the speed of the pressure wave relative to the shear wave. Hence, more degrees

of freedom arise, and the results cannot be summarized easily. The 2-D analysis is

performed for di�erent absolute shear wave speed values in the two media, and the

stability condition is, as before, determined as a function of the square root of the

ratios of density and longitudinal sti�ness. The results presented by no means cover

all possible scenarios. Rather than striving for completeness, it will be shown that

the Courant condition is a suÆcient condition for stability whenever the material
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Figure 5.7: Boundary arrangements used for the 2-D analysis. (a) Boundary
A, (b) Boundary B.
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5.2 Stability Analysis: Numerical Results

properties are averaged on the boundary.

In Fig. 5.8, the required time step for Boundary A is shown as a function of the

square root of the ratios of density and longitudinal sti�ness in the two media. The

pressure wave speed in the �rst medium is cP;1 = 250 m/s, and the shear wave speed

is cS;1 = 87 m/s. The material density is �1 = 1400 kg/m3. The shear wave speed in

the second medium is cS;2 = 0 m/s (i. e., no shear waves can propagate, as for example

in air), and by changing the density ratio and the longitudinal sti�ness the pressure

wave speed in the second medium is varied. The time step is normalized to the time

step for the 2-D Courant condition for the general medium. As observed in the 1-D

analysis, if the material properties are not averaged, the stability condition for the

boundary becomes more restrictive than the Courant condition in the general medium.

If the material properties are averaged on the boundary, the Courant condition is a

suÆcient condition for stability, and no additional stability constraints arise due to

the presence of the boundary. The normalized stability condition then is at and

always larger than one.

The same behavior is obtained for other values of the shear wave speeds in the

two media. This indicates that for this placement of the boundary and for
q
�2=�1

and
q
(�2 + 2�2)=(�1 + 2�1) smaller than one, the decisive quantity for stability is

the pressure modulus, whereas the shear modulus does not have an impact. Unlike

the 1-D case, the 2-D �nite-di�erence scheme also exhibits instabilities, when
q
�2=�1

and
q
(�2 + 2�2)=(�1 + 2�1) are larger than one. The shape of the resulting stability

curves now depends on the shear modulus. The nature of these instabilities can be

explained by shifting the position of the boundary.

The boundary is shifted by half a space step in both the x- and z-direction

(Fig. 5.7 (b), Boundary B). The material properties are assumed to be the same as

earlier. Results for the non-averaged case are shown in Fig. 5.9. It is seen that the sta-

bility condition drops below 1 for small values of
q
�2=�1 and

q
(�2 + 2�2)=(�1 + 2�1).

This can be explained by considering the stability behavior of waves normally in-

cident onto the boundary and, thus, by drawing conclusions from the 1-D results
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Figure 5.8: Normalized stability condition; 2-D case. The material parameters
are not averaged on the boundary. The boundary is placed as in
Fig. 5.7 (a).
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5.3 Averaging

we obtained earlier. One can argue that in the 2-D grid as in Boundary A a nor-

mally incident longitudinal wave will experience the same instabilities as described

for the 1-D case, and the boundary will be the restrictive condition for stability, ifq
�2=�1 and

q
(�2 + 2�2)=(�1 + 2�1) are smaller than 1. However, for an incident

shear wave that propagates in the same grid, instabilities will occur for
q
�2=�1 andq

(�2 + 2�2)=(�1 + 2�1) larger than 1. For Boundary B, the situation is just reversed:

now, for an incident shear wave the stability condition at the boundary will become

more restrictive for
q
�2=�1 and

q
(�2 + 2�2)=(�1 + 2�1) smaller than 1. Due to the

shear modulus being smaller than the pressure modulus, the stability constraints for

the boundary due to the shear modulus will occur for smaller density and sti�ness

ratios. This e�ect is visible in Fig. 5.9.

The 2-D results are summarized in Fig. 5.10. Here, the stability condition is

plotted along the lines of three constant velocity ratios. The time step necessary for

stability is graphed for the 1-D lower bound, the 1-D non-averaged case, the 2-D

non-averaged case for Boundary A, the 2-D non-averaged case for Boundary B, and

for the 2-D averaged case. It is evident, that in all cases the Courant condition is

not suÆcient for stability, unless the material properties are averaged on the bound-

ary. However, if the material properties are averaged, the Courant condition poses a

suÆcient condition for the stability of the �nite-di�erence algorithm, independent of

the material properties. Note that the 1-D results are normalized to the 1-D Courant

condition, whereas the 2-D results are normalized to the 2-D Courant condition.

5.3 Averaging

To ensure the stability of the �nite-di�erence scheme at a material interface, the

material parameters are averaged for the �eld components on the interface. In this

section, the averaging procedure is derived for a two-dimensional grid. The procedure

can be easily extended to three dimensions.

Figure 5.11 shows a portion of a 2-D �nite-di�erence grid at the interface be-
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Figure 5.9: Normalized stability condition; 2-D case; boundary placed accord-
ing to Fig. 5.7 (b).
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5.3 Averaging

tween two di�erent media. The �eld components in x and z are labeled by i and j,

respectively. The boundary between the two media is placed such that the normal

particle velocity components are located on the interface. Thus, Vx is placed on a

vertical boundary, whereas Vz is placed on a horizontal boundary. The only stress

component, in that case, that lies on the boundary is the shear stress Txz. First the

procedure for averaging the material density in the equation of motion is derived,

then the averaging of the shear sti�ness � is explained.

5.3.1 Material Density

The procedure for averaging the material density on the boundary is derived from

the equation of motion. The derivation of the averaging is analogous for both the

horizontal and vertical boundary and, thus, the averaging procedure is presented only

for the horizontal particle velocity on a vertical interface. The equation of motion,

r � � = �
@v

@t
; (5.45)

is expanded for the 2-D Shear-Vertical (S-V) case in the x-z plane:

@

@x
�xx +

@

@z
�xz = �

@vx
@t

(5.46)

@

@x
�xz +

@

@z
�zz = �

@vz
@t

: (5.47)

The only non-zero velocity components are vx and vz. Considering the horizontal

particle velocity vx, the procedure for averaging the material density on the vertical

boundary is derived by integrating Eq. (5.46) over a box enclosing a portion of the

boundary as depicted in Fig. 5.12:

ZZ
Box

"
@

@x
�xx +

@

@z
�xz

#
dx dz =

I
(�xxx̂+ �xzẑ) n̂ ds =

ZZ
Box

�
@vx
@t

dx dz; (5.48)

where the density � is a function of position, and Gauss' integral theorem has been

applied to convert the surface integral on the left hand side into a contour integral;
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Figure 5.11: Boundary between two media in a 2-D �nite-di�erence grid; the
normal particle velocities and the shear stress are located on the
interface.
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Figure 5.12: Averaging of the material density �; the normal stress components
are integrated along the contour.

n̂ is the normal vector to the contour, and x̂ and ẑ are normal vectors in the x- and

z-direction, respectively.

Using the discrete �nite-di�erence formulation, the integration is carried out over

a box of area �A = �x ��z, equivalent to the size of one cell of the �nite-di�erence
grid (see Fig. 5.12). Assuming the boundary between Medium 1 and Medium 2 divides

the area of integration in half, the integral comes out to be

�1 + �2
2

�A � V
k+0:5
x ji;j�0:5 � V k�0:5

x ji;j�0:5
�t

=

�
T k
xxji+0:5;j�0:5 � T k

xxji�0:5;j�0:5
�
��z +

+
�
T k
xzji;j � T k

xzji;j�1
�
��x: (5.49)

After dividing by �A, the �nite-di�erence approximation to Eq. (5.46) is obtained:

�1 + �2
2

� V
k+0:5
x ji;j�0:5 � V k�0:5

x ji;j�0:5
�t

=
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T k
xxji+0:5;j�0:5 � T k

xxji�0:5;j�0:5
�x

+

+
T k
xzji;j � T k

xzji;j�1
�z

: (5.50)

Thus, for the velocity components on the boundary, the material densities of the two

media are averaged arithmetically:

�avg = (�1 + �2)=2: (5.51)

The same result is obtained for the vertical particle velocity on a horizontal interface.

5.3.2 Lam�e's Constants

The procedure for averaging Lam�e's constants for the stress components on the bound-

ary is derived by using the elastic constitutive relation together with the strain-

velocity relation. The elastic constitutive relation combines the mechanic strain and

the stress and is usually expressed as

� = c � S; (5.52)

where the stress � and the strain S are 3� 3 tensors and the sti�ness matrix c is a

four-dimensional tensor of size 3�3�3�3. For an isotropic and lossless medium, the

entries of the sti�ness matrix are completely described by two independent constants,

Lam�e's constants � and �.

In the 2-D �nite-di�erence gird (Fig. 5.11), the shear stress Txz is placed on the

boundary and, consequently, Lam�e's constants are averaged for only Txz. By combin-

ing the strain-velocity relation and the constitutive relation, an equation relating vx

and vz to �xz arises, from which, in the �nite-di�erence formulation, the shear stress

is determined:
@vx
@z

+
@vz
@x

=
1

�

@�xz
@t

: (5.53)
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The averaging of � is achieved by integrating over a box enclosing parts of the bound-

ary, and Eq. (5.53) becomesZZ
Box

"
@vx
@z

+
@vz
@x

#
dx dz =

ZZ
Box

1

�

@�xz
@t

dx dz: (5.54)

Fig. 5.13 shows the integration contour around �xz. Applying Stoke's integral theorem,

the left hand side of Eq. (5.54) can be written asZZ
Box

"
@vx
@z

+
@vz
@x

#
dx dz =

ZZ
Box

r� (vx � x̂� vz � ẑ) ~dA =
I
(vx � x̂� vz � ẑ) ~ds:

(5.55)
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Figure 5.13: Averaging of the shear sti�ness �; the tangential velocity compo-
nents are integrated along the contour.

Using the discrete �nite-di�erence formulation and Eq. (5.55), Eq. (5.54) be-

comes

�
V k+0:5
x ji;j�0:5 � V k+0:5

x ji;j�1:5
�
��x+

�
V k+0:5
z ji+0:5;j�1 � V k+0:5

z ji�0:5;j�1
�
��z

=
�A

2

 
1

�1
+

1

�2

!
T k+1
xz ji;j�1 � T k

xzji;j�1
�t

: (5.56)
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Thus, the inverse of the shear sti�ness � is averaged on the boundary between two

media as
1

�avg
=

1

2

 
1

�1
+

1

�2

!
: (5.57)

The same is obtained for the �eld components on a horizontal boundary. For the

shear stress on a corner of the boundary (i. e., Txz(i; j) in Fig. 5.11), the integration

yields
1

�avg
=

1

4

 
3

�1
+

1

�2

!
: (5.58)

5.4 The Courant Condition

By analyzing the eigenvalues of A (see Eq. (5.15)) for a homogeneous material, it can

be shown that the Courant condition itself is only a bound on the stability and can

be exceeded. For a homogeneous medium with wave speed c and density �, A can be

written as

A =

2
66666666666666664

. . . . . .

. . . 2� 2�t2

�x2
c2 �t2

�x2
c2 0

�t2

�x2
c2 2� 2�t2

�x2
c2 �t2

�x2
c2

0 �t2

�x2
c2 2� 2�t2

�x2
c2

. . .

. . . . . .

3
77777777777777775

; (5.59)

where A has size N�N . The eigenvalues of this matrix can be determined explicitly:

�A = 2� 2
�t2

�x2
c2 + 2

�t2

�x2
c2 cos(

p�

N + 1
); (5.60)

where p = 1 : : :N and j�Aj � 2 for the system to be stable. The Courant condition is

obtained by assuming the smallest possible value for the cosine, i. e., �1. However,
from Eq. (5.60) it becomes clear that the cosine will never become �1, because the
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argument of the cosine will never reach �. Only in the limit as N goes to in�nity

the argument of the cosine will approach � for k = N , and the cosine will become

�1. However, if for example N = 5, in the worst case cos(5�
6
) = �0:8660, and the

stability condition becomes

2� 2
�t2

�x2
c2(1 + 0:8660) � �2;

and from this
�t2

�x2
c2 � 2

1:8660
= 1:0718: (5.61)

Thus, the time step can be chosen larger than dictated by the Courant condition.

Obviously, this observation is of only theoretical value, because actual problem

dimensions will never be small enough for this observation to be relevant. For exam-

ple, if N = 50, the factor by which the Courant condition can be exceeded reduces

to 1:0004.

5.5 Concluding Remarks

The type of instabilities described in this section are not limited to only the FDTD

algorithm for elastodynamics. Due to the similar structure of the FDTD algorithm,

the same e�ects will also be observed in electromagnetics at a material interface

with greatly di�erent properties, but can be avoided if the material parameters are

averaged on the boundary.
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CHAPTER 6

Elastic Surface Waves

Elastic surface waves have been the object of extensive research, since Lord Rayleigh

�rst discovered the existence of elastic waves con�ned to the super�cial region of an

in�nite homogeneous isotropic solid more than a century ago [66]. Elastic surface

waves play an important role in various �elds. In seismology, surface waves have

been found to carry the bulk of the energy among the waves excited by an earth-

quake. In electroacoustics, surface waves are utilized to make �lters and resonators.

In geoscience, the propagation characteristics of surface waves are used to obtain in-

formation about the physical properties of the ground. In this chapter, the theory of

elastic surface waves is revisited.

A point source that is placed on the surface of a homogeneous isotropic medium

excites �ve di�erent kinds of waves: a pressure wave and a shear wave propagating in

the medium, a Rayleigh surface wave that is con�ned to the surface of the medium, a

lateral wave that is induced by the pressure wave at the surface, and a leaky surface

wave that travels along the surface with a wave speed smaller than the pressure wave

but larger than the shear wave. The �rst four of these wave types are well-known and

have been treated extensively in the literature. However, the existence and theoretical

foundation of the leaky surface wave has not been discussed much.

The leaky surface wave arises from the complex conjugate roots of the Rayleigh

equation. The leaky surface wave is an inhomogeneous wave that propagates along

the surface with a phase velocity larger than the shear wave but smaller than the
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6.1 The Rayleigh Equation

pressure wave. It couples into a plane shear wave that propagates in the medium.

Due to the coupling, the surface wave loses energy and, thus, decays in its propagation

direction.

The leaky surface wave has been observed by various authors in experimental

and numerical studies. For example, Roth et al. noticed a rapidly decaying seismic

surface wave in an environment with a very high Poisson ratio that had a phase

velocity larger than the Rayleigh wave, but smaller than the pressure wave [67].

Smith et al. identi�ed prograde and retrograde surface wave modes in a geologic

study conducted on the shore of the gulf of Mexico [68]. And Glass and Maradudin

found a leaky surface wave to exist in the at-surface limit of a corrugated crystal

surface [69].

In this chapter, the theoretical derivation of the leaky surface wave is described.

In Sec. 6.1, the governing equations are briey outlined, leading to the Rayleigh

equation. The derivation of the Rayleigh equation is adopted from Gra� [58] and is

described for the sake of completeness. In Sec. 6.2, the various roots of the Rayleigh

equation are discussed. It will be shown that for materials with a high Poisson ratio a

leaky surface wave exists, due to the complex conjugate roots of the Rayleigh equation.

In Sec. 6.3, the waves excited by a line source on the surface are derived analytically.

The method of steepest descent is applied to obtain closed-form expressions for the

various waves in the far �eld. The line-source case has been treated by many authors

[70] { [72]. The procedure that is described here closely follows Felsen and Marcuvitz

[73] and is mainly aimed at showing that a leaky surface wave is excited by a source

on the surface. The asymptotic expressions for all other wave types in the far �eld

are well-known and are given only for completeness reasons.

6.1 The Rayleigh Equation

The elastic wave �elds at the surface of a semi-in�nite, isotropic, lossless, homogeneous

half space are to be determined. The half-space is bounded at z = 0 by a free-surface
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6.1 The Rayleigh Equation

boundary. The �elds are assumed to be invariant in the y-direction and non-zero

only in the x-z plane (plane-strain case, uy = @=@y = 0). Thus, the originally three-

dimensional problem reduces to a two-dimensional one.

The elastic wave �elds in a medium may be expressed in terms of their potential

functions [58]:

u = r � � +r�H; (6.1)

where u is the displacement vector, � is a scalar potential describing the longitudinal

pressure wave, and H is a vector potential describing the transverse shear wave. The

potentials satisfy the wave equations

r2� =
1

c2P

@2�

@t2
(6.2)

r2H =
1

c2S

@2H

@t2
; (6.3)

for the pressure and shear wave, respectively, with their corresponding wave speeds,

cP and cS. In the plane-strain case, the only non-zero vector potential component is

Hy, and the only non-zero displacement components are ux and uz:

ux =
@�

@x
� @Hy

@z
(6.4)

uz =
@�

@z
+
@Hy

@x
: (6.5)

The only independent stress components are �xx, �zz, and �xz. The stresses are ex-

pressed in terms of the displacements as

�xx = (�+ 2�)
@ux
@x

+ �
@uz
@z

(6.6)

�yy = �

 
@ux
@x

+
@uz
@z

!
(6.7)

�zz = �
@ux
@x

+ (�+ 2�)
@uz
@z

(6.8)

�xz = �

 
@ux
@z

+
@uz
@x

!
: (6.9)
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Note that �yy is non-zero, but is dependent on �xx and �zz and can be written as:

�yy =
�

2�+ 2�
(�xx + �zz) : (6.10)

Introducing the potentials, the stresses become

�xx = (�+ 2�)
@2�

@x2
+ �

@2�

@z2
� 2�

@2Hy

@x@z
(6.11)

�zz = �
@2�

@x2
+ (�+ 2�)

@2�

@z2
+ 2�

@2Hy

@x@z
(6.12)

�xz = �

 
2
@2�

@x@z
� @2Hy

@z2
+
@2Hy

@x2

!
: (6.13)

Assuming harmonic time-dependence, the plane wave solutions for � and Hy

satisfying Eqs. (6.2) and (6.3) are given by

� = Aej�x+j�z�j!t (6.14)

Hy = Bej�x+j�z�j!t; (6.15)

and the wave numbers are de�ned by

�2 = !2=c2P � �2 (6.16)

�2 = !2=c2S � �2 (6.17)

�2 = !2=c2: (6.18)

Inserting Eqs. (6.14) and (6.15) into Eqs. (6.4){(6.5) and (6.11) { (6.13), the displace-

ment and stress components are obtained:

ux =
�
j�Aej�z � j�Bej�z

�
ej�x (6.19)

uz =
�
j�Aej�z + j�Bej�z

�
ej�x (6.20)

�xx = �
�
(2�2 � �2 � �2)Aej�z + 2��Bej�z

�
ej�x (6.21)
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�zz = �
�
(�2 � �2)Aej�z � 2��Bej�z

�
ej�x (6.22)

�xz = �
�
�2��Aej�z + (�2 � �2)Bej�z

�
ej�x: (6.23)

Eqs. (6.19){(6.23) describe the wave �elds that are comprised of two and only

two wave components: one pressure wave component, de�ned by its potential function

� (according to Eq. (6.14)) with the wave number � and the amplitude A, and one

shear wave component, characterized by its potential function Hy (Eq. (6.15)) with

the wave number � and the amplitude B. By applying the appropriate boundary

conditions to Eqs. (6.19){(6.23), the waves that arise at the free surface and that

can be described by the two components are obtained. As a consequence, multiple

reected waves that arise from an incident wave due to mode conversion at the surface

will not be part of the solution, because the multiple reected waves are de�ned by

more than two components. For example, in general a plane pressure wave that is

incident on the surface at an angle � will give rise to both a reected pressure wave

and a reected shear wave. However, three wave components with three distinct wave

numbers and amplitudes are necessary to describe this scenario, and therefore this

case will not be a solution to Eqs. (6.19){(6.23).

At the surface, the normal stress vanishes, and thus �zzjz=0 = �xzjz=0 = 0. Using

this condition, the ratio of the coeÆcients is determined from Eqs. (6.22) and (6.23)

to be
A

B
=

2��

�2 � �2
= ��

2 � �2

2��
: (6.24)

Re-inserting the amplitude ratio into Eqs. (6.22) and (6.23), the frequency equation

is obtained:

(�2 � �2)2 + 4�2�� = 0: (6.25)

Eq. (6.25) is commonly called the Rayleigh Equation, because it gives rise to the

well-known Rayleigh surface wave.

Using Eqs. (6.16){(6.18), the frequency equation can be rewritten in terms of
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the wave speeds:  
2� c2

c2S

!2
+ 4

s
c2

c2P
� 1

s
c2

c2S
� 1 = 0: (6.26)

By rationalizing, this equation may be expressed as

�
c

cS

�2 " � c

cS

�6
� 8

�
c

cS

�4
+
�
24� 16(cS=cP )

2
�� c

cS

�2
�

� 16
�
1� (cS=cP )

2
� #

= 0: (6.27)

Eq. (6.27) always has three solutions for c2 (when neglecting the trivial solution).

Dependent on the Poisson Ratio � of a material, di�erent kinds of roots arise. For

� > 0:263, Eq. (6.27) has one real root and two complex conjugate roots. For � <

0:263, Eq. (6.27) has three real roots. In each case, the real root that is smallest in

magnitude gives rise to the Rayleigh surface wave, which propagates along the surface

and decays into the medium. The other roots have often been classi�ed as erroneous

or non-physical roots of the Rayleigh equation. However, it will be shown here that

the complex conjugate roots of the Rayleigh equation for � > 0:263 in fact give rise

to a leaky surface wave and the two additional real roots for � < 0:263 describe the

angles of incidence at which complete mode conversion occurs at the surface.

6.2 The Roots of the Rayleigh Equation

Let the roots of Eq. (6.27) be denoted by c. In general, c will be complex:

c = cr + jci; (6.28)

where cr is the real part and ci is the imaginary part of c. If c is purely real (c = cr),

� will be real (see Eq. (6.18)). If additionally c is smaller than both the pressure

wave speed and the shear wave speed, i. e., c = cr < cS < cP , � and � will be purely

imaginary. For the solution to be physical, Imf�g = �i > 0 and Imf�g = �i > 0,

thus the waves described by these wave numbers propagate in the x-direction and

decay in the z-direction. This solution represents the well-known Rayleigh surface
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6.2 The Roots of the Rayleigh Equation

wave, �rst explored by Lord Rayleigh more than a century ago [66]. A solution of

this form always exists, independent of the Poisson ratio of a material.

6.2.1 Materials with a Poisson Ratio larger than 0.263

If � > 0:263, a real root and two complex conjugate roots of the Rayleigh equation

arise. The real root gives rise to the Rayleigh surface wave. For the complex conjugate

roots, the wave speed is complex, c = cr+jci, and consequently also the wave numbers

are complex: � = �r + j�i, � = �r + j�i and � = �r + j�i. It can be shown that for

the complex conjugate roots the real part of the wave speed is always smaller than

the pressure wave speed, but larger than the shear wave speed, cS < Refcg < cP .

Although c may be a solution to Eq. (6.27), it does not necessarily follow that

also Eq. (6.25) is ful�lled. This is due to the manipulation of Eq. (6.25) to arrive

at Eq. (6.27). In fact, the complex conjugate roots of Eq. (6.27) do not represent

solutions to Eq. (6.26). It can be shown, however, that they do represent solutions

to Eq. (6.25), if the signs of the wave numbers � and � are picked correctly. It may

be recalled that according to Eqs. (6.16) and (6.17) the wave numbers � and � are

functions of the square root of c2,

� = �!
c

s
c2

c2P
� 1 = �(�r + j�i) (6.29)

� = �!
c

s
c2

c2S
� 1 = �(�r + j�i): (6.30)

The sign in front of the square roots must be chosen according to physical and causal

constraints of the underlying problem. To obtain Eq. (6.26), the positive sign has been

assumed for both � and �. However, it turns out that Eq. (6.25) is only satis�ed if,

for the complex conjugate roots, both the real part and the imaginary part of � and

� have opposite signs, i. e., sign(�r) 6= sign(�r) and sign(�i) 6= sign(�i).

