
Abstract. We discuss in this paper statistical inference of sample average
approximations of multistage stochastic programming problems. We show
that any random sampling scheme provides a valid statistical lower bound for
the optimal (minimum) value of the true problem. However, in order for such
lower bound to be consistent one needs to employ the conditional sampling
procedure. We also indicate that fixing a feasible first-stage solution and then
solving the sampling approximation of the corresponding ðT � 1Þ-stage
problem, does not give a valid statistical upper bound for the optimal value of
the true problem.

Key words: Stochastic programming, Multistage stochastic programs with
recourse, Monte Carlo sampling, Statistical bounds, Consistent estimators

1 Introduction

It is well known that even a crude discretization of the distribution of the
random parameters involved in a stochastic programming problem results in
exponential growth of the number of scenarios. This, in turn, precludes cal-
culation of the corresponding expected values since the number of scenarios is
just too large. Therefore, that way or another, realistic stochastic program-
ming problems could be only solved by some sort of sampling which dras-
tically reduces the size of the set of considered scenarios. One possible
approach to such a reduction is based on the Monte Carlo sampling tech-
niques. That is, the ‘‘true’’ (expected value) optimization problem is
approximated by a ‘‘manageable’’ problem based on a randomly generated
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sample from the entire scenarios population. In order to have an idea about
the accuracy of such an approximation one needs some type of inference
describing statistical properties of the calculated estimates. And, indeed, for
two-stage stochastic programming problems with recourse such statistical
inference is quite well developed.

Much less is known about multistage stochastic programming problems
with recourse (see, e.g., [2] for a discussion of multistage stochastic pro-
gramming). In order to see where the difficulty is in extending the theory from
two to multistage programming let us discuss the following abstract frame-
work of stochastic programming. Consider the expected value optimization
problem

Min
x2X

f ðxÞ :¼ E
�
F ðx; nÞ

�� �
: ð1:1Þ

Here F ðx; nÞ is a real valued (or, more generally, extended real valued)
function of two vector variables x 2 Rn and n 2 Rd , X is a given subset of Rn,
and the expectation is taken with respect to the probability distribution P of
the random data vector n (by bold script, like n, we denote random vectors,
while by n we denote their realizations). The distribution P is supposed to be
known. We denote by N � Rd the support of the probability distribution of n.
We assume that for any considered point x 2 Rn the expected value E

�
F ðx; nÞ

�

is well defined, i.e., the function F ðx; �Þ is measurable and either
E
�
F ðx; nÞþ

�
< þ1 or E

�
ð�F ðx; nÞÞþ

�
< þ1, where aþ :¼ maxfa; 0g.

In the case of two-stage programming, F ðx; nÞ can be viewed as the
optimal value of the second stage optimization problem. By generating a
sample n1; . . . ; nN , of N replications of the random vector n, one can construct
the following, so-called sample average approximation (SAA), problem

Min
x2X

f̂fN ðxÞ :¼ 1

N

XN

i¼1
F
�
x; ni�

( )

: ð1:2Þ

We can consider the generated sample from two points of view, namely as the
sequence n1; . . . ; nN of random vectors, or as its realization n1; . . . ; nN . The
generated sample need not be i.i.d., i.e., random vectors ni need not be
(stochastically) independent of each other. We only assume that the marginal
probability distribution of each ni is P , and that the (strong) Law of Large
Numbers (LLN) holds pointwise, i.e., for any x 2 X we have that
f̂fN ðxÞ ! f ðxÞ with probability one (w.p.1) as N !1. Of course, if the sample
is i.i.d., then the LLN holds provided that the expected value f ðxÞ is well
defined. There are important cases where the LLN holds even if the sample is
not i.i.d. (see, e.g., [1]).

It is implicitly assumed in the above construction that for any x 2 X and
n 2 N, one can efficiently calculate the value and derivatives of the objective
function F ðx; nÞ, and hence to solve the SAA problem (1.2) by an appropriate
(deterministic) optimization algorithm. Statistical properties of the optimal
value v̂vN and an optimal solution x̂xN of the SAA problem (1.2) have been
thoroughly investigated, we may refer to [11, Chapter 6], for example, for a
flavor of these results.

