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twice continuously differentiable. Necessary and sufficient second-order optimality conditions for
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1. Introduction

In the present paper we consider a generalized semi-infinite optimization problem,
given in the form

Minimize f (x) subject to x ∈ S, (1.1)

where the feasible set S is defined as

S := {x ∈ R
n | g(x, y) � 0, y ∈ Y (x)}

and the index set of inequality constraints of (1.1) is given as

Y (x) := {y ∈ R
k | hi(x, y) = 0, i = 1, . . . , p,

hj (x, y) � 0, j = p + 1, . . . , q}.
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and the work of A.S. was supported in part by National Science Foundation grant DMS-0073770.



170 JAN-J. RÜCKMANN AND ALEXANDER SHAPIRO

The principal difference to standard semi-infinite optimization problems is that in
the standard case the set Y (x) does not depend on x, i.e., Y (x) = Y for all x ∈ R

n.
The goal of this paper is to derive necessary and sufficient second-order opti-

mality conditions for the problem (1.1). These conditions can be extended straight-
forwardly to the case with additional equality constraints in the definition of S.
Therefore, for the sake of simplicity we focus ourselves on the given case without
equality constraints.

Clearly the feasible set can be written in the following equivalent form

S = {x ∈ R
n | v(x) � 0},

where v(x) is the optimal value function

v(x) := sup
y∈Y (x)

g(x, y). (1.2)

Optimality conditions derived in this paper are based on differentiability properties
of the optimal value function v(x).

Recently generalized semi-infinite optimization became an active research topic
in applied mathematics. This is due to the fact that several engineering tasks lead
to problems of type (1.1), e.g., design problems, problems of maneuverability of
robots, reverse Chebyshev approximation problems (cf., e.g., [7, 9, 15]).

This paper is organized as follows. In Section 2 we give a general discussion
of second order optimality conditions for an unconstrained problem with a locally
Lipschitz continuous objective function. These optimality conditions are based on
concepts of second-order (parabolic) directional differentiability and second order
epiregularity. In Sections 3 and 4 we apply these general results to our general-
ized semi-infinite problem (1.1). Section 3 contains a discussion of the employed
assumptions and in Section 4 we present second order necessary and sufficient
optimality conditions for the problem (1.1). Note that the presented results are
valid without assuming any kind of reduction approach. Finally, two illustrating
examples in Section 5 conclude the paper.

We refer to the related papers [12, 21, 26] on first order optimality conditions
for the problem (1.1) as well as to [13, 14, 27]. In [10] second-order necessary and
sufficient optimality conditions for (1.1) are discussed under the assumption that
a so-called reduction approach is applicable at the considered point. Under this
assumption, the original problem can be locally reformulated as a problem with
finitely many constraints, and the corresponding optimality conditions are obtained
from the corresponding optimality conditions for finitely constrained problems. In
our investigation, and in particular in the considered examples, we do not assume
applicability of such reduction approach.

For the sake of completeness, we also refer to the survey papers [8, 18] and the
recent book [19], which contains several survey and tutorial papers reflecting the
state-of-the-art in semi-infinite programming and its relations to some other topics.
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2. General Discussion of Second-Order Optimality Conditions

In this section we give a general discussion of first and especially second-order op-
timality conditions. Consider the following (unconstrained) optimization problem

(P) Minimize ψ(x) subject to x ∈ R
n,

where ψ is a real valued function. Throughout this section we assume that ψ is
locally Lipschitz continuous and second-order (parabolically) directionally differ-
entiable at a considered point x0 ∈ R

n. That is, ψ is directionally differentiable at
x0 and, moreover, the limit

ψ ′′(x0; d,w) := lim
t↓0

ψ(x0 + td + 1
2 t

2w) − ψ(x0) − tψ ′(x0, d)

1
2 t

2

exists for any d,w ∈ R
n. Note that directional differentiability together with local

Lipschitz continuity of ψ imply that

ψ ′(x0, d) = lim
t↓0
d ′→d

ψ(x0 + td ′) − ψ(x0)

t
,

i.e., ψ is directionally differentiable at x0 in the sense of Hadamard, e.g., [24].
It can be easily shown, and is well known, that the following are (first-order)

necessary conditions for x0 to be a locally optimal solution of the problem (P):

ψ ′(x0, d) � 0, ∀d ∈ R
n. (2.1)

Consider the set

C(x0) := {d ∈ R
n : ψ ′(x0, d) = 0}. (2.2)

Since the function ψ ′(x0, ·) is positively homogeneous, the set C(x0) is a cone and,
because of (2.1), C(x0) is convex if ψ ′(x0, ·) is convex. The cone C(x0) is called the
cone of critical directions or, simply, the critical cone. It represents those directions
for which first-order analysis does not provide an information about optimality of
x0. Note that because of (2.1), the critical cone can be written in the following
equivalent form C(x0) = {d : ψ ′(x0, d) � 0}.