Fig. 6.1 schematically shows the arrangement of the roots in the complex �-

plane. The possible solutions of the Rayleigh equation are summarized in Table 6.1,

giving all possible combinations of �, � and �. Only waves propagating in the positive
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6.2 The Roots of the Rayleigh Equation

x-direction are considered. Five possible solutions arise. The �rst solution describes

kP kS
Re{ }�

Im{ }�

Complex Conjugate Roots

Rayleigh Wave Root

Figure 6.1: Schematical arrangement of the roots in the complex �-plane for
� > 0:263.

the Rayleigh surface wave. For the second solution, both the pressure wave potential

and the shear wave potential, � and Hy, propagate and increase in the positive

x-direction (�r > 0, �i < 0). However, � propagates and decays in the positive

z-direction (�r > 0, �i > 0), whereas Hy propagates and decays in the negative

z-direction (�r < 0, �i < 0). For the third solution, the potentials decay in the

x-direction (�i > 0). � now propagates and increases in the negative z-direction

(�r < 0, �i > 0), whereas Hy propagates and increases in the positive z-direction

(�r > 0, �i < 0). For the fourth and �fth solution, the signs of � and � are reversed.

The behavior of the �ve possible solutions is best demonstrated by calculating

the wave �elds for a medium with a speci�c value of Poisson's ratio. Assuming

Poisson's ratio to be � = 0:4, the elastic wave �elds are computed using Eqs. (6.19){

(6.23). The amplitude of the shear wave potential is chosen to be unity, and the

amplitude of the pressure wave potential is computed with Eq. (6.24). For � = 0:4,
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6.2 The Roots of the Rayleigh Equation

Table 6.1: Solutions to the Rayleigh equation for � > 0:263.

(1) �r > 0, �i = 0 �r = 0, �i > 0 �r = 0, �i > 0

� � e�j�ijzejj�rjx Hz � e�j�ijzejj�rjx

(2) �r > 0, �i < 0 �r > 0, �i > 0 �r < 0, �i < 0

� � e(jj�rj�j�ij)ze(jj�rj+j�ij)x Hz � e(�jj�rj+j�ij)ze(jj�rj+j�ij)x

(3) �r > 0, �i > 0 �r < 0, �i > 0 �r > 0, �i < 0

� � e(�jj�rj�j�ij)ze(jj�rj�j�ij)x Hz � e(jj�rj+j�ij)ze(jj�rj�j�ij)x

(4) �r > 0, �i < 0 �r < 0, �i < 0 �r > 0, �i > 0

� � e(�jj�rj+j�ij)ze(jj�rj+j�ij)x Hz � e(jj�rj�j�ij)ze(jj�rj+j�ij)x

(5) �r > 0, �i > 0 �r > 0, �i < 0 �r < 0, �i > 0

� � e(jj�rj+j�ij)ze(jj�rj�j�ij)x Hz � e(�jj�rj�j�ij)ze(jj�rj�j�ij)x

the pressure wave speed exceeds the shear wave speed by a factor of about 2.45:

cP = 2:4495cS. The roots of Eq. (6.27) in terms of the shear wave speed cS are

c =

8>>>>><
>>>>>:

0:9422cS

(1:9276 + j0:3996)cS

(1:9276� j0:3996)cS

: (6.31)

The resulting wave numbers are shown in Table 6.2. All wave numbers are expressed

in terms of the longitudinal wave number, kP = !=cP .

In Fig. 6.2, the displacements according to the �ve solutions of the Rayleigh

equation are plotted versus x and z. The distance on the axes is normalized to the

wave length of the Rayleigh surface wave, �R. The upper edge of each plot corre-

sponds to the surface. The two columns show the horizontal and vertical displace-

ments, ux and uz. Pseudo-color plots are used to display the wave �elds, employing a

logarithmic scale with a dynamic range of 50 dB. Superimposed with the horizontal

displacement component is the real part of the complex Poynting vector, thus indi-

cating the direction of the energy ow. The complex Poynting vector is de�ned as
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6.2 The Roots of the Rayleigh Equation

Table 6.2: Solutions to the Rayleigh equation for � = 0:4: wave numbers.

� = � = � =

(1) 2:5998kP j2:3997kP j0:8711kP

(2) (1:2184 � j0:2526)kP (0:4030 + j0:7636)kP (�2:1448 � j0:1435)kP

(3) (1:2184 + j0:2526)kP (�0:4030 + j0:7636)kP (2:1448 � j0:1435)kP

(4) (1:2184 � j0:2526)kP (�0:4030 � j0:7636)kP (2:1448 + j0:1435)kP

(5) (1:2184 + j0:2526)kP (0:4030 � j0:7636)kP (�2:1448 + j0:1435)kP

[57]

P =
j!u � � �

2
; (6.32)

where the star denotes the complex conjugate. The real part of the complex Poynting

vector describes the average power per unit area.

First, the Rayleigh surface wave is shown. For the Rayleigh surface wave, the

energy ow is seen to be parallel to the surface. Both the horizontal and the vertical

displacements decay away from the surface. The second solution describes a shear

wave in which energy is carried towards the surface. Close to the surface, the energy

ows parallel to the surface. The waves grow exponentially in the x- and z-direction.

The third solution is the converse of the second one. This time, the energy ows from

the surface into the medium, and the waves decay in the x-direction. Again, close to

the surface the energy ow is parallel to the surface. The fourth and �fth solution

are similar to the second and third. However, now a pressure wave propagates in the

medium, and the energy ows at a di�erent angle with respect to the surface. Also,

the exponential growth is enhanced.

All of the �ve possible solutions described above can, in certain cases, represent

physical solutions. For example, if a �eld distribution is created on the surface that

matches the �eld distribution of Solution (5) on the surface, waves similar to the ones

described by Solution (5) will be induced in the medium. If a �eld distribution is
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Figure 6.2: Horizontal and vertical displacements according to the �ve solutions
of the Rayleigh equation.
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generated within the medium that is equal to the �eld distribution of Solution (2),

waves propagating towards the surface will be excited that perfectly couple into a

surface wave. Of course, the solutions as described here would require an in�nite

medium and wave �elds of in�nite extent that are non-zero at in�nity, which violates

physical as well as causal constraints. However, over a �nite range all of these solutions

can be excited with the appropriate �eld distributions on the boundaries.

Interpretation in the k-Space

Further physical insight can be gained by looking at the wave vectors for the solutions

in the k-space. The wave vectors in the k-space will lie on well-de�ned surfaces, the

allowed wave-vector surfaces. By looking at the allowed wave-vector surfaces, the

coupling between the surface waves and the waves in the medium can be explained.

Fig. 6.3 shows the allowed wave vector surfaces for the pressure wave and the

shear wave in the kx-kz-plane. For the wave vector surfaces, the wave number of the

pressure wave and the shear wave in the z-direction, � and � according to Eqs. (6.16)

and (6.17), are plotted as a function of the wave number in the x-direction, �. The

allowed wave vector surfaces for the pressure and the shear wave are circles with radii

kP and kS, respectively. The allowed wave vector surfaces de�ne the wave vectors that

describe physical waves. The wave vectors indicate the propagation direction of the

waves and are inversely proportional to their wave speed. In Fig. 6.3, the wave vectors

of the surface waves that arise from the Rayleigh equation are indicated by the bold

solid arrows along the kx-axis. The gray arrow corresponds to the real part of the

wave vector of the Rayleigh surface wave according to Solution (1), whereas the black

arrow describes the real part of the wave vector in the x-direction of Solutions (2) {

(5).

From the wave vectors in the k-space, conclusions about the coupling between

the di�erent waves can be drawn. At the surface, two waves will be coupled, if their

wave vector components tangential to the surface match both in the real part and the

imaginary part. The roots of the Rayleigh equation give rise to two di�erent kinds
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k

kx=Re{ }�

kz

Re{ }�

Re{ }	

kP

kS

Figure 6.3: Allowed wave vector surfaces in the k-space for the pressure wave
(�) and the shear wave (�); lossless case.

of surface waves: the Rayleigh surface wave, described by Solution (1), and leaky

surface waves, described by Solutions (2) { (5). The surface waves are de�ned by

their wave vectors, which will be parallel to the kx-axis and, thus, tangential to the

surface. If the wave vector of a surface wave matches the projection onto the surface

of the wave vector describing a wave propagating in the medium, the two waves will

be coupled. The Rayleigh surface wave cannot be coupled to any wave propagating in

the medium. The wave number of the Rayleigh surface wave is larger than both the

wave number of the pressure wave, kP , and the wave number of the shear wave, kS,

and therefore the tangential wave vectors of the Rayleigh wave and a shear wave or a

pressure wave in the medium can never match. This is evident in Fig. 6.3: the wave

vector of the Rayleigh wave, indicated by the gray arrow, exceeds both kP and kS.

The wave number for the leaky surface wave, on the other hand, is larger than kP ,

but smaller than kS. Thus, there exists a shear wave that propagates in the medium
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6.2 The Roots of the Rayleigh Equation

at such an angle that its tangential component matches the wave vector of the leaky

surface wave. This is shown in Fig. 6.3: the tangential wave vector components of

the shear waves described by the dashed arrows match the wave vector of the leaky

surface wave (solid arrow), and consequently the waves are coupled.

Fig. 6.3 describes the wave vector surfaces that arise when � is purely real. If �

is complex, the wave vector surfaces for the pressure and the shear wave will not be

circles, but they will be deformed. If � is real, the pressure wave number in the z-

direction, �, is purely real for jkxj < kP and purely imaginary for jkxj > kP . Similarly,

the shear wave number in the z-direction, �, is real for jkxj < kS and imaginary for

jkxj > kS. If � is complex, however, � and � will also both be complex. Speci�cally,

the real part of � and � will be non-zero for jkxj > kP and jkxj > kS, respectively. In

this case, a tangential wave vector match is possible between the leaky surface wave

and both a pressure wave and a shear wave.

Fig. 6.4 shows the wave vector surfaces that arise for Solutions (1) { (5). Except

for Solution (1), which describes the Rayleigh wave, the wave vector surfaces are de-

formed due to � being complex. For the Rayleigh wave (Solution (1)), � is purely real

and exceeds kP and kS, whereas � and � are both purely imaginary. The imaginary

parts of � and � both must be positive, because, due to physical constraints, the

Rayleigh wave must decay into the medium. Also in Fig. 6.4, the energy ow of the

Rayleigh wave in the x-z-plane is indicated schematically. For the Rayleigh wave,

the energy ows parallel to the surface, and the Rayleigh wave does not decay in

its propagation direction. Solutions (2) { (5) describe the leaky surface waves. For

Solution (2), a shear wave propagates towards the surface and couples into a surface

wave. Due to the coupling, both the surface wave and the shear wave in the medium

are inhomogeneous. The wave vectors of both the surface wave and the shear wave

in the medium are complex, and the allowed wave vector surfaces are deformed. The

surface wave has to components: a pressure wave component, which propagates and

decays into the medium, and a shear wave component, which propagates and decays

towards the surface. This is indicated by the wave vectors for the pressure and the
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shear wave component (Solution (2), dashed arrows): the real and imaginary part of

� are positive, whereas the real and imaginary part of � are negative. In the medium,

the energy ows towards the surface. Close to the surface, the energy ow is parallel

to the surface. The surface wave grows exponentially in its propagation direction,

because it is constantly fed by the shear wave in the medium. For Solution (3), the

surface wave feeds a shear wave that propagates away from the surface. The surface

wave \leaks" energy into the medium. Consequently, the wave vector for the shear

wave component points into the medium. As for Solution (2), the shear wave in-

creases exponentially into the medium, indicated by the imaginary part of � being

negative. For Solutions (4) and (5), a pressure wave propagates in the medium. For

Solution(4), the pressure wave propagates and decays towards the surface, indicated

by the real and imaginary part of � being negative. For Solution (5), the pressure

wave is fed from the surface wave and propagates into the medium. In this case, the

real part of � is positive, and the imaginary part is negative.

6.2.2 Materials with a Poisson Ratio smaller than 0.263

For � < 0:263, three purely real roots of the Rayleigh equation exist. The root

smallest in magnitude gives rise to the Rayleigh surface wave. For the additional two

roots, the phase speeds along the surface are larger than the pressure wave speed, cP .

Thus, their wave numbers both in the x- and the z-direction are real and smaller in

magnitude than the wave number of the pressure wave speed, kP . The arrangement

of the roots in the complex �-plane is shown schematically in Fig. 6.5. The possible

solutions of the Rayleigh equation are summarized in Table 6.3, giving all possible

combinations of �, � and �. Except for the Rayleigh wave (Solution (1)), all wave

numbers are purely real, and therefore their imaginary part is zero. Only waves

propagating in the positive x-direction are considered. Five possible solutions arise.

The �rst solution again describes the Rayleigh surface wave. The other four solutions

depict cases of complete mode conversion for a plane wave incident on the surface.
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Figure 6.4: Allowed wave vector surfaces for the �ve solutions to the Rayleigh
equation.
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kP kS
Re{ }�

Im{ }�

Rayleigh Wave Root

Real Roots

Figure 6.5: Schematical arrangement of the roots in the complex �-plane for
� < 0:263.

Complete mode conversion occurs for both pressure waves and shear waves at certain

angles of incidence. At these angles of incidence, a plane shear wave, for example,

will be reected solely as a plane pressure wave, and, thus, the shear wave mode

is completely converted into a pressure wave mode. The angles of incidence are

dependent on Poisson's ratio. Complete mode conversion is physically possible only

for materials with a Poisson ratio smaller than 0.263, i. e., if the Rayleigh equation has

three real roots. The second solution in Table 6.3 describes a shear wave incident on

the surface that completely couples into a reected pressure wave. The third solution

describes the converse case: an incident pressure wave is completely converted into a

reected shear wave. The fourth and �fth solution have the same shape as the second

and third solution, but are for di�erent angles of incidence.

The three real roots for a material with a Poisson ratio of � = 0:2 in terms of
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6.2 The Roots of the Rayleigh Equation

Table 6.3: Solutions to the Rayleigh equation for � < 0:263.

(1) �r > 0 �i > 0 �i > 0

� � e�j�ijzejj�rjx Hz � e�j�ijzejj�rjx

(2) �r > 0 �r > 0 �r < 0

� � ejj�rjzejj�rjx Hz � e�jj�rjzejj�rjx

(3) �r > 0 �r < 0 �r > 0

� � e�jj�rjzejj�rjx Hz � ejj�rjzejj�rjx

(4) �r > 0 �r > 0 �r < 0

� � ejj�rjzejj�rjx Hz � e�jj�rjzejj�rjx

(5) �r > 0 �r < 0 �r > 0

� � e�jj�rjzejj�rjx Hz � ejj�rjzejj�rjx

the shear wave speed are

c =

8>>>>><
>>>>>:

0:9110cS

1:6398cS

2:1169cS

: (6.33)

For � = 0:2, the pressure wave speed exceeds the shear wave speed by a factor of

1.63: cP = 1:6330cS. Table 6.4 shows the wave numbers arising from the three real

roots.

The solutions due to the real roots are best illustrated by plotting the resulting

wave �elds due to an excitation in the time domain rather than for harmonic time

dependence. For this, the wave �elds are computed using Eqs. (6.19){(6.23), are

Fourier transformed into the time-domain and convolved with a speci�c time-domain

excitation. A di�erentiated Gaussian pulse with a center frequency of 400 Hz is

used. The results are shown in Fig. 6.6. The magnitude of the displacement �elds

according to the four solutions arising from the two additional real roots are plotted.

A logarithmic color scale with a dynamic range of 40 dB is used. Shear waves are

labeled by S and pressure waves by P. The bold gray arrows indicate the propagation
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6.3 Waves due to a Line Source on the Surface

Table 6.4: Solutions to the Rayleigh equation for � = 0:2: wave numbers.

� = � = � =

(1) 1:7925kP j2:3997kP j0:8711kP

(2) 0:9959kP 0:0909kP �1:2942kP

(3) 0:9959kP �0:0909kP 1:2942kP

(4) 0:7714kP 0:6363kP �1:4393kP

(5) 0:7714kP �0:6363kP 1:4393kP

direction of the plane waves. As indicated in Table 6.3, Solutions (2) and (4) describe

cases of complete mode conversion for an incident shear wave, whereas Solutions (3)

and (5) are for an incident pressure wave. The angle of incidence at which complete

mode conversion occurs can be determined easily from the wave numbers:

� = tan�1(�r=j�rj) (6.34)

for an incident pressure wave and

� = tan�1(�r=j�rj) (6.35)

for an incident shear wave.

6.3 Waves due to a Line Source on the Surface

In the previous section, the solutions to the wave equation at a free-surface boundary

have been described in a general form. In this section, the wave �elds due to a speci�c

excitation, a line source on the surface, are determined.

Fig. 6.7 shows the underlying geometry. A line source is placed on the surface

at x = 0 and extends into the y-direction. The line source excites the normal stress

component �zz. If harmonic time dependence is assumed, the displacement �elds due
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Figure 6.6: Magnitude of the displacements according to the four solutions due
to the two additional real roots for � < 0:263.
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to the line source can be written in form of an integral equation [58]:

ux(x; z) = � j

��

Z
P 0

�

F0(�)

h
�2��ej�z + (�2 � �2)ej�z

i
ej�xd� (6.36)

uz(x; z) = � j

��

Z
P 0

�

F0(�)

h
2�2ej�z + (�2 � �2)ej�z

i
ej�xd�; (6.37)

where

F0(�) = (�2 � �2)2 + 4�2�� (6.38)

is the Rayleigh equation. The amplitude of the excitation is assumed to be unity.

For the analysis in the following, a medium with a Poisson ratio larger than 0.263 is

assumed, and, thus, F0 has one real root and two complex conjugate roots.




R

x

z

Surface Line Source

Figure 6.7: Line source on the surface.

6.3.1 General Considerations

The integrals in Eqs. (6.36) and (6.37) each represent an inverse Fourier transform

from the wave-number domain into the spatial domain. The integrands contain poles

and branch points. The poles are due to the roots of the Rayleigh equation in the

denominator. The branch points arise because of the square-root dependence of �
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6.3 Waves due to a Line Source on the Surface

and � on �. They are located at the roots of � and �, at kP = �(!=cP )2 and

kS = �(!=cS)2 (see Eqs. (6.16) and (6.17)).

To compute the integrals, contour integration in the complex �-plane must be

applied. The integration must be performed along the real �-axis. Fig. 6.8 shows

the location of the poles and branch points in the complex �-plane. To determine

the waves propagating in the positive x-direction, Eqs. (6.36) and (6.37) must be

integrated along the path P 0. The contour is closed at in�nity. Only the poles and

branch cuts for Ref�g > 0 are included in the integration contour (indicated by the

indentations of P 0), whereas the poles for Ref�g < 0 are excluded and, therefore, do

not contribute to the integral.

Due to the branch points, the integrands are not single-valued. To make the

integrands unique, a multi-sheeted Riemann surface for the �-plane is necessary, with

branch cuts providing the transition from one Riemann sheet to the other [73]. The

location of the branch cuts in general is arbitrary, but de�nes the disposition of those

regions in the complex �-plane in which, for example, Ref�g > 0 or Ref�g < 0.

Fig. 6.8 shows the top Riemann sheet for Eqs. (6.36) and (6.37). The signs of the

wave numbers on the top Riemann sheet must be chosen for physical and causal

reasons. The integration along the real axis determines the shear and pressure waves

excited by the line source. For the shear and the pressure waves to be causal, they

must propagate away from the source and vanish at in�nity. For this to be true, the

wave numbers along the real axis must be chosen such that Ref�g > 0, Imf�g > 0,

Ref�g > 0 and Imf�g > 0. It can be easily shown that in that case the wave numbers

in the entire second and fourth quadrant must behave in the same way. In the �rst

and third quadrant, the branch cuts must then be chosen such that Ref�g < 0,

Imf�g > 0, Ref�g > 0 and Imf�g < 0. This is true because � and � must be

continuous across the real axis. Thus, in the �rst and third quadrant, the pressure

wave potential propagates and increases in the negative z-direction, whereas the shear

wave potential propagates and increases in the positive z-direction. It is evident that

in the �rst quadrant of the top Riemann sheet the wave numbers behave as described
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6.3 Waves due to a Line Source on the Surface

for Solution (3) of the Rayleigh equation as indicated in Table 6.1. The poles on the

top Riemann sheet correspond to physically existing waves and, therefore, the pole

associated with Solution (3) of the Rayleigh equation represents a physical solution to

the line-source problem. The pole in the third quadrant is the equivalent to the pole

in the �rst quadrant, but describes a wave traveling in the negative x-direction. The

two poles on the real �-axis are present on all sheets and, consequently, also represent

physical waves. All other poles of the Rayleigh equation lie on di�erent sheets and,

thus, are non-physical for the line-source case.
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{ } < 0

{ } > 0
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�

�

P’

�R
�LS
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Branch Point

Figure 6.8: Location of the poles and branch cuts in the complex �-plane for
the line-source problem.

It can be seen in Fig. 6.8 that four poles and four branch cuts exist on the

top Riemann sheet. The poles at ��R on the real �-axis give rise to the well-known

Rayleigh surface wave. The complex poles at ��LS in the �rst and third quadrant

describe leaky surface waves propagating to the right and left, respectively. As de-
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6.3 Waves due to a Line Source on the Surface

scribed earlier, the leaky surface wave couples into a plane shear wave. Both the leaky

surface wave and the shear wave that is fed from the surface wave are inhomogeneous,

which is indicated by the pole being complex.

6.3.2 Steepest-Descent Approximation

To evaluate the integrals asymptotically in the far �eld, the method of steepest descent

shall be applied. To simplify the procedure, the two terms of the integral are treated

separately. Dividing the integrals each into a pressure wave term and a shear wave

term, Eqs. (6.36) and (6.37) are rewritten as

uSx(x; z) = � j

��

Z
P 0

�

F0(�)
(�2��)ej�zej�xd� (6.39)

uPx (x; z) = � j

��

Z
P 0

�

F0(�)
(�2 � �2)ej�zej�xd� (6.40)

uSz (x; z) = � j

��

Z
P 0

�

F0(�)
2�2ej�zej�xd� (6.41)

uPz (x; z) = � j

��

Z
P 0

�

F0(�)
(�2 � �2)ej�zej�xd�: (6.42)

The total displacements equal the superposition of the pressure wave component and

the shear wave component:

ux(x; z) = uSx(x; z) + uPx (x; z) (6.43)

uz(x; z) = uSz (x; z) + uPz (x; z): (6.44)

To facilitate the evaluation of the integrals, the complex �-plane is transformed

into the complex wS-plane for the two shear wave terms, and into the wP -plane for

the pressure wave terms. The transformations are de�ned by

� = kS sinw
S (6.45)

� = kP sinw
P : (6.46)
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These transformations are single-valued [73]. From the periodicity of sinwS

and sinwP it is evident that multiple values for wS and wP correspond to a single

value of �. Thus, the transformations can be used to map the entire �-plane with

its multiple Riemann sheets into adjacent strips of width 2� in the wS- or wP -plane.

The arrangement of the poles and branch cuts of the top Riemann sheet in the

complex wS-plane and wP -plane are shown in Fig. 6.9. Here, the top Riemann sheet

is mapped into a strip reaching from �� to � in the complex wS-plane for the shear

wave terms, and similarly in the complex wP -plane for the pressure wave terms. The

positions of the transformed Rayleigh wave pole and the leaky surface wave pole in

the complex wS- and wP -plane are indicated by wS
R, w

S
LS, and wP

R, w
P
LS, respectively.

The transformed integration paths are denoted by P S and P P .

The separate transformations for the shear wave terms and the pressure wave

terms become necessary, because, when the method of steepest descent is applied,

the di�erent terms will give rise to di�erent steepest-descent paths. By applying

the di�erent transformations, the steepest-descent paths will have a rather simple

shape for both the shear wave terms and the pressure wave terms, thus, making the

steepest-descent approximation considerably easier.

