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SENSITIVITY ANALYSIS OF GENERALIZED EQUATIONS

A. Shapiro UDC 517.977

In this paper, we study sensitivity analysis of generalized equations (variational inequalities) with
nonpolyhedral set constraints. We use an approach of local reduction of the corresponding constraint set
to a convex cone. This leads us to the introduction of an additional term representing a curvature of the
constraint set in a linearization of the generalized equations. We also discuss concepts of nondegeneracy
and strict complementarity of set constrained problems.

1. Introduction

In this paper, we study sensitivity analysis of the following parameterized generalized equations:

(GEu) F (x, u) +DxG(x, u)
∗λ = 0, λ ∈ NK(G(x, u)), (1.1)

where X, Y , and U are finite-dimensional vector spaces equipped with a scalar product 〈·, ·〉, F : X×U →
X, G : X × U → Y , K ⊂ Y is a closed convex set, and DxG(x, u)∗ : Y × U → X is the adjoint of the
derivative mappingDxG(x, u) : X×U → Y . For a given value u0 ∈ U of the parameter vector, we consider
the corresponding generalized equations (GEu0) as unperturbed and write F (x), G(x), and (GE) for the
corresponding mappings and the generalized equations, respectively.

Let (x̄(u), λ̄(u)) be a solution of (GEu) and (x0, λ0) be a solution of the unperturbed problem (GE).
We investigate the continuity and differentiability properties of x̄(u) and λ̄(u) in the vicinity of the
points x0 and λ0, respectively. We assume that F (x, u) is continuously differentiable and G(x, u) is twice
continuously differentiable in a neighborhood of (x0, u0).

Let us observe that if the mapping F (x, u) is a derivative of a real-valued function f : X × U →
R, i.e., F (x, u) = Dxf(x, u), then (GEu) represent first-order optimality conditions for the following
parameterized optimization problem:

(Pu) Minx∈X f(x, u) subject to G(x, u) ∈ K. (1.2)

Note also that if Y = X and G(x, u) := x is the identity mapping, then (GEu) become the variational
inequality

(V Iu) −F (x, u) ∈ NK(x), (1.3)

where λ̄(u) = −F (x̄(u), u).
The continuity and differentiability properties of optimal solutions for parameterized optimization

problems of the form (1.2) were studied extensively, and the corresponding theory is quite complete. On
the other hand, parameterized generalized equations were investigated mainly in cases where the set K
is polyhedral (see, e.g., [3, 4, 6] and references therein). For a nonpolyhedral set K, an additional term
representing a possible curvature of K should appear in the corresponding formulas. For optimization
problems, this is discussed in [2], where this additional term appears as the so-called sigma term. Un-
fortunately, it is not easy to extend the corresponding results from optimization problems to generalized
equations (variational inequalities). This is because powerful tools of duality theory cannot be directly
applied to generalized equations.

The approach to extending these results to generalized equations suggested in this paper consists of
two steps. First, the problem is reduced to a case where the constraint mapping maps (x0, u0) into the
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null vector and the corresponding constraint set in the image space is a convex cone. For the obtained
reduced problem, local analysis is simpler and does not involve the sigma term. Afterwards, formulas
derived for the reduced problem are translated back into a formulation for the original problem.

We use the following notation and terminology throughout the paper. Let C ⊂ Y be a closed convex
cone. The largest linear subspace of C is called its lineality space and denoted lin(C). By span(C), we
denote the linear space generated (spanned) by C. We say that a convex cone C is pointed if lin(C) = {0}.
The polar (negative dual) of the cone C is

C− := {y∗ ∈ Y : 〈y∗, y〉 ≤ 0 ∀ y ∈ C}.

In particular, if C is a linear subspace of Y , then C− = C⊥, where C⊥ denotes the orthogonal complement
of C in Y . Also, for y ∈ Y , we denote by y⊥ its orthogonal complement, i.e., y⊥ = {z ∈ Y : 〈z, y〉 = 0}.
By TK(y) and NK(y), we denote the tangent and normal cones to the set K at the point y. Note that
by definition TK(y) and NK(y) are empty if y 	∈ K. By int(K) and ri(K), we denote the interior and the
relative interior of K, respectively. By dist(y,K) := inf

z∈K
‖y − z‖, we denote the distance from a point

y ∈ Y to a set K.
By AT , we denote the transpose of matrix A. By Sp, we denote the linear space of p× p symmetric

matrices equipped with the scalar product 〈A,B〉 := trace(AB), and by Sp+ we denote the cone of p× p
positive-semidefinite symmetric matrices. The notation A � B (A � B) means that the matrix A−B is
positive-semidefinite (negative semidefinite).

2. Nondegeneracy and Strict Complementarity

In this section, we discuss a nondegeneracy concept for sets defined by abstract constraints of the
form G(x) ∈ K. Throughout this section, we assume that the mapping G : X → Y is continuously
differentiable and the set K ⊂ Y is convex and closed. Recall that the feasible set of the optimization
problem (P ) is defined as G−1(K) = {x ∈ X : G(x) ∈ K}.