It is said that the second-order growth condition holds at x0 if there exist a
constant c > 0 and a neighborhood N of x0 such that

ψ(x) � ψ(x0) + c‖x − x0‖2, ∀x ∈ N. (2.3)

Clearly the above second-order growth condition implies local optimality of x0.
(Here ‖ · ‖ denotes a norm in R

n, e.g., the Euclidean norm.)
Since for any d ∈ C(x0) and t � 0 we have

ψ(x0 + td + 1
2 t

2w) = ψ(x0) + 1
2 t

2ψ ′′(x0; d,w) + o(t2),
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it is straightforward to verify the following second-order necessary conditions. If
x0 is a locally optimal solution of (P), then

ψ ′′(x0; d,w) � 0, ∀d ∈ C(x0), ∀w ∈ R
n. (2.4)

Moreover, if the second-order growth condition (2.3) holds at x0, then

inf
w∈Rn

ψ ′′(x0; d,w) > 0, ∀d ∈ C(x0) \ {0}. (2.5)

Such conditions were already used in [1], and are discussed, in a more general
framework, in [20] and [4], for example.

Second-order necessary conditions (2.4) are derived by verifying local optimal-
ity of x0 along parabolic paths of the form x(t) := x0 + td+ 1

2 t
2w, i.e., by verifying

that ψ(x(t)) � ψ(x0) for sufficiently small t > 0. There is no reason, a priori, that
(local) optimality of x0 should be verified along such parabolic paths only, and in
general the corresponding conditions (2.5) do not guarantee local optimality of x0.
Nevertheless, for a large class of problems conditions (2.5) imply the second-order
growth condition, and hence are sufficient second order optimality conditions. The
following type of regularity conditions was introduced in [2] and is extensively
discussed in [4, Section 3.3.4].

DEFINITION 2.1. It is said that ψ is second order epiregular at x0, if for any d

and for t � 0 and any path w(·): R+ → R
n such that tw(t) → 0 as t ↓ 0, the

following inequality holds

ψ
(
x0 + td + 1

2 t
2w(t)

)
� ψ(x0) + tψ ′(x0, d) +

+ 1
2 t

2ψ ′′(x0; d,w(t)) + o(t2) (2.6)

(where R+ denotes the set of nonnegative reals).

The following result is taken from [4, Section 3.3.5], since the proof is easy we
only give it for the sake of completeness.

PROPOSITION 2.1. Suppose that the first-order necessary conditions (2.1) hold
and that ψ is second-order epiregular at x0. Then the second-order growth condi-
tion holds at x0 if and only if conditions (2.5) are satisfied.

Proof. As we discussed above verification of necessity of conditions (2.5) is
straightforward. In order to show sufficiency we argue by a contradiction. Suppose
that conditions (2.5) are satisfied and that (2.3) is false. This means that there exists
a sequence xν → x0, xν �= x0, such that

ψ(xν) � ψ(x0) + o(‖xν − x0‖2). (2.7)

Consider tν := ‖xν − x0‖ and dν := (xν − x0)/tν . Using compactness arguments
we can assume, by passing to a subsequence if necessary, that dν converge to a
vector d. Since ψ(xν) = ψ(x0) + tνψ

′(x0, d) + o(tν), it follows from (2.7) that
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ψ ′(x0, d) � 0 and hence d ∈ C(x0). Define wν := (dν − d)/( 1
2 tν). We have then

that tνwν → 0, that x0 + tνdν = x0 + tνd + 1
2 t

2
νwν and, hence, by (2.6)

ψ(xν) � ψ(x0) + tνψ
′(x0, d) + 1

2 t
2
ν ψ

′′(x0; d,wν) + o(t2
ν ).

Together with (2.5) this implies

ψ(xν) � ψ(x0) + t2
ν α + o(t2

ν ),

for some constant α > 0. This, however, contradicts (2.7). ✷

3. Assumptions

We return now to the generalized semi-infinite problem (1.1). In this section we
present assumptions which are used in Section 4 in the discussion of second-order
optimality conditions for (1.1). In the remainder of this paper we assume that
x0 ∈ S is a considered feasible point of the problem (1.1) and that the following
assumptions hold.

(A1) The functions f (x), g(x, y), hi(x, y), i = 1, . . . , q are real-valued and twice
continuously differentiable.

By ∇g(x0, y0) and ∇xg(x0, y0) we denote the gradient and the partial gradient
with respect to x, respectively, of g at (x0, y0), and by ∇2g(x0, y0), ∇2

xxg(x0, y0),
∇2
xyg(x0, y0), etc., we denote the corresponding Hessian matrices of second-order

partial derivatives.

(A2) The sets Y (x) are nonempty and uniformly bounded in a neighborhood of
x0, i.e., there exist a neighborhood M of x0 and a bounded set T ⊂ R

k such
that Y (x) �= ∅ and Y (x) ⊂ T for all x ∈ M.

