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Submodular Interval Scheduling

𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐 = 𝑓𝑓 𝑌𝑌 + 𝑓𝑓 𝐵𝐵 + 𝑓𝑓 𝑂𝑂 + 𝑓𝑓(𝐺𝐺)



• Input: Set 𝐽𝐽 of 𝑛𝑛 jobs and a function 𝑓𝑓: 2𝐽𝐽 → ℝ+
• Job 𝑗𝑗: start time 𝑐𝑐𝑗𝑗 , end time 𝑒𝑒𝑗𝑗 > 𝑐𝑐𝑗𝑗 , and weight 𝑤𝑤𝑗𝑗 > 0
• Monotone: 𝑓𝑓 𝑆𝑆 ≤ 𝑓𝑓 𝑇𝑇 , 𝑆𝑆 ⊆ 𝑇𝑇
• Submodular: 𝑓𝑓 𝑆𝑆 ∩ 𝑇𝑇 + 𝑓𝑓 𝑆𝑆 ∪ 𝑇𝑇 ≤ 𝑓𝑓 𝑆𝑆 + 𝑓𝑓(𝑇𝑇)
• Weight-defined: 𝑓𝑓 𝑆𝑆 = 𝑔𝑔(𝑤𝑤𝑗𝑗 , 𝑗𝑗 ∈ 𝑆𝑆)

• Output: Partition 𝑆𝑆1, 𝑆𝑆2, … , 𝑆𝑆𝑘𝑘 of 𝐽𝐽 minimizing ∑𝑓𝑓(𝑆𝑆𝑖𝑖)
• 𝑆𝑆𝑖𝑖 feasible if 𝑐𝑐𝑗𝑗 , 𝑒𝑒𝑗𝑗 ∩ 𝑐𝑐𝑘𝑘 , 𝑒𝑒𝑘𝑘 = ∅ ∀𝑗𝑗, 𝑘𝑘 ∈ 𝑆𝑆𝑖𝑖

• Applications: crew scheduling, channel assignment, airline 
gate assignment, cloud scheduling

Submodular Interval Scheduling



• Previous work
• Submodular coloring
• Fukunaga et al 2007: 4-approximation for concave functions, 

• Prove NP-Hard for strictly concave functions
• Correa et al 2015: 5-approximation for value monotone-submodular 

functions
• Escoffier et al 2006: Special case max-weight function

• Prove NP-Hard
• Mehrotra et al 1996: Set covering model for graph coloring

• Our contributions
• Propose set cover formulation
• Exact branch-and-price algorithm for max-weight and concave cost 

functions
• Max-weight: 𝑓𝑓 𝑆𝑆 = max

𝑖𝑖∈𝑆𝑆
𝑤𝑤𝑖𝑖

• Concave: 𝑓𝑓 𝑆𝑆 = ℎ ∑𝑖𝑖∈𝑆𝑆 𝑤𝑤𝑖𝑖 , ℎ monotone, non-negative, concave

Related Work



Set Cover Formulation

• 𝒮𝒮: set of feasible schedules

• 𝒮𝒮(𝑖𝑖): set of schedules 
containing 𝑖𝑖

• 𝑂𝑂(2|𝐽𝐽|) variables, solve with 
column generation

min�
𝑆𝑆∈𝒮𝒮

𝑓𝑓 𝑆𝑆 𝑧𝑧𝑆𝑆

𝑐𝑐. 𝑐𝑐. �
𝑆𝑆∈𝒮𝒮(𝑖𝑖)

𝑧𝑧𝑆𝑆 ≥ 1 ∀𝑖𝑖 ∈ 𝐽𝐽

𝑧𝑧𝑆𝑆 ≥ 0 ∀𝑆𝑆 ∈ 𝒮𝒮

Pricing Problem

• 𝜋𝜋: current dual prices
• Interval packing with supermodular maximization objective

max
𝑆𝑆∈𝒮𝒮

�
𝑖𝑖∈𝑆𝑆

𝜋𝜋𝑖𝑖 − 𝑓𝑓(𝑆𝑆)