Definition 2.1 ([2]). We say that a point x0 ∈ G−1(K) is nondegenerate, with respect to the mapping
G and the set K, if

DG(x0)X + lin (TK(y0)) = Y, (2.1)

where y0 := G(x0).

Of course, if the tangent cone TK(y0) is pointed, i.e., lin (TK(y0)) = {0}, then condition (2.1) means
that the derivative mapping DG(x0) : X → Y is onto. Note also that condition (2.1) is stronger than
Robinson’s constraint qualification, which can be written (since the spaces are finite dimensional) in the
form

DG(x0)X + TK(y0) = Y (2.2)

(see, e.g., [2, Sec. 2.3.4]).

Example 2.1. Assume that X := Rm, Y := Rn, K := Rn+, and G(x) = (g1(x), . . . , gn(x)), i.e., the
feasible set is defined by the constraints gi(x) ≥ 0, i = 1, . . . , n. For y ∈ Rn+, we denote I(y) := {i :
yi = 0, i = 1, . . . , n}. Then it is straightforward to verify that condition (2.1) is equivalent to the linear
independence of the gradient vectors∇gi(x0), i ∈ I(y0), of active at y0 := G(x0) inequality constraints. On
the other hand, Robinson’s constraint qualification (2.2) is equivalent here to the Mangasarian–Fromovitz
constraint qualification.

Example 2.2. Assume that X := Rm, Y := Sp, and K := Sp+, i.e., the feasible set G
−1(K) is defined by

the semidefinite constraints G(x) � 0. Let y0 ∈ S
p
+ be a positive-semidefinite matrix of rank r. Denote by

Wr the subset of Sp formed by matrices of rank r. In this case, the lineality space lin (TK(y0)) coincides
with the tangent space to Wr at y0, and hence Eq. (2.1) takes the form

DG(x0)X + TWr(y0) = S
p. (2.3)
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For semidefinite programming (eigenvalue optimization), the nondegeneracy condition in the form (2.3)
was introduced in [8, Sec. 2] under the name “transversality condition.” It is possible to formulate
condition (2.3) in various equivalent algebraic forms (see [1,9]).

By taking the orthogonal complement of both sides of (2.1), we can write this equation in the
following equivalent form:

[DG(x0)X]
⊥ ∩
[
lin(TK(y0))

]⊥
= {0}. (2.4)

Moreover, we have
[
lin(TK(y0))

]⊥
= span(NK(y0)) (2.5)

(see, e.g., [2, Proposition 4.73]). If K is a convex cone, then

NK(y0) = K
− ∩ y⊥0

and hence NK(y0) forms a face of the polar cone K
− orthogonal to y0. Therefore, if K is a convex cone,

then condition (2.1) can be written in the following equivalent form:

[DG(x0)X]
⊥ ∩ span

[
K− ∩ y⊥0

]
= {0}. (2.6)

For a facially exposed convex cone K and an affine mapping G(x), the definition of nondegeneracy in the
form (2.6) was suggested in [5].

Now let x0 be a solution of the generalized equations (GE), i.e., there exists λ ∈ Y such that

F (x0) +DG(x0)
∗λ = 0 and λ ∈ NK(y0). (2.7)

The following definition of strict complementarity is taken from [2].

Definition 2.2. We say that the strict complementarity condition holds at x0 if there exists λ ∈ ri(NK(y0))
satisfying conditions (2.7).

By the above discussion we have that if K is a convex cone, then the strict complementarity condition
means that the generalized equations (GE) have a solution (x0, λ0) with λ0 lying in the relative interior
of the face of K− orthogonal to y0.

Theorem 2.1. Let x0 be a solution of the generalized equations (GE). If x0 is nondegenerate, then
λ satisfying (2.7) is unique. Conversely, if λ satisfying (2.7) is unique and the strict complementarity
condition holds, then x0 is nondegenerate.

Proof. The following proof is a slight modification of the proof of Proposition 4.75 in [2]. Suppose that
x0 is nondegenerate and let λ and λ

′ satisfy (2.7). Since λ ∈ NK(y0) and NK(y0) is the polar of the
cone TK(y0), we see that λ is orthogonal to lin(TK(y0)). Similarly λ

′, and hence λ−λ′, are orthogonal to
lin(TK(y0)). It also follows from the first equation in (2.7) that DG(x0)

∗(λ− λ′) = 0, which is equivalent
to orthogonality of λ−λ′ to DG(x0)X. Then, by (2.1), it follows that λ−λ′ is orthogonal to Y and hence
λ− λ′ = 0.

Conversely, suppose that λ satisfying (2.7) is unique and the strict complementarity condition holds.
Further, assume that x0 is not nondegenerate. We have then by (2.4) and (2.5) that there exists µ ∈ Y
such that µ is orthogonal to DG(x0)X, and hence DG(x0)

∗µ = 0 and µ ∈ span(NK(y0)). Since, by strict
complementarity, λ ∈ ri(NK(y0)), it follows that for some t > 0 small enough, λ+ tµ ∈ NK(y0), and hence
λ+ tµ also satisfies (2.7). This contradicts the uniqueness of λ.

