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ABSTRACT

We develop models that describe the cytonuclear structure for either a cytoplasmic and nuclear
marker in a haplodiploid species or a cytoplasmic and Xlinked marker in a diploid species. Sex-specific
disequilibrium statistics that summarize nonrandom cytonuclear associations in such systems are defined,
and their basic Hardy-Weinberg dynamics and admixture formulae are delimited. We focus on the
context of hybrid zones and develop continent-island models whereby individuals from two genetically
differentiated source populations migrate into and mate within a single zone of admixture. We examine
the effects of differential migration of the sexes, assortative mating by pure type females, and census
time (relative to mating and migration), as well as special cases of random mating and migration
subsumed under the general models. We show that pure type individuals and nonzero cytonuclear
disequilibria can be maintained within a hybrid zone if there is continued migration from both source
populations, and that females generally have a greater influence over these cytonuclear variables than
males. The resulting theoretical framework can be used to estimate the rates of assortative mating and
sex-specific gene flow in hybrid zones and other zones of admixture involving haplodiploid or sex-linked

cytonuclear data.

HE study of natural hybrid zones relies heavily on
genetic markers and may be greatly aided if both
cytoplasmic and nuclear DNA markers are available and
assayed in each individual (ARNOLD 1993). The benefit
of using such joint data is derived from the fact that
cytoplasmic DNA is nearly always inherited uniparen-
tally while nuclear DNA is normally inherited biparen-
tally. As a result, cytonuclear data provide a new and
often unique way to detect many evolutionary forces,
particularly those that differentially affect the sexes. To
take advantage of this novel source of information,
models have been developed describing the expected
cytonuclear frequencies and disequilibria for autosomal
and cytoplasmic markers in diploid species under a vari-
ety of evolutionary contexts (CLARK 1984; ASMUSSEN et
al. 1987, 1989; ARNOLD et al. 1988; ASMUSSEN and AR-
NOLD 1991; ASMUSSEN and SCHNABEL 1991; SCHNABEL
and ASMUSSEN 1992; ARNOLD 1993; CELLINO and ARr-
NoLD 1993; BABCOCK and ASMUSSEN 1996). These
frameworks have been applied to cytonuclear data to
identify zones of admixture and to yield estimates of
migration and assortative mating rates of pure parental
individuals within a hybrid zone that are more sensitive
than, and sometimes unobtainable from, nuclear data
alone (ASMUSSEN et al. 1989; AVISE et al. 1990; SITES et
al. 1996).
However, the existing models are not adequate for
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analyzing all types of hybrid zones. For example, they do
not address the biologically important situations where
females are diploid and males haploid at their nuclear
loci, as is the case in haplodiploid species or at X-linked
loci in diploid species. In such situations, females in-
herit their nuclear genes from both parents while males
receive their nuclear complement from their mother
only. We expect cytonuclear variables to behave differ-
ently under these circumstances than under the stan-
dard diploid conditions already developed. It is there-
fore important to delimit this behavior and to deter-
mine whether such sex-specific cytonuclear data may
be particularly useful and informative in deducing the
evolutionary history of natural populations, in the same
way that standard cytonuclear data provide a novel way
to partition gene flow in plant populations into haploid
(pollen) and diploid (seed) components (ASMUSSEN
and SCHNABEL 1991; SCHNABEL and ASMUSSEN 1992).
Here, we enlarge the theoretical framework for cyto-
nuclear systems to include models that describe the
expected cytonuclear structure for haplodiploid species
or Xlinked nuclear markers in diploid species. We first
define the cytonuclear frequencies and nonrandom as-
sociations and analyze their dynamics under basic
Hardy-Weinberg conditions, and then we examine the
effects of population admixture on the sex-specific cyto-
nuclear disequilibria. This framework is extended to
formulate continent-island models of hybridization that
incorporate the effects of differential migration of the
sexes and assortative mating by females of the two pure
parental species. In applying these models to data from
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TABLE 1

Frequencies of joint cytonuclear genotypes in females

Nuclear genotype
Cytotype AA Aa aa Total
C w = ux;+ Dy v = vx,+ Dy w = wxp+ Dy X
¢ Up = wy — D w = vy~ Dy wy = wy — Dy ¥
Total u v w 1.0

a hybrid zone between two haplodiploid ant species,
Solenopsis invicta and $. richteri, we find the need to fur-
ther expand this framework to include the cytonuclear
effects of population subdivision within the region of
hybridization. This subject will be dealt with in a subse-
quent article.

CYTONUCLEAR VARIABLES

The basic theoretical framework developed here ap-
plies equally to data involving an X-linked nuclear and
cytoplasmic locus in a diploid species, however, for ease
of discussion, we will present this in the context of
haplodiploids. We assume that there are two alleles (A,
a) at the nuclear locus and two alleles (C, ¢) at the
haploid, cytoplasmic locus. Variables common to both
sexes will be sub- or superscripted by an m for males and
an ffor females, while subscripts of I or 2 on frequency
variables denote cytonuclear combinations with the C
or ¢ cytotype, respectively. For diploid females, the cyto-
nuclear variables are completely analogous to those un-
der the standard diploid cytonuclear formulation (As-
MUSSEN et al. 1987). The frequencies of the six possible
joint genotypes in females are denoted as in Table 1,
together with the marginal frequencies of the cytotypes
(row sums) and the nuclear genotypes (column sums).
From these, we may calculate the nuclear allele frequen-
cies in females as

py = freq(4) = u + %v
and
¢ = freq(a) = w + %,

where g = 1 — p, The remaining female frequency
variables are those of the four cytonuclear diallelic com-
binations (Table- 2), which represent the frequencies

of female gametes if the cytoplasmic marker is mater-
nally (or biparentally) inherited and no selection oc-
curs. Formally, ¢{ = freq(A/C), for instance, is defined
as the probability that a random female from the popu-
lation has cytotype Cand that a randomly sampled allele
at her nuclear locus is A (ASMUSSEN and BASTEN 1994).

In females, we may define two levels of cytonuclear
disequilibria. The first are the genotypic disequilibria,

D, = freq(AA/C) — freq(AA)freq(C) = w — ux
D, = freq(Aa/C) — freq(Aa)freq(C) = v; — vx,
D = freq(aa/C) — freq(aa)freq(C) = v, ~ wx, (1)

that measure the nonrandom association between the
cytoplasmic alleles and each female nuclear genotype.
We can also define a female allelic disequilibrium,

Dy = freq(A/C) — freq(A)freq(C) = p{ — px,  (2)

that measures the nonrandom association between the
nuclear and cytoplasmic alleles in females, where in
both (1) and (2) freq denotes the frequency in females.
The female cytonuclear disequilibrium statistics are inti-
mately related by the following equations,

Df=D1+1/2D2 and D1+D2+D3=O

and therefore the four female disequilibria reduce to
two independent measures.

Differences between the diploid and haplodiploid
models arise when we examine the cytonuclear struc-
ture of males. Since males are always haploid at both
their nuclear and cytoplasmic loci, there are only four
possible male genotypes. Their frequencies, which are
analogous to the female diallelic combinations (Table
2), are denoted as in Table 3, along with the marginal

TABLE 2

quﬁencies of cytonuclear diallelic combinations in females

Nuclear allele
Cytotype A a Total
c ph=wm+ Veu = pyx+ Dy g =w+ Yoo = g% — Dy Xy
¢ pr=1w+ Vaw=py— D Gh=w+ Vo= qy+ D ¥
Total br 9 1.0
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TABLE 3

Frequencies of joint cytonuclear genotypes in males

Nuclear allele

Cytotype A a Total
C b7 = prxn + Dn g7 = GuXm — Dy, X
¢ pZ = prud¥m — Dn g% = Gu¥m T Dy Fm
Total b G 1.0

allele frequencies at the two markers. Males have the
single, allelic disequilibrium defined as

D, = freq(A/C) — freq(A)freq(C) = pi' — puxn, (3)

where freq now denotes the frequency in males. This
statistic 1s analogous to, but distinct from, the female
measure D;in (2). The frequencies of the male geno-
types and the female cytonuclear combinations can be
written in terms of the relevant sex-specific disequilibria
and marginal nuclear and cytotype frequencies as
shown in Tables 1-3.

BASIC CYTONUCLEAR DYNAMICS

We first analyze the baseline dynamical behavior of
this haplodiploid (and Xlinked) cytonuclear system
under Hardy-Weinberg conditions. We assume ran-
dom mating and no selection or input of new alleles
through mutation or migration. Population size is
large enough to preclude the effects of drift, and gen-
erations are discrete and nonoverlapping. A female
is diploid and assumed to obtain half of her nuclear
complement from her mother and half from her fa-
ther; however, her cytoplasmic allele is assumed to be
strictly inherited through her mother. Males receive
their sole allele at each nuclear and cytoplasmic locus
from their mother.

