ECE3084-L12 Transfer Functions and Stability

Monday, March 13, 2017 10:11 PM

We con uce dhe LT & PFE +o solve differential egvatiors for LTT
Systems, but i+ mey be Pa;‘nﬁuf (lots of work). Only wert 1o do
M+ necessory.

We dor+ necessarily need +e solution +o analyze the Inpu+-ouput
be havior or even +to control a gy¢tem,

Many LTI Syitems have +his form:

n A7 )
%z:\/—i-an-.;(??}/-*“"" A, Y+ A Y = o)

X
/C = IrPut /—gr(;hy =
Laplace Transfom -

" NG) ¥ ana ™' Y5) + -+ A S) + Ao () — Poin (3) = b X(5)

Initral condi+ions; /1 We assume
order n-| PalyhbMPa( X(O-) =0
o¥r s.

(5™ ni8" H - A5 0) Y(5) = Prain () 4 (bms™ 4 -+ bys+b,) X(s)

P.‘ i+ (%) b
Y(s)= o + — - X (s)
St An, " T+ A s+ Ao $"+a, 8"+ F A, 5440
‘Pue ‘o infﬁ‘al Vue o ihpwf— or
ondi+rons., %rc%g function
"2ero - input responge” " Zero— ciute m_osg?onse“

In 5en@ra(, an onaly ze <hem independantly & sum Jor Ll response

\/(JC): Yrotural (£) + Y iorced (‘(7>
I+ no initial conditions (no stured energy in “he syghom), Hen

we get+ the zero ste response: Zero /pole/gain form
b K (s5=2)(5-22)-7" (5-2m)
Y(S>: Sﬂ+an~'§n-l+__.+al§+ao X($> H(é)' (5-P ) (s-P)--- (5-Pn)
- —~— S fevMs n .
\ umeratorl en
lbl(§> </_ ne "FfUV\S'F?f ‘@V\C‘HO/\ nar'\;; i+ rLere
ave deriyatives
O Trans fors. S
[rans fers nPuts to outpPuts. s o
N(s) = H(s) X(5) ' ! e diTE ey
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USI\/\ﬂ PFE [

!DMSM“’"" +bls+6° C, C_n
6)= = - — =+ —
Y( ) H(S) X($.> Sr\ +an-' grhl +“~+a|s+ao S-P. S"P,\
(May alse have repeated poles) T e P: are called “poles”
Each term of the YFE corresponds to a “‘mode” of Hhe Sy§tem:
-1
C. i Pt CA Jypre of verm (ot
-y — c:. € (,((f?) will show up ta Hhe
f -——V— output

This 18 & mode
of the system

IF the root+ 1s repeated, we get

Ca oy Cik £ it
T G, = P eTulo)

ﬁa Polynomfa‘ ot t
How does eaclh mode in +he output behave as +—2c0 7

The exponential term will alwaons dominare any Po/yr\omia‘
term fHom repeated (oots for large €. S0 we only need
+o know how '+ behares:

If pc s real:

Pe >0 +  exporentyal blws up. Yy —7 X 00
P:=0 +the mode s L (ie. a constant )
Pi KO ¢+ decaying exponential . Dis appears os +—>co

IE Pi= 0+ 50 (complex Pole, w #£0, come in conjugate pairs for real coeks

in the diFF egq),

o >0 ¢ oscillation wWith exponw\ﬂ‘a’(y increasing majn;‘wde

o =0 ‘+ pare/constant oscillation.

0o <0 : dewying oscillation, disuppears as t—7co

The zero- Input response and +he transfer function from the —zero

state respons@ have the same Jdenominator, and +hus the some
poles, modes, ond  asympioric bebhavior. Thus, we can Ignore “the
2ero-input resporse  (initial conditions) when analyzing stability.

o we'll ius+ concern ourselves width:
B)

V(s) = His) X(s)
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SHebil ity

For Y(s)=Hls) X(5),

poles can come from bot Hls) and X(s).
wont to daralyze +he system, not a specific (npu+,
at H(s).

But we

So we yust (o0 <

Def s An input -outpur System (s EI_/EO_ (bounded - /n

pu+ bounded - outPur)
'F a bounded ‘aput resulds Tn a bounded output,

"Bm.,tg";“ aM:
[FEO) <M V¢
Iapats will "excite™

(put energy into) te AifTerent modes of the
system. IF all of these modes decay, then nothing will blow up
when you have a bounded nput:

Theorem: Let the poles oF H(s) be given by P., P,,..., Pa.