We have that for any fixed x 2 X , E F ðx; niÞ
� �

¼ f ðxÞ and hence
E
�
f̂fN ðxÞ

�
¼ f ðxÞ, i.e., f̂fN ðxÞ is an unbiased estimator of f ðxÞ. However, it is not

difficult to verify, and is well known, that
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inf
x2X

E f̂fN ðxÞ
h i

� E inf
x2X

f̂fN ðxÞ
� �

; ð1:3Þ

i.e., v� � E
�
v̂vN
�
where v� denotes the optimal value of the true problem (1.1).

That is, v̂vN is a biased estimator of v�.
We say that an estimator ~vvN is a valid statistical lower bound of the true

optimal value v� if v� � E
�
~vvN
�
, and that ~vvN is consistent if ~vvN tends to v� w.p.1

as N !1. By (1.3) we have that v̂vN is a valid statistical lower bound of v�. It
is also possible to show that, under mild regularity conditions, v̂vN is consistent
(see, e.g., [3], [9] and references therein, and section 3 below), and the bias
v� � E

�
v̂vN
�
converges to zero as N !1 at a rate of OðN�1=2Þ, [12].

Since for any �xx 2 X we have that E
�
f̂fN ð�xxÞ� ¼ f ð�xxÞ � v�, we can view f̂fN ð�xxÞ

as a valid statistical upper bound of v�. By the LLN it is also consistent if
f ð�xxÞ ¼ v�, i.e., �xx is an optimal solution of the true problem (1.1). Such sta-
tistical bounds were suggested by Norkin, Pflug and Ruszczyński [7], and
developed further in Mak, Morton and Wood [6], and turned out to be very
useful for numerical validation of two-stage stochastic programs. For
numerical results and experiments with these statistical bounds we refer to [6],
[5], [14].

The goal of this paper is two fold, namely to point out some difficulties in
extending this methodology to multistage programming and to provide some
initial results. In the next section we discuss, in particular, why straightfor-
ward sampling in the multistage case does not produce consistent lower
bounds and why it is difficult to construct computationally manageable and
tight statistical upper bounds. In section 3 we show that under certain reg-
ularity conditions consistent lower bounds can be obtained by conditional
sampling.

2 Multistage sampling bounds

Consider the following T -stage linear stochastic programming problem with
recourse

Min
x12X1

c1x1 þ E min
x22X2ðx1;n2Þ

c2x2 þ E
h
� � � þ E

�
min

xT2XT ðxT�1;nT Þ
cT xT

�i� �
ð2:1Þ

driven by the random data process n2; . . . ; nT . Here xt 2 Rnt , t ¼ 1; . . . ; T , are
decision variables, X1 :¼ x1 : A1x1 ¼ b1; x1 � 0f g,

Xtðxt�1; ntÞ :¼ xt : Btxt�1 þ Atxt ¼ bt; xt � 0f g; t ¼ 2; . . . ; T ;

n1 :¼ ðc1;A1; b1Þ is known at the first stage (and hence is nonrandom), and
nt :¼ ðct;Bt;At; btÞ 2 Rdt , t ¼ 2; . . . ; T , are data vectors some (all) elements of
which can be random. Realizations of the random elements of nt become
known at stage t.

If we denote by Q2ðx1; n2Þ the optimal value of the ðT � 1Þ-stage problem:

Min
x22X2 x1;n2ð Þ

c2x2 þ E
h
� � � þ E

�
min

xT2XT ðxT�1;nT Þ
cT xT

�i
; ð2:2Þ

then we can write the T -stage problem (2.1) in the following form of two-
stage programming problem
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Min
x12X1

c1x1 þ E
�
Q2ðx1; n2Þ

�
: ð2:3Þ

Note, however, that if T > 2, then problem (2.2) in itself is a stochastic
programming problem. Consequently, if the number of scenarios involved in
(2.2) is very large, or infinite, then the optimal value Q2ðx1; n2Þ can be cal-
culated only approximately, say by sampling.