We begin by deriving the female cytonuclear dynam-
ics. Through anailysis of a mating table we find that after
one generation of mating the frequencies of the joint
cvtonuclear genotypes in females are

U= plp U= plgn + glpn W= gl (D)

for : = 1, 2, where a prime (') indicates the value in
the new generation. We see that the form of these equa-
tions clearly delimits the maternal and paternal contri-
butions to each female genotypic class. For example,
an AA/C individual is produced by receiving an A/C
diallelic combination from the female gamete pool
(with probability p{) and an A allele from the male
gamete pool (with probability p,,). By summing (4) over
the two cytotypes, we find the new marginal nuclear
genotype frequencies to be

W= P V= PG+ g W = g, (D)

while the new nuclear and cytoplasmic allele frequen-
cies in females are

b= b+ ) X =% (6)

As expected, the nuclear frequencies follow the stan-
dard Hardy-Weinberg dynamics for haplodiploids (and
Xlinked loci), since the nuclear genes are assumed to
assort independently of the cytotype marker. In con-
trast, the cytotype frequency in females does not change
from its initial value since males do not contribute al-
leles to the cytoplasmic gene pool, and females are hap-
loid at their cytoplasmic locus.

We may now use the female frequency recursions
from (4) to (6) in conjunction with (1) and (2) to show
that the genotypic and allelic disequilibria in females
are changed by random mating to

D = pnDy

Dy = (gn — p) Dy

D = ~g.D;

Dy = %Dy (7)

We see that the recursions for the female disequilibria
in the haplodiploid model are determined by the nu-
clear allele frequencies in the male gamete pool (p,,
g») and the allelic disequilibrium in the female gamete
pool (D)), and are identical to those in the standard,
diploid cytonuclear model when there are frequency
differences between the sexes (BABCOCK and ASMUSSEN
1996). Moreover, D, decays at the same rate as the ga-
metic phase disequilibrium between two unlinked nu-
clear loci (HARTL and CLARK 1989).

The frequencies of the four male genotypes in the
next generation are given by the corresponding female
diallelic combinations in the previous generation,

BN = pi () = ¢! (8)

for =1, 2, and consequently the new allele frequencies
and allelic disequilibrium in males are also a direct
reflection of those in their mothers,

P:n = pr X = Xs D, = D/- (9)

The male and female recursions can be used to solve
for the time-dependent solutions for the allele frequen-
cies and disequilibria in both sexes, which, via the mar-
ginal recursions in (3) and relationships given in Tables
1-3, completely define the cytonuclear dynamics in the
population. To derive these dynamical solutions, define
2" as the value of the variable zin any generation ¢and
) as the initial value of z If we further define the
initial, overall nuclear allele frequency in the popula-
tion as p = %p” + %pY, and the initial difference in
the nuclear allele frequencies in females and males as
A® = p@ — pi then the nuclear allele frequencies

z




324 M. A. D. Goodisman and M. A. Asmussen

in males and females in any generation, t=0,1,2, ...,
are given by

B =p+ KA
P =0 = p— KAV ()" (10)

These follow the standard Hardy-Weinberg dynamics
for haplodiploid (or Xlinked) loci (HARTL and CLARK
1989), under which p,and p,, both approach the con-
stant, overall nuclear allele frequency, p, in a damped
oscillatory fashion. After the first generation, the male
cytotype frequency takes on the frequency in females,
and thereafter the cytotype frequencies in both sexes

remain at the initial value in females, so that
() = 0 — (0
X=X, = %

for t = 1, 2, .... Using the nuclear allele frequency
dynamics in (10) and the recursions for the cytonuclear
disequilibrium statistics in (7) and (9), we can next
solve for the values of the four disequilibria at any time
t, which are given by

DY = [p(h)" — BAO (=) 1D

DY = [(g = H(A + %A (=) 1D
DY = ~[g(4)*"" + %A (/) 1D

D = D (4)*

DY = D™ = D (5.

As in the standard diploid model (ASMUSSEN et al.
1987), all disequilibria rapidly decay to zero, and within
six generations, all of the values will be below 0.01 in
magnitude, which represents a minimum detectable
level for reasonable sample sizes and marginal allele
frequencies (ASMUSSEN and BASTEN 1994). The female
allelic disequilibrium, D; decays monotonically with no
change in sign, and after the first generation the male
disequilibrium, D,,, assumes twice the value of D lag-
ging one generation behind. In females, the homozy-
gote genotypic disequilibrium, D, takes on and retains
the sign of the female allelic disequilibrium, while D,
takes the opposite sign of D;. Interesting disequilibrium
dynamics, not found in the standard diploid model, are
possible if initially there are nuclear allele frequency
differences between the sexes (p° # p’) and nonran-
dom allelic associations in females (D{* # 0). In particu-
lar, under these conditions, it is possible for the female
genotypic disequilibria to increase in magnitude past
the first generation. Furthermore, the values of both
homozygote disequilibria, D, and Ds;, may oscillate in
the initial generations as a result of nuclear allele fre-
quency oscillations, but these disequilibria eventually
decay monotonically to zero as the nuclear allele fre-
quency equilibrates in the two sexes. Like the homozy-
gote disequilibria, the magnitude of the heterozygote
disequilibrium, Dy, will also ultimately decay monotoni-
cally, but the sign of D may exhibit permanent cycling
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FIGURE 1.—Cytonuciear disequilibria under Hardy-Wein-
berg conditions for the initial frequencies: u, = 0.5, v, =
w; = uy =0, v, =0.45, wp = 0.05; p7 = 0.1, g7 = 09, £ =
& = 0.

if initially the overall nuclear allele frequency (p) is 0.5
and the initial nuclear allele frequencies in the sexes
differ (5 # p%). An example of the dynamical behav-
ior of the sex-specific disequilibria is illustrated in Fig-
ure 1.

POPULATION ADMIXTURE

Pooling genetically differentiated populations can
generate both nuclear and cytonuclear disequilibria in
diploid species (NEI and L1 1973; ASMUSSEN and AR-
NoLD 1991), and we expect similar effects on cvio-
nuclear disequilibria involving haplodiploid species or
Xlinked loci. Consider the general case where n distinct
populations are combined into a single population. De-
fine the mean value of the variable z across all z popula-
tions as

=Y mz?, (11)
=1
where m; is the fraction from subpopulation i and z"”
is the value of variable zin subpopulation i. Then, from
(2) and (11) the female allelic disequilibrium in the
pooled population is

D =pl — %
=7 — PRy + cov(py %)
= D;+ cov(py x)).
Similar calculations for the female genotypic disequilib-

ria, D, and male allelic disequilibrium, D,, show that
in the combined population

DI = D; + cov(g, x) DL = Dn+ cOV(pm %m),

where g; = u, v, or wfor i = 1, 2, 3, respectively. These
results mirror those found under the standard diploid
formulation, in that each total disequilibrium is the
weighted average of the values in the subpopulations
plus the covariance between the cytotype frequency and

I R R O R B ——————
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the appropriate nuclear frequency across the subpopu-
lations (ASMUSSEN and ARNOLD 1991). The covariance
terms have a particularly nice interpretation in the spe-
cial case when just two subpopulations are pooled, for
which the admixture formulas become

DI=D,+ m(1 - ml)(gf-l) - gf-2))(xf(” - x}2))
Df = D+ m(1 — m) (5" — ) (5 — x2)
Df =D+ m(1 — m)(p — pP) (x5 — £2),  (12)

where, once again, g; = u, v, or wfor i = 1, 2, 3, respec-
tively. In this instance, the covariances are nonzero, and
there is a cytonuclear admixture effect in that the total
disequilibrium differs from the mean of the values in
the subpopulations, if and only if the cytotype and the
associated nuclear frequency both differ across the two
subpopulations. In general, to have an admixture effect
with more than two subpopulations, it is necessary but
not sufficient that both the nuclear and cytoplasmic
components vary across subpopulations.

CONTINENT-ISLAND MODELS FOR HAPLODIPLOIDS

In this section we develop models that explore the
effects of hybridization on the cytonuclear structure of
haplodiploid species. We assume that individuals from
two genetically differentiated populations continuously
migrate into a zone of admixture where mating occurs.
Although our model is more general, we are primarily
interested in hybrid zones where the source popula-
tions are fixed for alternate alleles. In this case, source
population 1 (species 1) will be composed only of fe-
males of genotype AA/C and males of genotype A/C,
while source population 2 (species 2) is composed only
of females of genotype aa/c and males of genotype a/
¢. In the hybrid zone, individuals who possess two-locus
homospecific allelic combinations may either be pure
parental individuals or hybrids that look like pure pa-
rental individuals at the two-locus level. As in previous
diploid formulations (ARNOLD et al. 1988; ASMUSSEN et
al. 1989), it is useful to divide these homoallelic classes
into subclasses based on their true species status. Fe-
males that display genotype AA/C, for example, may
either be pure parentals from source population 1 (freq
u,), or they may be hybrids (freq ). We may subdi-
vide the other homoallelic classes in similar ways to
obtain the four partitions,

U = Ut U Wy S Wae + Whs
ﬂ=pﬂ+pﬂ ﬁl:ﬁ;_*-ﬁlh,
where the subscript s represents a pure species individ-
ual and the subscript & represents a hybrid. In practice,
these subclasses may be distinguished from one another
with a high degree of confidence through the examina-
tion of multiple diagnostic nuclear loci in conjunction
with a diagnostic cytoplasmic marker.
Interestingly, the dynamics of the pure species indi-

viduals in the haplodiploid and the diploid, X-linked
models deviate due to the differing modes of male pro-
duction. Haplodiploid males are produced parthenoge-
netically; therefore all the sons of a pure type female
will be pure type males. This is not true in the diploid
case where a pure species son is produced if and only
if a pure species female mates with a conspecific male
(since all sexually produced sons receive half their au-
tosomal complement from their father, which, al-
though not monitored, nonetheless affect their true
species status). Pure type females are not affected in
this way since in both the haplodiploid and Xlinked
cases they can only be produced through the union of
a pure type female and male. In this section we will
focus on the case of haplodiploids. The differences that
arise when considering an Xlinked marker in a diploid
species will be dealt with in the CONTINENT-ISLAND MOD-
ELS FOR XLINKED LOCI section below.