The above theorem shows that nondegeneracy is a sufficient and, under the strict complementarity,
necessary condition for uniqueness of the multiplier λ.
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3. Reduction Approach

The following definition of cone reducibility is taken from [2]. It suffices to assume in this section
that the set K is closed, not necessarily convex.

Definition 3.1. We say that the set K is cone reducible at a point y0 ∈ K, if there exist a neighborhood
V ⊂ Y of y0, a convex closed pointed cone Q in a finite-dimensional space Z, and a twice continuously
differentiable mapping Ξ : V → Z such that:

(i) Ξ(y0) = 0 ∈ Z,
(ii) the derivative mapping DΞ(y0) : Y → Z is onto,
(iii) K ∩ V = {y ∈ V : Ξ(y) ∈ Q}.

If K is cone reducible at every point y0 ∈ K (possibly to a different cone Q), we simply say that K is
cone reducible.

The last condition (iii) of the above definition means that locally, in the vicinity of the point y0, the
set K can be defined by the constraints Ξ(y) ∈ Q. Condition (ii) ensures that the reduction mapping Ξ
is nondegenerate at y0.

The convex set K is cone reducible at every point y0 ∈ ri(K). In this case, the mapping Ξ is given
by the projection onto the linear space orthogonal to ri(K) and the shift of y0 to the null vector, and
Q = {0}. In applications, the set K, in fact, usually is a cone. Any convex cone K (in a finite-dimensional
space) can be represented as a direct sum of its lineality space and a pointed cone. Therefore, any convex
cone K is reducible to a pointed cone at the null point y0 = 0. The corresponding mapping Ξ can be
taken to be the orthogonal projection onto the linear space orthogonal to the lineality space of K. It
turns out that many interesting sets (cones) are cone reducible at all their points. It is easy to see that

any polyhedral convex set is cone reducible. The ice-cream cone
{
x ∈ Rn : xn ≥

√
x21 + · · ·+ x

2
n−1

}
is

cone reducible. Indeed, at every (nonzero) boundary point, the tangent cone to the ice-cream cone is a
half-space and hence it can be reduced at such a point to the half-line cone Q := R+.

A nontrivial example of a cone reducible set is the cone Sp+ of positive-semidefinite matrices. If
y0 ∈ S

p
+ is a positive-semidefinite matrix of rank r, then it is possible to construct an infinitely differentiable

(even analytic) reduction mapping Ξ from a neighborhood of y0 into the linear space Z := Sp−r with the
corresponding cone Q := Sp−r+ (for such a construction, see [2, Example 3.140]).

Proposition 3.1. Let Y1, . . . , Yn be finite-dimensional vector spaces, Ki ⊂ Yi be closed sets, and yi ∈ Ki,
i = 1, . . . , n. Suppose that Ki is reducible at yi to a cone Qi, i = 1, . . . , n. Then the set K := K1×· · ·×Kn
is cone reducible at the point y := (y1, . . . , yn) ∈ Y , Y := Y1 × · · · × Yn, to the cone Q := Q1 × · · · ×Qn.

Proof. Let Ξi : Vi → Zi, i = 1, . . . , n, be the corresponding reduction mappings. Then take V :=
V1 × · · · × Vn and Ξ := Ξ1 × · · · × Ξn.

Remark 3.1. It may happen that some points yi, in the above proposition, belong to the interior of the
corresponding set Ki. In this case, the corresponding reduced space Zi has zero dimension (i.e., Zi = {0})
and hence can be removed from the direct product.

Proposition 3.2. Let S := G−1(K), where G : X → Y is a continuously differentiable mapping, and
x0 ∈ S. Suppose that the convex set K is cone reducible at the point y0 := G(x0) and that the point x0 is
nondegenerate with respect to G and K. Then the set S is cone reducible at x0.

Proof. Let Ξ(y) be the reduction mapping of the set K to the cone Q ⊂ Z. Since DΞ(y0) is onto, we have
that

TK(y0) = {h ∈ Y : DΞ(y0)h ∈ Q} , (3.1)

lin (TK(y0)) = {h ∈ Y : DΞ(y0)h = 0} . (3.2)

2557



Consider the composite mapping G(x) := Ξ(G(x)). We see that G(x0) = Ξ(y0) = 0 and clearly the set S is
defined in a neighborhood of x0 by the constraint G(x) ∈ Q. Moreover, by the chain rule of differentiation
and since DΞ(y0) is onto, it follows from (3.2) that DG(x0)X = Z iff Eq. (2.1) holds, i.e., iff the point
x0 is nondegenerate. We obtain that if x0 is nondegenerate, then the set S is cone reducible at x0 by the
mapping G to the cone Q.