The system s BIBO F and only £ Re(P:i) L O, Vi.
What about e (Pi) =07

Those Mmodes dont blow up or Jecay.
Evoample: (e = _’S, (pole @ origin)
I xle)= }46’“{(,{({/) for & D0 (a‘éca\//‘hﬁ e,xpor\eh—ll‘uD
A
X(5)= 53a
— = _/74— — _C/’~ _QL
MD=HIOX() = <7y = 571 534
A AL - A A
o f"’d’s;o R~ Clp S 5:——o§-——/0(—
- A (L _ 1
\]/(5)" ( 5 $+o(>

This 15 bounded,

Bot What iF xE=ult)? X($)= 5

Y(s):—slz y(t)= t ule) MNOT  bounded,

s /U0+ BIBO (muSﬁ remain bounded for ALL bounded ,‘,\puﬁs\).
This s called  resonane — when you excite i+ at the same

frequency that one of +he modes noturally oscill ates at:

With no decay, +he oscillation will grow larger & larger unbounded.,
T this Case, vhe Fregquency was zero (just o DC term),
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E xample . Hie) = \

X*+4
TF x(&) = ul¢):
L1 - A Bs + C
9= mm = 5 T Sew
=) S:O:ﬁ' [= A9 +Bs* + (s
| = (A+B)s* + (s + AY
C=0

A+B=0 B=-A--7
t0= ()4 - (§) 7w
>’(‘6>: = u(€) 'J,_,f Cos (2-6) w(¢) Bounded.

Whot ¥ X (€)= sin (2¢) w(¥) X()= 5%4

2
Y(QZ (524 4)* & Ogly PFE... just leok at form of soln.

2 )4 A* B B¥
= T T st 2% S
(s-25)"(s+23) 5-2) $+2; ($-25) ™ (5+23)
e T B A B o
terms lilee verms i ke
C05(2f+¢> t@9(2f+¢)
Bounded Un bounded

So we cant have poles on Jle jw onis & srill be T3TYBO. The
poles must be in the left+ hand spde of Jhe wmpley plane (;-Plar\e,>.

For $B1120 systems — Mo longer need the disclaimer "o (ong as vhe
limi+ exists for +he fFnal Voalue +heorem (assumMg bound ed /‘APH).
Note : T£ a polynomial has real coeldcente, 4hen [tS roots will
exhibit conjugate gymmetry (1.€. complex roots will only occur in
(0"5"‘5“*6 V’«I\Fs). Because a‘p#\t‘s, He poles X zeros will occur
in conyugate pairs i the AL ey has real weFiclents
— Makes sente. You need to add Jwo counter- oteting  compley

sinusords 4o cancel out He /\mayfnary parts and g9et a real sausord.
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Series RLC circui+: bl L 4
I——_ IS L C V
VO T e

|
Veb) = mres +1 V0

— \/
H(s)
-RC £ JR**-YLC We know R >0,
L>O

[t
2LC ¢ >0,

E xample :

Poles are ot
(over dam Ped)

TE R(*-41C > 0O
We know {RC/ > /JR"C'L—L/-LC, because e -$LC con only
make e right hand $rde smaller. . Hie —RC makes e

real part negative,
(Underdamped )
-ficxj \i YLC-R*c* Conjugate poles
Show uP as giausord

[
2LC +erm n sol'n —

oScrllatrion.

T+ R*C*™—4%LC <O

then ‘the Poles are
Whith bas a negative real par.
TF yow remove +ae flesistor (set R=0), Hen the poles are
i)‘m T
- T 2Lc ~  (tc

So ~he vregonant Q’E% 'S T,L?

pPurely imaeginary .

Do you know what Hars oircurt d0057

(owpass L lter.

21" order

Induct lvolcs lilkce open circult @ high freq.

neuctor i P reu 19 9 > A” Jhe AI\Q[\ 1@‘6” Wlmge
9e4s dropped  across Jhe

(ap looks ke stort arct @ /\l\gl\ 4}\?%
iy Cro cnductor.
ow %-’
Tidactor —> Skort rcat
i i Al low freg voltage &) efs Aropped
across the ccap. loain =1

(ap — OPW\ Cirewi+
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