As in previous formulations (ASMUSSEN et al. 1989),
our continent-island model incorporates assortative
mating within the hybrid zone by assuming that a pure
species 1 female will preferentially mate with a conspe-
cific male with probability  and mate at random with
probability 1 ~ «. Similarly, a pure species 2 female
will preferentially mate with a conspecific male with
probability 8 and mate at random with probability 1 —
B. The other six, hybrid type females are assumed to
always mate at random. Our formulation includes ran-
dom mating as a special case corresponding to a = 8
= 0 (see below).

We assume that every generation a constant fraction,
mf"), of females within the hybrid zone are migrants
from source population 1, and a constant fraction,
m®, of females are migrants from source population 2,
while the remaining fraction of females, 1 — m{"
m®, are offspring of previous residents. Males may mi-
grate into the hybrid zone at different rates from the
females so that every generation, a fraction md and
m? of the males are migrants from source populations
1 and 2, respectively, with the remaining fraction of
males produced by females already in the hybrid zone.
We denote the overall values of the cytonuclear vari-
ables in the male and female migrant pools as p; p,., %5
%, B7, Ds etc. For all frequencies this overall value is
simply the arithmetic average of the corresponding fre-
quencies in the two source populations weighted by the
appropriate sex-specific migration rate. For example, if
the cytotype frequency in females is " and x{® in
source populations 1 and 2, respectively, then the fe-
male cytotype frequency in the migrants is % =
(mPx) + mP D)/ (mP + mP). The cytonuclear dis-
equilibria in the migrant pools can be computed from
their definitions (e.g., D = #% — % %) or from the
admixture formulae in (12). In the special case of inter-
est, where the two source populations are fixed for alter-
nate alleles, the frequencies and disequilibria in the
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Census 1: Before Mating

Mating and
Reproduction

Migration
Census 2: After Mating

FIGURE 2.—Census times of individuals within hybrid
zones. Censusing may occur before mating and after migra-
tion (census 1) or before migration and after mating (cen-
sus 2).

migrants are simple functions of the sex-specific migra-
tion rates, with

U s =

8
]
-

=0 =

D}= 51 = _53 = m}l)m}2)/(mf)2 (13)

in females, where m; = m{"’ + m{®, is the total female
migration rate, and

o= = P = %= m /M,

=R =g=g=0
D, = mymy/ (my,)* (14)

in males, where m,, = m{? + m? is the total male migra-

tion rate. Although we are specifically interested in
zones of hybridization between two genetically distinct
species, we need only modify the cytonuclear frequen-
cies and disequilibria in the migrants, given by (13)-
(14), to make our model applicable to any population
receiving unidirectional gene flow from any number
of sources with arbitrary compositions. Except for the
continuous migration and potential for assortative mat-
ing, the monitored population satisfies the Hardy-Wein-
berg conditions specified in the BASIC CYTONUCLEAR DY-
NAMICS section.

Model with censusing after miglr'ation and before
mating (census 1)

As in the standard diploid formulation (ASMUSSEN
et al. 1989), the values of cytonuclear variables in the
haplodiploid model differ with the timing of censusing
relative to mating and migration (Figure 2). Here we
develop the model for censusing before mating and
after migration of individuals into the hybrid zone (cen-

sus 1). The alternative framework (census 2) and the
consequences of censusing time will be discussed below.

Female recursions: We first turn our attention to the
dynamics of the female cytonuclear variables under cen-
sus 1. In contrast to the standard diploid model (Asmus-
SEN et al. 1989), the female genotypic recursions in the
haplodiploid model reveal the explicit contribution of
males and females to the next generation. Each female
frequency variable is the weighted average of the corre-
sponding value in migrant females and the female prog-
eny of the previous residents, weighted by the total fe-
male migration rate, m. Through analysis of a mating
table, it can be shown that the resulting recursions for
the two parental female classes are

u{: = mfﬁls + (1 - mf)uls[a + (1 - a)Pﬁ]

uh, = myilp, + (1 — m)un B + (1 — B) 4], (15)
while those for the six basic female cytonuclear geno-

types are
u = mem + (1 — m) [pn(px + D) + auyqn)
u = ml + (1 — m)[(prgn + gpm) %
+ (gn = pm) Dy — aurgn)
wi = m@y + (1 — m)gn(gx, — Dy
up = myily + (1 ~ m) pn(pyyr — D)
% = mT + (1 — m)[(prgn + qpm)ys
= (gn = pn) Dy — Buwgpn)
wy = mwp + (1 — m)gnlqy + D) + Bunpn].  (16)

For ease of analysis, we have expressed the female re-
cursions in terms of the basic cytonuclear variables
(pure species frequencies, allele frequencies, and fe-
male allelic disequilibrium}); however, they are more
readily derived in terms of the female diallelic combina-
tions (e.g., the new frequency of the AA/C genotype is
uj = mem; + (1 — m) [p{pn + @wui,g.)). From the joint
genotypic recursions in (16), we find that the new mar-
ginal nuclear genotype frequencies in females become

u = mu + (1 — m) (prpm + @UGn)

V= mT+ (1 — m)(prgm + §pm — QU1 gn — Bwspn)
w = m@+ (1 — m)(qgn + Buwespn) (17)
and the new female allele frequencies are thus

th = mpr+ % — m)(pr + pn + Qtign — Buspn)

% =mE+ (1 - m)x. (18)

In females, only the cytotype frequency is both com-
pletely independent of male variables and unaffected
by assortative mating.

The new values of the four female cytonuclear dis-
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equilibria can be computed directly from their defini-
tions in (1)~ (2) and the frequency recursions given in
(16)-(18) and represent the result of admixture be-
tween migrant females and the female progeny of the
residents in the previous generation,

D = mDy + (1 — m) (puDy + atiy Gmyp)
+ m{l — m)) (prpm + QU g, — D (x— %) (192)
Dy = mDy + (1 — m)[(gn — pm) Dy — aws,gmys
+ Bwepmxd + mA1 = m) (prgn + gpm
— augn, — Bugp, — 0)(x,— %)  (19b)
D = mDs — (1 — mp) (gnDs + Bunpnx)
+ m{1 — mp) (qsgm + Bwopn — @) (xy— %) (19¢)

o
|

D; = mD; + %(1 — m) (Dy + auygmys
+ Bwapmx) + hmdl — mp) (py + pm
+ QU Gm — :Bw2:pm - 2@)(’9’— ’Tj) (lgd)

As in the standard diploid formulation (ASMUSSEN et al.
1989), the new female disequilibrium values are thus
each composed of three terms. Here, the first two of
these represent the weighted average of the disequilib-
ria in the female migrant pool and in the female prog-
eny of the previous residents of the hybrid zone, while
the final term represents the admixture effect caused by
nuclear and cytoplasmic frequency differences between
these two groups.

Male recursions: Males are unaffected by assortative
mating since they are produced asexually. Their fre-
quencies in the next generation are simply the weighted
averages of the values in the migrant males and the
corresponding values in the previous resident females,
weighted by the total male migration rate. The re-
cursions for the male genotypic frequencies are thus

(P = maPls + (1 — mp) g,
()" = muGps + (1 — mp) wy,
BN = mapr + (1 — my)pl
("' = magt + (1 — my) g (20)

for i = 1, 2, while the male allele frequency recursions
are

P = M + (1 — M) py x5 = My + (1 — mp) e

Admixture has a more complicated effect on the male
allelic disequilibrium in the next generation so that,

D, = muD, + (1 — m,)D;
+ Mp(l — my) (pr — Pm) (% — ). (21)

As in females, the new male disequilibrium is composed
of three terms. The first two terms parallel the male
frequency recursions and are weighted averages of the

allelic disequilibrium in the male migrant pool and the
resident females of the previous generation, while the
third term represents the male admixture effect that is
generated by frequency differences between migrant
males and resident females.

Equilibrium state: There is a unique, joint equilib-
rium for this haplodiploid cytonuclear system with 0 <
Uy, o, Py G < 1if 0 < mys 1y, Wy < 1and 0 = a, B,
m,, < 1, and this equilibrium can be shown to be locally
stable whenever it exists (see APPENDIX A). The equilib-
rium frequencies of the pure parental females, %, and
i, are each obtained as the root of a quadratic equa-
tion and their derivations are provided in APPENDIX B.
From these, the steady-state frequencies of the pure

parental, haploid males, T and ¢z, are then simply

obtained from the (recursion) relationships in (20).
We find that, as in the standard, diploid formulation
(ASMUSSEN et al. 1989), 4, < Iy, and ik, < @b, That is,
the frequency of pure parental females in the hybrid
zone must always be less than that in the female migrant
pool. Interestingly, the corresponding relationship
does not necessarily hold for pure species males, whose
equilibrium frequency can exceed that in male mi-
grants if, in the migrants, the frequency of pure species
females exceeds that of pure species males (e.g., f7; can
exceed #7;if %, > f{}). Derivations of these pure species
results can be found in APPENDIX B.