Now let Ki ⊂ Y , i = 1, . . . , n, be closed sets, K :=
n⋂
i=1
Ki, and y0 ∈ K. Suppose that every set Ki

is reducible at y0 to a cone Qi ⊂ Zi by a mapping Ξi. Consider the space Z := Z1 × · · · × Zn, the cone
Q := Q1 × · · · × Qn ⊂ Z, and the mapping Ξ(y) := (Ξ1(y), . . . ,Ξn(y)). Clearly, the set K is defined in
a neighborhood of y0 by the constraint Ξ(y) ∈ Q. Therefore, K is reducible at y0 to the cone Q by the
mapping Ξ if DΞ(y0) : Y → Z is onto. We see that DΞ(y0)h = (A1h, . . . , Anh), where Ai := DΞi(y0),
i = 1, . . . , n, are the derivative mappings. If we consider the linear mappings Ai, i = 1, . . . , n, as the
corresponding matrices, then the condition DΞ(y0)Y = Z is equivalent to the condition that the matrix
A := [AT1 , . . . , A

T
n ]
T has full row rank.

Suppose that the set K is cone reducible at the point y0 := G(x0). Then, since DΞ(y0) is onto, the
set

W := {y ∈ V : Ξ(y) = 0} (3.3)

forms a smooth manifold in a neighborhood of y0 and

lin (TK(y0)) = TW (y0). (3.4)

The nondegeneracy of the point x0 with respect to G(x) and K is equivalent to the nondegeneracy of
x0 with respect to the composite mapping G(x) := Ξ(G(x)) and the cone Q. Recall that the cone Q is
assumed to be pointed. Therefore, the point x0 is nondegenerate iff DG(x0) : X → Z is onto.

For the cone K := Sp+ of positive-semidefinite matrices, the set W defined in (3.3) coincides (in a
neighborhood of y0) with the set Wr of p× p symmetric matrices of rank r = rank(y0). This implies that
for K := Sp+, Eqs. (2.1) and (2.3) are equivalent.

4. Sensitivity Analysis of Reduced Generalized Equations

In the sequel, we assume that the convex set K is cone reducible at the point y0 := G(x0) to a
pointed convex cone Q ⊂ Z by a mapping Ξ. Consider the mapping G(x, u) := Ξ(G(x, u)). Then for
all (x, u) in a neighborhood of (x0, u0), the generalized equations (GEu) can be written in the following
equivalent form:

(GEu) F (x, u) +DxG(x, u)
∗µ = 0 and µ ∈ NQ(G(x, u)), (4.1)

i.e., locally (x̄(u), λ̄(u)) is a solution of (GEu) iff (x̄(u), µ̄(u)) is a solution of (GEu) and

λ̄(u) = [DΞ(G(x, u))]∗µ̄(u). (4.2)

Note that by Definition 2.1(ii), we have that for all y in a neighborhood of y0, the mapping DΞ(y) is onto,
and hence the mapping [DΞ(y)]∗ is one-to-one. Therefore, for all (x, u) sufficiently close to (x0, u0), the
multiplier µ̄(u) is defined uniquely by Eq. (4.2).

In particular, for the unperturbed problem, we have that (x0, µ0), where λ0 = [DΞ(y0)]
∗µ0, is a

solution of the generalized equations

F (x) +DG(x)∗µ = 0 and µ ∈ NQ(G(x)). (4.3)

It is important to note that for the above reduced equations G(x0) = Ξ(y0), and hence G(x0) = 0 ∈ Z.
Therefore, the strict complementarity condition holds at x0 iff there exists µ ∈ Z such that (x0, µ) is a
solution of (4.3) and µ ∈ int(Q−).

Note also that the following conditions are equivalent:

(i) µ ∈ NQ(G(x, u)),
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(ii) G(x, u) ∈ NQ−(µ),
(iii) µ ∈ Q−, G(x, u) ∈ Q and 〈µ,G(x, u)〉 = 0.

Consider the cones

K := {y ∈ TK(y0) : 〈λ0, y〉 = 0} , (4.4)

Q := {z ∈ Q : 〈µ0, z〉 = 0}. (4.5)

Note that if µ0 ∈ int(Q−), i.e., the strict complementarity condition holds at x0, then

K = lin(TK(y0)) and Q = {0}.

Let us consider a direction d ∈ U and the following linearization of the generalized equations (GEu)
at the point (x0, µ0) (cf. [2, (5.29), p. 409]):

D [F + (DxG)
∗µ0] (x0, u0)(h, d) +DxG(x0, u0)

∗η = 0, (4.6)

DG(x0, u0)(h, d) ∈ NQ−(η). (4.7)

In the above expansions,

D [F + (DxG)
∗µ0] (x0, u0)(h, d) = DF (x0, u0)(h, d) +

(
D2xxG(x0, u0)

∗µ0
)
h+
(
D2xuG(x0, u0)

∗µ0
)
d,

DF (x0, u0)(h, d) = DxF (x0, u0)h+DuF (x0, u0)d,

DG(x0, u0)(h, d) = DxG(x0, u0)h+DuG(x0, u0)d.

