ECE3084-L10 Laplace Transform
Thursday, March 2, 2017 4:05 AM
Recall :
lourier Vransform - X(bw) = j’w X (¢) eljwta(f
X (€) * X (¢) <& X, (jw) X2 (w)

Conv o ludtilon m“"'l‘Pll\lé\J—l\UV\

farticularty wsefrul Lor freq domau'n ana(yﬂ?:

X(e) —> Me){

X€)= A cos (wt+ ¢)
then  y(€) = (H(;W)Iﬁ cos (wfc ¢+ LHQW))
The FT dJdoesnt work for many s,\ﬁr\afg, e.9.

> Y(¢)
Yiw)= XGw)Hlw)

X(f);u(t)w INEENEE
-3 o  _wt S |Mtegra
X(3w) :/ w)re *Y e = j e de e oo pod
- 2 ewst.

However, qre FT dves exis+ iF the step Fn decays: xle)= e M ule)
H we con introdue a Suctor @vo-'t nto e transform , thea I+ could work
for i (nput:

X(o+w)=f 7™ de  fr oo
(v 0] - (0 +;
= [T Y
e D i et —(o +3w) € i
~lrw) © 5
A s o
T 04w
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Lavlace Trans form

let s= O + yw s £ d: e set oF compley pumbers
L | 149 —5¢ Bilateral (or +wd—Sz‘JPd>
X(S) ’j—oo X(‘é) e At Lap{a(( V_ral’\gg)r‘m

/C We juct reploced +he W From dhe FT with o
more general complex number, s = o jw

The FT projects signals ondo complex sinusords e3%%, which are
unable to represent spme types of g,‘fjmal; (e.y. s/‘jmfs Yoot

90 1O ©° as t—>w>.

t _ (o+w)t = eO’-L' wt

The LT projects signals onto e°% = e e”
These are complex sinusords that can expenentially grow or
decay 'n Majm‘wde dypemlfrxb on what the ypalue of g s,
This is a more general basis set fhat allows us to capture
& richer set of signals.
Flore Hut ¥ we choose =0 co +hat S= 3w, then the [T reduces
to the FI. TIn other words, e FT 7S o special case or subset of He LT.
For a porticular signal x(¥), the resion of convergence (RoL) s
the set of all g Hor which +he invegral converges.
The ROC only constrains e real part of ¢ (I4's bounded by

ver+ical lines ia 4L e S—P/ane).
—
One woey o thinlk  about tHwe LI :

To Find the values along a veriical line s=o0 /n e s-Pplare,
ot

muldiply dhe input by @ " 7, Hen +ake +he Fourier Trnshorm,
W)
= ~ef S o=4 .
\:%u,::c, ;O(m/\\% tosiive e
o8 Fre%mm ies (0")“9“%
& — Symmetny
y \ ) +
< /\/ejawvg \ </ "\F //\P(A,
\ Frequenties IS rea
—— R
Grow ing Decaying F e ] Y
= -+ FT of input multiplied
Ex Pai’\ﬁ’l’\‘h\qls kXPor\eﬂ"‘/\ﬂlﬁ by o — ¥t

*ﬂg LT s rot really a two-stase Process like 4his fhough .
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The bhilateral T s rarely used by Pm(+/‘c(‘,\9 engireers and complicates
d@all\r\9 W (Ha ROC;,

For cousal sYstems with inputs for 20 and
Some  §et of NI+l

conditions at+ t=0", we use:
Onilateral Laplace Tronsdorm (7 Laplace Transform®) :

L Ixe)] = X(g) = 5:0 x(€) e 2t dt

tImcluc}es the point € =0 (ie iftees o § there)
Onless we spectGically say "bllaveral, +his & What we are refernng +o.

The syctem outputs Y(€) we derive with Yhis are only val,d
for £ = O.

Examples :
. () = u(+) X(s) = fo wie) e e

e
.
/t_,goeg te O W RC(S) >0
X(s) = ’é‘

g [ue] = & Rels) >©j

RoC is the RHP (right hulf plare)

2 xw=e ule) XD fTe e de

Y -lta) t ro

T s+ a [>]

- R ~(s+a) oo _/l_
sta €

St A
ILC,OPS to 2ero if ﬁze(é) D A
Tle*u®] = o2 Rels) >-a

— . \ t ——at
T think most of 4ke entries on +he tahle wiflh an e

have
o 0C of Rels) > —a.
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3. x¢)=+te X(s):j:’ Le At It

e —(a+$)¢E Tntegration by porits:
= (Tpe T Ut
(o) fudl/; (AV—-‘Vd(A
w=t AV: e’(aﬂ) t ((aV\ derive 4hs n‘;yp\
du= | —1 —(a+s)t iMesrating Jhe
u— V=>3¢ € roduce Fule of
) @ cé'\QW‘F/’\*!\a*I\O/\ )
(= —(a+s) ¢ — —(a+s)t
X(f)"(a./.s -("e '—j a4 e 0('6 o RC(S) > A
T = te (ats)¢ l —(a+s)t id
ats T (a+)* o
! e
_(O]O> — (O -+ (a+5)1>
-at
L[t )= T Re(s)>a
A