Assumptions (A1) and (A2) imply that the sets Y (x) are compact and, hence,
the supremum in (1.2) is attained for all x near x0. Furthermore, the set-valued
mapping x �→ Y (x) is closed at x0 and the optimal value function v(x) is upper
semicontinuous at x0. Hence, if v(x0) < 0, then x0 is an interior point of S. In that
case the problem is locally unconstrained and, hence, ∇f (x0) = 0, and the cor-
responding second-order necessary (sufficient) optimality conditions are positive
semi-definiteness (positive definiteness) of the Hessian matrix ∇2f (x0). Therefore,
we assume subsequently that v(x0) = 0 or, in other words, that the set of active
inequality constraints

Y0(x0) := {y ∈ Y (x0) | g(x0, y) = 0} (3.1)

is nonempty.
We present now two sets of assumptions (regularity conditions) which will

be used in the next section to derive second-order optimality conditions in two,
somewhat different, situations.
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(A3) The set Y0(x0) is finite, say Y0(x0) = {y1, . . . , ym}.
Let us remark that the second-order sufficient conditions of the following as-

sumption (A5) imply that every point of the set Y0(x0) is an isolated point of Y0(x0).
Together with assumption (A2) this implies that the set Y0(x0) is finite. That is, the
above assumption (A3) follows from the assumptions (A1),(A2),(A4) and (A5).
However, we write assumption (A3) explicitly in order to emphasize that in the
present case we consider situations where the set of active constraints is finite.

Since x0 is a feasible point of (1.1), we have that each y0 ∈ Y0(x0) is a global
maximizer of the associated problem

Maximize g(x0, y) subject to y ∈ Y (x0), (3.2)

which is called the lower level problem. Then, for y0 ∈ Y0(x0) we define the
corresponding Lagrangian

L(x0, y0, α) := g(x0, y0) −
q∑
i=1

αihi(x0, y0), α ∈ R
q,

the corresponding set of vectors of Lagrange multipliers

A(x0, y0) :=
{
α ∈ R

q

∣∣∣∣ ∇yL(x0, y0, α) = 0, αj � 0, j = p + 1, . . . , q
αjhj (x0, y0, α) = 0, j = p + 1, . . . , q

}
,

and the index set of active inequality constraints

I (x0, y0) := {j ∈ {p + 1, . . . , q} | hj(x0, y0) = 0}.
(A4) To each y& ∈ Y0(x0) corresponds a unique vector of Lagrange multipliers,

i.e., A(x0, y&) = {α&}, & = 1, . . . , m.

Note that existence and uniqueness of α& in (A4) is, in itself, a constraint quali-
fication. That is, if y& ∈ Y0(x0) and α& ∈ A(x0, y&), then α& is unique if and only if
the following two conditions are satisfied (cf. [16]):

(K1) The vectors ∇yhj (x0, y&), j ∈ {1, . . . , p} ∪ I+(x0, y&) are linearly indepen-
dent, where

I+(x0, y&) := {j ∈ I (x0, y&) | α&
j > 0}.

(K2) There exists a vector z ∈ R
k satisfying

zT∇yhi(x0, y&) = 0, i ∈ {1, . . . , p} ∪ I+(x0, y&) and

zT∇yhj (x0, y&) < 0, j ∈ I0(x0, y&),

where

I0(x0, y&) := I (x0, y&) \ I+(x0, y&).
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The assumption (A4) holds if (but not only if) for & = 1, . . . , m the linear
independence constraint qualification (LICQ) is fulfilled at y&, i.e., if the vectors
∇yhi(x0, y&), i ∈ {1, . . . , p} ∪ I (x0, y&) are linearly independent. It is clear that
(A4) is stronger than the Mangasarian–Fromovitz constraint qualification (MFCQ),
which is fulfilled at y& if:

• the vectors ∇yhi(x0, y&), i = 1, . . . , p are linearly independent, and
• there exists a vector z ∈ R

k satisfying

zT∇yhi(x0, y&) = 0, i = 1, . . . , p,

zT∇yhj (x0, y&) < 0, j ∈ I (x0, y&).

(A5) The following second order sufficient conditions (for the lower level prob-
lem) hold at every y& ∈ Y0(x0), & = 1, . . . , m:

ζ T∇2
yyL(x0, y&, α&)ζ < 0, ∀ζ ∈ Z(x0, y&) \ {0}, (3.3)

where

Z(x0, y&)

:=
{
ζ ∈ R

k

∣∣∣∣ ζ T∇yhi(x0, y&) = 0, i ∈ {1, . . . , p} ∪ I+(x0, y&)

ζ T∇yhj (x0, y&) � 0, j ∈ I0(x0, y&)

}
(3.4)

is the critical cone, at y&, of the lower level problem.

Under assumption (A4), the second-order sufficient conditions (3.3), for the
lower level problem, are weakest possible in the sense that the corresponding nec-
essary conditions are obtained by replacing the strict inequality sign in (3.3) by the
sign ‘�’.

Conditions (3.3) are weaker than the following so-called strong second-order
sufficient conditions (SSOSC):

ζ T∇2
yyL(x0, y&, α&)ζ < 0 for all ζ ∈ R

k \ {0} satisfying

ζ T∇yhi(x0, y&) = 0, i ∈ {1, . . . , p} ∪ I+(x0, y&).