In particular, if F (x, u) = Dxf(x, u), then

D [F + (DxG)
∗µ0] (x0, u0)(h, d) = D

2
xxL(x0, µ0, u0)h+D

2
xuL(x0, µ0, u0)d,

where L(x, µ, u) := f(x, u) + 〈µ,G(x, u)〉 is the Lagrangian of the corresponding optimization problem.
Note that condition (4.7) is equivalent to

η ∈ Q−, DG(x0, u0)(h, d) ∈ Q, and 〈η,DG(x0, u0)(h, d)〉 = 0, (4.8)

and hence to η ∈ NQ(DG(x0, u0)(h, d)). Note also that Q− coincides with the topological closure of the
sum of Q− and the linear space generated by µ0, and hence Q− = TQ−(µ0).

Lemma 4.1 ([2, Theorem 5.10, p. 410]). Consider a path u(t) ∈ U , t ≥ 0, of the form u(t) = u0 + td +
o(t). Let (x0, µ0) and (x̄(t), µ̄(t)) be solutions of the generalized equations (GE) and (GEu(t)), respectively.
Then any accumulation point of

θ(t) := t−1(x̄(t)− x0, µ̄(t)− µ0), t > 0,

is a solution of the generalized linearized equations (4.6)–(4.7).

Proof. Let (h̄, η̄) be an accumulation point of θ(t), i.e., there exists a sequence tn ↓ 0 such that

(xn − x0, µn − µ0) = tn(h̄, η̄) + o(tn),

where xn := x̄(tn) and µn := µ̄(tn). We also see that un−u0 = tnd+ o(tn), where un := u(tn). Therefore,
by using the first-order expansion of the equation

F (xn, un) +DxG(xn, un)
∗µn = 0

at the point (x0, u0) and µ0, we obtain that

D [F + (DxG)
∗µ0] (x0, u0)(xn − x0, tnd) +DxG(x0, u0)

∗(µn − µ0) = o(tn);

hence, by passing to the limit, we see that (h̄, η̄) satisfies Eq. (4.6).
Now by the second condition of (4.1) we have

µn ∈ Q
−, G(xn, un) ∈ Q and 〈µn,G(xn, un)〉 = 0. (4.9)

Consider a vector z ∈ Q. Then, since z ∈ Q and 〈µ0, z〉 = 0, we have

0 ≥ 〈µn, z〉 = 〈µn − µ0, z〉 = tn〈η̄, z〉+ o(tn);
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hence, by passing to the limit, we obtain that 〈η̄, z〉 ≤ 0. It follows that η̄ ∈ Q−.
Since G(x0, u0) = 0, by using the second and third conditions of (4.9), we obtain that t−1n (G(xn, un)−

G(x0, u0)) ∈ Q and 〈µn,G(xn, un)−G(x0, u0)〉 = 0, respectively. Since Q is closed and µn → µ0, by passing
to the limit, we see thatDG(x0, u0)(h̄, η̄) ∈ Q and 〈µ0,DG(x0, u0)(h̄, η̄)〉 = 0, and henceDG(x0, u0)(h̄, η̄) ∈
Q.

Finally, since

〈µ0,G(xn, un)− G(x0, u0)〉 ≤ 0, 〈µn,G(xn, un)− G(x0, u0)〉 = 0,

it follows that

〈η̄,DG(x0, u0)(h̄, η̄)〉 ≥ 0.

Moreover, since

η̄ ∈ Q− and DG(x0, u0)(h̄, η̄) ∈ Q,

we have

〈η̄,DG(x0, u0)(h̄, η̄)〉 ≤ 0,

and hence

〈η̄,DG(x0, u0)(h̄, η̄)〉 = 0.

This completes the proof of conditions (4.8), and hence of (4.7).

A solution (x̄(t), µ̄(t)) of the generalized equations (GEu(t)) is said to be upper Lipschitzian at (x0, µ0)
if

‖(x̄(t)− x0, µ̄(t)− µ0)‖ = O(t), t > 0. (4.10)

We have that if for all t > 0 small enough, the generalized equations (GEu(t)) have a solution (x̄(t), µ̄(t))
and this solution is upper Lipschitzian at (x0, µ0), then θ(t) is bounded and hence has an accumulation
point. It follows from the above lemma that if, in addition, the linearized generalized equations (4.6)–(4.7)
have a unique solution, denoted (h̄, η̄), then

(x̄(t)− x0, µ̄(t)− µ0) = t(h̄, η̄) + o(t), t > 0, (4.11)

i.e., (h̄, η̄) is the directional derivative of (x̄(t), µ̄(t)) along the path u(t). We discuss next conditions
ensuring upper Lipschitzian behavior of solutions of the generalized equations (GEu).