Applying the transformations, two of the branch cuts are eliminated in each of

the integrals in Eqs. (6.39){(6.42). For the shear wave terms the branch cuts at �kS
vanish, whereas for the pressure wave terms the branch cuts at �kP are removed. For

the shear wave terms, � then reduces to

� = kS cosw
S; (6.47)

and for the pressure wave terms � becomes

� = kP cosw
P : (6.48)

Introducing polar coordinates,

x = R sin � (6.49)

z = R cos �; (6.50)
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Figure 6.9: Location of the poles and branch cuts (a) in the complex wS-plane
and (b) in the complex wP -plane.
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Eqs. (6.39){(6.42) are rewritten as integrals in the wS- and wP -plane:

uSx(x; z) = � j

��

Z
PS

�

F0(�)
(�2��)ejkSR cos(wS��)�dwS (6.51)

uPx (x; z) = � j

��

Z
PP

�

F0(�)
(�2 � �2)ejkPR cos(wP��)�dwP (6.52)

uSz (x; z) = � j

��

Z
PS

�

F0(�)
2�2ejkSR cos(wS��)�dwS (6.53)

uPz (x; z) = � j

��

Z
PP

�

F0(�)
(�2 � �2)ejkPR cos(wP��)�dwP ; (6.54)

where � describes the polar angle measured from the surface normal towards the

propagation direction (see Fig. 6.7). The wave numbers in terms of wS are

�(wS) = kS sinw
S (6.55)

�(wS) = kS cosw
S (6.56)

�(wS) = �
q
k2P � �(wS)2 (6.57)

and in terms of wP

�(wP ) = kP sinw
P (6.58)

�(wP ) = �
q
k2S � �(wP )2 (6.59)

�(wP ) = kP cosw
P : (6.60)

The signs of �(wS) and �(wP ) must be chosen as described earlier for the complex

�-plane. Thus, in the shaded and non-shaded regions of Fig. 6.9, � behaves just as in

the shaded and non-shaded regions of Fig. 6.8.

With the integrals transformed as described above, it is relatively straightfor-

ward to apply the method of steepest descent. For the method of steepest descent,

the integration paths P S and P P are deformed into new paths, the steepest-descent
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paths �P S and �P P , respectively. The new path is chosen such that the dominant con-

tribution to the integral arises from only a small section of the path. To achieve this,

the path is deformed such that it passes through the saddle point of the integrand.

Away from the saddle point it follows the direction in which the integrand decays

most rapidly. Along this path, the integrand will then be negligible everywhere but

around the saddle point, and the integral can be approximated by the contribution

from the integrand in the vicinity of the saddle point.

The path of steepest descent is a path of constant phase [73]. For integrals in

the form of the ones in Eqs. (6.51){(6.54), the steepest-descent path is given by

RefwS;Pg � � = cos�1(sech(ImfwS;Pg)): (6.61)

The procedure is the same for the shear wave terms and the pressure wave terms. In

Fig. 6.10, three steepest-descent paths are shown each for the shear wave terms in

the wS-plane, �P S
1 , �P

S
2 , �P

S
3 , and for the pressure wave terms in the wP -plane, �P P

1 , �P
P
2 ,

�P P
3 . Each steepest descent path corresponds to a di�erent propagation (polar) angle.

The saddle point in each case is located at the intersection of the steepest-descent

path with the real wS- or wP -axis, respectively. Physically, the contributions from

the saddle points describe the pressure and the shear waves in the far �eld .

When the original integration path is deformed into the steepest-descent path,

care has to be taken whether poles or branch cuts are crossed during the deformation.

According to Cauchy's theorem, if a singularity is crossed during the deformation from

one integration path into another, the contribution from the contour integral around

the singularity must be included into the total integral. For example, when P S in

Fig. 6.10 is deformed into the steepest-descent path �P S
1 , no singularities are crossed

during the deformation. However, for �P S
2 , the integrals around the branch cut, �Pb,

and around the pole at wS
R must be included. For �P S

3 , the branch cut integral as well

as the integrals around the poles at wS
R and wS

LS contribute to the total integral.

The contour integrals around the singularities in both the wS- and the wP -plane

give rise to di�erent types of waves. The integral around the branch cut in the
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Figure 6.10: Steepest descent paths for (a) the shear wave terms in the complex
wS-plane and (b) the pressure wave terms in the complex wP -plane.
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wS-plane describes a lateral wave. The lateral wave is a plane shear wave induced

by the pressure wave propagating along the surface. It appears only if the polar

angle exceeds �SL = sin�1(kP=kS), because, mathematically, the branch cut integral

contributes to the total integral only for � > �SL. It can be shown that the integral

around the branch cut in the wP -plane is approximately zero and, thus, it does

not contribute to the total integral. The integrals around the poles give rise to

the Rayleigh surface wave and the leaky surface wave. They exist only for � > �SR

and � > �SLS in the wS-plane, and for � > �PR and � > �PLS in the wP -plane. The

total Rayleigh surface wave and the total leaky surface wave are comprised of the

superposition of the contributions from the integrals around the singularities both in

the wS-plane and wP -plane. The angles �S;PR and �S;PLS are easily obtained by inserting

wS;P
R = sin�1(�R=kS;P ) and wS;P

LS = sin�1(�LS=kS;P ) into Eq. (6.61).

The integrals are now approximately determined using the method of steepest-

descent. Five separate wave types arise: the bulk shear wave, the bulk pressure

wave, the Rayleigh surface wave, the leaky surface wave and the lateral wave. A

detailed description of the steepest-descent method is given, for example, by Felsen

and Marcuvitz [73]. Using the method of steepest-descent, the shear wave in the far

�eld comes out to be

ux(R; �)jShear =
j

��

s
2�

kSR

ej(kSR��=4)

F0(kS sin �)
�

� 2
q
k2P � k2S sin

2 � k3S sin � cos
2 � (6.62)

uz(R; �)jShear =
�j
��

s
2�

kSR

ej(kSR��=4)

F0(kS sin �)
�

� 2
q
k2P � k2S sin

2 � k3S sin
2 � cos �: (6.63)

For the pressure wave,

ux(R; �)jPressure =
�j
��

s
2�

kPR

ej(kPR��=4)

F0(kP sin �)
�
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�
h
k2S � 2k2P sin

2 �
i
k2P sin � cos � (6.64)

uz(R; �)jPressure =
�j
��

s
2�

kPR

ej(kPR��=4)

F0(kP sin �)
�

�
h
k2S � 2k2P sin

2 �
i
k2P cos

2 �: (6.65)

The Rayleigh surface wave and the leaky surface wave are derived from the

contour integral around the respective poles of the Rayleigh equation. Using contour

integration, the Rayleigh wave is described by

ux(R; �)jRayleigh =
2�R

�F 0
0j�R

h
U(� � �SR) � (�2�R�R)ej�RR cos �

+U(� � �PR) � (�2R � �2R)e
j�RR cos �

i
� ej�RR sin � (6.66)

uz(R; �)jRayleigh =
2�R
�F 0

0j�R
h
U(� � �SR) � 2�2Rej�RR cos �

+U(� � �PR) � (�2R � �2R)e
j�RR cos �

i
� ej�RR sin �; (6.67)

where

F 0
0j�R = 4�R(�

2
R � �2R) + 8�R�R�R � 4�3R

 
�R
�R

+
�R
�R

!
: (6.68)

F 0
0j�R is the derivative of the Rayleigh equation with respect to � at � = �R, and

U(� � �S;PR ) is the Heaviside unit step function; �R, �R, and �R describe the wave

numbers of the Rayleigh wave (see Table 6.2). The result for the leaky surface wave

is determined in exactly the same way and is obtained by simply replacing �S;PR , �R, �R

and �R by �S;PLS , �LS, �LS and �LS, i. e., inserting the wave numbers for the leaky-wave

pole instead of the Rayleigh wave pole.

The lateral wave is de�ned by the integral around the branch cut, �Pb in Fig. 6.10.

Following Felsen and Marcuvitz [73], the integral is asymptotically approximated to

113



6.3 Waves due to a Line Source on the Surface

become

ux(R; �)jLateral = U(� � �SL) �
�23=2=(�p�)

[kSRj sin(� � �SL)j]3=2
� (sin �

S
L)

3=2(cos �SL)
5=2

(2 sin2 �SL � 1)2

� ejkSR cos(���S
L
)+j3=4� (6.69)

uz(R; �)jLateral = U(� � �SL) �
23=2=(�

p
�)

[kSRj sin(� � �SL)j]3=2
� (sin �

S
L)

5=2(cos �SL)
3=2

(2 sin2 �SL � 1)2

� ejkSR cos(���S
L
)+j3=4�: (6.70)

6.3.3 Example

Eqs. (6.62){(6.70) give the asymptotic far-�eld approximations for the wave �elds

excited by a harmonic line source on the surface. To determine the wave �elds for

a speci�c excitation in the time domain, the results must be transformed from the

frequency domain into the time domain and convolved with the excitation function.

The inverse-Fourier transform is given by

û(R; �; t) =

+1Z
!=�1

G(!) � u(R; �; !) � e�j!td!: (6.71)

Here, G(!) represents the Fourier transform of the excitation function. To obtain the

particle velocity rather than the displacement, the displacement is di�erentiated with

respect to time:

v̂(R; �; t) =

+1Z
!=�1

G(!) � u(R; �; !) � (�j!)e�j!td!: (6.72)

In the following, a di�erentiated Gaussian pulse is used as excitation, with its Fourier

transform

G(!) = �j
p
2�t20! � e0:5�0:5(!t0)

2

; (6.73)

where t0 describes the width of the pulse.
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The wave �elds excited by a di�erentiated Gaussian pulse are computed for a

material with a Poisson ratio of � = 0:4. The wave �elds are calculated according to

Eqs. (6.62){(6.70) and then transformed into the time domain using Eq. (6.72). A

di�erentiated Gaussian pulse with a center frequency of 400 Hz is used as excitation.

In Fig. 6.11, the separate wave �elds in the medium are plotted for one instant in

time, ten milliseconds after their excitation. The plots show, from top to bottom, the

shear wave, the pressure wave, the Rayleigh surface wave, the leaky surface wave, and

the lateral wave. A logarithmic color scale is used, ranging from dark red (0 dB) over

yellow and green to blue (-40 dB). The top of each plot coincides with the surface of

the medium. The source is located on the surface, at the center of each plot.

The shear wave and the pressure wave exhibit cylindrical wave fronts. They

both vanish at the surface. The Rayleigh surface wave is con�ned to the surface and

decays into the z-direction. The leaky surface wave propagates along the surface with

a speed greater than the one of the shear wave, but smaller than the speed of the

pressure wave. It feeds an inhomogeneous plane shear wave. The angle that the shear

wave makes with the surface is approximately de�ned by

LS = sin�1(Ref�LSg=kS): (6.74)

Due to the coupling into the shear wave, the leaky wave leaks energy into the medium

and decays in its propagation direction. The lateral wave propagates at an angle of

approximately

L = �SL = sin�1(kP=kS): (6.75)

The artifacts that are especially visible for the lateral wave are due to the Fourier

transform algorithm that is being used.

Fig. 6.12 shows the wave �elds due to a line source on the surface as determined

numerically with the �nite-di�erence time-domain (FDTD) algorithm. Again, a ma-

terial with a Poisson ratio of 0.4 is assumed, and the �elds are plotted 10 milliseconds

after their excitation. Clearly, the �ve di�erent wave types are distinguishable. The

di�erences between the FDTD result and the asymptotic approximation are mainly
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Figure 6.11: Waves due to a point source on the surface. From top to bottom:
shear wave, pressure wave, Rayleigh surface wave, leaky surface
wave, lateral wave.
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6.3 Waves due to a Line Source on the Surface

due to the fact that the asymptotic approximation describes the waves in the far �eld,

whereas the FDTD computations show the waves in the near �eld. Results essentially

identical to the FDTD results have been obtained when integrating Eqs. (6.36) and

(6.37) numerically rather than approximating the integrals asymptotically.

FDTD
Asymptotic

vx vz

0

0

15

15

30

30

45

45

Shear

Lateral

Pressure

Leaky

Rayleigh

Figure 6.12: Finite-di�erence results; comparison to asymptotic solution.

To obtain a better picture of the behavior of the various waves at the surface,

the particle motion due to the di�erent surface waves is analyzed. For this, the wave
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6.3 Waves due to a Line Source on the Surface

�elds of the Rayleigh surface wave, the leaky surface wave and the lateral wave are

computed using Eqs. (6.66){(6.70) for harmonic time-dependence, and hodograms of

the particle motion at the surface are generated. In these hodograms, the vertical

displacement along the surface is plotted versus the horizontal displacement. The

hodograms are shown in Fig. 6.13. As it is well-known, the particle motion due to

a Rayleigh surface wave is retrograde (counterclockwise) in nature (Fig. 6.13 (a)).

This is caused by a phase shift between the horizontal and the vertical displacement

component: the horizontal displacement is leading the vertical component by 90

degrees in phase. The hodogram indicates that the Rayleigh wave does not decay as

it propagates along the surface. The particle motion due to the leaky surface wave

is prograde (clockwise), caused by the horizontal displacement lagging the vertical

displacement in phase (Fig. 6.13 (b)). Clearly, the leaky surface wave decays as it

travels along the surface. For the lateral wave, the displacement components are in

phase, and the hodogram shows a diagonal line (Fig. 6.13 (c)). The lateral wave

also decays as it propagates along the surface. The prograde and retrograde particle

motions of surface waves have also been observed experimentally by, for example,

Smith et al. [68].
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Figure 6.13: Hodograms of the particle motion at the surface. Plots for the
vertical displacement vs. the horizontal displacement for (a) the
Rayleigh surface wave, (b) the leaky surface wave, and (c) the lat-
eral wave.
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CHAPTER 7

Propagation and Scattering of Elastic

Waves in the Ground

In laboratory experiments, inert land mines are buried in a large sand-�lled tank.

Elastic waves are excited, and the displacement of the surface above the mine is

measured using a radar system. To analyze the experimental results, the experiments

are duplicated with the numerical model. In this chapter, results obtained with the

numerical model are presented. The chapter is divided into two main sections. In the

�rst section, the numerical model is used to explore the propagation of elastic waves

along the surface of the ground. In the second section, the interaction of elastic waves

with buried anti-personnel and anti-tank mines is investigated.

For the numerical model, the soil is assumed to be linear, isotropic and lossless.

In that case, the elastic properties of the soil can be completely described by three

independent parameters: the material density, the shear wave speed, and the pres-

sure wave speed. In order to model the soil and its behavior accurately within the

numerical model, these parameters have been measured as a function of depth in the

sand used in the experiments.

The measurements of the material properties and their results are described in

detail in Chapter 9 and shall be summarized only briey at this point. The wave

speeds in the ground have been estimated by burying a vertical array of accelerome-

ters. By using the accelerometers and displacing the transducer, the arrival times of
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Propagation and Scattering of Elastic Waves in the Ground

the wave fronts as a function of depth and distance are determined. From the arrival

times, the wave speeds of the various wave types in the ground can be estimated.

The material density, the pressure wave speed and the shear wave speed as a

function of depth are shown in Fig. 7.1. All three quantities have been found to be

depth dependent. The material density has a value of roughly 1430 kg/m3 at the

surface and increases to about 1670 kg/m3 at a depth of half a meter. The variation

in the material density is due to changes in the water content within the soil. At

the surface, the sand is fairly dry. Within the ground, the water content increases

steadily, until the water table is reached at a depth of about half a meter. The pressure

wave speed and the shear wave speed both also vary with depth. At the surface, a

layer with fairly slow wave speeds exists. Beyond this layer, the wave speeds increase

rapidly. At a depth of half a meter, the pressure wave speed and the shear wave

speed have values of 210 m/s and 130 m/s, respectively.1 The material properties of

all other materials used in the following are summarized in Table 7.1. Note that the

shear wave speed in air is zero, and, consequently, shear waves cannot propagate in

air.

Table 7.1: Material properties.

Shear Wave Pressure Wave Material

Speed Speed Density

cS [m/s] cP [m/s] � [kg/m3]

Plastic 1100 2700 1200

Air 0 330 1.3

Rubber 500 800 1000

1The material properties are measured only to a depth of half a meter and are assumed to be
constant deeper in the ground. This is a vague assumption and probably not true within the water
table, but is justi�able, because, within the frequency range of interest, the variation of the material
properties deeper in the ground will not have a signi�cant impact onto the wave propagation at and
close to the surface.
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Figure 7.1: Variation of the material properties with depth.
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Propagation and Scattering of Elastic Waves in the Ground

In the experiments, the elastic waves are excited by a transducer placed on the

surface of the ground. The transducer foot, which is in contact with the soil, has

the shape of a bar. In the numerical model, the transducer is emulated by exciting

the particle displacement component normal to the surface throughout an area that

approximately equals the shaker foot in size and shape. The motion of the shaker

foot has been measured using accelerometers and has been found to closely resemble a

di�erentiated Gaussian pulse. For all results in this chapter, a di�erentiated Gaussian

pulse with a center frequency of about 450 Hz is used as excitation.

Formally, the particle velocity is excited in the numerical model, and the particle

velocity is computed as a function of time. Due to the linearity of the numerical

model, the velocity �elds due to the excitation of the particle velocity will be equal to

the displacement �elds, if the displacement rather than the velocity is excited. The

model can be viewed as a linear system: the input is the particle velocity excitation,

and the output are the computed particle velocity �elds. If both input and output

are integrated with respect to time, i. e., if transforming both the input and the

output to the particle displacement, the results will not change. In other words, the

particle displacement �elds due to the excitation of the particle displacement with

a di�erentiated Gaussian pulse are equivalent to the particle velocity �elds due to

the excitation of the particle velocity with a di�erentiated Gaussian pulse, because

the displacement is just the time integral of the velocity. In the experiments, the

particle displacement is measured and compared to the particle displacement �elds

as determined with the numerical model.

In the following, results are presented that are obtained with the numerical model

in two and three dimensions. For both, a spacing of 0.5 cm between the nodes of the

�nite-di�erence grid is chosen, which satis�es the 10-nodes-per-wavelength require-

ment as stated in Eq. (4.32) for the frequency range of interest. The time increment

is determined accordingly to satisfy the Courant condition. Because the maximum

time increment according to the Courant condition depends on the maximum wave

speed occurring in the model, di�erent time steps are used for the di�erent studies.
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7.1 Surface Waves

When modeling a mine, the maximum time increment is �t = 1:309 � 10�6 s for the
2-D model and �t = 1:069 � 10�6 s for the 3-D model. To compute the wave �elds

up to 30 ms, roughly 23000 time steps are necessary for the 2-D model and about

28000 for the 3-D model. The computations took about 45 minutes for the 2-D model

(using a grid with 280� 170 cells) on a 400-MHz single-processor PC, and about 92

minutes for the 3-D model (with 294� 50� 70 cells) on a Beowulf computer cluster

containing 28 500-MHz processors connected in parallel.

In this chapter, results obtained with the numerical model will be compared to

experimental measurements. All measurements that are described here have been per-

formed in an indoor laboratory at the Georgia Institute of Technology by W.R. Scott,

G.D. Larson, and J.S. Martin. The measurement procedure is described in more detail

in Chapter 9.

7.1 Surface Waves

Using the numerical model, the propagation of elastic waves in the ground and along

the surface is studied. The simulation space spans a surface area of 1.67 m by 0.8 m

and has a depth of 0.6 m. Two cases are considered: a homogeneous ground and

an inhomogeneous ground. For the homogeneous case, the material properties are

assumed to be constant throughout the ground. For the inhomogeneous case, the

material properties are assumed to exhibit the depth dependence that has been mea-

sured experimentally (see Fig. 7.1).

First, the elastic wave propagation is determined assuming the ground to be

homogeneous. The material density in the ground is set to 1400 kg/m3, and the

pressure wave speed and the shear wave speed are 250 m/s and 87 m/s, respectively.

Fig. 7.2 shows waterfall graphs of the vertical particle displacement at the surface as

measured experimentally and as determined numerically. In these graphs, the vertical

particle displacement at a number of points along a line on the surface is plotted as

a function of time. The time traces are o�set along the vertical axis by the distance
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7.1 Surface Waves

from the source. The source is located at x = 0 m. Due to the fact that distance is

plotted vs. time, the slopes of the progressing waves in the graph indicate the wave

speeds. Thus, by determining the slope, the di�erent wave types can be distinguished.

A large slope corresponds to a fast wave, whereas a small slope indicates a slow wave.

(a) (b)

0.2

0.4

0.6

0.8

1

1.2

D
is

ta
n

ce
[m

]

0 010 1020 20

Time [ms] Time [ms]

T1 T2

S

LS R LS R

Figure 7.2: Waterfall graphs of the vertical particle displacement on the surface
according to (a) experiment and (b) numerical simulation. The
ground is assumed to be homogeneous in the numerical model.

The numerical model predicts two types of waves at the surface, indicated by

LS and R (Fig. 7.2 (b)). The faster wave (LS) decays quickly. Its speed is determined

from the graph to be roughly 180 m/s. The slower wave (R), on the other hand, barely

decays, indicating that its energy is con�ned to the surface. This wave corresponds

to the Rayleigh surface wave. From the graph, the average speed of the Rayleigh
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7.1 Surface Waves

wave comes out to be approximately 80 m/s. The experimental result (Fig. 7.2 (a))

looks quite di�erent. A third type of wave is observed, having a wave speed along

the surface larger than the Rayleigh wave, but slower than the fast wave. Also,

the Rayleigh wave in the experiment is seen to be dispersed as it propagates along

the surface, an e�ect that is not predicted by the numerical model if the ground is

assumed to be homogeneous.

To distinguish and explain the waves that are observed on the surface of the

ground, the particle displacement beneath the surface is studied. Fig. 7.3 shows

the vertical particle displacement on the surface and on a cross section through the

ground as computed with the numerical model. Again, the ground is assumed to

be homogeneous. Pseudo-color plots are used to represent the wave �elds, with a

logarithmic scale ranging from red (0 dB) to blue (�50 dB). The wave �elds are

shown at two instants in time, T1 and T2, corresponding to the vertical lines in

Fig. 7.2 (b). The source is located on the surface, to the left of the plot. At T1,

a Rayleigh surface wave (R), a shear wave (S) and a pressure wave (P) are seen to

propagate. On the cross section an additional surface wave (LS) is observed. This

surface wave corresponds to the leaky surface wave that has been discussed in length

in Chapter 6. It travels along the surface with a wave speed faster than the shear

wave, but slower than the pressure wave. Because it is faster than the shear wave, the

leaky surface wave couples into a plane shear wave. Due to these coupling e�ects, the

leaky surface wave decays rapidly in its propagation direction. On the surface plane,

the leaky surface wave is clearly visible, whereas the pressure wave is not recognizable

on the 50-dB scale. This suggests that the fast wave that has been observed in Fig. 7.2

in both experiment and numerical simulation corresponds to the leaky surface wave.

At a later time, at T2, the waves have propagated farther. The leaky surface wave has

mainly decayed, and the pressure wave has left the range of the plot. On the surface

only the Rayleigh wave is visible, whereas on the cross section both the Rayleigh wave

and the shear wave are evident.