The only variables for which the full time-dependent
solutions are always obtainable are the cytotype fre-
quencies in the two sexes, which at any time, ¢t = 0, 1,

., are

=%+ (57 - (1 —m)> % asi—>» (22)
and
2 = Mm% + (1 — my) % +
1= m) (7 = (1 - m)“ =
MupXp + (1 — my)Xras t—> 0. (23)

For females, the cytoplasmic frequency in the hybrid
zone thus monotonically approaches the frequency in
the migrant females (X)) at the constant rate of 1 — m,
per generation, while the cytotype frequency in males
approaches a weighted average of the frequency in the
migrant males and females, weighted by the total male
migration rate, m,, The equilibrium cytotype frequen-
cies will be the same in both sexes only if there is no
male migration (m, = 0) or the cytotype frequencies
in the male and female migrants are equal (%, = X%,).

The equilibrium nuclear allele frequencies in the
sexes are much more complex and are given by

2mp, + (1 — my)
F = X [m'mﬁm(l — aﬁls _ ,811‘)25) + aﬁls]
g 2m;+ (1 — my)
X [m, + (1 — m,) (@i, + Bik,)]

(24)
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and

Mma(l + m) P + (1 — my,)
. X [2mf;7f+ (1 ~ myaiy]
" 2m+ (1 — m)
X [mm + (1 - mm)(aals + ﬂi&s)]

Due to the effects of assortative mating in the resident
population, these values are not simple weighted aver-
ages of the migrant values, p,and p,. Also, it should be
emphasized that the final nuclear allele frequencies will
usually not be equal in the two sexes, except in special
cases such as when there is migration from only one
sex (m, = 0 or m;= 0).

The equilibrium for the female allelic association, D
can now be found by inserting (22), (24), (25), and 4,
and ik, from APPENDIX B into (19d) and solving for the
steady state, giving

(25)

Dj= 2mef+ (1 — mf) (aﬁlsqm_y_f+ ﬂﬁ&sﬁmff) . (26)

1+"Lf

The female genotypic associations at equilibrium are
similarly obtained from (19a)-(19c) as

Dy = mD, + (1 — m) (p.D; + atir.F)
Dy=mbDy + (1 — m)

X [(gn — ﬁm)]jj* atynyy + BiapnX)]
Dy = mDs — (1 — mp) (4D + BigpnX).

In males, we find from (21), (22), (24), and (26) that
the equilibrium allelic disequilibrium is

Dm= mmD—m+ (1 - mm)Df
+ ma(1 — mp) (py — ) (= %), (27)

which will be 2 weighted average of the allelic disequilib-
rium in migrant males and the equilibrium allelic asso-
ciation in resident females if the migrant cytotype fre-
quencies are the same for both sexes (X = %,) or the
equilibrium nuclear allele frequency in females is equal
to the nuclear allele frequency in migrant males (f; =
pn). The equilibria for the remaining variables are
found by substituting the appropriate equilibrium
values given above into the recursions in (16), (17)
and (20).

There are four notable points regarding the steady-
state values of the cytonuclear disequilibria within the
hybrid zone. First, any female migration will generate
permanent cytonuclear disequilibria in both sexes if
there are nonrandom associations in the female mi-
grants, as there are when the source populations are
genetically differentiated at their nuclear and cyto-
plasmic loci. Male migration, however, can only gener-
ate permanent nonrandom associations in males. Sec-
ond, paralleling the standard diploid model (ASMUSSEN
et al. 1989), if the source populations are fixed for alter-
nate nuclear and cytoplasmic alleles, the final female

disequilibria satisfy D; < 0 < D,, D, with the sign of
D, being variable and depending on the mating and
migration parameters. Moreover, at equilibrium, the
female allelic disequilibrium in the hybrid zone must
be less than the corresponding values in the migrant
females (i.e., 0 < D; < D) since, with diagnostic mark-
ers, i, < %, = Xand d, < @, = Jyand hence, in the
numerator of (26), atny; + Bdefn% < EF{pm + Gm)
= Ef Finally, due to the Slose dependence of males
upon females, the sign of D,, is variable even when the
source populations are fixed for alternate alleles, and
there is no simple relationship between the magnitudes
of the corresponding male disequilibria, D,, and D,.

Special case of random mating: If all individuals in
the hybrid zone mate at random (a = f§ = 0), several
additional details of the cytonuclear system may be dis-
cerned. For example, in addition to the time-dependent
solutions for the cytotype frequencies given in (22) and
(23), it is possible to obtain the dynamical solutions for
2, p9, and DY’ (APPENDIX C), which fully determine
the cytonuclear dynamics for all but the frequencies
of the pure species individuals. The equilibria for the
nuclear allele frequencies are now simply weighted av-
erages of the frequencies in the migrant males and
females (p; pn), with

- meff+ (1 - mf)mmfm

. 2mfl — m)p+ (1 + m)m,pn
7T 2m(l ~ my) + (1 + mym,

(28)

Thus, in random mating zones, the nuclear allele fre-
quency will equilibrate in the two sexes if and only if p;
= pn, = P, in which case the values in both sexes con-
verge to the common migrant value (f; = p, = p). In
general, the asymptotic rate of approach to equilibrium
by the nuclear alleles will be either faster than, equal
to, or slower than the constant geometric rate, 1 —
my, for the cytotypes depending on whether the female
migration rate (m,) is less than, equal to, or greater
than the male migration rate (m,,).

In random mating hybrid zones, the final female dis-
equilibria are also simplified due to the equilibrium
female allelic association reducing to

Df= 2m[D[ ’
1+ m_/'

which is approached at the asymptotic rate of 1 — m,
per generation. The equilibrium allelic association in
males (D,) in (27) also simplifies due to the fact that

_ 5 = 2mApr= pw)

is now just a constant multiple of f;— p.,.. Consequently,
within random mating zones, there is an admixture
effect upon D,, only if the migrant nuclear and cytotype
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frequencies both differ between the sexes (f; * p,, and
%+ Xn).

Special cases of migration: In this section, we ex-
plore the distinctive features of five important special
cases of migration that are subsumed under the general
continent-island framework discussed above.

No migration (m; = m, = 0): Such a situation may
occur if an established hybrid zone becomes discon-
nected from its source population(s). This results in a
significantly different cytonuclear structure, because
the dynamics reflect the effects of mating alone. For
instance, the cytonuclear equilibrium is not unique and
will depend upon both the assortative mating parame-
ters and the initial genotype frequencies. Another gen-
eral feature of a closed population is that the cytotype
frequency in females remains at its initial value, and
after the first generation of mating, the cytotype fre-
quency in males will also take on and retain the initial
value in females (i, 5’ = & = x* for t = 1).

The two remaining distinctions of this case stem spe-
cifically from the absence of migration by pure paren-
tals and males. On the one hand, the lack of input of
pure parentals means that their frequencies will decay
to zero provided that assortative mating is incomplete
(0 = a, B < 1).This has important consequences since,
in the absence of pure females, all individuals will mate
at random, and the cytonuclear variables will be gov-
erned by the basic Hardy-Weinberg dynamics in (4)-
(9). Once this happens, the cytonuclear disequilibria
in both sexes will rapidly decay to zero. The lack of
male gene flow, on the other hand, means that all male
cytonuclear values will always lag one generation be-
hind those in the females. Ultimately, the male values
will equal those in females, but the common equilib-
rium nuclear allele frequency in males and females will
not necessarily be the overall initial value, p = %> +
%pY, expected in a closed random mating population
since assortative mating by the pure species females
may alter the nuclear allele frequencies in the early
generations.

Migration from only one population (0 < mf’, mi) < I;
mf’) = m? = 0): This is the standard continent-island
formulation whereby migrants arrive from a single
source (HARTL and CLARK 1989). If the migrants are of
arbitrary composition, then the cytonuclear variables in
the hybrid zone behave according to the general case
with arbitrary values in the migrant pool. The more
interesting situation occurs when the single source pop-
ulation is fixed at the nuclear and cytoplasmic loci. In
this case, the resident population will become fixed for
the same alleles and consequently all disequilibria will
ultimately decay to zero. Surprisingly, even though the
“hybrid zone’’ becomes monomorphic for both mark-
ers, it may not consist only of true pure parentals. Al-
though fixation for the incoming pure types is a valid
equilibrium state, it is unstable (see APPENDIXES A and
B) if

iy
(1 =m)(1 — my)

1—m
and m, < L

a<l-
2-m,

Under these conditions, there is a locally stable equilib-
rium at which the frequency of pure individuals within
the hybrid zone are

= i <1
1-a1-mA - m,)

121:
and

o _ Myt (1-a)(1 - m)m,,
“ (1 -a)d — m)

<1

with de; = & = 0. Therefore, the final composition of
the hybrid zone will be a mixture of the incoming pure
type individuals and pseudo-pure types with hybrid an-
cestry, if the total female migration rate is sufficiently
below 0.5 and the assortative mating rate by the incom-
ing pure type females is below a threshold level deter-
mined by the total male and female migration rates.
This result reflects the fine, genealogical distinctions
made by the model, and it is somewhat paradoxical
since the “hybrid” individuals in the equilibrium hy-
brid zone would be fixed for species 1 alleles at all loci,
and therefore would be genetically indistinguishable
from the pure type individuals.