If the (LICQ) and (SSOSC) are satisfied at all points of Y0(x0), then the reduction
approach is applicable at x0, i.e., the original problem (1.1) can be reformulated
(locally) as a finitely constrained problem (cf. [10]). However, as it will become
clear from our example in Section 5, under assumptions (A1)–(A5) the reduction
approach cannot be applied in general.

We introduce now regularity conditions which do not require for the set Y0(x0)

to be finite.

(A6) For every ȳ ∈ Y0(x0) the (LICQ) is fulfilled, i.e., vectors ∇yhi(x0, ȳ), i ∈
{1, . . . , p} ∪ I (x0, ȳ), are linearly independent.
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Under (A6), to each ȳ ∈ Y0(x0) corresponds a unique vector of Lagrange
multipliers, denoted α(ȳ), and hence A(x0, ȳ) = {α(ȳ)}.

For ȳ ∈ Y0(x0) consider the set

*(x0, ȳ) := {y ∈ R
k | hi(x0, y) = 0, i ∈ {1, . . . , p} ∪ I (x0, ȳ)}.

We have that ȳ ∈ *(x0, ȳ) and that, restricted to a neighborhood of ȳ, this set is a
subset of Y (x0). Moreover, it follows from the assumption (A6) that *(x0, ȳ) is a
smooth manifold in a neighborhood of ȳ.

For a given d ∈ R
n consider the set

Y1(x0, d) := arg max
y∈Y0(x0)

dT∇xL(x0, y, α(y)).

Since under our assumptions the set Y0(x0) is nonempty and compact, the set
Y1(x0, d) is a nonempty and compact subset of Y0(x0).

(A7) (Strict complementarity condition) For every ȳ ∈ Y1(x0, d) it follows that
αj(ȳ) > 0 for all j ∈ I (x0, ȳ), i.e., I (x0, ȳ) = I+(x0, ȳ).

Under assumptions (A6) and (A7), the set I (x0, y) of active inequality con-
straints does not change for all y ∈ Y0(x0) sufficiently close to ȳ and, hence, the
(active) inequality constraints can be treated (locally) as equality constraints. It
follows that the set Y0(x0), restricted to a neighborhood of ȳ, is a subset of*(x0, ȳ).

(A8) For every ȳ ∈ Y1(x0, d), the set Y0(x0), restricted to a neighborhood of ȳ, is
a smooth submanifold of *(x0, ȳ).

If ȳ is an isolated point of Y0(x0), then Y0(x0), restricted to a neighborhood of
ȳ, is a smooth manifold of dimension 0.

Consider the tangent space

T*(ȳ) = {
y ∈ R

k | yT ∇yhi(x0, ȳ) = 0, i ∈ {1, . . . , p} ∪ I (x0, ȳ)
}

of the smooth manifold *(x0, ȳ) at the point ȳ. Denote by T0(ȳ) the tangent space
of the smooth manifold Y0(x0) at ȳ. Note that since Y0(x0) is a submanifold of
*(x0, ȳ), we have that T0(ȳ) ⊂ T*(ȳ).

(A9) The following second-order sufficient conditions (for the lower level prob-
lem) hold at every ȳ ∈ Y1(x0, d):

ζ T∇2
yyL(x0, ȳ, α(ȳ))ζ < 0, ∀ζ ∈ [T0(ȳ)]⊥ ∩ T*(ȳ), ζ �= 0.

Note that, under our assumptions, the above second-order conditions are nec-
essary and sufficient for the second-order growth condition (for the lower level
problem) to hold near the point ȳ, [23].
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4. Second-Order Optimality Conditions in Generalized Semi-Infinite
Programming

In this section we derive second-order necessary and sufficient conditions for x0

to be a locally optimal solution of the problem (1.1). It is possible to show that
if (MFCQ) and a certain form of second-order sufficient conditions hold at every
y0 ∈ Y0(x0), then y0 is an isolated point of Y0(x0) (and, thus, Y0(x0) is finite under
(A2)) and the optimal value function v(x) is second-order directionally differen-
tiable at x0. The corresponding second-order directional derivatives are given then
as optimal values of some min-max problems (see [3] and references therein).
Together with (2.4) this leads to second-order necessary conditions for the gen-
eralized semi-infinite problem (1.1). In all their generality such conditions are too
complicated. Moreover, it is not clear whether the optimal value function v(x) is
second-order epiregular under such conditions, and hence whether the correspond-
ing second-order sufficient conditions, for the problem (1.1), hold. Therefore we
deal in this paper only with the situations where the Lagrange multipliers of the
lower level problem are unique, i.e., assumption (A4) (or (A6)) hold.

We suppose in the remainder of the paper that assumptions (A1) and (A2) hold,
and consider first the case where assumptions (A3)–(A5) are satisfied.

