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L. Clan otten directly expand +erms uging Euler's formulas.
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T x(t) is real, when +he FS coeffidients satixhy conjugate symmeiry:
A-x = O(.f
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System [esponse +o pPeriodic s'grals
Af 4he jnput to an LTI System can be Written a$ the sum of
sinusolds, “hen +he output can be writen as vhe same Sum, but

with €acn  Sinusord  scaled & Phese —shifred by the systems Fnegurnn/
response H()W> ot +hat Fn%uenc\/:
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= + é Z(aku(jwok)[ cos(w,,k + L0 +L H(Sw.k))

Vroperties of Tourier Series

Assume x(¢) has FS oeffictents Un, wlt) hes FS coeffictents b,
and +hot both have +he some fundamenral pericd T,
o inearit: T vle)= Axle) + Bw(t), +hen yle) also has a period of
T. and ts FS coefFidents are ¢ = Aa,.+ Bb,
° Scaling and Offset: TF yle)= Axte) + C +hen:
¢k = Aa, R kzo
=Aa, + C
This 15 a 5peda( case of [inearity where one §1\31/\o(' s a D€ offset
s Time Shif+: TF vy(¢)= X(f’fd)/ then 1+ also hes a period of
To and 15 FS coefFidents gre: Ck:aké’jkwota A/C”Zia’:“'

—— N T——
This is just a Phase shift Ay e
apPropPriate amount fHr each ﬁpeti/_
The ang fe oF the shiF+ scales Iihearly W/_{fm@%.

ThiS can be Proven wWhith a ckw\ge of le"l‘aﬁ(l?s'- T=1t- %y
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e Time Weversal (Fiip): TE x(¢) is real and y(¢)=x(-¢),
thea y(e)'s TS coeffFicients are Cu = at
This can be proven with 4le change of veriahbles = =-+¢
Can also hink of i+ as shiftiny dhe Phose of 4il the 0Sin€s fhot

malke up +he [eal 5,‘31\64( N +he 0??0511#8 Air‘(i(ﬁ‘or\—makpg sense

foar Hh's L1 i+ in ke +ime  domain | /‘X’\ T/?(\

/“so VV\ML‘% sense with (onjujaffe

Same as
symmetry : C{K = A ‘W D.w@ n

+ime Adoprodn

Why do FS work?

/4(! snusolds that are harmonits of Hae same Fundamendgl Lrewwhcy W,
are OF\H«vgar\a‘ — —17‘“’}’ Hrm an of‘flxojol*\a( basis set for
. : == T
(//we”’ia«el\aved\) 54‘9*\“{5 +Hhot are Per’/‘odtc Wi th Pef‘l‘oA lo = EL

v
av K -f (an write vhe sam® pPoint X In coodinates HF
E 7% oiler orthonormal Lasis  §e+s,
Orthogonali+y of s,‘ﬂr\a'S‘. similar 4o Vectors Xy = XYz O
For complex vectors : Y = X”V U,{\—;f,r;ve;:jyr\a:lw?ose " ( ;;c(iiurwsm
Why (s +he (onjugare necessary”  Often want )’f)’(’:}
TF X=a+bi (a 1D complex yector): I)‘(’l: a*4+ b
(a+ ) (a+bi) (ad bi)® (a+bi) = (a-bhi) (ath()
= a*+ 2abki - b* Zat+obi-abl+b*
at+hb* ¥ = a*+ b
Trner Products are a more general form oF dot products,
TyP;(q”y for Perdvdic 5f57\a’$‘. (C\om b\t’ Kefined )
0, V0> = = )y o & ARl poge

L' means Vor.qb’e name  doesn't matrer

we're s+ill mulf—,?/\//hj comespor\d{nj Values ofF x and Y oy ether and
”add:‘nj“ (:\f\hejmﬂr\j) e all up.

S0, X)L vy(£) if <xt),ye)y =0

ECE3084-L06-FourierSeries Page 3



To show olthogon alivy: Start wirh this integral, then well uce dhe result:
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= ] 35, Kt ( 32k j-\)
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= 1 for jnteger /</ which
Zeroes out +the whole
oxpression ™
%EX(EPT for k=0 Lecanse shen we also have dinsion

b\/ 2ero. (on wse

UH@PH—«I‘S, or just P(L’”ﬁ ‘n k=0
ear [ter (before eValua‘rv\r\j Hee ,\,\+e3m| )
fr k=01 ( QUTO) ) =L (1 ge=22oy
A | Ade =2
S0, we aet 1 when k=0, and O Ffor KZ0O. That's just

J
a Kronecker Jel4a funttion! Fraal resul+ «
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0!‘-%05 omqh“/y 6F harmonics .  given intesers k § A

3%!««6 3%,€t> ] ) &5 ket —j%jtd
=k S (k-A)t Apply result
T /I;ffo‘ e CJ—C From  above

= S[k-4]

Which is zero for all kK#L, Thus, all harmonics are orthossnal
0 eackother (but not +o hemselves, e, when k=A),
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We cun alto use dle ahove ,‘m‘egra/ result 4o check +he FS

analyél‘s & Synthess éﬁua"’/\ul'\sl
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= 2 Ak (?o J‘T e') [fo e 1T A—(_'> result m
k=-0v ° B&Faﬂf-
oo
= > O SLk-2] = A, /
AN

CAtl verms are zero extept when k=4
5ym/wéﬁ\/
Even Hunctions: F(-x) = £(x) eg. (o5 (-x) = cos(x)
Odd  funcrions:  L£(-x) = —F(x) e.q. sin (- %) = = sin(X)
IE $<) s 648, tmen }_:j fix) dx =0 periodic: jT, Fix)dx =0

evén X élen = @yen odd X odd = even even X oAJ = ooQo(
| -Jwekt

Ozk::,:f, X¢) e dt
o ]0

p—

= [ x) cos(-weke) de 4 = x(8) sin (w.ke) de

Tewn T oodd
It x(+) s even. :> Ax we even A-k= Ak
Becavse e 27 integral goes Yo zero, and the siyn of k doesnt metter in ¢s5(+)
X(¢£) even and real > dx are real Ak =0 = a?:
IX x) Q_OM = A, are odd A =-a,

Becauge (5T /‘m‘rejml 40ts 0 —2ero, & the sign of k pops out of sin()
X&) odd gnd real = (A« are imaging Aow=-Ap=-ar
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IF you reconstruct i+ with a Finite number of terms -| £k £

—This is ke running i+ Jhrough  gn fdeal (owpass Flrer ("Brick Wall“>
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4266\5 pl\ehomenor\ ("r"\f\f)l\*‘j\\). IV\LF&asl‘r\j L_ shrinks ¥ ¢itde -vo-
Sl‘de/ but not l/e/"l'/\cal/)/. As

L inecreases, +he averaye emol”
approaches zero guen +kou9bx Hee Gibbs peaks never go Awon.

This 15 an artifact of reconﬁmﬁhj a discontinuous Funcrion

MS“’\? contin Lo 'FM#\(,+1\0/\4.
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