Male migration only (m;= 0, 0 < m,, < 1): If only males
migrate into the hybrid zone and assortative mating is
incomplete (0 = a, f < 1), then the frequencies of
both pure type females will decrease to zero. However,
pure type males of species 1 and 2 will persist in the
hybrid zone (provided that 0 < g7}, &; < 1) at frequen-
cies of m,p7; and m,.g,, respectively, that equal the prod-
ucts of the total male migration rate and the pure spe-
cies frequencies in male migrants. Without female mi-
gration, the cytotype frequency in females will remain
at its initial value (i.e., x° = x* for all ¢ = 0), and the
cytoplasmic frequency in males will immediately stabi-
lize at

fn = M + (1 = M) 5,

which is a weighted average of the value in migrant
males and the initial value in the resident females. In
contrast to the cytotype frequencies, the nuclear allele
frequencies in both sexes are dominated by the male
migration, with both approaching the frequency in the
male migrants (f,). The final distinctive feature of this
case is that, in the absence of female migration, all
female disequilibria must ultimately decay to zero, but
permanent male allelic disequilibrium will be present
in the hybrid zone at a level of D,, = m,D,, provided
that there are nonrandom allelic associations in the
male migrants (as there are if migrants are derived from
two genetically distinct source populations).

Female migration only (0 < my < I, m,, = 0): When
males do not migrate into the hybrid zone, all male
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cytonuclear variables will always equal the analogous
female values in the previous generation (e.g, p =
##7), and therefore each male equilibrium will equal
its counterpart in females (e.g., ff; = thy, Dp = Dj %, =
%= X). Moreover, in contrast to the case of male migra-
tion only, the continued input of pure parental females
ensures that both pure females and males will persist
in the hybrid zone, since pure females produce pure
males parthenogenetically.

Equal migration rates of the sexes (m{" = m{l’ = m" and
m? = m = m®: The only real simplification comes
when the cytonuclear frequencies are the same in the
male and female migrants (e.g., %, = % 5= m B =
#7), as occurs if the two source populations are fixed
for alternate alleles. In this case, the cytotype frequen-
cies in both sexes equilibrate after the first generation
(x40 = x}') for all ¢ = 1) and monotonically approach
the migrant cytotype frequency (¥ = X = &,). The final
male disequilibrium is D,, = mD + (1 — m)D;; which is
a simple weighted average of the allelic disequilibrium
in the migrants (D = D; = D,) and the final allelic
association in females, weighted by the total migration
rate in each sex (m = m; = m,,).

Effect of census time: Under the alternative census
scheme developed in APPENDIX D, the hybrid zone is
censused after mating but before migration (census 2,
see Figure 2). The most significant similarity and differ-
ence between the two censuses both concern the cyto-
plasmic marker. The important parallel is that the only
variable whose equilibrium and dynamics are the same
under both census schemes is the female cytoplasmic
frequency (x), which, in both cases, converges mono-
tonically to the value in the migrant females (%) at
the constant rate of 1 — m, per generation. The major
contrast is that, under census 2, the cytotype frequency
in males will equal that in females after one generation,
while under census 1 the two sexes have distinctive cyto-
plasmic frequency dynamics.

With the exception of the cytotype frequency in fe-
males, all frequency variables at each census after migra-
tion and before mating (z), and the previous census
before migration and after mating (z) are simply re-
lated to one another by an equation of the form

2 =mr+ (1 — mzy® (29)

for all ¢ = 1, where 7is the overall value of the variable
in the sex-specific migrant pool. This equation holds
for all female frequency variables with m replaced
by m,; and for all male frequency variables with m,,
substituted for m. At equilibrium, the same relation-
ship,

LH=mz+ (1 — mz, (30)

applies to all variables but the male allelic disequilib-
rium (Dm). The relationship between the latter under
the two census schemes is less simple and is given by

Dm(l) = mmD_m + (1 - mm)Dm(2)
+ mm(l - mm) (ﬁm(2) - Fm)(’—"}— fm)’ (31)

where the parenthetical subscripts denote census times.

An even stronger connection exists between the sexes
across the two census times. Since mating and reproduc-
tion separate each census 1 from the subsequent census
2 (Figure 2), and males receive all their alleles from
their mothers, each male variable under census 2 will
always equal the corresponding female variable at the
prior census 1 (i.e., 22 = z{})). Thus, all male equilib-
ria under census 2 will equal their female counterparts
under census 1 (Zy9 = %7y). Looked at another way,
with the exception of the cytotype frequency, which is
always the same in both sexes immediately after mating,
the male values under census 2 are half a generation
behind those in females.

Inspection of (30) reveals several other important
details concerning the equilibrium values at the differ-
ent census times (with the exception of %, %,, and D).
For example, as in the standard diploid model (AsMUs-
SEN et al. 1989) only three relationships are possible
when comparing a value in the migrants, z and the
corresponding equilibria under census 1 (%) and cen-
sus 2 (£): 5 <4 <Zz< 4 < H,or 4 =% =z The
equilibrium values under census 1 will therefore always
be closer to the values in the migrants than those under
census 2, and, since the frequency of pure parental
females in the hybrid zone must be less than that in
the migrant pool (see APPENDIX B), censusing directly
after migration (census 1) will reveal a greater fre-
quency of pure females. (This relationship is not neces-
sarily true for males since the equilibrium frequency of
pure type males can be greater than their frequency in
migrants as shown in APPENDIX B). Similar reasoning
shows that when the sources are fixed for alternate al-
leles, the final allelic disequilibrium in females will also
be greater under census 1, since the equilibrium female
allelic association in the residents is then necessarily
less than that in the female migrants (D; < D); the
relationships for the other disequilibria are not as sim-
ple and depend on the migration rates and assortative
mating parameters.

CONTINENT ISLAND MODELS FOR XLINKED LOCI

Due to the differing modes of male production, the
Xlinked recursions for the pure species males differ
from those for haplodiploids. Considering first the case
of census 1, the Xlinked analogues of (20) are as fol-
lows:

(#1)" = muls + (1 = mu)wla + (1 — a)pf]
(@) = mus + (1 — ma)up[B + (1 - B)gl.  (32)

These are the only variables whose recursions differ
between the two systems, however, this difference gen-
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erally affects the dynamics of the pure species females
and affects the time-dependent values of all variables
except the two cytotype frequencies if the pure species
individuals mate assortatively (a # 0 or # # 0). Turning
to the steady state of the Xlinked system, we find that
a unique, locally stable equilibrium exists with 0 < 4,
oy, Pl B < 1if 0 < my Wy, W, < 1and 0 = a, B, My,
s s < 1 (see APPENDIX E). Although the equilibria
of both pure females and males (presented in APPENDIX
E) differ from the haplodiploid model, the qualitative
relationships to their corresponding frequencies in the
migrant pool are still satisfied (i.e., 4, < %, and dy, <
o, but f; and ¢ not necessarily less than £} and &,
respectively). The equilibrium formulas for all other
variables take on the same forms as in the haplodiploid
model, but (with the exception of the cytotype frequen-
cies) the actual final values differ due to their depen-
dence on the equilibrium frequencies of the pure pa-
rentals if there is assortative mating.

A numerical analysis conducted by choosing values
of m; m,, Pl B s, @e,, @, and B from a grid on (0,1)
of mesh 0.01 revealed that, at equilibrium, the frequen-
cies of the pure parental males and females will both
be greater under the haplodiploid model than under
the Xlinked model given the same parameter values.
This result makes intuitive sense if we consider that the
production of pure type males requires mating under
the Xlinked, diploid framework, but not under the
haplodiploid system. Thus, under the haplodiploid
model, the method of male production leads to a
higher frequency of pure type males, whose presence
concomitantly leads to a higher frequency of pure type
females.

Special cases: There are no qualitative differences at
census 1 in the behavior of the cytonuclear variables
under the Xlinked and haplodiploid models when the
pure species mate at random (a = § = 0), but four of
the special cases of migration discussed above do lead to
important differences in the dynamical and equilibrium
frequencies of the pure parental species.

No migration (m; = m, = 0): For this case, the distinc-
tive feature of the X-linked system is that the frequency
of the pure parental males will equal the frequency of
pure parental females after the first generation of mat-
ing (ie, pi° = u{? and @° = wf! for all ¢ = 1).

Migration from only one population (0 < m{”, mi) < I;
mf? = m{Y = 0): If the single source population is fixed
at the nuclear and cytoplasmic loci, we again have the
seeming paradox that the population will not necessar-
ily consist of truly pure parental types at equilibrium.
For the Xlinked system, fixation for the pure parental
types (i, = pi; = 1) is unstable (see APPENDIX E) if m,
<1- m,and

o< LT T M
1-m,

’

and the frequencies of pure individuals within the hy-
brid zone then have the stable, steady-state values of

my

= <1
1 —=a)(1 - my)

121 s
and

o ___amf+ 1 - aym,
T -a)-m

with dy, = 5, = 0.