PROPOSITION 4.1. Suppose that assumptions (A1)–(A5) hold. Then the optimal
value function v(x) is Lipschitz continuous in a neighborhood of x0, second-order
directionally differentiable and second-order epiregular at x0 and

v′(x0, d) = max
&∈{1,...,m}

dT∇xL(x0, y&, α&), (4.1)

v′′(x0; d,w) = max
&∈ı(x0,d)

{
wT∇xL(x0, y&, α&) + ξd(x0, y&)

}
, (4.2)

where

ı(x0, d) := arg max
&∈{1,...,m}

dT ∇xL(x0, y&, α&),

and

ξd(x0, y&)

:= sup
ζ∈Zd (x0,y&)

{
ζ T ∇2

yyL(x0, y&, α&)ζ + 2dT ∇2
xyL(x0, y&, α&)ζ+

+ dT∇2
xxL(x0, y&, α&)d

}
,

Zd(x0, y&)

:=

ζ

ζ T∇yhi(x0, y&) + dT ∇xhi(x0, y&) = 0,
i ∈ {1, . . . , p} ∪ I+(x0, y&),

ζ T∇yhj(x0, y&) + dT ∇xhj (x0, y&) � 0, j ∈ I0(x0, y&)


 .
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Formulas (4.1) and (4.2) are obtained by local analysis of the lower level prob-
lem at each y&, & ∈ {1, . . . , m}, and then by taking the maximum of the obtained
directional derivatives. Under the assumptions (A1)–(A5), formula (4.1), for di-
rectional derivatives of the optimal value function, is well known (e.g., [5, 17]).
The corresponding formula (4.2), for second-order directional derivatives under
the assumption of uniqueness of the corresponding vector of Lagrange multipli-
ers, was obtained in [22] (for a discussion of such results see [4, Section 5.2.3]).
Second-order epiregularity of the optimal value function, under the assumptions
(A1)–(A5), is shown in [4, Theorem 4.139].

Note that under conditions (K1) and (K2) given in Section 3, the set Zd(x0, y&)

is nonempty for any d ∈ R
n. Moreover, the critical cone Z(x0, y&) in (3.4) is the

recession cone of Zd(x0, y&) and, hence, it follows from second-order conditions
(3.3) that ξd(x0, y&) is finite valued.

Consider now the max-function

ψ(x) := max{f (x) − f (x0), v(x)}. (4.3)

It is not difficult to see (and is well known) that if x0 is a (locally) optimal solution
of the problem (1.1), then x0 is a (local) minimizer of the function ψ(x). Con-
versely, if the second-order growth condition (2.3) holds, then the corresponding
second-order growth condition holds for the problem (1.1) as well, i.e.,

f (x) � f (x0) + c‖x − x0‖2, ∀x ∈ S ∩ N. (4.4)

We have by (4.1) that, under assumptions (A1)–(A4),

ψ ′(x0, d) = max
{
dT ∇f (x0), d

T ∇xL(x0, y&, α&), & ∈ {1, . . . , m}}. (4.5)

Consequently, by duality arguments, first-order necessary conditions (2.1) are
equivalent to the following first-order necessary conditions, for x0 to be a locally
optimal solution of the problem (1.1) (see [21, Theorem 2]):

-∗(x0) �= ∅, (4.6)

where -∗(x0) is the set of Fritz–John type multipliers

-∗(x0) :=
{
λ ∈ R

m+1 λ0∇f (x0) + ∑m
&=1 λ&∇xL(x0, y&, α&) = 0

λ& � 0, & = 0, . . . , m,
∑m

&=0 λ& = 1

}
. (4.7)

If a constraint qualification of the Mangasarian–Fromovitz type holds at x0, i.e.,
there exists a vector b ∈ R

n such that bT ∇xL(x0, y&, α&) < 0, & = 1, . . . , m, then
for any λ ∈ -∗(x0) we have that λ0 �= 0. In that case we can take λ0 = 1 and the
following set of Lagrange multipliers is nonempty

-(x0) :=
{
λ ∈ R

m ∇f (x0) + ∑m
&=1 λ&∇xL(x0, y&, α&) = 0

λ& � 0, & = 1, . . . , m

}
.
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Consider the critical cone C(x0) defined in (2.2). If x0 is a locally optimal
solution of the problem (1.1), then by (4.5), the critical cone can be written as

C(x0) = {
d | dT∇f (x0) � 0, dT∇xL(x0, y&, α&) � 0, & ∈ {1, . . . , m}} .

Note that if there exists λ ∈ -∗(x0) such that λ0 �= 0, then for any d ∈ C(x0),
dT∇f (x0) � 0 and, hence, dT ∇f (x0) = 0.

THEOREM 4.1. Suppose that assumptions (A1)–(A5) are satisfied, and that the
set -∗(x0) is nonempty, i.e., Fritz–John type first-order necessary conditions are
satisfied at x0. Let ψ be the max-function given in (4.3). Then the following holds.

(i) Conditions

sup
λ∈-∗(x0)

{
λ0d

T∇2f (x0)d +
m∑
&=1

λ&ξd(x0, y&)

}
� 0, ∀d ∈ C(x0), (4.8)

are necessary for x0 to be a locally optimal solution of problem (1.1).