In particular, for d = 0, the linearized generalized equations (4.6)–(4.7) take the form

D[F + (DG)∗µ0](x0)h+DG(x0)
∗η = 0, (4.12)

DG(x0)h ∈ NQ−(η). (4.13)

Note that (h̄, η̄) = (0, 0) is always a solution of (4.12)–(4.13). Moreover, if (0, 0) is the unique solution of
(4.12)–(4.13), then (x0, µ0) is a locally unique solution of (GE). Indeed, if there exists a sequence (xn, µn)
of solutions of (GE) converging to (x0, µ0) and such that (xn, µn) 	= (x0, µ0), then by taking u(t) ≡ u0 in
Lemma 4.1, we obtain that any accumulation point of the sequence (xn−x0, µn−µ0)/(‖xn−x0‖+‖µn−µ0‖)
is a solution of the linearized generalized equations (4.12)–(4.13). Since this sequence is bounded, it has
an accumulation point and, moreover, such an accumulation point is different from (0, 0).

If (0, 0) is the unique solution of (4.12)–(4.13), then, in particular, η̄ = 0 is the unique solution of
the equations

DG(x0)
∗η = 0 and 0 ∈ NQ−(η). (4.14)

Since

{η : DG(x0)
∗η = 0} = {η : 〈η,DG(x0)h〉 = 0 ∀h ∈ X} = [DG(x0)X]

⊥

and 0 ∈ NQ−(η) means that η ∈ Q
−, we obtain that (4.14) is equivalent to

[DG(x0)X]
⊥ ∩Q− = {0}, (4.15)
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which, in turn, is equivalent (since the space Z is finite dimensional) to the condition

DG(x0)X +Q = Z (4.16)

(see, e.g., [2, Proposition 2.97]).

Lemma 4.2. Let (x0, µ0) be a solution of the generalized equations (GE). Suppose that the linearized
generalized equations (4.12)–(4.13)) have a unique solution (0, 0). Then there exist κ > 0 and neighbor-
hoods Nx0 and Nu0 of x0 and u0, respectively, such that if u ∈ Nu0, (x̄(u), µ̄(u)) is a solution of (GEu),
and x̄(u) ∈ Nx0, then

‖x̄(u)− x0‖+ ‖µ̄(u)− µ0‖ ≤ κ‖u− u0‖. (4.17)

Proof. Let un ∈ U be a sequence converging to u0 and (xn, µn) be a solution of (GEun) such that xn → x0.
It suffices to show that then

‖xn − x0‖+ ‖µn − µ0‖ = O(‖un − u0‖). (4.18)

As was mentioned earlier, the assumption that equations (4.12)–(4.13) have a unique solution implies
condition (4.16). Condition (4.16), in turn, implies that

‖µn − µ0‖ = O(‖xn − x0‖)

(see [2, Proposition 4.47]). Therefore, it follows that µn → µ0.
Assume that (4.18) is false. This means that ‖un − u0‖ = o(tn), where tn := ‖xn − x0‖+ ‖µn − µ0‖.

By using the result of Lemma 4.1 with d = 0, we obtain then that any accumulation point of the sequence
t−1n (xn − x0, µn − µ0) is a solution of Eqs. (4.12)–(4.13), and hence is (0, 0). However, by standard
compactness arguments, this sequence has a nonzero accumulation point; a contradiction.

The above lemma shows that if Eqs. (4.12)–(4.13) have a unique solution, then the set of solutions
of the generalized equations (GEu) is locally upper Lipschitzian at u0 near (x0, µ0). The converse of that
is also true if the parameterization (GEu) is rich enough. Let us consider the parameterization

F (x, u) := F (x) + u1, G(x, u) = G(x) + u2, u = (u1, u2) ∈ X × Z, (4.19)

of (GE) at u0 = (0, 0).

Lemma 4.3. Let (x0, µ0) be a solution of the generalized equations (GE) and (h̄, η̄) be a solution of the
generalized equations (4.12)–(4.13) such that

µ0 + t̄η̄ ∈ Q
− for some t̄ > 0. (4.20)

Consider parameterization (4.19). Then there exists a path u(t) ∈ U := X × Z, t ≥ 0, such that for all
t > 0 in a neighborhood of zero,

(x̄(t), µ̄(t)) := (x0 + th̄, µ0 + tη̄)

is a solution of the generalized equations (GEu(t)) and ‖u(t)‖ = o(t).

Proof. Define

u1(t) : = F (x0) +DG(x0)
∗µ0 − [F (x0 + th̄) +DG(x0 + th̄)

∗(µ0 + tη̄)],

u2(t) : = DG(x0)(th̄)− G(x0 + th̄).

By using the Taylor expansion and since G(x0) = 0 and by (4.12), we obtain that ‖u1(t)‖ = o(t) and
‖u2(t)‖ = o(t). Also we have

F (x̄(t)) + u1(t) +DG(x̄(t))
∗µ̄(t) = F (x0) +DG(x0)

∗µ0 = 0,

D[G(x̄(t)) + u2(t)] = DG(x̄(t)).