Female migration only (0 < my < 1, m,, = 0): In this
case, our simple model breaks down in that it leads to
the conclusion that both pure type males and females
will be maintained within the hybrid zone at nonzero
frequencies as long as there is continued input of pure
females and they do not mate at random (a, 8 > 0).
This result stems from the implicit assumption of our
mating model that a female that chooses to mate assort-
atively will necessarily be able to do so. Realistically,
however, without male migration, pure parental males
should ultimately be eliminated from the hybrid zone
after which no further conspecific matings can occur
and no further pure type males can be produced.

Equal migration rates of the sexes (m{’ = m{’ = m™ and
m? = mP = m™®): If the corresponding frequencies
are equal in the female and male migrants, as they are
when populations are fixed for alternate alleles, then
the pure parentals of both sexes will be found at equal

frequencies after the first generation (ie., u{? = p7¥

and wf) = ¢ for t = 1), as in the case of no migration.
Effect of census time: When censusing occurs after
mating, the Xlinked recursions for the pure types

change to
uis = ()" = la + (1 — a)ff]

wé: = (ﬁ)' = ﬂ&:[ﬂ + (1 - ,3)942":], (33)

where £ = mz + (1 — m)z with m replaced by m;, for z
= w4, and wy,, and m replaced by m,, for z = #{; and
¢ Thus, the distinctive feature of this census for the
Xlinked system is that the dynamical and equilibrium
frequencies of the pure parental females and males are
identical (i.e., 4} = p[% and w§) = @ for t = 1). The
final frequencies of the parental species under census
2 can be obtained from the relationship between the
censuses given in (30) and the equilibria for census 1
given in APPENDIX E. The sexual mode of male produc-
tion in the Xinked diploid model also means that the
general intercensus relationship for the haplodiploid
model, in which male variables under census 2 equal
the corresponding female variables under census 1,
breaks down for the pure species males. The only spe-
cial case with additional intercensus differences for the
pure species is that of male migration only (m, = 0,
0 < m, < 1), for which no pure individuals of either
sex are maintained under census 2, but pure males are
present at equilibrium under census 1.
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DISCUSSION

We have developed the first theoretical frameworks
necessary to analyze the cytonuclear structure for
haplodiploid species or Xlinked genes in diploid spe-
cies. Due to the ploidy differences between the sexes,
the basic cytonuclear frequencies and disequilibria in
such systems require new, sex-specific definitions. The
cytonuclear structure of the diploid females is analo-
gous to that in the standard, diploid case (ASMUSSEN et
al. 1987) in that for diallelic markers there are six joint
genotypes, with one allelic and three genotypic disequi-
libria. Consequently, estimates and significance of the
cytonuclear disequilibria in females can be calculated
from population samples by following existing proce-
dures for the standard, diploid formulation (ASMUSSEN
et al. 1987; ASMUSSEN and BASTEN 1994, 1996; DEaN
and ARNOLD 1996; BASTEN and ASMUSSEN 1997). The
genetic architecture of haploid males, however, deviates
from the standard, cytonuclear framework in that for
diallelic markers there are only four joint genotypes
and only a single, allelic disequilibrium. Because the
structure of the male data parallels that of gametic data
from purely nuclear systems, estimates and significance
of male disequilibria can be obtained via established
methods for analyzing two-locus gametic phase disequi-
librium from nuclear haplotype data (WEIR 1996).

As a first step toward understanding and interpreting
observed cytonuclear associations in haplodiploid and
Xlinked systems, we analyzed the dynamical behavior of
their disequilibria under Hardy-Weinberg conditions. A
major finding is that the male allelic disequilibrium
(D) lags one generation behind, and takes on twice
the value of, the allelic disequilibrium in females (D)
after the first generation of random mating. Further-
more, D,, and the female homozygote disequilibrium,
D, immediately take on and retain the initial sign of
D, while the alternate female homozygote disequilib-
rium, D, takes on the opposite sign. This sign pattern
parallels that found in the standard diploid model (As-
MUSSEN et al. 1987), except here the signs depend solely
on the initial female allelic disequilibrium. Although
all cytonuclear disequilibria rapidly decay to zero under
Hardy-Weinberg conditions, the ploidy differences be-
tween the sexes allow interesting nonmonotonic behav-
ior in the initial generations.

Our primary focus has been on determining the ef-
fects of hybridization on cytonuclear structure for
haplodiploid species or for X-linked genes in diploid
species. We began by deriving the precise effects of
population admixture on the cytonuclear disequilibria,
which revealed that differences in both the nuclear and
cytoplasmic frequencies in the same sex can lead to an
admixture effect, in which the sex-specific disequilib-
rium in the combined population differs from the aver-
age association found in its components. We then ex-
panded the admixture framework by developing and

analyzing continent-island models of hybridization,
whereby individuals from two genetically differentiated
source populations migrate into and mate in a single
hybrid zone. Our models allow for differential migra-
tion of the sexes and assortative mating, and they take
into account the timing of the census [i.e., after migra-
tion and before mating (census 1) or before migration
and after mating (census 2)]. Analysis of the equilib-
rium structure of these models reveals that, when the
nuclear and cytoplasmic loci are diagnostic for the two
source populations, pure parental individuals and cyto-
nuclear disequilibria will be maintained in hybrid zones
provided there is continued migration of both sexes
from the two source populations. The genetic impor-
tance of the females, who are diploid at their nuclear
locus and solely responsible for the transmission of the
cytoplasmic marker, is evidenced by the fact that, under
both census times, female migration alone ensures that
there will be permanent cytonuclear disequilibrium in
both sexes, while migration solely by males maintains
permanent disequilibrium in males only and only un-
der census 1.

Although the two censuses generally concur in the
presence or absence of nonrandom associations, the
magnitude of the cytonuclear disequilibria can vary sub-
stantially with the census time, and it is therefore im-
portant to know when censusing has occurred relative
to mating and migration in order to correctly interpret
cytonuclear disequilibria within a hybrid zone. In gen-
eral, since mating tends to break up nonrandom ge-
netic associations, the cytonuclear associations are apt
to be greater in magnitude, and therefore more likely
to be detected, immediately after migration (census 1)
than immediately after mating (census 2). Another im-
portant point related to the timing of the census is that
[with the single exception of the frequency of pure
males under the Xlinked model (see below)], in every
generation, the value of any male variable under census
2 will always equal the corresponding female variable
under census 1. This result follows directly from the
fact that, in haplodiploid and Xlinked systems, both
the cytoplasmic and nuclear complement of males are
derived exclusively from their mothers. Finally, it is
worth noting that the only variable whose behavior is
the same under both censuses is the female cytotype
frequency. This observation, coupled with the pre-
viously mentioned intercensus relationship between
male and female variables, leads to the key intercensus
difference that, at any time, the cytotype frequencies
will be the same in both sexes under census 2, but will
usually differ under census 1.

In general, the cytonuclear disequilibria within a nat-
ural hybrid zone should be easiest to interpret when the
two source populations are fixed for alternate alleles,
because the expected patterns of the associations are
then particularly straightforward. In females, the equi-
librium sign pattern parallels that found in the stan-
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dard, diploid system (ASMUSSEN et al. 1989) in that un-
der either census, the female allelic disgquilibn'um, D},
and the homozygote disequilibrium, D, will both be
positive, while the alternate homozygote disequilib-
rium, D, is negative; the sign of the heterozygote dis-
equilibrium, Dy, is variable and depends on the migra-
tion and assortative mating parameters. Also, with fixed
differences between the sources, the female allelic asso-
ciation in the hybrid zone must always be less than
that in the migrants (0 < D; < D). In contrast to the
disequilibrium patterns found in the females, only un-
der census 2 are we ensured that the sign of the single,
male allelic disequilibrium (D,) will be positive with
diagnostic markers. Furthermore, there is no simple
relationship between the male disequilibrium in the
hybrid zone and that in the male migrants.

Examination of important special cases of migration
has revealed several additional points. For example, in
situations where migration from one source population
is curtailed, the “‘hybrid zone’” may not necessarily be-
come fixed for the pure species arriving from the single
source population, even though all individuals will be-
come fixed for its alleles at all loci. The reason for this
apparent paradox is that some of the resident individu-
als are distantly derived from hybrids so they are not
considered pure by the strict definition, although they
would be indistinguishable from pure type individuals
genetically. Furthermore, results from some of the spe-
cial cases may be useful in detecting patterns of migra-
tion in hybrid zones. Migration of only males can be
detected by examination of the frequency of pure pa-
rental types and male disequilibrium under both census
times; pure males and male disequilibrium should be
maintained under census 1, but not under census 2.
On the other hand, if only female migration occurs,
then the equilibrium frequency of the nuclear alleles
will be the same in the two sexes under census 1, but
will usually differ under census 2.

Another discovery of considerable practical impor-

tance is that separate models are needed to analyze
hybrid zone data from haplodiploids and Xlinked sys-
tems when pure type individuals are distinguished. This
dichotomy results from the fact that males are produced
parthenogenetically in haplodiploid species whereas
they are produced sexually in diploid species, thereby
yielding distinct dynamics for the pure species males.
Although the recursions and qualitative behavior for all
of the other variables in the Xlinked system are identi-
cal to those for haplodiploids, the frequency of the pure
parental females will generally be different -as will the
actual values of all of the variables (except the cytotype
frequencies) if either of the pure parental females
mates assortatively. One important result stemming
from the distinction between the Xlinked and haplodi-
ploid models is that the equilibrium frequency of pure
parental males and females will both be higher under
the haplodiploid model for identical parameter values.