(ii) Conditions

sup
λ∈-∗(x0)

{
λ0d

T ∇2f (x0)d +
m∑
&=1

λ&ξd(x0, y&)

}
> 0,

∀d ∈ C(x0) \ {0}, (4.9)

are necessary and sufficient for the second-order growth condition (2.3) to
hold at x0.

Proof. Consider a critical direction d ∈ C(x0). By Proposition 4.1 we have that
the max-function ψ is second-order epiregular at x0 and, moreover, if dT∇f (x0) =
0, then

ψ ′′(x0; d,w) = max

{
wT∇f (x0) + dT∇2f (x0)d,

wT∇xL(x0, y&, α&) + ξd(x0, y&), & ∈ ı(x0, d)

}
,

and if dT ∇f (x0) < 0, then

ψ ′′(x0; d,w) = max
{
wT∇xL(x0, y&, α&) + ξd(x0, y&), & ∈ ı(x0, d)

}
.

Note that if λ ∈ -∗(x0), then λ& = 0 for all & ∈ {1, . . . , m} \ ı(x0, d) and λ0 = 0
if dT ∇f (x0) < 0.

We obtain that the problem

Minimize
w∈Rn

ψ ′′(x0; d,w)
can be formulated as the following linear programming problem:

Minimize
(θ,w)∈R×Rn

θ

subject to θ � wT∇xL(x0, y&, α&) + ξd(x0, y&), & ∈ ı(x0, d), (4.10)

and θ � wT∇f (x0) + dT∇2f (x0)d, in case dT ∇f (x0) = 0,
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where the last inequality constraint is not present in (4.10) if dT∇f (x0) < 0. The
dual of the above linear programming problem is the problem

Maximize
λ∈-∗(x0)

λ0d
T ∇2f (x0)d +

m∑
&=1

λ&ξd(x0, y&). (4.11)

Recall that, by the basic theorem of linear programming, the optimal value of the
problem (4.10) coincides with the optimal value of its dual (4.11). Consequently,
the second-order necessary conditions (2.4) (applied to the function ψ defined in
(4.3)) take the form (4.8), and the second-order conditions (2.5) take the form (4.9).
This completes the proof. ✷

Remark 4.1. Under assumptions (A1)–(A5), second-order conditions (4.9) are
necessary and sufficient for the second-order growth condition to hold for the un-
constrained problem of minimization of the function ψ . It follows then that condi-
tions (4.9) are also sufficient (although may be not necessary) for the second-order
growth condition (4.4) for the problem (1.1) as well.

Remark 4.2. If the strict complementarity condition holds at y&, i.e., the set
I0(x0, y&) is empty, then Zd(x0, y&) becomes an affine space and ξd(x0, y&) can be
calculated explicitly.

Remark 4.3. If a constraint qualification of the Mangasarian–Fromovitz type
holds at x0, and hence the set -(x0) of Lagrange multipliers is nonempty, we have
that λ0 �= 0 for any λ ∈ -∗(x0). Consequently in that case the set -∗(x0) can be
replaced by the set -(x0) in the second-order conditions (4.8) and (4.9).

Let us discuss now the second case where assumptions (A6)–(A9) are satisfied.
It is shown in [23] that under assumptions (A1), (A2) and (A6)–(A9), the optimal
value function is second-order directionally differentiable at the point x0. With
some additional effort it is possible to show that the second-order epiregularity
also holds in that case [4, Theorem 4.142]. That is, the following results hold.

PROPOSITION 4.2. Suppose that assumptions (A1), (A2) and (A6) hold. Then
the optimal value function v(x) is Lipschitz continuous in a neighborhood of x0,
directionally differentiable at x0 and

v′(x0, d) = max
y∈Y0(x0)

dT ∇xL(x0, y, α(y)), ∀d ∈ R
n. (4.12)

If, moreover, assumptions (A7)–(A9) hold in a given direction d ∈ R
n, then the op-

timal value function v(x) is second-order directionally differentiable and second-
order epiregular at x0, in the direction d, and

v′′(x0; d,w) = max
y∈Y1(x0,d)

{
wT∇xL(x0, y, α(y)) + ξd(x0, y)

}
, (4.13)
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where

ξd(x0, y)

:= sup
ζ∈Zd (x0,y)

{
ζ T∇2

yyL(x0, y, α(y))ζ + 2dT ∇2
xyL(x0, y, α(y))ζ +

+ dT∇2
xxL(x0, y, α(y))d

}
,

Zd(x0, y)

:= {
ζ | ζ T ∇yhi(x0, y) + dT ∇xhi(x0, y) = 0, i ∈ {1, . . . , p} ∪ I (x0, y)

}
.

Note that, under the assumptions (A6) and (A7), by the second-order necessary
conditions (for the lower level problem) at a point ȳ ∈ Y0(x0), the Hessian matrix
∇2
yyL(x0, ȳ, α(ȳ)) is negative semidefinite on the linear space{

ζ | ζ T∇yhi(x0, ȳ) = 0, i ∈ {1, . . . , p} ∪ I (x0, ȳ)
}
.