In Chapter 6, the elastic waves at and close to the surface have been determined
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Figure 7.3: Normal particle displacement on the surface (top) and on a cross
section through the ground (bottom). The ground is assumed to
be homogeneous. T1 and T2 correspond to the vertical lines in
Fig. 7.2 (b).
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7.1 Surface Waves

analytically. It has been found that a leaky surface wave, similar to the one observed

in Fig. 7.3, will be excited by a line source on the surface of the ground. The leaky

surface wave will cause a prograde particle motion on the surface, distinguishing it

from the Rayleigh surface wave, which causes a retrograde motion. To verify this for

the results shown in Fig. 7.3, the particle motion due to the waves on the surface

is analyzed. In Fig. 7.4, the particle displacement is plotted at one point on the

surface (60 cm from the source) as a function of time. Two hodograms are shown

beneath the graph. In these hodograms, the vertical displacement is plotted versus

the horizontal displacement and, thus, the actual particle motion is traced. The

hodogram on the left describes the leaky surface wave, the hodogram on the right

corresponds to the Rayleigh surface wave. As predicted, the leaky surface wave

describes a prograde (clockwise) motion, whereas the Rayleigh surface wave causes a

retrograde (counterclockwise) motion. The prograde particle motion is caused by the

vertical displacement leading the horizontal displacement in phase. The retrograde

motion, on the other hand, is due to the vertical displacement lagging behind in

phase. Note that the pressure wave arrives prior to the leaky wave (see the magni�ed

portion in Fig. 7.4). Both the pressure wave and the leaky wave are much weaker on

the surface than the Rayleigh wave. The particle motion due to the pressure wave is

linear, i. e., the horizontal and vertical component are in phase.

Experimental observations indicate that the Rayleigh wave is dispersed as it

propagates along the surface. This e�ect is believed to be mainly due to the material

properties in the ground varying with depth. The Rayleigh wave decays exponen-

tially into the ground. The rate of decay depends on frequency: high-frequency

components will decay fairly quickly, whereas low-frequency components reach deep

into the ground. If the material properties vary with depth, the di�erent frequency

components will experience di�erent material properties and, thus, di�erent wave

speeds. Consequently, the Rayleigh wave is dispersed.

Fig. 7.5 shows results that are obtained when implementing the depth variation

that has been measured for the soil used in the experiments. Both in the experiment
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Figure 7.4: Top: particle motion on the surface at a distance of 60 cm from
the source as a function of time. Bottom: vertical vs. horizontal
displacement for the leaky surface wave and the Rayleigh surface
wave. Homogeneous case.

129
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and in the numerical model, three types of waves are observed, indicated by LS, S

and R. The fastest wave of the three, the leaky surface wave (LS), decays quickly.

Its speed is determined to be approximately 180 m/s. The second-fastest wave (S)

has a speed of roughly 120 m/s and is fairly weak at the surface. Its origin cannot

be clearly identi�ed from this graph. The slowest wave is the Rayleigh surface wave

(R) with a wave speed of about 80 m/s. Clearly, the Rayleigh wave is dispersed

as it propagates. The agreement of experiment and numerical simulation is fairly

good. The di�erences in Fig. 7.5 are believed to be mostly due to non-linear e�ects

occurring in the sand. The non-linearities dampen the high-frequency components

and, in this way, cause the pulse to broaden and to change in shape. By decreasing

the amplitude of the excitation in the experiment, the agreement of experiment and

numerical simulation can be improved. However, the signal-to-noise ratio of the radar

output in the experiment will also decrease and, thus, the noise content of the data

will increase.

Fig. 7.6 shows the vertical particle displacement on the surface and on a cross

section through the ground as computed with the numerical model for the inhomo-

geneous ground. The wave �elds are shown at two instants in time, T1 and T2. It

is evident that, by assuming the material properties in the ground to be inhomoge-

neous, the wave �elds within the ground are signi�cantly altered. At T1, the Rayleigh

surface wave (R), the shear wave (S), the pressure wave (P) and the leaky surface

wave (LS) are seen. As suggested by the depth pro�le, the shear wave is faster within

the ground than for the homogeneous case. At a later time, at T2, the leaky surface

wave has decayed. Due to the rapid increase of the shear wave speed beyond the

surface layer, a portion of the shear wave is refracted back towards the surface, and a

guided shear wave arises. It is this guided shear wave that is the second wave evident

at the surface in Fig. 7.5. The guided shear wave is strongly visible at the surface. It

is faster than the Rayleigh surface wave, but slower than the shear wave within the

ground.

In Fig. 7.7, the particle motion due to the waves on the surface is analyzed for
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Figure 7.5: Waterfall graphs of the vertical particle displacement on the surface
according to (a) experiment and (b) numerical simulation. The
material properties in the numerical model are assumed to vary
with depth.
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Figure 7.6: Normal particle displacement on the surface (top) and on a cross
section through the ground (bottom). T1 and T2 correspond to the
vertical lines in Fig. 7.5 (b). Depth-varying material properties are
assumed.
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7.2 Interaction of Elastic Waves with Buried Land Mines

the inhomogeneous case. The particle displacement is again plotted at one point on

the surface (60 cm from the source) as a function of time. As for the homogeneous

case, the leaky surface wave causes a prograde particle motion, whereas the Rayleigh

surface wave induces a retrograde motion. The guided shear wave is clearly visible. It

arrives ahead of the Rayleigh wave and has a predominantly vertical particle motion.

7.2 Interaction of Elastic Waves with Buried Land

Mines

The interaction of elastic waves with buried land mines is to be investigated. For

this, the mine-wave interaction is computed with the numerical model both in 2-D

and in 3-D and compared to experimental results.

In the experimental system, the waves are excited from a transducer on the

surface and detected by a radar system mounted above the surface. Fig. 7.8 shows a

schematic drawing of two possible set-ups for such a system. In the �rst set-up, the

waves are excited by a transducer (the Source) and recorded by an array of receivers

placed at some distance from the transducer (top of Fig. 7.8). The array consists of

a number of receivers, which simultaneously record their signal, yielding a fast scan

rate and a small detection time. In another set-up, the array is realized as a synthetic

receiver array. Hence, only one receiver is moved across the surface and records the

signal that is excited repeatedly from the transducer. This second set-up (bottom

of Fig. 7.8) yields a much more cost-e�ective system, but prolongs the scan time

enormously. Currently, the second set-up is implemented in the experimental sensor

system [14, 12]. A radar is used as receiver. The radar scans across the surface and

measures the displacement of the surface as a function of time.

To investigate the interaction of elastic waves with a buried anti-personnel mine,

a very simple model is used to approximate the mine's structure within the numerical
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Figure 7.7: Top: particle motion on the surface at a distance of 60 cm from
the source as a function of time. Bottom: vertical vs. horizontal
displacement for the leaky surface wave and the Rayleigh surface
wave. Depth-varying material properties are assumed.
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Source Receiver Array

Source Synthetic Receiver Array

Figure 7.8: Schematic drawing of possible set-ups for the experimental system.

model. Fig. 7.9 shows the simple mine model, together with a simpli�ed cross sectional

drawing and a photograph of a TS-50 anti-personnel mine. The simple mine model

consists of a large plastic chamber, and a small air-�lled chamber. In the cubic �nite-

di�erence grid, the cylindrical shape of the mine is approximated by cubes, leading

to the stair-case form evident in Fig. 7.9. The air-�lled chamber is inserted into the

model to approximate the structure of the TS-50 mine. A real land mine has a fairly

complex structure, containing explosives, a trigger mechanism and several chambers.

7.2.1 2-D Analysis

As a �rst approach, the 2-D model is used to study the interaction of elastic waves

with a buried anti-personnel mine. The model for the mine used in the 2-D model, as
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Figure 7.9: Simple model for the TS-50 anti-personnel mine; cross-sectional
drawing and photograph of a real TS-50 mine.
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shown in Fig. 7.10, is the 2-D projection of the 3-D mine model. The mine is buried

2 cm beneath the surface of the ground, at a distance of 60 cm from the source. A

point source placed on the surface excites the vertical particle displacement using a

di�erentiated Gaussian pulse with a center frequency of 450 Hz. The elastic wave

�elds are computed on a grid containing 280 by 170 cells, including a PML with a

thickness of 10 cells and, consequently, yielding an e�ective solution space of 130 cm

by 80 cm. For the 2-D model, the material properties in the ground are assumed to

be homogeneous: � = 1400 kg/m3, cP = 250 m/s, and cS = 87 m/s.

60 cm

8 cm

4 cm
2 cm

Source Mine

Figure 7.10: 2-D model for an anti-personnel mine.

Figure 7.11 shows the elastic wave �elds on a cross section through the ground

as computed with the 2-D model. As earlier, the vertical particle displacement is

plotted using a logarithmic color scale with a dynamic range of 50 dB. The wave

�elds are shown at four di�erent times. At T1, a pressure wave (P), a shear wave (S),

a Rayleigh surface wave (R) and a leaky surface wave (LS) are observed. The pressure

wave, the fastest of the waves, just hits the mine. At T2, the Rayleigh wave (R) has

reached the mine. At T3, the incident waves are seen to be scattered. Cylindrical

wave fronts arise. Scattered Rayleigh waves as well as shear waves are induced. At

T4, the incident waves have passed the mine. However, some energy appears to be

trapped above the mine, and continuous resonant oscillations occur. Due to these

oscillations, waves are radiated from the mine location.
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Figure 7.11: Interaction of elastic waves with a buried anti-personnel mine; 2-D
results.

138



7.2 Interaction of Elastic Waves with Buried Land Mines

To explore the origin of the resonance and its nature, the mine is elongated

within the numerical model, as shown in Fig. 7.12. The modi�ed mine model has

a length of 54 cm and an air chamber that is 50 cm long. Fig. 7.13 shows the

54 cm

50 cm

2 cm

3 cm

1 cm

Air

Plastic

Ground

Figure 7.12: Model to determine the nature of the resonance: elongated mine.

vertical particle displacement on the surface in a waterfall graph as obtained with the

modi�ed model. A leaky surface wave (LS) and a Rayleigh wave (R) are seen to be

incident on the mine. Both waves hit the mine and are partially reected and partially

transmitted. Above the mine, a complex pattern of propagating waves arises. This

can be explained as follows. When the incident waves interact with the mine, they

couple primarily into three di�erent wave portions: into reected waves (rR), into

waves which are transmitted through the plastic body underneath the air chamber

(M), and into waves which propagate within the thin soil layer between the surface

and the air chamber (L and TF). Because the plastic body lies underneath the air

chamber, the waves transmitted through the plastic are not visible on the surface.

This is evident in Fig. 7.13: a wave arises beyond the mine, apparently without being

caused by any wave visible on the surface above the mine. The path the wave takes

through the plastic is indicated by M. The Rayleigh wave couples a signi�cant amount

of energy into the thin layer above the air chamber. Two di�erent kinds of waves
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arise within the thin layer: a longitudinal wave (L) and a transverse exural wave

(TF). The longitudinal wave is the faster one of the two. It propagates within the

thin layer between surface and air chamber (L), is reected at the edge of the air

chamber, travels back within the layer and is reected again. The transverse exural

wave also travels within the layer between surface and air chamber (TF), is reected,

travels back and is again reected. Note that the exural waves are almost completely

reected at the edges of the air chamber, and the energy remains within the thin layer

above the mine. Figure 7.14 explains schematically the paths the various waves follow

through and around the mine.

Using the modi�ed model, the resonant behavior of the mine in the numerical

model can be explained. When the waves interact with the mine, they are partially

reected and partially transmitted. However, a large portion of the energy couples

into longitudinal and transverse-exural waves in the thin soil layer above the mine.

Due to the small size of the mine, these waves form standing waves, giving rise to the

resonant oscillations observed in Fig. 7.11.

From the slopes of the traveling waves in Fig. 7.13, the wave speeds of the longi-

tudinal wave (L) and the transverse exural wave (TF) are approximately determined

to be cL � 160 m/s and cTF � 50 m/s, respectively. A simple theory for waves propa-

gating in a thin plate with clamped edges predicts the wave speeds of the longitudinal

wave to be [58]

cL =

 
E

�(1� �2)

!1=2

; (7.1)

and the wave speed of the transverse exural wave to be

cTF =

vuuth!
 

E

12�(1� �2)

!1=2

; (7.2)

where E and � are Young's modulus and Poisson's ratio (see Appendix D); � is the

material density, and h is the thickness of the thin plate. For the longitudinal wave,

this yields a wave velocity of cL = 163 m/s. For the transverse exural wave with

a center frequency fc = 450 Hz and a plate thickness of h = 2 cm, a wave speed of
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wave (L) and a transverse exural wave (TF) in the thin plate
above the mine and into a wave passing through the plastic body
of the mine (M).
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cTF = 52 m/s is predicted. This is in good agreement with the wave speeds obtained

from the numerical simulation. Note that the wave speed of the transverse exural

wave is dependent on frequency, while the speed of the longitudinal wave is not. Thus,

the transverse wave is strongly dispersive. The dispersion of the transverse exural

wave can be clearly seen in Fig. 7.13.

7.2.2 3-D Analysis

The experimental model is inherently three-dimensional, and, thus, a 3-D model is

needed to adequately simulate the experiments. Using the 3-D model, the interaction

of elastic waves with buried mines is investigated as a function of burial depth, and

the results obtained with the numerical model are compared to experimental results.

Anti-Personnel Mine

With the 3-D model, the wave �elds are computed throughout a solution space with

a surface area of 1.67 m by 0.8 m and a depth of 0.4 m. The mine model as shown in

Fig. 7.9 is used, and the numerical results are compared to experimental results. Both

in experiments and numerical simulations, the mine is placed at a distance of 97 cm

from the source. The material properties are assumed to vary with depth according

to Fig. 7.1.

Fig. 7.15 shows pseudo-color plots of the vertical particle displacement on the

surface plane (top) and on a cross section through the ground (bottom). The color

scale ranges from red (0 dB) to blue (-50 dB). The wave �elds are shown at four

instants in time. The mine is placed 2 cm beneath the surface. At T1, the guided

shear wave (S) just hits the mine. On the cross section, the shear wave (S) and the

Rayleigh wave (R) are seen. The leaky surface wave is faintly visible on the surface

plane (LS). The pressure wave has already left the range of the plot. At T2, the

Rayleigh wave has reached the mine. Scattered cylindrical wave fronts appear at the

surface, which are reections from the incident guided shear wave. At T3, scattered
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Figure 7.15: Interaction of elastic waves with a buried anti-personnel mine;
pseudo color plots of the normal particle displacement on the sur-
face (top) and on a cross section through the ground (bottom) at
four instants in time.
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waves from both the guided shear wave and the Rayleigh wave are visible. The leading

wave fronts are reections from the incident guided shear wave. The strong waves

that follow are due to the Rayleigh wave. At T4, resonant oscillations are visible at

the location of the buried mine. In cylindrical wave fronts, energy is radiated out.

As observed with the 2-D model, the resonant oscillations are con�ned to the thin

soil layer above the mine. Due to these oscillations, the mine location can be clearly

identi�ed on the surface.

To compare numerical to experimental results, the vertical surface displacement

is plotted in a set of waterfall graphs. Fig. 7.16 shows these waterfall graphs for (a)

experimental and (b) numerical results. Mines at four di�erent depths are considered,

at 1 cm, 2 cm, 3 cm, and 6 cm (from left to right). The mine, indicated by the gray

shading, is located at a distance of 97 cm from the source. For the mine at 1 cm, strong

oscillations are visible at the mine location. In the experiment, the amplitude of the

oscillations appears larger, but the oscillations decay faster than in the numerical

simulation. For the mines at 2 and 3 cm, the oscillations are weaker, but still clearly

visible. For the mine at 6 cm, the oscillations are very weak and cannot be seen in

this graph. However, by applying signal processing techniques the e�ects of the mine

can be enhanced, making it easier to locate the buried mine [12].

The agreement between the numerical and experimental results is surprisingly

good considering the uncertainties of the material parameters for the ground in the

experimental model and the simpli�cations made in the numerical model. For the

numerical model, it has been shown with the 2-D model that the oscillations at the

mine location are caused by the incident waves coupling into exural waves in the

thin soil layer above the mine. These exural waves are con�ned to the thin layer

and form a standing wave pattern, giving rise to the resonant oscillations. As the

burial depth of the mine is increased, the soil layer becomes thicker, causing the

exural waves to be dampened, because more energy is radiated out. The resonance

in the experimental results has a more complex shape. In the experimental model,

the resonance is strongly inuenced by the resonant behavior of the actual buried
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Figure 7.16: (a) Experimental results for a buried TS-50 anti-personnel mine
and (b) numerical results for a simple anti-personnel mine model;
waterfall graphs of the vertical particle displacement on the surface.
Land mine buried at 1 cm, 2 cm, 3 cm, and 6 cm (from left to right).
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mine. A TS-50 mine has several chambers, it has a exible case that can support

both exural and longitudinal waves, and it contains springs that can also give rise to

resonances. Furthermore, the soil above the mine might act in a strongly non-linear

way, thus altering the shape of the resonance.

To compare the interaction of the elastic waves with a buried mine to, for ex-

ample, the interaction with a buried rock, a solid body is inserted into the numerical

model. The body has a spherical shape and a diameter of 8 cm. Its properties are

assumed to be the same as the ones of plastic (see Table 7.1). The results are shown

in Fig. 7.17 in some pseudo-color plots for the sphere buried 2 cm beneath the surface

and in Fig. 7.18 in some waterfall graphs for the sphere at di�erent depths. When

the incident waves interact with the solid sphere, reections occur which have about

the same strength and shape as the reections that have been observed for the buried

anti-personnel mine. However, no continuous oscillations are visible at the location

of the sphere, thus clearly distinguishing the solid body from the buried mine. Very

similar results have also been observed experimentally.

Anti-Tank Mine

Next, the interaction of elastic waves with an anti-tank mine is to be analyzed.

Fig. 7.19 shows a simple model for an anti-tank mine and a photograph of a VS

1.6 mine. The mine has a diameter of about 23 cm and, thus, is substantially larger

than the anti-personnel mine. The simple mine model contains three parts: a large

plastic body, an air-�lled chamber, and a rubber plate simulating the pressure plate

of the mine.

In Fig. 7.20, the interaction of elastic waves with an anti-tank mine is shown in

some pseudo-color plots. The mine is buried 4 cm beneath the surface, and its center

is placed at a distance of 77 cm from the source. As before, a logarithmic color scale

with a dynamic range of 50 dB is used. As for the anti-personnel mine, the incident

waves are seen to be scattered by the anti-tank mine. Upon incidence onto the mine,

the waves are partially transmitted and partially reected. The incident guided shear
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Figure 7.17: Interaction of elastic waves with a buried spherical object; pseudo
color plots of the normal particle displacement on the surface (top)
and on a cross section through the ground (bottom) at four instants
in time.
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Figure 7.18: Numerical results for a buried sphere; waterfall graphs of the ver-
tical particle displacement on the surface. Sphere buried at 1 cm,
2 cm, 3 cm, and 6 cm (from left to right).
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Figure 7.19: Simple model for the VS 1.6 anti-tank mine; schematic picture of
the model and photograph of a VS 1.6 mine.
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wave (at T1) and the Rayleigh surface wave (at T2) couple into the thin soil layer

above the mine. The pattern of waves that arises above the mine and the shape of

the radiated wave fronts are fairly complex. The waves above the mine, rather than

forming standing waves, propagate in the thin layer and radiate energy as they travel

back and forth across the layer.

Fig. 7.21 shows waterfall graphs according to experimental measurements and

numerical simulations. The location of the mine is indicated by the gray shading.

The mines are buried at four depths: at 2 cm, 4 cm, 6 cm and 10 cm (from left

to right). For the mine at 2 cm and 4 cm, the interaction with the elastic waves is

strong. At the mine location, a complex pattern of waves traveling back and forth

above the mine is visible. This can be explained by using the argument given before

to interpret the oscillations observed for an anti-personnel mine. The incident wave

partially couples into exural waves in the thin soil layer above the mine. For the

anti-personnel mine, these exural waves formed a standing wave pattern. For the

larger anti-tank mine, however, the exural waves propagate in the thin layer, are

reected at the edge of the mine, propagate back, are again reected at the other edge

of the mine, and so forth. Due to the large size of the anti-tank mine, the waves do

not form standing waves, but are propagating back and forth. For the anti-tank mine

at 2 cm, the exural waves are almost completely reected at the edges of the mine

and are con�ned to the soil layer. For the mine at 4 cm, more energy leaks out of the

thin layer and is radiated away. And for the mine at 6 cm, the waves are reected

only very weakly at the mine's edges. For the mine at 10 cm, barely any interaction

of the incident waves with the buried mine is visible. The results of experimental

measurements and numerical simulations are in fairly good agreement. The waves

above the mine in the numerical results seem to travel faster than in the experimental

results. This may be due to the depth pro�le of the shear wave speed being especially

inaccurate close to the surface, and to the sand behaving in a strongly non-linear

way at the surface. However, in spite of all uncertainties in the characterization of

the soil and the simplicity of the mine model, the same qualitative behavior for the
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Figure 7.20: Interaction of elastic waves with a buried anti-tank mine; pseudo
color plots of the normal particle displacement on the surface (top)
and on a cross section through the ground (bottom) at four instants
in time.
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interaction of the elastic waves with the buried mine is observed in experiment and

numerical model.

7.3 Mines in the Presence of Clutter

One of the most crucial requirements for a land mine detection system is the capability

to accurately di�erentiate buried mines from surrounding clutter objects. In the

last section it has been shown that resonant oscillations occur at the location of

a buried mine, when the mine interacts with elastic waves. These resonant e�ects

can be used to enhance the mine's signature, because the resonance appears to be

inherent to minelike objects. It has also been shown that buried rocks will not exhibit

such resonant oscillations. However, the scattering e�ects from buried rocks are

comparable to those from buried mines, and the presence of rocks might signi�cantly

alter the response from the buried mines.

To explore the behavior of mines in the presence of clutter, the interaction of

elastic waves with various mines being surrounded by rocks is computed. Fig. 7.22

shows schematically the con�guration of mines and rocks in the ground and indicates

their sizes and burial depths. The circles indicate the mines, the rectangles mark the

rocks. Four anti-personnel mines are modeled surrounding an anti-tank mine. The

mine closest to the source has a diameter of 6 cm and represents a small anti-personnel

mine. Its distance to the source is 72 cm. The other three anti-personnel mine have

a diameter of 8 cm and lie at distances of 92 cm and 112 cm from the source. The

anti-tank mine, at the center of the scenario, has a diameter of 23 cm. The rocks,

surrounding the mines, are cuboids with dimensions of 6 cm by 8 cm by 4 cm and lie

at di�erent tilt angles with respect to the source. Note that the rock in the lower left

corner is tilted by 30Æ with respect to the surface plane.

Fig. 7.23 illustrates the interaction of the elastic waves with the buried mines

and the rocks. In pseudo-color plots, the vertical particle displacement on the surface

plane is plotted at four times. The source lies to the left of the plots. At T1, the
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Figure 7.21: (a) Experimental results for a buried VS 1.6 anti-tank mine and
(b) numerical results for a simple anti-tank mine model; waterfall
graphs of the vertical particle displacement on the surface. Land
mine buried at 2 cm, 4 cm, 6 cm, and 10 cm (from left to right).
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Figure 7.22: Con�guration of the mines and rocks in the ground; the rectan-
gles indicate the rocks, the circles indicate the mines. The boxed
numbers correspond to the burial depths.

guided shear wave interacts with the mine and the two rocks closest to the source and

is scattered. The leaky surface wave, although weak, has already reached the mine at

the far right. At T2, the Rayleigh surface wave has arrived at the mine closest to the

source. The guided shear wave has passed the anti-tank mine and is seen to strongly

interact with all mines. At T3, the Rayleigh wave has reached the mine farthest from

the source. Resonant oscillations are excited at all mines. At T4, the incident waves

have passed the mine formation. Due to the resonant oscillations, the anti-personnel

mines are clearly discernible on the surface. The interaction of the waves with the

buried mines strongly dominates over the interaction with the clutter. The locations

of the mines can be easily identi�ed, whereas the clutter objects are not apparent on

the surface.