C

The wle) shows up in e en
(except Where /‘Fchmdﬁhﬁ-V)ig/?/

y of +he table
2 to emphasize ot this
'S dke  unilateral (I,

In c)ehem’, better to use tables & V?roPe/‘H\F’S rather~ 4han l‘/\‘hfj/‘ﬂ"‘:‘t\s_
Key Yroper+ies of +he | T

($ee table for o+hers)

o Lf‘/\?&/‘l\‘fy: i[ax,—k bX'LJ - C&i[xij "'6 i[xz]

— C{X.(Q) + 6 XL(S)
Follows easu‘/\/ from {,‘maar/i/y o+ fn+e(jm/s

¢ Time Delay: LLx-T)= e X()
0o _S¢ Change of vars:
;}:[x(fc-‘l')] = {o x(t-T)e At e=e-T =7T+T
. T+T=00 ,,g(rt.,.T) dt = d’l.'
'}WT:O X(T) € dt

\\

e oo L
e’ 11_ x(T)e ' Fde
/L\/A%ume

x(£)=0 for + ¢ [-T,0)
et fo (Ve T dr

i

—

= ¥ X(s)
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o Differentiation - iﬁxl(e)] = s X(s) - x(07)

C Il (
/ oo - SMma X,
L] =) e ¥ de
Trtegration by parts: Judv = uy - fvdu
u= e °* dv=x'(£) dt

du=-se “de V= X&)
= e "Txte) = xe) (-se75) d+ i

= xw e+ s [Txwe de
Y —— ~—
0 - %(0) X(s5)
= s X(5) = x(07)

(& O~ because thats how Wwe defined the

lower bound of e LT. We juS‘f’
get+ lazy ¥ dont alwoys write H.

Can apply repeatedly:
L Lx"(e)] = s$L[x' )] —x(0)
= $*X(s) - sx'(07) —x(07)

/Uo-h\ce‘- The deorivatives disappeared and becme polynomials in
the s-domain | Thus,

Adereniial gguations In +he vime
domatn become a’jeérul‘c equations

N the S"do/v\ar‘/\/

This s wWhy the LT 5 so useful for solving dibF egs.

o Irv%egraﬁ‘on :

I 0, + L0
Let Vi) = f: x () d~ £ =0

So X({,’):]//({:)
LLvie) ] = sVis) —vI(0)
5 =0 hy deFinition

L [x&)] = ¢ Vis)
X(s) = sV(s)

V(s) =+ X(s) L[ de]) =+ X(s)
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e Fira| Value Theorem -

S x(6) = [ s K(s)
IF dhe Iimir exists, and x&) & x'(£) have LTs
P 0«?1 'l[l/\ N i nn
i S s X(s) =

o (s X6s) = x(0) + x(o))

— Iim

$0 (Qi[x (e))) + x(o)
-S",’;“o X'e)ePTde + x(0)
= [Txte (M et )de + x(©)
= [Txie) de + x(0)

= (X (e0) = x(o)> + x(0)

= X (00)
o IN‘H\C(( Value Theorem: tg’g,, X(¢) = gli;moo SX(S)
Yook §imilar

L, sust change e [imi'+ +o s—>00 [nstead oF s0
Exan/\@les
*» x(e) = cos (w€) ult)

= Ll +e7 ) u(e)

X6 =4 (555 + aw)

§+J'UJ

=S
X e™" & K(s-a)

wWe) & —+
_ L stiw 4+ s- 5w -1/ Zs
’Z(Sssier?'D > "L(sz-}w‘
I O o
T4 w*
X(v)dt & + X(s)
o X(¢)= tu@f) :j:u(,{:) A€ S :
ule) & L
X(s)= + 2lue)] = “'SJ? i
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. X(H:L | X(£)=tulk) -2 (&) uter) +
\ + ({;«1)Q(€’7'>
NS¢
| Zz

X(s)= = -~ 2e (?) + 6-25(’5]?
[3 -25

:# (I -2¢e ’ +e

o x(¢)= $(¢) X () :joip s@) e de = (e~se , d [ F 1

X(s)= 1
o X(£) = sin(t-Z) ul(t) Mote : sin (A-B) = sinAcwsB - cos A sin B
:(g,‘/\ (+) (os (%) — (08(¢) $in (%)) ult)
= ( L osinle) — 2 (o5 (f))u(t) w=1

X6) =% (F@r) - & ( su) (/J?”TSII}—L_)

Why can¥ ve use fhe gime Ae(ay preperty !
> te step Fn was not doleyed.
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