Moreover, for any ȳ ∈ Y1(x0, d) we have by first-order necessary conditions ap-
plied to the corresponding optimization problem that

dT ∇2
xyL(x0, ȳ, α(ȳ))ζ = 0, ∀ζ ∈ T0(ȳ).

It follows then by the second-order conditions of assumption (A9) that the maxi-
mum in the definition of ξd(x0, ȳ) is attained. Also, since ξd(x0, ȳ) is given by the
maximum of a quadratic function over an affine space, it can be written in a closed
form.

Consider the set -∗(x0), defined in (4.7), for some y& ∈ Y0(x0) and α& :=
α(y&). It follows from (4.12) (see [21]) that this set is nonempty. By the arguments
similar to those used in the previous case, it follows by (4.13) that the second-order
necessary conditions, for the problem (1.1), can be formulated as follows: for any
d ∈ C(x0) the optimal value of the following problem is nonnegative

Minimize
(θ,w)∈R×Rn

θ

subject to θ � wT∇xL(x0, y, α(y)) + ξd(x0, y), y ∈ Y1(x0, d), (4.14)

and θ � wT∇f (x0) + dT∇2f (x0)d, in case dT∇f (x0) = 0,

where the last inequality constraint is not present in (4.14) if dT∇f (x0) < 0.
The above optimization problem is a linear semi-infinite programming problem
(unless the set Y1(x0, d) is finite in which case it becomes a linear programming
problem). It is not difficult to see that an (extended) constraint qualification of the
Mangasarian–Fromovitz type always holds for (4.14). Therefore its optimal value
is the same as the optimal value of its dual (see [6, 8] and references therein for a
discussion of duality in semi-infinite programming). Then, by calculating the dual
of (4.14), the second-order necessary and sufficient conditions take the form (4.8)
and (4.9), respectively. We obtain the following result.
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THEOREM 4.2. Suppose that assumptions (A1), (A2) and (A6) hold, and that
assumptions (A7)–(A9) hold for any d ∈ C(x0). Suppose, further, that Fritz–John
type first-order necessary conditions hold at x0. Then the following holds.

(i) The following conditions are necessary for x0 to be a locally optimal solution
of problem (1.1): for any d ∈ C(x0) there exist finitely many y& ∈ Y1(x0, d),
& = 1, . . . , m, and λ = (λ0, . . . , λm) ∈ -∗(x0) such that

λ0d
T∇2f (x0)d +

m∑
&=1

λ&ξd(x0, y&) � 0. (4.15)

(ii) The following conditions are necessary and sufficient for the second-order
growth condition (2.3) to hold at x0 with ψ given in (4.3): for any d ∈
C(x0) \ {0}, there exist finitely many y& ∈ Y1(x0, d), & = 1, . . . , m, and
λ = (λ0, . . . , λm) ∈ -∗(x0) such that

λ0d
T∇2f (x0)d +

m∑
&=1

λ&ξd(x0, y&) > 0. (4.16)

5. Examples

This final section contains two examples illustrating the second-order conditions
presented in the previous section. These examples also give an insight into the
possible topological structure of the feasible set S of a generalized semi-infinite
optimization problem. The first example refers to the second-order necessary and
sufficient conditions (4.8) and (4.9), respectively.

EXAMPLE 5.1. Consider the following problem of type (1.1):

Minimize f (x1, x2) = (4 + ε
2 )x

2
1 − x2 − x2

2 subject to x ∈ S,

where ε � 0, and

S := {
x ∈ R

2 | x2 − y3 � 0, y ∈ Y (x)
}
,

Y (x) :=


y ∈ R

3

h1(x, y) = y1 − x1 � 0
h2(x, y) = y2 − x1 � 0
h3(x, y) = (y1 + y2)

2 − y3 � 0
h4(x, y) = y3 − 16 � 0


 .

A short calculation shows that

S = {
x ∈ R

2 | x1 � 0, x2 � 0
} ∪

∪ {
x ∈ R

2 | −2 � x1 � 0, x2 � 4x2
1

} ∪ {
x ∈ R

2 | x1 < −2
}
.
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Note that S is not closed (and not open) and it is the union of sets where each of
them is defined by finitely many differentiable functions. Both topological proper-
ties cannot appear in standard semi-infinite (or finite) optimization problems. We
refer to the related papers [11, 25] on investigations of the topological structure of
the feasible set of a generalized semi-infinite optimization problem.

Let x0 = (0, 0) be the point under consideration. Then, assumptions (A1), (A2),
(A3) and (A4) are satisfied with Y0(0) = {y1}, y1 = (0, 0, 0), I (x0, y1) = {1, 2, 3},
A(x0, y1) = {α1}, α1 = (0, 0, 1), I+(x0, y1) = {3} and I0(x0, y1) = {1, 2}. We
obtain

∇2
yyL(x0, y1, α1) =


 −2 −2 0

−2 −2 0
0 0 0




and the critical cone at y1:

Z(x0, y1) = {
ζ ∈ R

3 | ζ1 � 0, ζ2 � 0, ζ3 = 0
}
.