Another noteworthy difference is that, under the X-
linked formulation only, the frequencies of the pure
parental males and females will be identical when cen-
susing after mating but before migration (census 2), but
usually differ when censusing directly after migration
(census 1). For the haplodiploid model, the frequencies
of the pure parentals are not expected to be the same
under either census except in certain special cases, such
as that of female migration only and only under cen-
sus 1.

The models that we have developed can be used to
estimate sex-specific rates of migration and assortative
mating by pure parentals within a hybrid zone by ex-
tending the maximum likelihood methods developed
for the standard, diploid formulation (ASMUSSEN et al.
1989). We wished to assess these values in an area of
hybridization between two haplodiploid ant species, So-
lenopsis invicta and S. richteri. These two pests were intro-
duced earlier this century, and they now form a large
hybrid zone that spans across much of northern Ala-
bama, Mississippi, and Georgia (VINSON and GREEN-
BERG 1986 ) . However, the size of the hybrid zone, (ca.
70 km), is considerably larger than the migration rate
of a fire ant queen (1-10 km) (MARKIN et al. 1972).
Therefore, use of the continent-island model we have
developed, which assumes that the hybrid zone consists
of a single area of mating and reproduction, would be
inappropriate. This has motivated us to expand our
models to incorporate the effects of population struc-
ture within hybrid zones in which migration is restricted
to adjacent subpopulations. This important subject will
be treated elsewhere.
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APPENDIX A
LOCAL STABILITY ANALYSIS FOR HAPLODIPLOID
MODEL UNDER CENSUS 1

The cytonuclear recursions for census 1 depend on
only eight variables: w,, pTi, we,, 95, P, Pm» Dy and xy.
Therefore, the equilibrium for the entire system will
be locally stable if the eight local stability eigenvalues
associated with these eight basic variables are all less
than one in magnitude. These eigenvalues satisfy the
characteristic equation

(%_ x)(a_Dz_ x) AOVAMN SN =0, (Al)

Bxf an
where

Oul; Oui\ (O (ply)’
e () e
A Ouy, OpTs Ouy, (A2)

is the characteristic equatién for the pure species 1
subsystem (u,,, 15), 2 (\) and 5 (\) are the analogous
characteristic equations for the pure species 2 (u,,
q%;) and the nuclear allele frequency (¢, p..) subsys-
tems, and all partial derivatives are evaluated at the
equilibrium. The first two eigenvalues,

’ ’ 1
xl=a—x£=1—mf and k2=a_l)£=—(1_mf)’

will be less than one in magnitude provided that all
females in the hybrid zone are not replaced each gener-
ation (0 < m, < 1).

The three remaining factors of (Al) are all quadrat-
ics of the form f;(\) = A\* — A\ + B; with A; > 0 and
real roots (since in each case A? — 4B; > 0). The roots
of such equations lie in (-1, 1), if and only if 4; < 2
and A; < 1 + B; (GOLDBERG 1958) . Expansion of the
first quadratic shows that

A= (1-m)la+ (1-a)pf]
and
Bi=—-(1-a)(1—-m)(1l—-m,)d,
with p7; and 4, given by (B2) and the smaller solution
of (Bl). Since 0 < A; < 1, \sand Mg liein (—1, 1), if
1-(1-m)la+ (1 - a)m,pl]
2(1 —a)(1 —m)(1 — m,)

Uy, (A3)
The right-hand side of this inequality is the critical point
and minimum of the quadratic defining %, given in
(B1). Since 4, is the smaller of the two roots of this
quadratic, (A3) must hold whenever the equilibrium
exists. Analogous arguments show that the eigenvalues,
A5 and Ag, obtained from the second quadratic factor,

- f2(N), of (Al) always lie in (—1, 1). The coefficients

of the final factor, fs(\), are
As = o(l — my)
and
By = =(1 — m) (1 — my,) (1 — ady, — Biy,).

Since 0 < A; < '/, the final two eigenvalues, \; and
Ag, will have magnitude less than one provided that

(1= m)[1+ (1= m) (1 - aiy, — Buiy,)] <2,

which always holds. Combining all these results with the
existence conditions in APPENDIX B, we conclude that
whenever 0 < m, @y, Ty < land 0 = o, 5, m,, < 1, 2
unique, nontrivial cytonuclear equilibrium will exist with
0 < Wy, day, PTv, 2. < 1, and it will be locally stable.

APPENDIX B
EQUILIBRIUM FREQUENCIES OF HAPLODIPLOID
PURE PARENTALS UNDER CENSUS 1

Inspection of the recursions for u;; and p7; given in
(15) and (20) shows that at equilibrium 4, must satisfy

f(wy) = Aul, + Biu, + G = 0, (B1)
where
Al=(1—a)(1 — m) (1 — my)
Bi=(1-a)(l—m)m,pl, + a(l —m) — 1
C = mpiy,

with the corresponding male equilibrium given by
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When 0 < my, ;< 1and 0 < o, m, < 1, then f(0)
>0, f(1) <0, and f(u,) > 0 as w, = *; thus, in
this case there is always exactly one solution, u;; = 4,
in the admissible range of 0 < w;; < 1, which is given
by the smaller root of (B1). Furthermore, since

flam) = = (1 —a)(1 —my)
X [1 - mmm_ (1 - mm)ﬂls]ﬂls< 0’

and, on (0, 1), f(u,) < O0ifand onlyif 4, < %, < 1,
then it must always be true that 4;; < %;. This relation-
ship is not necessarily true for pure type males, for
which p7% > pTi if p1: < T, and

mf(ﬂls — Fnls)
(1 - m)pTe(1 — BT

a>1-—

Analogous formulas and results hold for the pure spe-
cies 2 individuals with u;, replaced by uk,, %, by @,
P by ¢3., pis by 75, and a by S.

APPENDIX C
TIME-DEPENDENT SOLUTIONS FOR HAPLODIPLOIDS
UNDER CENSUS 1 AND RANDOM MATING

Solutions for pf”, pi7, and D} at any time ¢ can be

obtained in the special case of random mating popula-
tions. The nuclear allele frequency dynamics take the
form of p..1 = Ap, + b where p, = (p;, p&) 7, b =
(mB;, mnpn)”, and the coefficient matrix A is

Ao (1/2(1 —my) (1l - mj))
1-m, 0 ’

Iterating this matrix recursion yields the solution
p: = A'py + (Z A')b for t=1,2,...,
=0

where A® = I is the 2 X 2 identity matrix. Using the
spectral decomposition of the matrix A, this simplifies
to

=1
p.=PAP 'p, + P(Z Ai) P7'b.

=0

Here,
. A
Az = ( 1 0) ,
0 A3
where
1-m= — — o —
A A = mf+\/(T me) (9 — m,— 8my,) (1)

4

are the two eigenvalues of the matrix A,

and

-1 _ 1 < 1 - My _)\2>

A=A\ (1 — my) A ’
where the columns of the matrix P are the right eigen-
vectors of the matrix A corresponding to A\; and A..

After considerable algebra, we find that in any genera-
tont=12,...,

kN A )
P}”=<—-—1_1:n7n> ‘1+<1i“’;>>\§+11f

P = kN + BN + f, (C2)

where f;and p, are the equilibrium nuclear allele fre-
quencies given in (28),
= ) ~ gl

)\,— - )\]

ki

N, — my(l — m,) pr
(N = A (1=N\)

(C3)

for i+ j=1,2,and p;” and p{? are the initial nuclear
allele frequencies in females and males. For both p}”
and pf,f), the dominant factor is A\j, corresponding to
the larger of the two eigenvalues.

Under random mating, the female allelic disequilib-

rium recursion reduces to
D}t+l) = 1/2(1 _ mf)D}') + 1/2‘”1;(1 _ mf)
X (ps° + pP — 28) (2 — %) + mD. (C4)

After substituting in the time-dependent solutions for
the allele frequencies given in (22) and (C2), we find
that (C4) has the form

D}z+1> = aD{¥ + adi + @di + ds + b, (C5)

where the geometric factors are a = /(1 — mp), & =
)\1(1 - ‘mf), dz = XQ(I - ‘mf), and dg =1 - my; the
constant factors are b = mD;,

1 Ni -
G =§kimf(l - mf)<l + 1 mm) (%} - %),

fori=1, 2, and,
m (1 = my) m (B — fr) (2 — %)

H

where \; and \; are the eigenvalues in (Cl) and %, and
k; are the coefficients in (C3). Iterating the D, re-
cursion shows that in any generation ¢,
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3

b = (0P - L 721«

=1 "

+2

=1

provided that A, # '/,, while if A, = !/, then

+ D, (C6
-0 (C6)

[12Y G Cs N
D = D(0)+______—_D t
4 (f a d—a di—a 7) @
Cldi ngé ~
+ — + + D, c7
d—a d—a (C7)

