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Consider a polyhedral, convex, closed cone C in An. We write (x, y) = XIYI 

+ ... +xnYn and IIxll = (x, X)I/2. Let P: IR n 
-+ C be the projection mapping onto 

C, which is defined as assigning to each x E An the closest point in C, that is 

IIx - P(x)11 = minllx - YII. 
,VEe 

Let X = (Xl"'" Xn ) be a multivariate random variable having the standard 
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normal distribution, i.e., X - %(0, I). Define numbers wi(C), i = 0,1, ... , n, to be 
the probabilities that P(X) belongs to a face of C of dimension i. If C has no 
i-dimensional faces, then by definition, W i(C) is zero. 

CONJECTURE. For every polyhedral, convex, closed cone C, which is not a linear 
subspace of R", one has 

" L (-I)iwj(C) = O. (1) 
i=O 

The numbers wj(C) are related to the random variable X2 representing the 
squared distance to C, 

x2 = IIX - P( X)11 2 • 

It can be shown that X2 has the distribution which is a mixture of chi-squared 
distributions with weights w;(C) (see [3], [4], [5], [7]). Consequently the problem of 
finding this distribution (called the chi-bar-squared distribution) is reduced to 
evaluation of weights Wi(C). Unfortunately it is not easy to calculate numbers 
W i( C) for an arbitrary cone C, although in some simple cases the solution is known 
in a closed form (e.g. [1, pp. 134-148], [3], [7]). Of course, established identities 
between W i(C) may facilitate the problem. 

There is extensive theoretical and numerical evidence supporting the Conjecture 
(cf. [1, p. 174], [2], [6], [7]). For instance, if C is the nonnegative orthant R';. = 

{x: Xi ~ O}, then wi(C) = 2-"(7) and (1) follows. For n = 2 it can be easily 
verified that w1(C) = 1/2, which implies (1). Already for n = 3 the identity (1) in 
all its generality is not trivial. In R 3 the weights have a simple geometric interpreta
tion ([7], [8]) and this leads to a proof in this case. Namely, the weights W o(C), 
w1(C), w 2(C) w3(C) are given by P(C°)/4'1T, a(C°)/4'1T, a(C)/4'1T, P(C)/4'1T, 
where P(C) denotes the solid angle of C, a(C) denotes the plane angle correspond
ing to the surface of C, and CO denotes the dual (polar) cone of C, 

CO = {y E R": (y, x) ~ 0, 't/x E C}. 

Consequently (1) becomes 

a( CO) + P( C) = 27T.	 (2) 

By passing to a limit, the weights W i(C) can be associated with any convex (not 
necessarily polyhedral) cone C [7]. It will be of certain interest if one can extend the 
geometric interpretation above (n = 3) to higher dimensions. Hopefully this will 
lead to a generalization of the geometrical identity (2). 
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