Thus, assumption (A5) is satisfied, too. However, note that (SSOSC) is not satisfied
at x0 and the reduction approach is not applicable at x0 since for any x1 > 0 near
x01 = 0 the set Y0(x1, 0) = {(y1,−y1, 0) | |y1| � x1} contains two different points;
i.e., there is a bifurcation in the index set Y0(x) of active inequality constraints and
its cardinality is changing as x varies.

Moreover, for d,w ∈ R
2 we have

Zd(x0, y1) = {
ζ ∈ R

3 | ζ1 − d1 � 0, ζ2 − d2 � 0, ζ3 = 0
}
,

ξd(x0, y1) =
{

0, if d1 � 0,
−8d2

1 , if d1 < 0,

v′(x0, d) = d2 and

v′′(x0; d,w) =
{
w2, if d1 � 0,
w2 − 8d2

1 , if d1 < 0.

Furthermore,

∇f (x0) =
[

0
−1

]
, ∇2f (x0) =

[
8 + ε 0

0 −2

]

and the critical cone is

C(x0) = {(d1, 0) | d1 ∈ R}.
Hence, necessary conditions (4.6) hold with

-∗(x0) = {(
1
2 ,

1
2

)}
,

and we obtain for d ∈ C(x0), d1 < 0:

1
2d

T∇2f (x0)d + 1
2ξd(x0, y1) = 1

2εd
2
1 .
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Now, we distinguish two cases. If ε = 0, then necessary conditions (4.8) hold at
x0. However, sufficient conditions (4.9) do not hold and x0 is not a locally optimal
solution of (1.1) since f is monotonically decreasing along the boundary of{

x ∈ R
2 | 4x2

1 − x2 = 0, x1 � 0
}

for decreasing x1. If ε > 0, then x0 is a locally optimal solution of (1.1), sufficient
conditions (4.9) hold at x0 and the second order growth condition holds at x0 with
c < ε/2.

In the final example the assumptions of Theorem 9 are fulfilled and, in par-
ticular, the set Y0(x0) is a one-dimensional manifold. Furthermore, this example
illustrates the sufficient optimality conditions presented in Theorem 9(ii).

EXAMPLE 5.2. Consider the following problem of type (1):

Minimize f (x1, x2) = − 1
2x

4
1 + 2x1x2 − 2x2

1 subject to x ∈ S

where

S = {
x ∈ R

2 | y2
1 + y2

2 − x1 + x2
1 − x2 � 0, y ∈ Y (x)

}
and

Y (x) = {
y ∈ R

3 | h1(x, y) = y2
1 + y2

2 + y2
3 − x1 � 0

}
.

As in Example 5.1., S is the union of an open set and a closed set and it can be
written as

S = {
x ∈ R

2 | x1 < 0
} ∪ {

x ∈ R
2 | x1 � 0, x2 � x2

1

}
.

Let x0 = (1, 1) be the point under consideration. Obviously, assumptions (A1) and
(A2) hold. Furthermore, it is

Y0(x0) = {
y ∈ R

3 | y3 = 0, y2
1 + y2

2 = 1
}

and for each ȳ ∈ Y0(x0) we have I0(x0, ȳ) = {1}, ∇yh1(x0, ȳ) �= 0 and α(ȳ) = 1.
Thus, Y0(x0) is a one-dimensional smooth submanifold of

*(x0, ȳ) = {
y ∈ R

3 | y2
1 + y2

2 + y2
3 = 1

}
and, consequently, assumptions (A6), (A7) and (A8) are fulfilled, too (note that
Y0(x0) is an infinite set and, therefore, the reduction approach is not applicable
at x0).

Moreover, a short calculation shows for each ȳ ∈ Y0(x0):

[T0(ȳ)]⊥ ∩ T*(ȳ) = {(0, 0, γ ) | γ ∈ R},

∇2
yyL(x0, ȳ, α(ȳ)) =


 0 0 0

0 0 0
0 0 −2
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an, thus, assumption (A9) also holds.

Then, we have for d ∈ R
2:

Zd(x0, ȳ) = {
ζ ∈ R

3 | 2ζ1ȳ1 + 2ζ2ȳ2 = d1
}
,

ξd(x0, ȳ) = 2d2
1

and the critical cone is

C(x0) = {(d1, d2) | d1 ∈ R, d2 = 2d1} .
For any d ∈ C(x0) \ {0} and any ȳ ∈ Y0(x0) we choose λ0 = 1/3, λ1 = 2/3 and
obtain

λ0∇f (x0) + λ1∇xL(x0, ȳ, α(ȳ)) = 1

3

[ −4
2

]
+ 2

3

[
2

−1

]
= 0

as well as

1

3
dT∇2f (x0)d + 2

3
ξd(x0, ȳ)

= 1

3
(d1 2d1)

[ −10 2
2 0

][
d1

2d1

]
+ 4

3
d2

1 = 2

3
d2

1 > 0.

The latter inequality just represents relation (25) from Theorem 9(ii).
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