In both solutions, (C6) and (C7), the dominant term
is d5 = (1 — m/)‘and

D}t) b d Df = =
l—-a 1+ mf
APPENDIX D

CENSUS 2 FOR HAPLODIPLOIDS: AFTER MATING
AND BEFORE MIGRATION

Under this second census scheme, each generation
begins with an influx of migrants, which is then followed
by mating (Figure 2). For this model, it is convenient
to first define and calculate the cytonuclear frequencies
and the female allelic disequilibrium after migration,
since the cytonuclear recursions depend directly on
these interim values. For any frequency variable z, this
intermediate value is given by Z= mz+ (1 — m) z, where
Z is the corresponding value in the migrants and m is
the corresponding sex-specific migration rate, while the
interim value of D, after migration is given by

+ (1 = my) (g~ By) (= %)

Analysis of a mating table shows that the haplodiploid
recursions for the frequencies of the pure species fe-
males are

ui, = fa + (1 — a)pTi]

wa, = @B + (1 - B)G5],
while those for the composite female cytonuclear geno-
types are

ul = plpn+ atifn  ui = pipn

Vi = p{Gn + §{pn — alingn V2= piGn + §ipn — Binipn
wi=3g wi= g+ Bif. (D)
From these, we find that the new marginal nuclear ge-
notype frequencies in females are

i

Y ~ o~
U = prpn + @l g,

(]
l

’

U = Prdm + lf/fm - aal:qm - ﬂ@xﬁm
w' = §iGn + Bilaspm, (D2)

while the new allele frequencies in females are

p} = 1/2(ﬁf+ ﬁm + aal:qm - ﬂz‘[}?:ﬁm)
% = % (D3)

From the disequilibrium definitions given in (1) and
(2) and the frequency recursions in (D1) - (D3), we
find that after one generation the four female cyto-
nuclear disequilibria become

Di = p.D; + ailyg.5

Di = (§n = pm) Dy~ aingnfy + Biafnky
D; = _qu/ - ﬂib:ﬁmif

D} = /oDy + athygnfy + BiaspnZs).

Since males are produced asexually and censusing
occurs after reproduction, the value of any male vari-
able in the next generation simply equals the corre-
sponding interim, postmigrational value in females.
This yields the recursions,

(pﬁ)’ = 121: (q;;)’ = u~)2:
(' =pf (@' =§ (D4)
for i = 1, 2 for the genotype frequencies, and

for the allele frequencies and disequilibrium in males.

Because of the intimate connection between the two
censuses, the existence and local stability of a single
equilibrium for this census time can be inferred from
the corresponding analysis of census 1 (APPENDIX A).
The equilibrium frequencies of pure type individuals,
th, e, pTy, and s, can be obtained directly from the
census 1 values (APPENDIX B) and the intercensus rela-
tionship in (30). The time-dependent solution for the
female cytotype frequency has the same form as that
under census 1 in (22). Moreover, the male cytotype
frequency now has this very same dynamic, since we see
from (D3) and (D5) that under census 2, x{ = x}°
for all t = 1. The equilibrium nuclear allele frequencies
in the two sexes are

mefy + [my(1 = my) B+ muB]
o X (1 - a’ul: — ﬁﬁ'?:) + a:al:

B omt (1= m)
X [my + (1 = m,) (aly, + Bin,)]
and
ompy+ (1= my) . )
2o X [mmﬁm(l - a‘ulx_ ﬂfﬂz:) + a‘ulx]

m ?

- 2m+ (1 — my)
X [y + (1 = my) (@i, + Biin,)]
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and the final disequilibria are

D = mfﬁf+ aﬁl-‘q:m)—)f-i_ /Bzi’,Qsﬁmfx_:/
4 1+ m

Dl = 5m5f+ aﬁl,qﬁﬂ_y

D2 = (q"m - 5’")D~f_ aiilsémy_f-i_ ﬂ@sﬁm@
DS = _ﬁmﬁf_ ﬂ@sﬁmff
Dm = 5/,

where, for any variable z on the right-hand side, includ-
ing D, £ = mz + (1 — m) £, with m replaced by m, for
female variables or by m,, for male variables. Note that
the equilibrium sign pattern D; < 0 < Dy, D, D,, holds
for census 2 whenever there is a positive allelic associa-
tion in the migrant females (D, > 0). The equilibria
for the remaining variables can be obtained by substitut-
ing the equilibrium values above into the appropriate
recursions given in (D1), (D2), and (D4).

Special case of random mating: If there is no assorta-
tive mating (a = § = 0), the time-dependent solutions
for the variables p!”, p&, and D} are obtainable using
the solutions for census 1 found in APPENDIX C together
with the intercensus relationship given in (29) for the
frequencies and

D_(/'[()l) = me—f+ (1 - mf)Df/!()Q)
+ m(1 = my) (pFie) = By) (xfle) — %)

for the female disequilibrium, where the numerical sub-
scripts denote census time. The equilibrium nuclear
allele frequencies reduce to

c _ ™2 = my) prt+ Mnpn
4 m(2 — m,) + my,

and

~ _2mpr+ (1 — my) My P
" 2m, + (1 — my) my,

which, like census 1, are weighted averages of fyand p,.
The steady-state disequilibria also simplify considerably,
and the final male allelic disequilibrium is now simply
twice the value in females,

with D, now at most half the value in the migrant fe-
males (i.e., f)f = 1/2]._)f) . Under census 2, the equilib-
rium sign pattern of D,, and D, having the same sign,
and D; the opposite sign of D, is true in general for
random mating populations and does not require fixed
differences between the two sources.

Special cases of migration: Only two of the special
cases of migration show qualitative differences between
the censuses, above and beyond the general census 2

property of the cytotype frequency being the same in
the sexes.

Male migration only (0 < m,, < 1, m;= 0): Under this
scenario, census 2 differs from census 1 in four, major
qualitative ways. First, with censusing after mating, all
male variables are exactly one generation behind the
corresponding female variables (i.e, z& = z{*") and
thus all male equilibria equal those in females (%, =
%) . Second, no pure type individuals of either sex will
be maintained within the hybrid zone, because pure
type females are eventually eliminated from the hybrid
zone, and once this happens, no pure males will be
found immediately after reproduction of what are ulti-
mately only hybrid females. The other two qualitative
distinctions of census 2 for male migration only are that
the cytotype frequencies in both sexes will always equal
the initial value in females (x{’ = x{¥ = x{* for all ¢
= 1) and all cytonuclear disequilibria (including D,,)
will ultimately decay to zero.

Female migration only (0 < m < 1, m, = 0): The
distinctive feature of this case is that, unlike census 1
where male variables lagged a full generation behind
those in females, under census 2 the male variables
(except x,,) are half a generation behind those in fe-
males, and therefore the male equilibria will not neces-
sarily equal the corresponding values in females.

APPENDIX E
FREQUENCY OF PURE PARENTALS AND LOCAL
STABILITY ANALYSIS UNDER XLINKED MODEL
FOR CENSUS 1

From the recursions given in (15) and (32), it can
be shown that #;; must satisfy the quadratic equation

f(w,) = Ajud, + Bu, + G =0, (E1)
where
Al=(1 —a)(1l = my,)
B =a(l —m) + (1 —a)(l— m)m,pT;
- (1 -a)ym(l — m,) @, — 1
C, = mty

with the corresponding male equilibrium given by

a(l — my) thy + mnpT;
1-(1-a)(l-m,)d,

s = (E2)
Analysis of the sign of the quadratic (E1) at u, = 0,
w; = 1, and as u;; > £ shows that when 0 < m, %,
< 1land 0 = a, m,, p1; < 1, there is a single, admissible
equilibrium solution in (0, 1) for %, and [31'; corre-
sponding to the smaller root of (E1). Also, since

fla,) = = (1 —a)(1 - my)
X [1 - mmﬁ;’;_ (1 - mm)ﬁls]ﬁls< 0

and, on (0, 1), f(u,) < 0ifand only if &, < w, <1,
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then #,, < %,. For males, however, $7; > pT: if pT: <
7, and
pill — mem, — (1 — my) pTi]
(1 = p7) [mem, + (1 — my) pTs]

Analogous formulas and results hold for the pure spe-
cies 2 individuals with u,, replaced by w»,, @, by @,
p7. by g5, pi. by 75, and a by f.

As for haplodiploids, the equilibrium for the entire
diploid system can be shown to be locally stable if the
eight eigenvalues satisfying (Al) all have magnitude
less than one. We need only show this holds for the
roots of the factors f; (A) and f; (\), corresponding to
the two pure species, since only the recursions of the
pure parental males have changed under the X-linked
model. Expanding out f; (M) for the Xlinked case re-
veals that its roots are As = 0 and

N=a(l —m) + (1 —a)
X [(1 = m)pTs + (1 — mp) 4,].  (E3)

The first eigenvalue, A3, is obviously less than one, and
if we substitute the equilibrium relationship,

cn _ (1= mp) mupTs + (1 — mn) (das —

pi =

mfﬁls)
1 - 7ﬂf ’

obtained from (15) and (32) into (E3), we find that
0 <N < 1lifand onlyif 4, < —B;/(24,), where, as
in the haplodiploid case, this fraction is the critical
point of the quadratic defining 4, given in (E1). Since
1y, is the smaller root, this inequality must hold. By
symmetry, the roots of 5(A) also have magnitude less
than one. Thus we conclude that the unique, nontrivial
equilibrium for the X-linked model will be locally stable
whenever it exists.