The anti-personnel mines can easily be distinguished from their surroundings,

because resonant oscillations occur at the locations of the buried mines, visible as

bright spots on the surface. From Fig. 7.23, however, the location of the anti-tank

mine cannot be easily identi�ed. Obviously, the interaction of the incident waves with
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Figure 7.23: Interaction of elastic waves with four anti-personnel mines, one anti-
tank mine and four rocks buried in the ground; pseudo color plots
of the normal particle displacement on the surface at four instants
in time.
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the anti-tank mine is strong. But, as explained earlier, due to the substantially larger

size of the anti-tank mine compared to the anti-personnel mines, no resonant oscilla-

tions occur at the mine location, but rather a pattern of exural waves propagating

back and forth above the mine. To facilitate the localization of the buried mines,

an imaging algorithm has been developed by A. Behboodian et al. which forms an

image by, in simple words, summing the energy of the back-scattered waves at each

spatial position [77]. Fig. 7.24 shows the image that results when the algorithm is

applied to the numerically computed data and compares it to experimental results

for a similar set-up [78]. A dynamic range of 30 dB is used. For the experimental

results, an M-14, a TS-50, a VS-50 and a PFM-1 anti-personnel mine were buried

around a VS 1.6 anti-tank mine. In the image formed from the numerical data, the

locations of the �ve mines are accurately predicted. The response of three of the �ve

mines in the numerical data, however, is weaker than in the experimental data. For

the anti-tank mine, the image shows the strongest response in both numerical and

experimental data at the back-end of the mine. This is due to the reections of the

incident waves being strongest at the back of the mine, an e�ect that has also been

observed earlier in Fig. 7.21.

7.4 A Moving-Source/Moving-Receiver System

In the previous sections, a detection system has been investigated in which the source

was at rest and either a stationary receiving array or a synthetic array with a moving

receiver was used. Ultimately, this system will be mobile, scanning step by step

across the potential mine �eld. For a mobile sensor, other con�gurations, however,

are possible. Fig. 7.25 shows schematically a mine detection system in which both

the source and the receiver are moving. In this system, a constant distance between

source and receiver is maintained, while the source-receiver unit scans across the

surface of the ground.

To investigate such a moving-source/moving-receiver system, the system is sim-
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(a)

(b)

Figure 7.24: Image formed from the interaction of elastic waves with the buried
mines using an imaging algorithm; (a) numerical data, (b) exper-
imental data. The image describes a surface area of 120 cm by
80 cm.
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Source Receiver

Figure 7.25: Schematic drawing of the moving-source/moving-receiver system.

ulated with the numerical model. For this, a point source is placed on the surface and

excites elastic waves. The normal particle displacement is excited using a di�erenti-

ated Gaussian pulse with a center frequency of 450 Hz. At some distance from the

source, the vertical particle displacement is recorded at one point, i. e., at the receiver

location, as a function of time. Then, the source is moved by an incremental distance,

and so is the receiver location. Each time trace is plotted and vertically displaced

by the receiver location relative to the buried land mine. A waterfall graph arises, in

which the vertical displacement is plotted as a function of time for all source/receiver

positions.

Fig. 7.26 shows waterfall graphs for a moving-source/moving-receiver system

with di�erent distances between the source point and the receiver location. The

distances between source and receiver are 0 cm, 10 cm, 20 cm, and 30 cm (from left to

right). In the graphs, the time traces of the received signal are vertically displaced by

the distance from the receiver to the center of the mine. Thus, a value of 0 cm on the

vertical axis indicates that the receiver is directly above mine. Two sets of waterfall

graphs are shown: in the �rst the results are scaled so that the maximum peak value

of the �rst time trace is equal in all graphs, whereas in the second the results are not

scaled. In the second set, the peaks for the 0 cm and 10 cm cases are clipped, because

the maximum would otherwise exceed the range of the plot. Each waterfall graph

exhibits three di�erent kinds of waves, corresponding to di�erent signal paths from

the source to the receiver. One path is the direct path (D) and corresponds to the

elastic waves that are excited by the source and propagate directly to the receiver.
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In general, this is the strongest signal picked up by the receiver. The direct path is

a straight line in the waterfall graphs, because the distance from source to receiver

is constant and, thus, the propagation time from source to receiver is independent

of the receiver location. Another path is the reected path (R). The incident waves

propagate towards the buried mine, are reected by the mine and are then recorded

by the receiver. Because the receiver detects the surface motion, the reected waves

will primarily be Rayleigh surface waves. The reected signal describes diagonal lines

in the waterfall graphs, because, dependent on the receiver location with respect to

the mine, the time the signal takes to travel between mine and receiver varies. The

signal that is received via the reected path contains the reection from the mine as

well as the waves that are radiated due to resonant oscillations excited at the mine

location. From the slope of the reected signal in Fig. 7.26, the wave speed of the

reected waves is determined to be approximately 80 m/s, and, thus, agrees with

the Rayleigh wave speed. When the receiver location or the source location coincide

with the position of the buried mine, strong resonant oscillations are recorded by the

receiver. If the receiver is at the mine location, it will pick up the oscillations excited

at the mine and thus will receive a strong signal, stronger than any reections or

radiated waves that the receiver records apart from the mine. If the source is at the

mine location, it primarily will excite the resonant oscillations at the mine, yielding

an enhanced resonance. Due to the enhanced resonance, the radiation from the mine

will be increased, which again leads to a strong signal that is recorded at the receiver

location. As visible in Fig. 7.26, the system is reciprocal: the location of source

and receiver are interchangeable, and it does not matter, whether the source or the

receiver are located at the mine location. The received signal will in both cases be

the same. If the distance between source and receiver is zero (left in Fig. 7.26), strong

resonant oscillations are visible at the mine location. If the distance between source

and receiver is increased, the resonant oscillations appear at two distinct receiver

locations: once when the receiver is above the mine, and once when the source is

above the mine. The reected signal is not visible in between these two resonant
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signals. When the results are scaled according to their maximum (as in (a)), the

reected waves disappear if the source-receiver distance is zero. This is due to the

enhanced resonance picked up by the receiver at the mine location. If the results

are not scaled, it is evident that the reected waves in each case have the same

strength. Note that, due to the depth variation in the ground, the pulse disperses as

it propagates along the surface, and thus the received pulse changes in shape as the

distance from the source to the receiver is increased.

Fig. 7.27 explains schematically the paths the signal takes. If source and receiver

are both on the same side of the mine (as in 1 and 3), the receiver will pick up the

signal via the direct path (D) and via the reected path (R). If source and receiver

are on opposite sides of the mine (as in 2), the receiver will record the direct path, but

the signal induced by the reections and the radiation from the mine will be weak.

This is clearly visible in Fig. 7.26.
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Figure 7.26: Moving-source/moving-receiver system; water fall graphs of the ver-
tical particle displacement at the receiver location; for four dis-
tances between source and receiver: 0 cm, 10 cm, 20 cm, 30 cm
(from left to right). (a) Scaled to the maximum value of each graph;
(b) not scaled. The peaks in (b) are clipped for the 0 cm- and the
10 cm-case.
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Figure 7.27: Signal paths for three positions of the source-receiver system.
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CHAPTER 8

Modeling of Resonant Structures: the

Resonance Behavior of a Buried Land

Mine

In experimental and numerical studies, resonant oscillations have been observed at

the location of a buried land mine, when the mine is excited by elastic waves. These

resonant e�ects have occurred for mines of di�erent types, shapes and sizes, including

anti-personnel and anti-tank mines. The resonance signi�cantly enhances the signa-

ture of a buried mine and clearly distinguishes it from surrounding clutter objects.

In the previous chapter, a very simple model has been used to compute the inter-

action of elastic waves with a buried anti-personnel mine on a large scale. Although

the mine model is very simple, it predicts resonant oscillations at the location of the

buried land mine that are qualitatively very similar to the oscillations observed in

the experiments. It has been shown that the resonant oscillations in the numerical

model are due to exural waves being trapped in the thin soil layer above the mine.

While this explains the resonance for the numerical model, it gives only one possible

cause for the resonance of an actual mine. An actual mine contains explosives, various

air chambers, a triggering mechanism, and a exible case. All these components of

the mine might have a signi�cant impact on the mine-wave interaction. Therefore,

to investigate the resonant behavior in more detail, a re�ned mine model must be

developed that more closely approximates the structure of an actual mine.
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8.1 Discretization of Elastic Objects

This chapter is divided into two sections. In the �rst section, the results of a

preliminary study are presented. In this study, the necessary spatial discretization is

determined that is required to simulate the resonant behavior of mechanical structures

accurately with the numerical model. In the second section, a re�ned mine model is

introduced to study the resonance at the location of a buried mine as a function of

burial depth and material properties.

8.1 Discretization of Elastic Objects

A re�ned mine model will have to incorporate the details of the mine. Thus, the new

model will require a much �ner discretization than used previously in the numerical

model. To investigate how �ne the structural details of the mine must be discretized to

model their elastic behavior accurately, the resonant frequencies of various mechanical

objects are computed as a function of the spatial discretization in the numerical model.

Results are presented for a long thin bar, a thin circular plate and a tuning fork.

8.1.1 Long Thin Bar

The long thin bar is shown in Fig. 8.1 as discretized within the numerical model. It

has a length of 20 cm and a cross section of 1 cm by 1 cm. Its material properties are

assumed to be those of plastic: � = 1200 kg/m3, cP = 2700 m/s, and cS = 1100 m/s.

In Fig. 8.1, a grid spacing of 0.5 cm is assumed, yielding a discretization of 2 cells

across the width of the bar. Using the numerical model, the resonant frequencies of

the bar in air are determined in the range up to 1.5 kHz and are compared to results

from a simple analytical theory.

The resonant frequencies for the exural modes of a long thin bar can be calcu-

lated analytically using the simple Bernoulli-Euler theory for long thin rods [58, 79].

The Bernoulli-Euler theory is an approximate theory, because it neglects the e�ects

of shear deformations and the rotary inertia of the bar. It will predict the resonant
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1 cm

20 cm

Figure 8.1: Long thin bar.

frequencies accurately only for the low-frequency harmonics, i. e., if the harmonic

wave length is much larger compared to the width of the bar. For higher harmonics,

the Bernoulli-Euler theory will signi�cantly overestimate the resonant frequencies.

For a bar with free ends, the Bernoulli-Euler theory predicts the resonant fre-

quency of the i-th harmonic to be [79]

fi =
K

2�l2

s
E

�
(�il)

2; (8.1)

where K is the radius of gyration (equal to the height of the bar divided by
p
12 for

a bar with a rectangular cross section), l is the length of the bar, and E is Young's

Modulus (see Appendix D). The transverse wave number �i is the solution to a

transcendental equation and is given in Table 8.1 for the �rst two harmonics.

Table 8.1: Wave numbers and wave length of the �rst two harmonics of a bar
with free ends according to the Bernoulli-Euler theory.

Harmonic Wave Number Wavelength
�i � = 2�

�i

1 4:730=l 1:330l

2 7:853=l 0:800l

Using Eq. (8.1), the �rst and second harmonic of the bar are estimated to have

resonant frequencies of 473 Hz and 1303 Hz, respectively. The resonant frequencies as
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computed with the numerical model are summarized in Table 8.2. With the numerical

model, the resonant frequencies are computed as a function of the discretization, i. e.,

for a varying spacing between the nodes in the numerical grid. In Fig. 8.2, the

resonant frequencies and the error relative to the theoretical prediction are plotted

as a function of the number of nodes that are placed across the bar. With two nodes

across the bar, the numerical model predicts resonant frequencies of 405 Hz and 1100

Hz for the �rst two modes, corresponding to an error of about 15 %. With four nodes,

the error has reduced to about 5 %, and for ten nodes it is about 3 %. The relative

error for the second harmonic always exceeds the error for the �rst harmonic. This

is due to the simple analytical theory overestimating the resonant frequency of the

second harmonic. In general, the true error of the numerical results will be smaller

than predicted here, because the actual resonant frequencies will be slightly smaller

than the theoretical predictions.

Table 8.2: Resonant frequencies of a long thin bar.

# nodes across bar 1st Mode [Hz] 2nd Mode [Hz]

2 405 1100

3 430 1170

4 455 1230

5 460 1245

6 460 1255

8 465 1260

10 465 1265

Theoretical 473 1303
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Figure 8.2: (a) Resonant frequencies of the bar and (b) error relative to the
theoretical prediction as a function of the number of nodes across
the width of the bar.
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8.1.2 Thin Circular Plate

Next, a thin circular plate is considered. The plate is shown in Fig. 8.3. It has a

diameter of 20 cm and a thickness of 1 cm. As before, the material properties of

plastic are assumed for the plate. The plate is placed in air and is free along its edge.

20 cm

1 cm

Figure 8.3: Thin circular plate.

The shape of the �rst three modes of a circular plate with a free edge is schemati-

cally shown in Fig. 8.4. The modes are labeled by the number of their nodal diameters

and their nodal circles. For example, the (20)-mode describes a mode with two nodal

diameters and zero nodal circles. Along a nodal diameter or a nodal circle, the dis-

placement of the plate is zero. The fundamental mode of a thin circular plate that

is free along its edge is the (20)-mode, the next higher mode in frequency is the

(01)-mode, followed by the (30)-mode.

Using an approximate theory, the resonant frequencies of a thin circular plate

can be obtained as solutions to a rather complicated transcendental equation [58].

The analytically determined resonant frequencies of the �rst three modes of the thin

circular plate are summarized in Table 8.3 in terms of the frequency of the funda-

mental (20)-mode.

The resonant frequencies of the �rst three modes as computed with the numerical

model are summarized in Table 8.4. Results are listed for three discretizations, namely
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01-Mode

20-Mode

30-Mode

Figure 8.4: Modes of a circular plate with free edge. The bold lines indicate
the nodal diameters and nodal circles.

168



8.1 Discretization of Elastic Objects

Table 8.3: Resonant frequencies of the �rst three modes of a thin circular disc
that is free along its edge.

Mode Resonant Frequency
[Hz]

(20) f(20) = 0:2413cLh=a
2

(01) f(01) = 1:73f(20)

(30) f(30) = 2:33f(20)

where cL =
p
E=(�(1� �2)) is the

longitudinal wave speed in an in�nite
plate, h is the thickness of the plate,
and a is its radius.

for two, four and eight cells across the thickness of the plate. The error relative to the

theoretical values is given in brackets. For all three modes, the theoretical predictions

are larger than the numerical values. The relative error reduces as the number of nodes

across the plate is increased, from about 20 % for two nodes to below 10 % for eight

nodes. Again, the simple theory overestimates the resonant frequencies, and, thus,

the actual error of the numerical results will be smaller than stated here.

Table 8.4: Resonant frequencies of the thin circular plate as computed with
the numerical model.

# nodes across plate f(20) [Hz] f(01) [Hz] f(30) [Hz]

2 380 (21%) 715 (15%) 870 (23%)

4 440 (9%) 805 (4%) 1000 (11%)

8 455 (6%) 825 (1.5%) 1030 (9%)

Theoretical 484 839 1129

For both the bar and the plate it is apparent that, in general, the accuracy

of the numerical model will be improved, if the spacing between the nodes of the
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numerical grid is decreased. Considering the high uncertainty in, for example, the

material parameters in the numerical model, one can conclude from the above results

that the resonant behavior of an object will be modeled with a reasonable accuracy,

if four cells are placed across its smallest structural width. Even a discretization with

only two or three cells might suÆce, if a slightly increased error is acceptable in the

numerical model.

8.1.3 Tuning Fork

As a more complex mechanical structure, the resonant behavior of a tuning fork is

explored. The tuning fork, as discretized in the numerical model, is shown in Fig. 8.5.

Its measures are identical to an actual tuning fork with a fundamental frequency of

329.6 Hz, corresponding to the musical tone E. The tuning fork is made out of steel,

approximately described by � = 4100 kg/m3, cP = 5000 m/s, and cS = 3500 m/s.

With the numerical model, the resonant frequencies of the fork in the range up to

1.5 kHz are determined.

1.35 cm

8.8 cm

0.45 cm

2.6 cm

13.2 cm

Figure 8.5: Tuning fork.

The modes of a tuning fork can be classi�ed into four groups: symmetrical
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modes in the plane of the fork's arms (caused by the symmetric motion of the two

arms), antisymmetrical modes in the plane, symmetrical modes normal to the plane

and antisymmetrical modes normal to the plane [80]. In the range up to 1.5 kHz, the

tuning fork will have four modes, one of each of the four groups. The four di�erent

modes are schematically shown in Fig. 8.6. The fundamental mode is the symmetric

in-plane mode.

In-Plane

Symmetric

Antisymmetric

Out-of-Plane

Figure 8.6: Schematic drawing of the �rst four modes of a tuning fork.

Using an approximate theory, the resonant frequencies of the four modes can be

estimated [79, 80]. For the symmetrical in-plane and out-of-plane modes, the motion

of the tines of the tuning fork resembles that of a cantilever beam, clamped at the

forking point. For a cantilever beam with dimensions similar to the arms of the fork

in Fig. 8.5, the resonant frequency is predicted to be approximately 363 Hz. For

the antisymmetrical modes, the entire fork bends in the manner of a beam with free

ends. A beam with a uniform cross section equivalent to the cross section of one arm

of the tuning fork has a resonant frequency of about 1051 Hz. Of course, the fork

does not have a uniform cross section along its length, and, thus, this value is only

a very crude estimate for the resonant frequency of the antisymmtrical modes of the

tuning fork. It must be noted that this theory does not distinguish between in-plane
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and out-of-plane modes. However, the in-plane and out-of-plane of a tuning-fork will

experience di�erent bending sti�nesses, and, therefore, their resonant frequencies will

di�er signi�cantly.

Using the numerical model, the resonant frequencies of the tuning fork are com-

puted. Results are obtained for discretizations with �ve and nine nodes across each

arm, corresponding to a grid spacing of 0.09 cm and 0.05 cm, respectively. Table 8.5

summarizes the results. The resonant frequency of the fundamental mode comes out

to be 320 hz when discretizing the tuning fork with �ve nodes and 330 Hz for nine

nodes. Although this di�ers from the theoretical result, it agrees well with the reso-

nant frequency of the actual tuning fork (329.6 Hz). The numerical model predicts the

resonant frequency of the symmetric out-of-plane mode to be roughly 515 Hz (for nine

cells across each arm), which is substantially larger than for the in-plane mode. The

anti-symmetric modes have, according to the numerical model, only slightly di�erent

resonant frequencies.

Table 8.5: Resonant frequencies of a tuning fork.

# nodes across arm Symmetric modes Antiymmetric modes

in-plane out-of-plane in-plane out-of-plane

[Hz] [Hz] [Hz] [Hz]

5 320 500 1000 1010

9 330 515 1105 1140

Theoretical 363 1051

The motion of the fork, strongly ampli�ed, is visualized in Fig. 8.7 (as computed

with a discretization of �ve cells across each arm). The in-plane motion is plotted on

the left and the out-of-plane motion on the right at four moments in time. Both in-

plane and out-of-plane, the superposition of symmetrical and antisymmetrical modes

is evident. Note that the symmetrical out-of-plane motion of the tines causes the
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In-Plane Out-of-Plane

Figure 8.7: The motion of a tuning fork.

tuning fork to rotate back and forth about its axis, due to the fact that the rotational

momentum must be conserved.
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8.2 Resonance Behavior of a Buried Land Mine

8.2 Resonance Behavior of a Buried Land Mine

To investigate the resonant oscillations at the location of a buried land mine in more

detail, a mine model has been developed that more closely resembles the structure

of an actual mine. The re�ned mine model is shown in Fig. 8.8. The mine model

includes the details of the mine that are believed to have an impact on the mine's

resonant behavior: the explosives, the plastic case, the rubber pressure plate, and the

air chambers. The model has similar dimensions as an actual TS-50 anti-personnel

mine (see Fig. 7.9). The diameter of the mine is about 8 cm, and its overall height

is 4 cm. The material properties that are assumed for the various parts of the mine

are summarized in Table 8.6. The grid spacing for the �nite-di�erence grid is chosen

to be �x = �y = �z = 0:1 cm. At least two cells are placed across each structural

detail of the mine. The mine's case, at its thinnest spot, is discretized by three cells

across.

Table 8.6: Material properties of the parts of the detailed mine model.

Shear Wave Pressure Wave Material

Speed Speed Density

cS [m/s] cP [m/s] � [kg/m3]

Explosives 1340 2480 1610

Air 0 330 1.3

Plastic Case 1100 2700 1200

Pressure Plate 500 800 1000

To incorporate the features of an actual mine, a much �ner grid than used pre-

viously must be employed in the numerical model. With such a grid, the entire space

including the transducer on the surface and the buried mine cannot be modeled,

because the requirements in computer memory and computation time would be im-

mense. Therefore, with the �ne grid the elastic wave �elds are computed only in the
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AirPressure Plate

Plastic Case Explosives

Figure 8.8: Re�ned mine model that includes the structural details of an actual
TS-50 mine such as the explosives, the case, the rubber pressure
plate, and the air chambers.
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immediate surrounding of the mine. A grid with 120� 60� 120 cells is used, yielding

an e�ective solution space of 10 cm by 10 cm by 10 cm (because a PML of 10 cells is

employed and the symmetry in the y-direction is exploited, reducing the size of the

numerical grid by a factor of 2). The time step becomes, according to the Courant

condition, �t = 2:138 � 10�7 s. About 117,000 times steps are needed to compute

the wave �elds for 25 ms, requiring a computation time of about �ve hours and 23

minutes on the Beowulf PC cluster using 28 processors.

In the surrounding of the mine, the soil can be roughly approximated as homo-

geneous. Therefore, for all results presented in the following, the material properties

in the ground are assumed constant throughout the medium. Instead of modeling

the transducer on the surface, a vertically polarized plane shear wave is injected from

the left. For this, the total-�eld/scattered-�eld formulation as described in Sec. 4.3

is used. The excitation is a di�erentiated Gaussian pulse with a center frequency of

1 kHz and, thus, has a wider bandwidth than the excitation used previously. A plane

shear wave is chosen, because it resembles the incident guided shear wave and the

Rayleigh surface wave that, as observed previously, are excited by the transducer on

the surface. The scenario is schematically depicted in Fig. 8.9.

The interaction of an incident plane shear wave with a buried mine as com-

puted with the detailed mine model is illustrated in Fig. 8.10. The vertical particle

displacement on the surface plane (top) and on a cross section through the ground

(bottom) is shown at four instants in time. A color scale ranging from black to white

is employed. The mine is buried 2 cm beneath the surface. The material properties

in the ground are assumed to be � = 1400 kg/m3, cP = 250 m/s, and cS = 80 m/s.

In Fig. 8.10, resonant oscillations are seen to be excited at the buried mine. The

oscillations appear to be mainly due to the motion of the thin soil layer above the mine

and the rubber pressure plate of the mine. The oscillations decay as time progresses.

The surface motion appears to be composed of at least two di�erent modes. At T1

and T3, the motion is dominated by a mode describing an upward and downward

motion of the surface above the mine. At T4, a mode causing a rocking motion of the
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Figure 8.9: A vertically polarized shear wave is incident on the buried mine.
The elastic wave �elds are computed only in the surrounding of the
mine.

surface is apparent. A null in the vertical particle displacement along the rotary axis

is clearly visible on the surface and on the cross section. At T2, the surface motion

is composed of the superposition of at least these two modes.

From the results obtained with the detailed mine model, it becomes clear that

the resonance is not only due to exural modes of the thin soil layer, but rather

must be attributed to the resonant behavior of the soil-mine system. The resonant

oscillations are caused by the motion of both the soil layer and the rubber pressure

plate. This motion will be inuenced by various factors. On the one hand, it will

strongly depend on the sti�ness and thickness of the soil layer above the mine. On

the other hand, it will be a�ected by the mine and its structure. For example, below

the rubber pressure plate lies a closed air chamber (see Fig. 8.8). This air chamber

acts like a spring and will have a signi�cant impact on the motion of the pressure

plate.