• Pricing problem: max
𝑆𝑆∈𝒮𝒮

∑𝑖𝑖∈𝑆𝑆 𝜋𝜋𝑖𝑖 − max
𝑖𝑖∈𝑆𝑆

𝑤𝑤𝑖𝑖

• For fixed value of max
𝑖𝑖∈𝑆𝑆

𝑤𝑤𝑖𝑖 = �𝑤𝑤,

simplifies to an interval packing problem

• Interval Packing DP: 𝑣𝑣𝑖𝑖 = max 𝜋𝜋𝑖𝑖 + 𝑣𝑣𝜂𝜂𝑖𝑖 ,𝑣𝑣𝑖𝑖+1 ∀𝑖𝑖 ∈ 𝐽𝐽:𝑤𝑤𝑖𝑖 ≤ �𝑤𝑤
• 𝜂𝜂𝑖𝑖 = min{𝑗𝑗: 𝑗𝑗 > 𝑖𝑖, 𝑐𝑐𝑗𝑗 ≥ 𝑒𝑒𝑖𝑖 ,𝑤𝑤𝑗𝑗 ≤ �𝑤𝑤}
• Θ(𝑛𝑛) running time

• Similar DP with pairs has 𝑂𝑂 𝑛𝑛2 running time

• Pricing concave function: 𝑂𝑂(𝑛𝑛∑𝑖𝑖∈𝐽𝐽 𝑤𝑤𝑖𝑖) or 𝑂𝑂(𝑛𝑛2 ∑𝑖𝑖∈𝐽𝐽 𝑤𝑤𝑖𝑖) running time

Pricing: Max-Weight Function

max
𝑆𝑆∈𝒮𝒮

�
𝑖𝑖∈𝑆𝑆:𝑤𝑤𝑖𝑖≤�𝑤𝑤

𝜋𝜋𝑖𝑖



Branch-and-Price
• Branching: 𝑖𝑖, 𝑗𝑗 scheduled consecutively in some schedule

• 𝜃𝜃𝑖𝑖,𝑗𝑗 = ∑𝑆𝑆∈𝒮𝒮 𝕝𝕝 𝑖𝑖,𝑗𝑗 ∈𝑆𝑆𝑧𝑧𝑆𝑆

• Modified DP, select what job follows next in schedule
• Max-weight function: 𝑂𝑂(𝑛𝑛3) complexity
• Concave functions: 𝑂𝑂(𝑛𝑛2 ∑𝑖𝑖∈𝐽𝐽 𝑤𝑤𝑖𝑖) complexity 

• Implementation Details
• Branch on most fractional 𝜃𝜃𝑖𝑖,𝑗𝑗
• Iterative depth-first exploration, explore 𝜃𝜃𝑖𝑖,𝑗𝑗 = 1 branches first
• Initial solution: greedy heuristic + local search



• Random Instances
• Start times ~ UniformInt(0, 𝑐𝑐𝑚𝑚𝑚𝑚𝑚𝑚)
• Lengths ~ UniformInt(1, 10)
• Weights ~ UniformInt(1, 100)
• Average of 10 replications

• Heuristics: greedy, IP-based, local search

• Max-weight: Compare B&P vs. assignment IP

• Use 𝑓𝑓 𝑆𝑆 = ∑𝑖𝑖∈𝑆𝑆 𝑤𝑤𝑖𝑖 for concave function
• Solve LP + primal heuristics

Computational Study



Max-Weight Function

• Time limit: 3 hours

• Assignment IP solved with Gurobi

• B&P scales well to ~550 jobs



Square Root Function

• Time limit: 6 hours

• If CG did not converge, used dual bounds
• In-out column generation see Ben-Ameur et al 2007



Conclusion
• Proposed a set cover model for submodular interval scheduling 

• Designed branch-and-price algorithm for two important cases

Future Work
• Extend to other submodular functions

• Extend to branch-price-and-cut

atoriello@isye.gatech.edu
sites.gatech.edu/alejandro-toriello
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