2561



Moreover, we have

G(x̄(t)) + u2(t) = DG(x0)(th̄) ∈ Q ⊂ Q,

〈µ̄(t),DG(x0)(th̄)〉 = 0.

By assumption (4.20) we see that µ0 + tη̄ ∈ Q− for all t > 0 small enough. Therefore, we obtain that
µ̄(t) ∈ NQ(G(x̄(t)) + u2(t)) for t > 0 small enough. Consequently, (x̄(t), µ̄(t)) is a solution of (GEu(t)) for
all t > 0 small enough.

Note that since η̄ ∈ Q− = TQ−(µ0), it follows that

dist(µ0 + tη̄,Q
−) = o(t).

Assumption (4.20) is stronger of course. If the cone Q is polyhedral, then its polar cone Q− is also
polyhedral. In this case, Q− coincides with µ0 + TQ−(µ0) in a neighborhood of µ0, and hence assump-
tion (4.20) follows. In general, for a nonpolyhedral cone Q, there is a gap between the sufficient and
necessary conditions given in Lemmas 4.2 and 4.3, respectively. This requires a further investigation.

If µ0 ∈ int(Q−), i.e., the strict complementarity condition holds, then Q = {0} and hence Q− = Z.
In this case, conditions (4.7) and (4.13) become the equations DG(x0, u0)(h, d) = 0 and DG(x0)h = 0,
respectively. In this case, we also see that for all µ sufficiently close to µ0 such that µ ∈ int(Q−), the
second (inclusion) condition in (4.1) can be replaced by the equation G(x, u) = 0, and hence locally the
generalized equations (GEu) can be written as the equations

F (x, u) +DxG(x, u)
∗µ = 0, G(x, u) = 0, (4.21)

i.e., if the strict complementarity condition holds, then (4.6)–(4.7) become linear equations representing
linearization of Eqs. (4.21). It follows then by the implicit function theorem that if for d = 0 the corre-
sponding linearized equations (4.12)–(4.13) have the unique zero solution, then for all u in a neighborhood
of u0, Eqs. (4.21) have a unique solution (x̄(u), µ̄(u)) in a neighborhood of (x0, µ0), which is Lipschitz
continuous and continuously differentiable. In other words, under the strict complementarity condition,
the local behavior of generalized equations (4.1) is completely described by the classical implicit function
theorem. As the following remark shows, in the absence of the strict complementarity condition the
situation is more delicate.

Remark 4.1. The assumption that the linearized generalized equations (4.12)–(4.13) have a unique solu-
tion (0, 0) does not imply that Eqs. (4.6)–(4.7) have a solution for any d. For example, consider equations

0 ∈ Ah+ d+NQ(h),

where Q := R2+ and Ah := (−h1−h2,−h1−h2). These equations represent the complementarity problem

〈Ah+ d, h〉 = 0, Ah+ d ≥ 0, h ≥ 0,

and for d = 0 have a unique solution h̄ = 0. On the other hand, for d = (−1,−1), these equations do not
have a solution.

5. Sensitivity Analysis of Original Generalized Equations

In this section, we discuss how the results obtained in the previous section for the reduced generalized
equations (GEu) can be formulated in terms of the original generalized equations (GEu). For a set S ⊂ Y ,
we denote by

σ(λ, S) := sup
y∈S
〈λ, y〉

its support function. For a point y ∈ K, the second-order tangent set to K at y in a direction d ∈ Y is
defined by

T 2K(y, d) :=

{
w ∈ Y : dist

(
y + td+

1

2
t2w,K

)
= o(t2), t ≥ 0

}
.
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Let us show how the linearized generalized equations (4.6)–(4.7) can be formulated in terms of
linearization of the original generalized equations (GEu). By the chain rule of differentiation, we have

DG(x, u) = DΞ(G(x, u))DG(x, u),

and for y near y0,

NK(y) = [DΞ(y)]
∗NQ(Ξ(y)). (5.1)

Therefore, condition (4.7) is equivalent to

DG(x0, u0)(h, d) ∈ NK−(ζ), (5.2)

where ζ = [DΞ(y0)]
∗η. Now

D[(DxG)
∗µ0](x0, u0)(h, d) = D[(DxG)

∗λ0](x0, u0)(h, d) + ∆(h, d), (5.3)

where

∆(h, d) := (DxG
∗)[D2Ξ(y0)

∗µ0](DxG)h + (DxG
∗)[D2Ξ(y0)

∗µ0](DuG)d

and all derivatives of G(x, u) are taken at (x0, u0).
The additional term ∆(h, d) has the following interpretation. Consider the function

δ(h, d) := 〈µ0,D
2Ξ(y0)(DG(x0, u0)(h, d),DG(x0, u0)(h, d))〉,

which is a quadratic function of (h, d). Then

∆(h, d) =
1

2
Dhδ(h, d).

By the chain rule for second-order tangent sets (see, e.g., [2, Proposition 3.33]), we obtain

T 2K(y0, d) = DΞ(y0)
−1
[
T 2Q(Ξ(y0),DΞ(y0)d)−D

2Ξ(y0)(d, d)
]
.