To analyze the resonant oscillations at the location of a buried mine in detail, a

parametric study of the resonance as a function of the burial depth and the shear wave

speed in the ground is conducted. For this, the vertical displacement at one point on
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T2

T3 T4

T1

0 dB

-50 dB

Figure 8.10: Resonant oscillations at the location of a buried land mine; mine
buried 2 cm beneath the surface. The vertical particle displacement
in the surrounding of the mine as computed with the detailed mine
model is shown at four instants in time on the surface plane (top)
and on a cross section through the ground (bottom).
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the surface above the mine is computed in the time domain. A point is picked that lies

1 cm o� the vertical symmetry axis of the mine. The motion is Fourier transformed

from the time domain into the frequency domain, and, by dividing by the Fourier

transform of the incident pulse, the transfer function is determined. From the transfer

function, the resonant frequencies of the vertical particle motion can be identi�ed.

For the parametric study, shear wave speeds in the range from 40 m/s up to 150 m/s

are considered in order to determine the response for fairly loose as well as rather

sti� soils. These values are representative for the shear wave speeds at the surface for

many common soil types. The pressure wave speed and the material density will be

kept constant throughout the study, at cP = 250 m/s and � = 1400 kg/m3.

Fig. 8.11 shows the transfer function for a mine buried 1 cm beneath the surface.

The shear wave speed in the ground is assumed to be 40 m/s. In the range up to

2.1 kHz, two resonant peaks can be distinguished. The two peaks correspond to two

modes of the surface motion. The �rst mode has a resonant frequency of about 691 Hz

and corresponds to the up- and downward motion of the surface. The second mode,

at about 1.373 kHz, describes the rocking motion. The surface motion associated

with the modes is illustrated in Fig. 8.11. The two modes that are excited within the

soil-mine system are similar in shape to the �rst two modes of a thin circular disc

that is rigidly clamped along its edge [58, 79]. However, the analogy to the circular

disc cannot be used to accurately predict the resonant frequencies of the soil-mine

system, because along its edge the soil layer in the model is not rigidly �xed and

the structure of the mine has a signi�cant impact on the resonance. An additional

peak at about 2 kHz is apparent in Fig. 8.11. The origin of this peak, however, is

not clearly understood. It might be due to a resonance in the mine itself. Further

studies, beyond the scope of this work, are needed to explore the resonant behavior

at higher frequencies.

To explore the resonance for mines buried in di�erent types of soil, the resonant

behavior is determined as a function of the shear wave speed in the ground and the

burial depth of the mine. Fig. 8.12 shows the transfer function as a function of the
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Figure 8.11: Transfer function of a point on the surface above the mine; mine
buried at 1 cm; cS = 40 m/s. The two resonant peaks correspond
to two distinct modes of the vertical surface motion.
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shear wave speed in the ground with the burial depth of the mine �xed at 2 cm (top)

and as a function of the burial depth with the shear wave speed kept constant at

40 m/s (bottom). It is apparent that for increasing shear wave speed the resonant

frequencies of the �rst and second peak are shifted upwards in frequency. At the

same time, the amplitudes of the peaks drop, and the quality factor of the modes

is degraded. For increasing burial depth, the two resonant peaks are shifted slightly

downwards, and their amplitudes drop drastically. For the mine at 4 cm, the second

resonant peak is not distinguishable any more.

To summarize the results, the resonant frequency and the quality factor of the

�rst resonant peak are plotted in two parametric graphs as a function of the shear

wave speed in the ground with the burial depth as a parameter. The results are shown

in Fig. 8.13. Note that, by varying the shear wave speed in the ground while keeping

the material density constant, e�ectively the sti�ness in the ground is being varied.

Thus, in these plots the resonant behavior is shown essentially as a function of the

sti�ness in the ground. The top line in each plot corresponds to the mine at a burial

depth of 1 cm. Qualitatively, it can be seen that the resonant frequency increases

with shear wave speed and decreases with burial depth. The quality factor of the

resonance decreases with both shear wave speed and burial depth. The decrease in

the quality factor of the resonance with both increasing sti�ness and burial depth

indicates that the resonance is dampened. The only damping mechanism a�ecting

the resonance within the model is the radiation of energy into the surrounding soil.

The coupling of the thin soil layer above the mine to the surrounding soil increases

with the sti�ness and the thickness of the layer. Thus, the energy that is radiated

increases, and the damping of the resonance is enhanced.

Resonant oscillations at the location of a buried land mine have also been ob-

served experimentally. Fig. 8.14 shows measured results for an actual TS-50 mine

buried 1 cm beneath the surface. In the top graph the measured transfer function of

the surface motion at a point above the mine is plotted, whereas in the bottom graph

various numerically determined transfer functions are shown. The curves are seen
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Figure 8.12: Surface motion at a point above the mine; transfer functions. (a)
Mine buried 2 cm beneath the surface, variable shear wave speed;
(b) shear wave speed cS = 40 m/s, variable depth.
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Figure 8.13: Parametric graphs of the resonant frequency and the quality factor
of the �rst resonant peak as a function of the shear wave speed in
the ground with the burial depth as a parameter.
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to be quite di�erent. The measured transfer function exhibits two resonant peaks

at about 450 Hz and 700 Hz. The second peak is very weak, and the response is

negligible for frequencies higher than about 1 kHz. The numerical transfer functions

for four cases are plotted: for a mine at 1 cm assuming shear wave speeds in the

ground of 20 m/s, 30 m/s and 40 m/s, and for a mine at 2 cm assuming a shear

wave speed in the ground of 40 m/s. The best resemblance with the experimental

data is obtained for the �rst of these cases. When assuming a burial depth of 1 cm

and a shear wave speed of 20 m/s, two peaks occur, approximately at 400 Hz and

at 750 Hz (bottom, solid curve). Contrary to the experimental result, however, the

numerical results indicate a signi�cant response at high frequencies. It is believed

that the di�erences between experimental and numerical results are mainly due to

uncertainties in the experimental model and to non-linear e�ects occurring in the

sand. Earlier, an estimate of the wave speed variation with depth has been shown

(see Fig. 7.1). This depth pro�le might be especially inaccurate at and close to the

surface, predicting wave speeds at the surface that are far too large. Nominally, in the

experiment the mine is buried at 1 cm. However, the actual burial depth of the mine

might di�er, because the level of accuracy that can be achieved when placing the mine

in the ground is limited. Thus, the actual burial depth of the mine will lie roughly

within �0:5 cm of the nominal burial depth. The sand in the experiments behaves in

a strongly non-linear way. The non-linear e�ects dampen the high frequency compo-

nents of the elastic waves and e�ectively suppress frequency components above about

500 Hz. Due to the resonant oscillations at a buried mine, the surface motion above

the mine is ampli�ed and driven strongly into the non-linear regime, thus enhancing

the e�ects of loss and non-linearities. To obtain a better agreement of experiment

and numerical simulation, the experiment must be repeated using smaller drive levels,

thus exciting elastic waves with a smaller amplitude to achieve operation in the linear

regime of the sand.

The numerically determined transfer functions exhibit ripples at low frequencies.

These ripples are numerical artifacts and are due to the fact that the resonant response
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Figure 8.14: Experimental results for a mine buried at 1 cm; transfer function.

has not been computed long enough. Within the time window for which the wave

�elds are computed, the response of the mine has not completely decayed, and thus

the numerical transfer function exhibits the true response of the mine convolved

with the shape of the time window. In other words, the transfer function in the

frequency domain is the product of the Fourier transforms of the true response and

the rectangular time window (i. e., a sinc-function), causing the ripples visible in

Fig. 8.14.

8.3 Excitation by a Pressure Wave

In the mine detection system that is investigated in this work, the elastic waves are

excited by an electrodynamic transducer placed on the surface of the ground. Such a
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transducer will launch predominantly shear and Rayleigh surface waves which propa-

gate along the surface of the ground and interact with the buried mine. This scenario

resembles the case that has been studied in the last section, where the buried mine

was excited by a shear wave incident from the side. A plane shear wave incident onto

the mine from the side will excite resonant oscillations at the mine similar to the ones

excited by a Rayleigh wave or a guided shear wave as observed in Chapter 7. Di�erent

types of excitations are, however, possible in an acoustic mine detection system. In a

di�erent approach, elastic waves in the ground are excited by a loudspeaker mounted

above the surface [3, 10]. The loudspeaker radiates acoustic pressure waves, which

impinge upon the surface of the ground and couple primarily into pressure waves in

the ground. The pressure waves do not propagate along the surface, but rather are

directed vertically into the ground. To study this form of excitation, the response of

a buried mine to pressure waves being incident from above the mine is analyzed using

the detailed mine model.

Fig. 8.15 shows the con�guration schematically. A pressure wave is vertically in-

cident upon the buried mine. A di�erentiated Gaussian pulse with a center frequency

of 1 kHz is used as excitation. As before, the material properties are assumed to be

homogeneous around the mine.

Fig. 8.16 shows the transfer function of a point on the surface above the mine

for the excitation with a shear wave incident from the side (solid line) and with a

pressure wave incident from above (dashed line). The mine is buried 1 cm beneath

the surface, and the shear wave speed in the ground is cS = 40 m/s. The di�erences

are apparent. As described previously, the shear wave excites two resonant peaks in

the range up to 2.1 kHz. The pressure wave, however, excites only the �rst resonant

mode. This is readily explained by noting the symmetry of the incident pressure

wave. The plane pressure wave is symmetric with respect to the vertical axis of the

mine. Thus, it will excite only modes that are equally symmetric. The second mode

excited by the shear wave is asymmetric with respect to the mine's axis, as visible

in Fig. 8.11, and consequently it is not excited by the pressure wave incident from
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Figure 8.15: A pressure wave is vertically incident on the buried mine.

above.

Fig. 8.17 shows the transfer function due to the excitation with an incident

pressure wave in (a) as a function of the shear wave speed in the ground for the

mine buried at 2 cm and in (b) as a function of the burial depth for a shear wave

speed of 40 m/s. For increasing shear wave speed and, thus, for increasing shear

sti�ness, the resonant frequency of the mode excited by the pressure wave is shifted

upwards in frequency and the amplitude of the resonance decreases, causing the

quality factor of the resonance to be degraded. When increasing the burial depth,

the resonant frequency is shifted slightly downwards in frequency and the amplitude

drops, indicating that the resonance is increasingly dampened. The resonant mode

that is excited by the pressure wave behaves in a similar way as the �rst resonant

mode excited by the shear wave incident from the side (see Fig. 8.12). The second

resonant mode that is excited by the shear wave, however, is not apparent for the

pressure wave excitation. Note that the resonant peak for the mine at 3 cm is barely

distinguishable and for the mine at 4 cm has vanished or is superimposed by other
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Figure 8.16: Transfer functions of the surface motion due to the excitation with
shear wave from the side and a pressure wave from above.

e�ects.

The results are summarized in Fig. 8.18 in parametric graphs showing the res-

onant frequency and the quality factor of the �rst mode as a function of the shear

wave speed in the ground with the burial depth as a parameter. Burial depths of

1 cm, 2 cm and 3 cm are considered. For larger burial depths, the �rst resonant mode

is not clearly identi�able, and other resonant e�ects of the mine become dominant.

The results are similar to the results for the shear wave excitation. The resonant

frequency increases with the shear wave speed in the ground and decreases with the

burial depth. The quality factor of the resonance decreases with both shear wave

speed and burial depth.
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CHAPTER 9

Experiments

In experimental measurements, elastic waves propagating along the surface of the

ground have been observed to be dispersed. The dispersion is believed to be largely

due to the material properties in the ground being inhomogeneous. As has been

argued earlier (see Chapter 7), a Rayleigh surface wave will be dispersed if the wave

speeds in the ground are a function of depth, because the reach of the Rayleigh wave

into the ground depends on frequency, and, thus, di�erent frequency components

of the Rayleigh wave will experience di�erent wave speeds. To explore the wave

propagation in the ground, the elastic wave �elds in the ground are measured.

The laboratory experiments are performed in a large sand-�lled tank. If the

elastic wave �elds in sand are assumed to behave in a linear manner, the material

properties of sand can be described by three independent constants: the material

density �, the shear wave speed cS, and the pressure wave speed cP . In this chapter,

procedures to measure these quantities as a function of depth are described, and

measurement results are presented.

The measurement of soil properties has been treated extensively in the literature

[81] { [83]. The signal processing techniques applied in this chapter are adapted from

Oppenheim and Schafer [84] and Smith et al. [62].
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9.1 Measuring the Water Content in the Ground

9.1 Measuring the Water Content in the Ground

Before a measurement, the sand in the laboratory tank is usually uniformly wetted

and packed. This is primarily done to minimize the loss e�ects at the surface and to

improve the lateral uniformity of the material properties in the tank. A water table

is maintained within the tank to approximate realistic conditions. Consequently, the

water content within the sand is largely inhomogeneous with depth.

Changes in the water content with depth might have a signi�cant impact on the

wave propagation in the ground. If the water in the ground is assumed to primarily

�ll in the voids of the sand matrix (which is constituted by the grains of the sand),

the water content will not inuence the mass of the sand per volume, but it will

a�ect the overall mass per volume, thus changing the material density in the ground.

Additionally, the water content in the ground will a�ect the cohesion between the

grains of the sand. A change in the cohesion will primarily inuence the wave speeds

in the ground, because an increase in the cohesion is synonymous with an increase in

the sti�ness.

To measure the water content within the sand, an easy and straightforward

procedure has been applied. Various samples of the sand were taken at a range of

depths. The samples were weighed using a conventional scale accurate to 0.01 g and

then dried to remove the water. A conventional oven at 400 degrees Fahrenheit was

used to dry the samples, baking the samples for about twelve hours. The samples

were �nally weighed again. The weight di�erence between the initial sample and

the dry sample represents the water content. Table 9.1 lists the results of the water

content measurement, and Fig. 9.1 shows the water content in percent of the mass of

sand as a function of depth. The water content was calculated as

Water Content [% mass] =
W1 �W2

W2

� 100; (9.1)

where W1 indicates the weight of the sample before drying, andW2 is the weight after

drying. In Eq. (9.1), the atmospheric pressure and the pressure within the sand were

neglected. Note that the water table has been found to lie at a depth of about 52 cm.
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Figure 9.1: Water content (mass percent) as a function of depth.

In the water table, the mass of the water per volume is about 22 % of the mass of

sand per volume.

As stated above, if the water �lls in the matrix of the sand, the mass of the sand

per volume will be constant, but the overall mass per volume will change due to the

additional mass of the water. The change in the material density is then

� = �sand +
Water Content [% mass]

100
�sand: (9.2)

The density of dry sand is assumed to be �sand = 1400 kg/m3. The resulting material

density as a function of depth is graphed in Fig. 9.2.

The depth dependence of the material density might have an e�ect on the other

material properties. For example, if the sti�ness in the ground is assumed to be

constant, an increase in the material density will cause a decrease in the wave speeds.
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Table 9.1: Measurement of the water content as a function of depth.

Depth W1 W2 Water Content

[cm] [g] [g] [% mass]

0 127.10 125.31 1.44

2 140.93 138.09 2.06

4 167.66 163.62 2.46

7 164.60 160.40 2.61

10 148.85 143.50 3.70

13 164.04 156.16 4.90

16 151.87 144.25 5.15

19 155.18 146.65 5.61

22 191.96 179.75 6.48

25 142.04 132.33 6.99

28 156.24 144.64 7.60

31 166.07 151.03 9.23

34 162.36 145.65 10.50

37 228.01 199.95 12.51

40 228.92 196.19 14.50

43 196.63 166.33 15.64

46 234.54 195.04 17.12

49 233.81 190.35 18.85

52 203.94 163.34 20.25

55 153.06 119.96 22.08
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Figure 9.2: Material density as a function of depth.

195



9.2 Measuring the Wave Speeds in the Ground

0 10 20 30 40 50

130

120

140

150

160

170

180

190

200

210

220

Pressure Wave Speed

Shear Wave Speed
W

av
e

S
p

ee
d

[m
/s

]

Depth [cm]

Figure 9.3: Pressure wave speed and shear wave speed as a function of depth,
if the sti�ness in the ground is assumed to be constant and the
density changes as in Fig. 9.2.

This is depicted in Fig. 9.3. Here, the pressure wave speed and the shear wave speed

in dry soil have been assumed to be 220 m/s and 140 m/s, respectively. Due to the

increase of the material density with depth, the wave speeds decrease to values of

about 202 m/s and 128 m/s. A qualitatively similar behavior of the wave speeds as

a function of the water content in the soil has also been observed by Bachrach and

Nur [83].

9.2 Measuring the Wave Speeds in the Ground

To measure the elastic wave �elds in the ground, a vertical array of accelerometers

is buried in the ground. With the accelerometers, the arrival times of the waves as

a function of depth are estimated. From the arrival times, the wave speeds of the
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di�erent wave types can be determined.

9.2.1 Experimental Set-Up

Fig. 9.4 gives a schematic overview of the measurement setup. The elastic waves

are excited by a transducer placed on the surface of the ground. A vertical array of

accelerometers is buried in the ground. Ten bi-axial accelerometer pairs measuring

the horizontal and vertical particle acceleration are used, thus providing 20 signals.

The shallowest accelerometer pair is placed at a depth of 5 cm, the deepest at 50 cm,

and the spacing between the accelerometer pairs is 5 cm. The accelerometers are

powered by a power supply decoupling unit supplying a DC voltage of 27 Volts. The

20 measured signals are ampli�ed by a preampli�er with a constant gain of 320 and

fed into a computer through a data acquisition card.

The accelerometers (manufactured by Vibra-Metrics, Model 9002 A) are

coated to improve their water resistance and enclosed in syntactic foam, making

the accelerometers neutrally buoyant in water. Two accelerometers were orthogo-

nally mounted on a piece of plexiglas, raising the material density of the formation

to roughly the density of sand (� 1400 kg/m3).

The drive signal fed to the transducer is a frequency modulated chirp with a

length of 8 s and has a frequency range from 30 Hz to 2 kHz. Because the response

to the chirp is rather complicated to interpret, the measured signal is processed. For

each channel, the transfer function is determined and convolved with a di�erentiated

Gaussian pulse.

Fig. 9.5 illustrates the signal processing. A chirp is supplied to the transducer

(Drive Signal, top right). Ten accelerometer pairs measure the acceleration in the

ground, providing 20 signals (Accelerometer Signal, top left). The accelerometer

signal and the drive signal are Fourier transformed. By dividing the Fourier transform

of the accelerometer signal by the Fourier transform of the drive signal, the transfer

function for each channel is obtained (Transfer Function, third from top on the left).
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Figure 9.4: Set-up for accelerometer measurements. (a) Transducer and ac-
celerometer array; (b) measurement set-up.
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The transfer function is multiplied by the Fourier transform of a Reference Signal

(di�erentiated Gaussian pulse, bottom right) and inverse-Fourier transformed. In

this way, the signal due to the reference signal is obtained, i. e., the signal that would

have been measured if the reference signal had been fed to the transducer instead of

the chirp.

9.2.2 Measurement Procedure

Fig. 9.6 schematically shows the arrangement of the transducer and the accelerome-

ters in the laboratory tank. The accelerometer measurements were repeated numer-

ous times. The accelerometers were �rst buried by digging a large hole ( � 50 cm

in diameter) using a conventional shovel. The hole was re�lled and repacked, as the

accelerometers were positioned in the ground. The measured results were noisy, and

reections occurred which could be attributed primarily to the disturbance of the sand

due to the hole that was dug in the process of burying the accelerometers. To improve

the measurements, the accelerometers were removed from the hole, and the soil in the

entire sand box was repacked by using a commercial packing machine (Vibco plate

compactor). According to its speci�cations, the packing machine packs the sand well

down to a depth of about 30 cm. The accelerometers were then buried by drilling

a bore-hole-like cylindrical hole with a diameter of about 5 cm. The accelerometers

were carefully aligned in the hole and regularly spaced at depths between 5 cm and

50 cm. The water table was measured to be at about 52 cm, and thus the deepest

accelerometer was placed just above the water table. The particle acceleration in

the ground was measured for various transducer positions with respect to the burial

hole. The transducer was placed at distances of 0.5 m, 1 m and 1.5 m from the

location of the accelerometers and was displaced in two directions to investigate the

e�ects of local inhomogeneities in the sand. The measurements were repeated sev-

eral times, studying various conditions. The measurements were performed directly

after burying the accelerometers and repeated throughout the following days, for a
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Figure 9.5: Signal processing: the accelerometer signal is Fourier transformed,
divided by the Fourier transform of the drive signal (chirp), mul-
tiplied by the reference signal (di�erentiated Gaussian pulse), and
then inverse-Fourier transformed.
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wet surface as well as for a dry surface. To investigate the inuence of the burial

hole, the accelerometers were removed and reburied at a di�erent location, and the

measurements were repeated.

Before burying the accelerometers, the accelerometers were calibrated. The

sensitivity of all accelerometers was found to lie within �10 % of the mean sensitivity.

The di�erences in the accelerometer response were adjusted for during the signal

processing of the measured signals.

Minimizing the disturbance of the sand by burying the accelerometers in a bore-

hole-like hole clearly improved the measurement results, eliminating reections from

local inhomogeneities due to the accelerometer burial. The measurements with the

bore hole arrangement were found to be largely independent of the time that had

passed after the burial of the accelerometers, of the state of the surface (dry or wet),

and of the burial location of the accelerometers. No reections from the water table

or the tank walls could be observed. It is believed that a residual content of air is

present below the water table, causing the values of the wave speeds above and below

the water table to be comparable in size [83]. In that case, the reections from the

water table are negligible. The reections from the tank walls are believed to be

largely attenuated by the lossy sand.

Various complications arose during the measurements. Several accelerometers

became erratic during the initial measurements. This was believed to be due to

damages in the sealed cases of the accelerometers, allowing water to seep into the ac-

celerometers. To improve their sealing, the accelerometers were coated with multiple

layers of polyurethane varnish. With the coating, the accelerometers were buried in

the ground for an extended period of time without a noticeable deterioration in their

performance.
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Figure 9.6: Accelerometer and transducer positions in the laboratory tank.
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9.2.3 Results

Using the accelerometer array, the elastic wave �elds in the ground are measured

as a function of depth. Fig. 9.7 shows the wave �elds as a function of depth and

time for a lateral distance of 1.5 m between transducer and accelerometer location.

At the top, the vertical and horizontal particle acceleration are graphed on a linear

scale. The two plots below show the �eld components on a logarithmic scale using a

dynamic range of 35 dB. The same color map as earlier is employed. The excitation

is a di�erentiated Gaussian pulse with a center frequency of 450 Hz, launched by the

transducer at 0 ms.

Five wave fronts are distinguishable. The fastest wave front (P) is the pressure

wave. Due to the spherical shape of the propagating waves, the wave front recorded

by the vertical array is curved. Note that at the surface the pressure wave arrives

later than in the ground, indicating that the pressure wave speed at the surface is

smaller than within the ground. The second wave front (LS), primarily visible in the

horizontal �eld component, is the leaky surface wave. The leaky surface wave appears

as a straight line that originates at the surface. The third wave front (S) represents

the shear wave in the ground. The fourth wave (GS) corresponds to the guided shear

wave and is strongest close to the surface. The slowest wave is the Rayleigh surface

wave (R). Note that the Rayleigh surface wave at a depth of 5 cm (i. e., the top line in

Fig. 9.7) has a prograde particle motion, indicated by the vertical component leading

the horizontal component in phase, rather than a retrograde motion as was found

earlier for a Rayleigh wave at the surface. This is due to the fact that the shallowest

accelerometer is placed at a depth of 5 cm and not at the surface. As it was shown

previously in Fig. 6.2, the particle motion of the Rayleigh wave reverses its direction

at a depth of about 0.2 times the wavelength of the Rayleigh wave. At a frequency of

450 Hz, this equals roughly 3 cm. Thus, at a depth of 5 cm the Rayleigh wave indeed

describes a prograde particle motion, and the measured results are in agreement with

the theoretical prediction.
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Figure 9.7: Horizontal and vertical particle acceleration as a function of time
and depth; accelerometer measurements. The distance from trans-
ducer to accelerometers is 1.5 m. P: pressure wave, LS: leaky surface
wave, S: shear wave, GS: guided shear wave, R: Rayleigh wave.
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From Fig. 9.7, the arrival times of the separate wave fronts can be estimated

as a function of depth. Table 9.2 lists the arrival times for all wave types and the

corresponding wave speeds derived from the arrival times. The wave speeds are

estimated by assuming a direct propagation path, thus neglecting the refraction of

the waves due to the inhomogeneous material properties:

c �
p
D2 + d2

tarrival
; (9.3)

where D is the lateral distance from the transducer to the accelerometers, and d is the

burial depth of the accelerometers. From Table 9.2, the wave speeds of the shear wave

Table 9.2: Measured arrival times and wave speeds: pressure wave front.

Pressure Wave Leaky Wave Shear Wave Guided Shear Wave Rayleigh Wave

Depth Arrival Wave Arrival Wave Arrival Wave Arrival Wave Arrival Wave

Time Speed Time Speed Time Speed Time Speed Time Speed

[cm] [ms] [m/s] [ms] [m/s] [ms] [m/s] [ms] [m/s] [ms] [m/s]

5 7.32 205 9.71 154 10.86 138 14.09 107 21.59 69

10 7.14 211 9.68 155 10.74 140 13.59 111 21.69 69

15 7.07 213 9.65 156 10.67 141 13.59 111 21.59 69

20 7.07 214 9.77 155 10.64 142 13.62 111 21.56 70

25 7.11 214 9.77 156 10.64 143 13.59 112 21.53 70

30 7.07 216 10.58 145 13.78 111

35 7.17 215 10.89 141 13.93 111

40 7.23 215 11.05 141 13.99 111

45 7.32 214 11.11 141 14.36 109

50 7.48 211 11.39 139 14.64 108

and the pressure wave as a function of depth can be deducted in an approximate sense.

The pressure wave speed appears to be slightly smaller at the surface (� 205 m/s at

a depth of 5 cm) than within the ground (� 215 m/s). The shear wave speed in

the ground is roughly 140 m/s. The guided shear wave propagates at a speed of

about 110 m/s, and the Rayleigh wave has a speed of about 70 m/s. The speeds of

shear wave, guided shear wave and Rayleigh wave give indications about the shear

wave speed variation in the ground. From the speed of the Rayleigh wave it can be
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concluded that a layer with a rather slow shear wave speed exists close to the surface.

Assuming that the Rayleigh wave speed equals about 0.9 times the shear wave speed

at the surface, the shear wave speed of the surface layer can be estimated to be about

80 m/s. The shear wave front indicates that the shear wave speed beyond the surface

layer is about 140 m/s. The guided shear wave propagates primarily in the region

beyond the surface layer. The guided shear wave arises due to the rapid change in the

shear wave speed in the transition zone between surface layer and the deeper medium.

Because of the change in the shear wave speed, the guided shear wave is refracted

towards the surface, is reected by the surface, refracted back towards the surface

and so forth. Due to the refraction, the path of the guided shear wave is curved, and

the wave speed of the guided shear wave along the surface is smaller than the shear

wave speed within the ground.

From the wave speeds within the ground, an approximate wave speed pro�le has

been derived. This approximate pro�le was subsequently re�ned by trying to match

numerical data to the measured results and by repeatedly tweaking the depth pro�le

of the wave speeds within the numerical model. The estimated depth pro�le that

yielded best agreement is shown in Fig. 9.8.

The depth pro�le shown in Fig. 9.8 is a crude approximation to to the actual

depth variation of the material properties in the ground. To obtain a more accurate

representation of the depth variation, more sophisticated techniques, such as numer-

ical inversion algorithms, must be employed, which are, however, beyond the scope

of this work.

Fig. 9.9 shows the wave �elds as computed with the numerical model. The par-

ticle displacement is plotted on a linear scale for a transducer-accelerometer distance

of 1.5 m. The arrival times and the curvature of the separate wave fronts agree fairly

well with the experimental results (see Fig. 9.7). The measurements revealed that

at a depth of 5 cm the Rayleigh wave describes a prograde particle motion. The

numerical results predict the same. At the surface (top line), the particle motion for

the Rayleigh wave is retrograde. At a depth of 5 cm, the horizontal motion reverses
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Figure 9.8: Pressure wave speed and shear wave speed as a function of depth.
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and depth; numerical simulation. The distance from transducer to
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its sign, and thus the particle motion becomes prograde.

In Fig. 9.10, the wave �elds in the ground as computed with the numerical model

are shown and compared to the measured results for three transducer-accelerometer

distances (0.5 m, 1 m, 1.5 m from top to bottom). The dynamic range is 35 dB

for the experimental results (left column) and 50 dB for the numerical results (right

column). Note that the measured results show the particle acceleration, whereas the

numerical results show the particle displacement. The same qualitative behavior is

observed for the experimental and the numerical results. The separate wave fronts

have roughly the same shapes and the same wave speeds. Di�erences can mainly be

observed for the leaky surface wave and the Rayleigh wave. The leaky surface wave is

seen to be much weaker in the numerical results. The Rayleigh wave, in the measured

results, reaches deeper into the ground than predicted by the numerical simulation.

Furthermore, the horizontal component for the Rayleigh wave is signi�cantly weaker

in the measurement than in the numerical simulation.
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Figure 9.10: Horizontal and vertical particle acceleration as a function of time
and depth; for three transducer distances: 0.5 m, 1 m, 1.5 m; left:
accelerometer measurements, right: numerical simulation.
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Frequency-Time Decomposition

The depth pro�les for the material properties represent an approximation to the

actual depth pro�le in the soil. The measured and computed results agree remarkably

well, considering the uncertainties that still remain in the description of the material

properties in the ground. For example, the material properties have been assumed

to be laterally invariant, which certainly is not true in the actual soil. Furthermore,

sand exhibits a strongly non-linear behavior, especially close to the surface. These

non-linearities have been completely neglected in the numerical model and in the

description of the material properties.

To identify and analyze the di�erences between experimental and numerical

results in more detail, a frequency-time decomposition is applied. In this frequency-

time decomposition, the particle motion at one point (1.5 m from the transducer,

5 cm beneath the surface, i. e., at the location of the shallowest accelerometer) is

decomposed in its frequency components. For this, rather than convolving the transfer

function with a di�erentiated Gaussian pulse, the transfer function is convolved with a

Gaussian pulse shifted in frequency. The resulting signal represents the portion of the

measured signal that is excited within the frequency band described by the Gaussian

pulse. The shifted pulse can be expressed simply as a Gaussian pulse modulated by

a carrier frequency:

Reference Signal = e�0:5(2�BWt)2 � cos(2�fCt); (9.4)

where BW represents the bandwidth of the pulse and fC is the carrier frequency. If,

for example, the transfer function is convolved with a pulse having a bandwidth of

100 Hz and a carrier frequency of 800 Hz, then the signal excited in a 100 Hz band

around a frequency of 800 Hz is obtained as a function of time.

Fig. 9.11 illustrates schematically the frequency-time decomposition. For the

frequency-time decomposition, the frequency components between 50 Hz and 1.5 kHz

are determined in 50 Hz increments. A Gaussian pulse with a bandwidth of 100 Hz

is applied. The frequency-time decomposition as described here is similar to the
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9.2 Measuring the Wave Speeds in the Ground

more commonly used decomposition by windowing along the time-axis and applying

a Fourier transform to the windowed signal to obtain the frequency content within

the time window [68, 84].

Fig. 9.12 shows the particle motion at a depth of 5 cm as a function of time

and frequency for the measured and the computed results. The time-frequency de-

composition as described above is applied. The distance from the transducer to the

observation point is 1.5 m. The experimental results are plotted on a 35-dB scale,

whereas the numerical results are plotted on a 50-dB scale. The horizontal axis

indicates the time, the vertical axis shows frequency.

In the frequency-time decomposition plots, speci�c areas in the time-frequency

plane can be attributed to speci�c wave types. The wave types are distinguished

mainly by their arrival time and their frequency content. The fastest wave in Fig. 9.12

describes the pressure wave (P). Both in the measured and the numerical data the

main frequency content of the pressure wave lies above 1 kHz. The second wave

is the leaky surface wave (LS). The leaky surface wave has a much lower frequency

content (below 0.5 kHz). Note that the leaky wave is much weaker in the numerical

data. The shear wave (S) lies between 0.5 kHz and 1 kHz for the experimental

results, but seems to extend to higher frequencies for the numerical data. The guided

shear wave (GS), slower than the shear wave, is strongest in the range above 1 kHz.

The Rayleigh surface wave (R), �nally, has a frequency content below 1 kHz in the

measurements, but extends to higher frequencies in the numerical results. Overall, in

the experimental data the low frequency components appear to be stronger, whereas in

the numerical data the high frequency components are enhanced. The di�erences are

especially striking for the Rayleigh wave and the leaky surface wave. The di�erences

between numerical and experimental data are believed to be due to the representation

of the depth variation in the numerical model being especially inaccurate close to the

surface and to non-linear e�ects occurring in the sand. The non-linear e�ects in

the sand primarily dampen the high frequency components. The non-linearities are

believed to be strongest at the surface, thus a�ecting most the Rayleigh surface wave
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Figure 9.11: Frequency-time decomposition. The transfer function is convolved
with a Gaussian pulse shifted in frequency, and thus the signal
excited in a limited frequency band is determined.
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simulation (displacement).

and the leaky surface wave.

The di�erence in the frequency content is illustrated by the transfer functions

of the experimental and the numerical signals. Fig. 9.13 shows the magnitude of the

transfer functions for both the horizontal component and the vertical component as

measured and as computed for the observation point 5 cm beneath the surface. The

frequency content of the measured data seems to be strongest below 1 kHz. For the

numerical data, however, the frequency content grows towards higher frequencies.

In the measurements the particle acceleration in the ground is determined,

whereas in the numerical model the particle displacement is computed. In general,

the particle displacement and the particle acceleration will exhibit a similar behavior

when comparing the arrival times and the curvature of the wave fronts. Substantial

di�erences arise, however, if the frequency content is analyzed. The acceleration is the

second time derivative of the displacement. Thus, when computing the particle ac-
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Figure 9.13: Transfer functions for the horizontal and the vertical �eld compo-
nent; distance to source is 1.5 m, at a depth of 5 cm. Left: measure-
ment (acceleration), right: numerical simulation (displacement).

celeration from the displacement, the higher frequency components will be enhanced

in the particle acceleration. Throughout this section, the measured acceleration is

compared to the numerical displacement, because primarily the arrival times of the

wave fronts are to be analyzed to derive information about the wave speeds in the

ground. However, Figs. (9.12) and (9.13) can be interpreted purely in a qualitative

sense, because the frequency content of the experimentally measured acceleration and

the numerically determined displacement are compared. If the particle accelerations

were compared, however, the high frequency components would be strongly enhanced

in the numerical data and a meaningful interpretation of the results would hardly be

feasible.
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9.3 Measurements of the Mine-Wave Interaction

9.3 Measurements of the Mine-Wave Interaction

In Chapter 7, numerical results describing the interaction of elastic waves with buried

land mines are compared to experimental measurements. These measurements have

been performed by Gregg D. Larson, James S. Martin, and Waymond R. Scott at

the Georgia Institute of Technology [14, 12]. Fig. 9.14 illustrates the measurement

procedure. A transducer is placed on the surface of the ground. The transducer is

driven with a chirp having a uniform frequency spectrum from 30 Hz to 2 kHz. A

radar is mounted above the surface and measures the displacement of the surface.

The radar is highly optimized and has been developed speci�cally for this purpose. A

stepwise procedure is employed to measure the interaction of the elastic waves with

the buried mine. The transducer excites the elastic waves, and the radar records

the displacement at one point on the surface. The radar is then moved, the waves

are launched again, and the signal at the next point is recorded. In this way, the

radar scans the surface, successively measuring the displacement along a line on the

surface. The recorded signal is processed as described in Fig. 9.5 for the accelerometer

measurements, and the waterfall graphs presented in Chapter 7 are obtained.
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Transducer

Processor

Radar

Figure 9.14: Schematic drawing of the radar measurement.
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CHAPTER 10

Summary and Conclusions

This dissertation describes various aspects of elastic wave motion in solid media and

explains the interaction of elastic waves with buried land mines. In this work, results

of numerical, theoretical and experimental studies are presented, providing a compre-

hensive description of the fundamental functionality of a land mine detection system

using elastic waves.

This text can be divided into two parts. Chapters 2 { 6 describe a numerical

model, its theoretical background and its implementation. Chapters 7 { 9 depict the

application of the numerical model.

To compute the elastic wave motion in the ground, a numerical model has been

developed and implemented in two and three dimensions. The model uses the �nite-

di�erence time-domain modeling scheme and is implemented to run on a parallel

computer with multiple processors. In the model, the ground is assumed to be an in-

�nite, isotropic, lossless, heterogeneous half space. The air-ground interface is approx-

imated by a stress-free boundary condition, and a perfectly matched layer absorbing

boundary is implemented at the outer faces of the numerical grid.

In general, the numerical �nite-di�erence algorithm will be stable, if the Courant

condition (which links the time increment to the spacing between the nodes of the

discrete grid) is satis�ed. During the development of the numerical model, however, it

was observed that a more restrictive stability condition arises at the interface between

two di�erent media. An analysis of the stability of the �nite-di�erence algorithm at a
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material interface is presented, and it is conclusively shown that the Courant condition

will always be a suÆcient condition for stability, if the material properties for the �eld

components on the interface in the discrete numerical grid are averaged properly. The

averaging procedure is derived, and its implementation is presented.

While investigating the elastic wave motion that is excited by a source on the

surface of an isotropic, homogeneous medium, two distinct surface waves have been

observed: the well-known Rayleigh surface wave and a leaky surface wave. Both

surface waves are solutions to the governing partial-di�erential equations and arise

from the roots of the Rayleigh equation. The Rayleigh surface wave and the leaky

surface wave have distinct characteristics. The Rayleigh wave always exists, indepen-

dent of the properties of the medium. It is slower than both the pressure and the

shear wave in the medium. It propagates along the surface and decays exponentially

into the ground. On the surface, it induces a retrograde particle motion. The leaky

surface wave, on the other hand, exists only for materials with a high Poisson ratio

(� > 0:263). Along the surface, it propagates with a wave speed smaller than the

pressure wave, but larger than the shear wave and, therefore, couples into a plane

shear wave in the ground. Due to the coupling, the leaky surface wave decays in its

propagation direction. On the surface, it causes a prograde particle motion.

The numerical model is used to investigate the interaction of elastic waves with

buried land mines. As a �rst approach, the mines are approximated in the numerical

model by fairly simple models, neglecting the structural details and the complexity

of actual mines. Various results are presented illustrating the mine-wave interaction

for both anti-personnel and anti-tank mines. In general, when elastic waves impinge

on a buried mine, resonant oscillations are excited at the mine location. Oscillations

similar in size and shape are observed both in numerical results and in experimental

measurements. The resonant oscillations enhance the response of the buried mine

and, in that way, clearly distinguish it from surrounding clutter objects.

The resonant oscillations, in general, will depend on the type of mine, on the

properties of the soil, and on the burial depth of the mine. To explore the resonant
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oscillations in more detail, a re�ned mine model has been developed emulating a TS-50

anti-personnel mine. The new mine model includes the details of the actual mine and,

thus, models its resonant behavior more accurately. With the detailed mine model a

parametric study is conducted in which the response of the mine is investigated as a

function of the burial depth and the sti�ness of the ground. If a shear wave impinges

on a buried mine, two resonant modes (in the range up to 2.1 kHz) are excited at

the mine location. The resonant modes are primarily due to the exural motion of

the soil layer above the buried mine. In essence, it is concluded that the resonant

frequencies of the modes will increase with the sti�ness of the soil and decrease with

the burial depth of the mine, whereas the quality factor of the resonance will decrease

with both sti�ness and burial depth.

To study the wave propagation in the ground, the wave �elds have been measured

experimentally. For this, a vertical array of accelerometers has been buried. With the

accelerometers, the wave �elds underground are determined as a function of depth,

and conclusions are drawn about the depth variation of the soil properties.

The numerical model as presented in this work represents a compromise in ac-

curacy and complexity. Considering the uncertainties in the material properties of

the ground and the assumptions and simpli�cations that have been made for the nu-

merical model, the agreement of the numerical and the experimental results that are

presented throughout this text is remarkably good. Various paths can be followed to

improve the agreement in future models. In the numerical model, the depth variation

of the material properties is approximated by a fairly crude pro�le, and thorough

measurements are necessary to obtain a better picture of the variation of the ma-

terial properties in the ground. Furthermore, the numerical model as presented in

this work does not incorporate any loss or non-linear e�ects in the soil. Especially

the non-linear behavior of the soil has a signi�cant impact on the elastic wave prop-

agation in the ground. However, the implementation of the non-linearities will cause

a substantial increase in algorithmic complexity. Moreover, the non-linear behavior

of the soil has not yet been fully characterized and will di�er between di�erent soil
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types, making the implementation of the non-linearities almost infeasible.

Parts of this work have been presented at conferences and meetings [8], [9], [78],

[85] { [92] and have been published in or have been submitted for publication to

various scienti�c journals [93] { [96].
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APPENDIX A

3-D FDTD Equations

To implement the perfectly matched layer according to Chew and Liu [55], the �eld

variables have to be split. For each particle velocity component, three split �eld

quantities arise, which correspond to the spatial derivatives on the right hand side of

Eq. (4.11) { Eq. (4.13). The stress components are split in a similar way. For each of

the longitudinal stress components, �xx, �yy and �zz, three spatial derivatives appear

on the right hand side of Eq. (4.14) { Eq. (4.16). Some of the derivative terms are

equal for all longitudinal stresses and, thus, their split �eld components are also equal.

For example, �xx;y = �@uy
@y

= �zz;y. Consequently, only six split �eld components are

introduced for the three longitudinal stresses. The equations for the shear stresses

(Eq. (4.17) { (4.19)) have only two derivatives each on the right side. Thus, two split

components for each shear stress component arise. Altogether, a set of 21 equations

with 9 combining relations have to be solved for the 21 split �eld components and

the 9 original �eld components.

In the following, the position of the grid cell in x; y; z is labeled with i; j; k and

the time step is labeled with l. For example, V l+0:5
x ji;j;k is the x-component of the

numerical particle velocity at the (i; j; k)-th cell at the time (l + 0:5) ��t. The split
�nite-di�erence equations for the (i; j; k)-th cell are then:

V l+0:5
x;x ji;j;k = V l�0:5

x;x ji;j;k2��t
xji;j;k
2 + �t
xji;j;k (A.1)
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+
2�t

�ji;j;k�x(2 + �t
xji;j;k)(T
l
xxji;j;k � T l

xxji�1;j;k)

V l+0:5
x;y ji;j;k = V l�0:5

x;y ji;j;k2��t
yji;j;k
2 + �t
yji;j;k (A.2)

+
2�t

�ji;j;k�y(2 + �t
yji;j;k)(T
l
xyji;j;k � T l

xyji;j�1;k)

V l+0:5
x;z ji;j;k = V l�0:5

x;z ji;j;k2��t
zji;j;k
2 + �t
zji;j;k (A.3)

+
2�t

�ji;j;k�z(2 + �t
zji;j;k)(T
l
xzji;j;k � T l

xzji;j;k�1)

V l+0:5
y;x ji;j;k = V l�0:5

y;x ji;j;k2��t
xji;j;k
2 + �t
xji;j;k (A.4)

+
2�t

�ji;j;k�x(2 + �t
xji;j;k)(T
l
xyji+1;j;k � T l

xyji;j;k)

V l+0:5
y;y ji;j;k = V l�0:5

y;y ji;j;k2��t
yji;j;k
2 + �t
yji;j;k (A.5)

+
2�t

�ji;j;k�y(2 + �t
yji;j;k)(T
l
yyji;j+1;k � T l

yyji;j;k)

V l+0:5
y;z ji;j;k = V l�0:5

y;z ji;j;k2��t
zji;j;k
2 + �t
zji;j;k (A.6)

+
2�t

�ji;j;k�z(2 + �t
zji;j;k)(T
l
yzji;j;k � T l

yzji;j;k�1)

V l+0:5
z;x ji;j;k = V l�0:5

z;x ji;j;k2��t
xji;j;k
2 + �t
xji;j;k (A.7)

+
2�t

�ji;j;k�x(2 + �t
xji;j;k)(T
l
xzji+1;j;k � T l

xzji;j;k)
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V l+0:5
z;y ji;j;k = V l�0:5

z;y ji;j;k2��t
yji;j;k
2 + �t
yji;j;k (A.8)

+
2�t

�ji;j;k�y(2 + �t
yji;j;k)(T
l
yzji;j;k � T l

yzji;j�1;k)

V l+0:5
z;z ji;j;k = V l�0:5

z;z ji;j;k2��t
zji;j;k
2 + �t
zji;j;k (A.9)

+
2�t

�ji;j;k�z(2 + �t
zji;j;k)(T
l
zzji;j;k+1 � T l

zzji;j;k)

T l+1
xx;xji;j;k = T l

xx;xji;j;k
2��t
xji;j;k
2 + �t
xji;j;k (A.10)

+
2(�ji;j;k + 2�ji;j;k)�t
�x(2 + �t
xji;j;k) (V l+0:5

x ji+1;j;k � V l+0:5
x ji;j;k)

T l+1
xx;yji;j;k = T l+1

zz;yji;j;k = T l
xx;yji;j;k

2��t
yji;j;k
2 + �t
yji;j;k (A.11)

+
2�ji;j;k�t

�y(2 + �t
yji;j;k)(V
l+0:5
y ji;j;k � V l+0:5

y ji;j�1;k)

T l+1
xx;zji;j;k = T l+1

yy;zji;j;k = T l
xx;zji;j;k

2��t
zji;j;k
2 + �t
zji;j;k (A.12)

+
2�ji;j;k�t

�z(2 + �t
zji;j;k)(V
l+0:5
z ji;j;k � V l+0:5

z ji;j;k�1)

T l+1
yy;xji;j;k = T l+1

zz;xji;j;k = T l
yy;xji;j;k

2��t
xji;j;k
2 + �t
xji;j;k (A.13)

+
2�ji;j;k�t

�x(2 + �t
xji;j;k)(V
l+0:5
x ji+1;j;k � V l+0:5

x ji;j;k)

T l+1
yy;yji;j;k = T l

yy;yji;j;k
2��t
yji;j;k
2 + �t
yji;j;k (A.14)
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+
2(�ji;j;k + 2�ji;j;k)�t
�y(2 + �t
yji;j;k) (V l+0:5

y ji;j;k � V l+0:5
y ji;j�1;k)

T l+1
zz;zji;j;k = T l

zz;zji;j;k
2��t
zji;j;k
2 + �t
zji;j;k (A.15)

+
2(�ji;j;k + 2�ji;j;k)�t
�z(2 + �t
zji;j;k) (V l+0:5

z ji;j;k � V l+0:5
z ji;j;k�1)

T l+1
yz;yji;j;k = T l

yz;yji;j;k
2��t
yji;j;k
2 + �t
yji;j;k (A.16)

+
2�ji;j;k�t

�y(2 + �t
yji;j;k)(V
l+0:5
z ji;j+1;k � V l+0:5

z ji;j;k)

T l+1
yz;zji;j;k = T l

yz;zji;j;k
2��t
zji;j;k
2 + �t
zji;j;k (A.17)

+
2�ji;j;k�t

�z(2 + �t
zji;j;k)(V
l+0:5
y ji;j;k+1 � V l+0:5

y ji;j;k)

T l+1
xz;xji;j;k = T l

xz;xji;j;k
2��t
xji;j;k
2 + �t
xji;j;k (A.18)

+
2�ji;j;k�t

�x(2 + �t
xji;j;k)(V
l+0:5
z ji;j;k � V l+0:5

z ji�1;j;k)

T l+1
xz;zji;j;k = T l

xz;zji;j;k
2��t
zji;j;k
2 + �t
zji;j;k (A.19)

+
2�ji;j;k�t

�z(2 + �t
zji;j;k)(V
l+0:5
x ji;j;k+1 � V l+0:5

x ji;j;k)

T l+1
xy;xji;j;k = T l

xy;xji;j;k
2��t
xji;j;k
2 + �t
xji;j;k (A.20)

+
2�ji;j;k�t

�x(2 + �t
xji;j;k)(V
l+0:5
y ji;j;k � V l+0:5

y ji�1;j;k)
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T l+1
xy;yji;j;k = T l

xy;yji;j;k
2��t
yji;j;k
2 + �t
yji;j;k (A.21)

+
2�ji;j;k�t

�y(2 + �t
yji;j;k)(V
l+0:5
x ji;j+1;k � V l+0:5

x ji;j;k):

The relations combining the split �elds with the physical �elds are in discretized

form

V l+0:5
x ji;j;k = V l+0:5

x;x ji;j;k + V l+0:5
x;y ji;j;k + V l+0:5

x;z ji;j;k (A.22)

V l+0:5
y ji;j;k = V l+0:5

y;x ji;j;k + V l+0:5
y;y ji;j;k + V l+0:5

y;z ji;j;k (A.23)

V l+0:5
z ji;j;k = V l+0:5

z;x ji;j;k + V l+0:5
z;y ji;j;k + V l+0:5

z;z ji;j;k (A.24)

T l+1
xx ji;j;k = T l+1

xx;xji;j;k + T l+1
xx;yji;j;k + T l+1

xx;zji;j;k (A.25)

T l+1
yy ji;j;k = T l+1

yy;xji;j;k + T l+1
yy;yji;j;k + T l+1

xx;zji;j;k (A.26)

T l+1
zz ji;j;k = T l+1

yy;xji;j;k + T l+1
xx;yji;j;k + T l+1

zz;zji;j;k (A.27)

T l+1
yz ji;j;k = T l+1

yz;yji;j;k + T l+1
yz;zji;j;k (A.28)

T l+1
xz ji;j;k = T l+1

xz;xji;j;k + T l+1
xz;zji;j;k (A.29)

T l+1
xy ji;j;k = T l+1

xy;xji;j;k + T l+1
xy;yji;j;k: (A.30)
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APPENDIX B

Total-Field/Scattered-Field Formulation:

Correction Terms

In this section, the �eld components at the six arti�cial interfaces arising for the

total-�eld/scattered-�eld formulation are identi�ed. In six tables, all components

are listed, and their correction terms are given. The numbering of the interfaces is

indicated in Fig. B.1. The components at the interface are labeled by i; j; k, and

the �eld components within the correction terms are labeled with respect to their

corresponding interface component. Note that components at the edges between

inner and outer region must be adjusted by the correction terms associated with both

adjacent interfaces and the �eld components on the corners (i. e., the longitudinal

stresses) must be corrected by adding three terms.
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I II

III

IV

V

VI

x

y

z

Figure B.1: Numbering of the interfaces.