Moreover, since Ξ(y0) = 0 and Q is a convex cone, we see that if DΞ(y0)d ∈ Q, then

T 2Q(Ξ(y0),DΞ(y0)d) = cl
{
Q+ span(DΞ(y0)d)

}
.

Consequently, if (h, d) satisfies (5.2), then

δ(h, d) = −σ
(
λ0, T

2
K(y0,DG(x0, u0)(h, d)

)
.

The function in the right-hand side of the above equation is called the sigma term and appears in sensitivity
analysis of optimization problems.

Therefore, for a given d, the linearized generalized equations (4.6)–(4.7) can be written in the form

D[F + (DxG)
∗λ0](x0, u0)(h, d) +DxG(x0, u0)

∗ζ +∆(h, d) = 0. (5.4)

DG(x0, u0)(h, d) ∈ NK−(ζ), (5.5)

where the cone K is defined in (4.4) and

∆(h, d) = −
1

2
Dhσ

(
λ0, T

2
K(y0,DG(x0, u0)(h, d)

)
. (5.6)

Note that, since it is assumed that K is cone reducible at y0, we have by the above discussion that the
sigma term in the right hand side of (5.6) is a quadratic function of (h, d), and hence ∆(h, d) is a linear
mapping.

By Lemmas 4.2 and 4.1, we have the following results.

Theorem 5.1. Let (x0, λ0) be a solution of the generalized equations (GE). Suppose that the set K is
cone reducible at the point y0 := G(x0, u0). Then the following holds.
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(i) Assume that for d = 0, the linearized generalized equations (5.4)–(5.5) have a unique solution (0, 0).
Then there exist κ > 0 and neighborhoods Nx0 and Nu0 of x0 and u0, respectively, such that if
u ∈ Nu0, (x̄(u), λ̄(u)) is a solution of (GEu), and x̄(u) ∈ Nx0, then

‖x̄(u)− x0‖+ ‖λ̄(u)− λ0‖ ≤ κ‖u− u0‖. (5.7)

(ii) For some d ∈ U , consider a path u(t) ∈ U , t ≥ 0, of the form u(t) := u0 + td+ o(t). Let (x̄(t), λ̄(t))
be a solution of the generalized equations (GEu(t)). Then any accumulation point (h̄, ζ̄) of

t−1(x̄(t)− x0, λ̄(t)− λ0), t > 0,

is a solution of the generalized linearized equations (5.4)–(5.5).

It is also possible to reformulate the result of Lemma 4.3 in terms of the original generalized equations.
In particular, for the variational inequality (1.3), the linearization (5.4)–(5.5) at a solution point x0

takes the form

−DF (x0, u0)(h, d) + ∆(h) ∈ NK−(h), (5.8)

where

K = {x ∈ TK(x0) : 〈F (x0, u0), x〉 = 0} , (5.9)

∆(h) = −
1

2
Dhσ

(
−F (x0, u0), T

2
K(x0, h)

)
. (5.10)

If λ0 ∈ ri(NK(y0)), i.e., the strict complementarity condition holds, then K = lin(TK(y0)), and hence
for any ζ ∈ K−, we have

K− = NK−(ζ) = [lin(TK(y0))]
⊥ = span (NK(y0)) .

Therefore, in this case, condition (5.5) becomes

DG(x0, u0)(h, d) ∈ span (NK(y0)) and ζ ∈ span (NK(y0)) . (5.11)

In other words, under the strict complementarity condition, the linearized generalized equations (5.4)–
(5.5) can be written as a system of linear equations. As was discussed in the previous section, in this case
the local behavior of the generalized equations (GEu) is completely described by the implicit function
theorem.

Finally, let us note that in the case of the semidefinite constraints of Example 2.2, the sigma term
can be written explicitly as

hTHxx(x0,Λ0, u0)h+ 2h
THxu(x0,Λ0, u0)d+ d

THuu(x0,Λ0)d,

where ij-elements of the above matrices are

Hxx(x0,Λ0, u0)ij = −2 tr

{
Λ0

(
∂G(x0, u0)

∂xi

)
[G(x0, u0)]

†

(
∂G(x0, u0)

∂xj

)}
,

Hxu(x0,Λ0, u0)ij = −2 tr

{
Λ0

(
∂G(x0, u0)

∂xi

)
[G(x0, u0)]

†

(
∂G(x0, u0)

∂uj

)}
,

Huu(x0,Λ0, u0)ij = −2 tr

{
Λ0

(
∂G(x0, u0)

∂ui

)
[G(x0, u0)]

†

(
∂G(x0, u0)

∂uj

)}
,

Λ0 is the multiplier matrix of the corresponding generalized equations, and A
†
denotes the Moore–Penrose

pseudoinverse of a matrix A [9].
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