Table B.1: Field components and correction terms at Interface I and II.

I II

Scattered Fields Scattered Fields

V l+0:5
x ji;j;k � �t

��x
� T l

xx;incji;j;k V l+0:5
x ji;j;k �t

��x
� T l

xx;incji�1;j;k
T l+1
xy ji;j;k ���t

�x
� V l+0:5

y;inc ji;j;k T l+1
xy ji;j;k ��t

�x
� V l+0:5

y;inc ji�1;j;k
T l+1
xz ji;j;k ���t

�x
� V l+0:5

z;inc ji;j;k T l+1
xz ji;j;k ��t

�x
� V l+0:5

z;inc ji�1;j;k
Total Fields Total Fields

V l+0:5
y ji;j;k � �t

��x
� T l

xy;incji;j;k V l+0:5
y ji;j;k �t

��x
� T l

xy;incji+1;j;k
V l+0:5
z ji;j;k � �t

��x
� T l

xz;incji;j;k V l+0:5
z ji;j;k �t

��x
� T l

xz;incji+1;j;k
T l+1
xx ji;j;k � (�+2�)�t

�x
� V l+0:5

x;inc ji;j;k T l+1
xx ji;j;k (�+2�)�t

�x
� V l+0:5

x;inc ji+1;j;k
T l+1
yy ji;j;k ���t

�x
� V l+0:5

x;inc ji;j;k T l+1
yy ji;j;k ��t

�x
� V l+0:5

x;inc ji+1;j;k
T l+1
zz ji;j;k ���t

�x
� V l+0:5

x;inc ji;j;k T l+1
zz ji;j;k ��t

�x
� V l+0:5

x;inc ji+1;j;k
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Table B.2: Field components and correction terms at Interface III and IV.

III IV

Scattered Fields Scattered Fields

V l+0:5
y ji;j;k � �t

��y
� T l

yy;incji;j+1;k V l+0:5
y ji;j;k �t

��y
� T l

yy;incji;j;k
T l+1
yz ji;j;k ���t

�y
� V l+0:5

z;inc ji;j+1;k T l+1
yz ji;j;k ��t

�y
� V l+0:5

z;inc ji;j;k
T l+1
xy ji;j;k ���t

�y
� V l+0:5

x;inc ji;j+1;k T l+1
xy ji;j;k ��t

�y
� V l+0:5

x;inc ji;j;k
Total Fields Total Fields

V l+0:5
x ji;j;k � �t

��y
� T l

xy;incji;j�1;k V l+0:5
x ji;j;k �t

��y
� T l

xy;incji;j;k
V l+0:5
z ji;j;k � �t

��y
� T l

yz;incji;j�1;k V l+0:5
z ji;j;k �t

��y
� T l

yz;incji;j;k
T l+1
xx ji;j;k � (�+2�)�t

�y
� V l+0:5

y;inc ji;j�1;k T l+1
xx ji;j;k (�+2�)�t

�y
� V l+0:5

y;inc ji;j;k
T l+1
yy ji;j;k ���t

�y
� V l+0:5

y;inc ji;j�1;k T l+1
yy ji;j;k ��t

�y
� V l+0:5

y;inc ji;j;k
T l+1
zz ji;j;k ���t

�y
� V l+0:5

y;inc ji;j�1;k T l+1
zz ji;j;k ��t

�y
� V l+0:5

y;inc ji;j;k

Table B.3: Field components and correction terms at Interface V and VI .

V VI

Scattered Fields Scattered Fields

V l+0:5
z ji;j;k � �t

��z
� T l

zz;incji;j;k+1 V l+0:5
z ji;j;k �t

��z
� T l

zz;incji;j;k
T l+1
xz ji;j;k ���t

�z
� V l+0:5

x;inc ji;j;k+1 T l+1
xz ji;j;k ��t

�z
� V l+0:5

x;inc ji;j;k
T l+1
yz ji;j;k ���t

�z
� V l+0:5

y;inc ji;j;k+1 T l+1
yz ji;j;k ��t

�z
� V l+0:5

y;inc ji;j;k
Total Fields Total Fields

V l+0:5
x ji;j;k � �t

��z
� T l

xz;incji;j;k�1 V l+0:5
x ji;j;k �t

��z
� T l

xz;incji;j;k
V l+0:5
y ji;j;k � �t

��z
� T l

yz;incji;j;k�1 V l+0:5
y ji;j;k �t

��z
� T l

yz;incji;j;k
T l+1
xx ji;j;k ���t

�z
� V l+0:5

z;inc ji;j;k�1 T l+1
xx ji;j;k ��t

�z
� V l+0:5

z;inc ji;j;k
T l+1
yy ji;j;k ���t

�z
� V l+0:5

z;inc ji;j;k�1 T l+1
yy ji;j;k ��t

�z
� V l+0:5

z;inc ji;j;k
T l+1
zz ji;j;k � (�+2�)�t

�z
� V l+0:5

z;inc ji;j;k�1 T l+1
zz ji;j;k (�+2�)�t

�z
� V l+0:5

z;inc ji;j;k
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Software Documentation

The numerical model has been implemented using FORTRAN90. The three-dimensional

model is written in a fully parallel fashion using the Message-Passing Interface (MPI)

to run on computers with multiple processors. It can be executed on any machine

on which MPI is installed by using the default MPI execution command (mpirun) or a

script �le called execute gui. The script �le requires certain input parameters:

execute gui <np> <machine file> <executable> <directory>

<input file>

<np> speci�es the number of processors that are to be used, <machine file> is a

�le containing a listing of all machines that are to be used (i. e., the names of the

nodes of the parallel computer), <executable> is the program name to be executed,

<directory> is the name (including the path) of the directory in which the output

data is to be stored, and <input file> is the name of the �le in which the program

parameters are speci�ed. For example,

execute gui 28 machines 3d parallel /nodes/data parameters.dat

executes the �le 3d parallel using 28 processors (whose names are speci�ed in

machines), reads in the program parameters from parameters.dat and stores the

output in the directory /nodes/data.
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C.1 Input File

The input parameters are speci�ed in the input �le. The name of the input �le is

arbitrary and must be speci�ed during the program execution. The input �le consists

of �ve sections. In the �rst section, the general simulation parameters are speci�ed.

This section must appear �rst. In the four other sections, sources and objects in

the solution space are speci�ed, the background material is de�ned and the material

properties of the objects are listed. Each section must be started with a characteristic

letter:

� G for 'GENERAL',

� S for 'SOURCE',

� O for 'OBJECT',

� B for 'BACKGROUND', and

� M for 'MATERIAL'.

Each section is ended with the statement END. Comments can be inserted anywhere

and are indicated by either C followed by a space or # at the beginning of the line.

C.1.1 General Simulation Parameters

This section must appear �rst. The section beginning is indicated by G, and the end

by END. The following parameters must be speci�ed or errors will occur:

� DIM = x y z
problem dimensions in x, y and x [cm]

� DISCRETIZATION = dx dy dz
size of space steps �x, �y, �z [cm]

� TIME = t
time [ms]

� FREESURFACE = <0/1>

0: no free surface, 1: free surface at z = 0
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� SYMMETRIE Y = <0/1>

0: symmetry not exploited, 1: solution space symmetric to x-z-plane at y = 0.

Each statement begins with a characteristic phrase (e. g. TIME), followed by an equal

sign. After the equal sign, the value(s) is (are) speci�ed.

The time domain output data is written for entire planes. Up to 50 planes can

be speci�ed. Also, the frequency domain data for up to 1000 single points can be

output.

� SAMPLERATEMOVIE = r
rate for writing the output [ms]

� OUTPUT PLANE = P lane Position
plane (X,Y,Z, e. g., X for y-z-plane) and its position [cm].
A maximum of 50 output planes can be speci�ed. The data for the �rst speci�ed
plane is written in the �les `x1.dat', `y1.dat', and `z1.dat'; the data for the second
plane in `x2.dat', `y2.dat', and `z2.dat', and so on.

� OUTPUT POINT = fmin fmax �f x y z
frequency range of the output data (min. freq., max. freq., step freq.) and co-
ordinates of the point [cm];
A maximum of 1000 output points can be speci�ed. The frequency domain data
for the �rst speci�ed output point is written in `freq x1.dat', `freq y1.dat', and
`freq z1.dat'; for the second point in `freq x2.dat', `freq y2.dat', and `freq z2.dat',
and so on.

A sample input �le might look like this:

DIM = 30. 30. 30.

DISCRETIZATION = 0.5 0.5 0.5

TIME = 40.

FREESURFACE = 1

SYMMETRIE Y = 1

SAMPLERATEMOVIE = 0.125

OUTPUT PLANE = Z 0.

OUTPUT POINT = 0. 1500. 5. 15. 10. 10.

END

This input produces a solution space of size 30 cm by 30 cm by 30 cm (excluding

PML) with a spacing between the nodes of 0.5 cm in x, y and z. The �elds are
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computed for 40 milliseconds, a free surface boundary is present at z = 0, the �elds

are symmetric to the x-z-plane at y = 0. The output is written for the x-y-plane at

z = 0 (equivalent to the surface plane) with a rate of one frame per 0.125 milliseconds

(equivalent to a sample rate of 8 kHz). The frequency domain data is written out

for the point (x; y; z) = (15 cm; 10 cm; 10 cm) in the range from 0 Hz to 1500 Hz.

Note that all length speci�cations are in centimeters, and all time speci�cations are

in milliseconds.

C.1.2 Sources

Up to 100,000 source points can be speci�ed. Additionally, 10 plane waves (shear or

pressure) can be injected. Note that all length speci�cations are in centimeters, and

all time speci�cations are in milliseconds.

� CENTERFREQUENCY = fcenter
center frequency of excitation [Hz]; must be speci�ed!

� POINT = x y z tdelay iexc D A
coordinates of the point source [cm], time delay [ms], type of excitation (0,1,2),
direction (X,Y,Z) and amplitude of excitation

� CIRCLE = xcenter ycenter zcenter d �az �ele tdelay iexc D A
coordinates of the center of the source [cm], diameter [cm], azimuth and eleva-
tion angle [degrees], time delay [ms], type of excitation (0,1,2), direction (X,Y,Z)
and amplitude of excitation

� SQUARE = xcenter ycenter zcenter xdim ydim �az �ele tdelay iexc D A
coordinates of the center of the source [cm], dimensions in x and y [cm], az-
imuth and elevation angle [degrees], time delay [ms], type of excitation (0,1,2),
direction (X,Y,Z) and amplitude of excitation

� RING = xcenter ycenter zcenter d w �az �ele tdelay iexc D A
coordinates of the center of the source [cm], diameter and width of the ring
[cm], azimuth and elevation angle [degrees], time delay [ms], type of excitation
(0,1,2), direction (X,Y,Z) and amplitude of excitation

� CUBE = xcenter ycenter zcenter xdim ydim zdim �az �ele tdelay iexc D A
coordinates of the center of the source [cm], dimensions in x, y and z [cm],
azimuth and elevation angle [degrees], time delay [ms], type of excitation (0,1,2),
direction (X,Y,Z) and amplitude of excitation
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� SPHERE = xcenter ycenter zcenter d tdelay iexc D A
coordinates of the center of the source [cm], diameter [cm], time delay [ms],
type of excitation (0,1,2), direction (X,Y,Z) and amplitude of excitation

� CYLINDER = xcenter ycenter zcenter d zdim �az �ele tdelay iexc D A
coordinates of the center of the source [cm], diameter and height of cylinder
[cm], azimuth and elevation angle [degrees], time delay [ms], type of excitation
(0,1,2), direction (X,Y,Z) and amplitude of excitation

� SPHERICAL SHELL = xcenter ycenter zcenter d w tdelay iexc D A
coordinates of the center of the source [cm], diameter and width of shell [cm],
azimuth and elevation angle [degrees], time delay [ms], type of excitation (0,1,2),
direction (X,Y,Z) and amplitude of excitation

� CYLINDRICAL SHELL = xcenter ycenter zcenter d w zdim �az �ele tdelay iexc D A
coordinates of the center of the source [cm], diameter, width and height of
cylinder [cm], azimuth and elevation angle [degrees], time delay [ms], type of
excitation (0,1,2), direction (X,Y,Z) and amplitude of excitation

� PLANEWAVE = Type Dir tdelay iexc A
type of wave (PRESSURE,SHEAR), propagation direction and polarization (X,Y,Z
for PRESSURE; XZ, ... for SHEAR, indicating a shear wave polarized in x and
propagating in z), time delay [ms], type of excitation (0,1,2) and amplitude of
excitation

� PRESSURE SOURCE = xcenter ycenter zcenter d w tdelay iexc A
Spherical source that emits mainly spherical pressure waves; coordinates of
the center of the source [cm], diameter of source [cm], width of bu�er layer
surrounding the source to suppress shear waves [cm] (recommended: 2.), time
delay [ms], type of excitation (0,1,2) and amplitude of excitation

The azimuth angle is the angle by which the source is to be rotated from the

x-axis towards the y-axis in the x-y-plane.

The elevation angle is the angle by which the source is to be rotated from the

x-axis towards the z-axis in the x-z-plane.

Three types of excitation are possible indicated by 0, 1, and 2:

0 = di�erentiated Gaussian pulse

1 = Gaussian pulse

2 = external data speci�ed in the �le source.dat
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Format of source.dat: the �rst column speci�es the time data, the second column the

excitation values.

C.1.3 Objects

Objects with up to 1,000,000 elements can be speci�ed.

� ROUNDMINE = xref yref zref d1 zdim;1 d2 zdim;2 �az �ele iMat1 iMat2

reference location of mine (center in x and y, top of mine in z) [cm], diame-
ter and height of large chamber, diameter and height of small chamber [cm],
azimuth and elevation angle [degrees], material indices of large and small cham-
ber, respectively

� SQUAREMINE = xref yref zref xdim;1 ydim;1 zdim;1 xdim;2 ydim;2 zdim;2 �az �ele iMat1

iMat2

reference location of mine (center in x and y, top of mine in z) [cm], dimensions
in x, y and z of large chamber, dimensions in x, y and z of small chamber
[cm], azimuth and elevation angle [degrees], material indices of large and small
chamber, respectively

� DETAILED TS50 = xref yref zref �az �ele iMat1 iMat2 iMat3 iMat4

reference location of mine (center in x and y, top of mine in z) [cm], azimuth
and elevation angle [degrees], material indices of explosives, air, case and rubber
plate, respectively

� POINT = xref yref zref iMat

location in x, y and z [cm], material index

� CUBE = xref yref zref xdim ydim zdim �az �ele iMat

reference location of cube (center in x and y, top of object in z) [cm], dimensions
in x, y and z [cm], azimuth and elevation angle [degrees], material index

� SPHERE = xref yref zref d iMat

reference location of sphere (center in x and y, top of object in z) [cm], diameter
of sphere [cm], material index

� SPHERICAL SHELL = xref yref zref d w iMat1 iMat2

reference location of shell (center in x and y, top of object in z) [cm], overall
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diameter of shell [cm], width of shell wall [cm], material index of shell wall,
material index of inner material

� CYLINDER = xref yref zref d zdim �az �ele iMat

reference location of disk (center in x and y, top of object in z) [cm], diame-
ter and height of disk [cm], azimuth and elevation angle [degrees], material index

� CYLINDRICAL SHELL = xref yref zref d zdim w �az �ele iMat;1 iMat;2

reference location of shell (center in x and y, top of object in z) [cm], diameter,
height and width of shell [cm], azimuth and elevation angle [degrees], material
indices of the shell and the inside of the shell, respectively

� DISK LOOSESAND = xref yref zref dobj zdim;obj dsand zdim;sand �az �ele iMat1 iMat2

disk buried in medium with di�erent properties than surrounding soil to simu-
late burying e�ects; reference location of disk (center in x and y, top of object
in z) [cm], diameter and height of disk [cm], diameter and height of surrounding
region, azimuth and elevation angle of disk [degrees], material indices of disk
and surrounding region

� STICK = xref yref zref d l �az �ele iMat

emulates the random shape of a wooden stick, aligned with the x-axis; reference
location of the stick is the center of the cross section at the front end; reference
location [cm], diameter and length of stick [cm], azimuth and elevation angle
[degrees], material index

� RANDOMROCK = xref yref zref zdim �az �ele iMat

emulates the random shape of a rock; reference location is the center of the
rock's upper face; reference location [cm], height [cm], azimuth and elevation
angle [degrees], material index

� TUNINGFORK = xref yref zref iMat

tuning fork; reference location is the center of the forking point; reference loca-
tion [cm], material index

� EXTERNAL = �le iMat

reads in externally speci�ed objects from �le (�le contains three columns spec-
ifying the coordinates of the elements in x, y, and z); material index of the
elements
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The coordinates of all source and object elements are written into the �le

prop.dat. Format of prop.dat: four columns containing the coordinates in x, y, and

z, and the material index.

C.1.4 Background

Four di�erent background conditions (i. e., properties of the soil) can be speci�ed:

a homogeneous background, a layered background, a linearly varying background,

and a background in which the shear wave speed varies smoothly. The variation is

assumed to be in the z-direction. The background must be speci�ed only once!

� HOMOGENEOUS = � cP cS
material density [kg/m3], pressure wave speed and shear wave speed [m/s]

� LAYERED = n
d1 �1 cP1 cS1
d2 �2 cP2 cS2

...
dn �n cPn cSn

Speci�cation of a layered background medium, in which the material properties
are piecewise constant; n is the number of horizontal layers in the medium,
and in subsequent lines the speci�cation of these layers: thickness of layer [cm],
material density [kg/m3], pressure wave speed and shear wave speed [m/s]

� LINEAR = n
d1 �1;1 �1;2 cP1;1 cP1;2 cS1;1 cS1;2
d2 �2;1 �2;2 cP2;1 cP2;2 cS2;1 cS2;2

...
dn �n;1 �n;2 cPn;1 cPn;2 cSn;1 cSn;2

Speci�cation of a layered background medium, in which the material properties
vary linearly; n is the number of horizontal layers in the medium, and in sub-
sequent lines the speci�cation of these layers: thickness of layer [cm], material
densities at upper and lower interface [kg/m3], pressure wave speeds and shear
wave speeds at upper and lower interface [m/s]

� DEPTHVARYING = � cP cS;min cS;max A B
Speci�cation of a background medium in which the shear wave speed varies
smoothly; material density [kg/m3], pressure wave speed, minimum shear wave
speed, maximum shear wave speed [m/s], and the constants A and B, indicating
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the fraction of the maximum shear wave speed reached at a depth of one meter,
and the growth rate, respectively.

The material properties in the soil are written out to the �le background.dat.

Format of background.dat: four columns containing the depth, the material density,

the pressure wave speed and the shear wave speed in the model as a function of depth.

C.1.5 Materials

The materials that are used to characterize the objects must be speci�ed. Only the

materials that are actually used should be speci�ed, because the size of the time step

is determined from the maximum occurring wave speed in the list of the material

speci�cations. The materials are identi�ed by indices. Up to 100 di�erent materials

can be input.

Each material is de�ned by a material index iMat, the density �, the pressure

wave speed cP , and the shear wave speed cS. All of these must be speci�ed. A sample

input �le might look like this:

M

# air

1 1.3 330. 0.

# plastic

2 1200. 2700. 1100. END

Here, the parameters for air and plastic are de�ned. Air has the index 1, a density

of 1.3 kg/m3, a pressure wave speed of 330 m/s and a shear wave speed of 0 m/s.

Plastic has the index 2, a density of 1200 kg/m3, a pressure wave speed of 2700 m/s

and a shear wave speed of 1100 m/s.

C.1.6 Sample Input File
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# Sample Input File

# input general problem parameters

G

DIM = 30.0 30.0 30.0

DISCRETIZATION = 0.5 0.5 0.5

TIME = 30.0

FREESURFACE = 1

SYMMETRIE Y = 1

SAMPLERATEMOVIE = 0.1

OUTPUT PLANE = Z 0.0

OUTPUT PLANE = X 10.0

OUTPUT PLANE = Y 0.0

OUTPUT POINT = 0.0 1500.0 5.0 10.0 10.0 10.0

OUTPUT POINT = 0.0 1500.0 5.0 15.0 10.0 10.0

END

# input sources

S

CENTERFREQUENCY = 450.0

SQUARE = 10.0 0.0 10.0 1.5 10.0 0.0 0.0 5.0 1 X 1.0

END

# input objects

O

ROUNDMINE = 15.0 0.0 3.0 8.0 3.0 4.0 1.0 0.0 0.0 2 1

EXTERNAL = ext.dat 1

END

# input background

B

HOMOGENEOUS = 1400.0 250.0 87.0

END

# define materials

M

# air

1 1.3 330.0 0.0

# plastic

2 1200.0 2700.0 1100.0

END
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Elastic Constants for Isotropic Solids

Pressure Wave Speed in a

Medium:
cP =

s
�+ 2�

�

Shear Wave Speed in a Medium: cS =

s
�

�

Poisson's Ratio: � =
0:5�

� + �

Young's Modulus: E =
�(3�+ 2�)

�+ �

Longitudinal Wave Speed in a

Plate:
cL =

s
E

�(1� �2)

Transverse Flexural Wave Speed

in a Plate:
cTF =

vuuth!
 

E

12�(1� �2)

!1=2
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