Let us note that if we relax the nonanticipativity constraints starting from
the second stage of the multistage problem (2.1), we obtain the following two-
stage program

Min
x12X1

c1x1 þ E
�
Qðx1; n2; . . . ; nT Þ

�
; ð2:4Þ

where Qðx1; n2; . . . ; nT Þ is the optimal value of the problem:

Min
x2;...;xT

XT

t¼2
ctxt subject to Btxt�1 þ Atxt ¼ bt; xt � 0; t ¼ 2; . . . ; T ;

ð2:5Þ
and the expectation is taken with respect to the (joint) distribution of the
random vector n :¼ ðn2; . . . ; nT Þ. Since problem (2.4) is obtained by relaxing
the nonanticipativity constraints, its optimal value is less than or equal to the
optimal value of the multistage problem (2.1). For T � 3, only in rather
exceptional cases the optimal values of (2.4) and (2.1) are the same.

For given x1 and n2, the corresponding expected value(s) can be estimated
by generating random samples and solving the obtained SAA problems. Let
us observe that in case T > 2, it follows from (1.3) that for any estimator
bQQ2ðx1; n2Þ of Q2ðx1; n2Þ obtained in that way the following relation holds

Q2ðx1; n2Þ � E bQQ2ðx1; n2Þ
		n2 ¼ n2

h i
ð2:6Þ

for every feasible x1 and n2. That is, for T � 3 any SAA estimator of
Q2ðx1; n2Þ is biased downwards.

There are several ways how one can sample from the random process
n2; . . . ; nT . One possible approach is to view ðn2; . . . ; nT Þ as a random vector
and to sample from its (joint) distribution. That is, to generate a random
sample ni

2; . . . ; ni
T , i ¼ 1; . . . ;N , of N scenarios and to solve the obtained SAA

problem

Min
x12X1

c1x1 þ
1

N

XN

i¼1
Qðx1; ni

2; . . . ; ni
T Þ: ð2:7Þ

We have here that the optimal value of the above problem (2.7) provides a
valid (and consistent) statistical lower bound for the two-stage relaxation
(2.4). Therefore, if the optimal value of (2.4) is strictly smaller than the
optimal value of (2.1) (which is typical), then such straightforward sampling
gives a valid, but not consistent, statistical lower bound for the multistage
problem (2.1).

Let us observe that if the number of scenarios of the multistage prob-
lem (2.1) is finite, then by generating a sufficiently large scenario sample
ni
2; . . . ; ni

T , i ¼ 1; . . . ;N , one can reconstruct the tree scenario structure of the
true problem (2.1). That is, some of the generated second stage vectors ni

2 can
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be equal to each other, and so on. Note, however, that if the number of
scenarios is very large, then even for T ¼ 3 the sample size required to
reconstruct the corresponding tree structure with a reasonable accuracy can
be comparable with the total number of scenarios.

The above discussion also shows that a valid upper statistical bound
cannot be obtained by a straightforward sampling. In order to compute such
an upper bound one needs to construct an implementable and feasible policy.
Recall that a sequence of mappings xtð�Þ, t ¼ 1; . . . ; T , is called an imple-
mentable policy if x1ð�Þ ¼ x1 2 Rn1 and each xtð�Þ 2 Rnt , t ¼ 2; . . . ; T , is a
function of x1 and the history n½1;t� :¼ ðn1; . . . ; ntÞ of the process up to time t.
An implementable policy is feasible if it satisfies, w.p.1., the corresponding
feasibility constraints at each stage t ¼ 1; . . . ; T . Given any implementable
and feasible policy x1; x2ðx1; n½1;2�Þ; . . . ; xT ðx1; n½1;T �Þ, the expectation

E
�
c1x1 þ c2x2ðx1; n½1;2�Þ þ � � � þ cT xT ðx1; n½1;T �Þ

�
ð2:8Þ

provides an upper bound for the optimal value of the true multistage prob-
lem. The above expectation can be estimated by the average

1

N

XN

i¼1

h
c1x1 þ ci

2x2ðx1; ni
½1;2�Þ þ � � � þ ci

T xT ðx1; ni
½1;T �Þ

i
ð2:9Þ

for a generated sample ni
2; . . . ; ni

T of N realizations of the random process
n2; . . . ; nT . Although (2.9) gives a valid statistical upper bound, its quality
depends on the chosen policy.

In order to improve lower bounds one needs to increase the sample size at
every stage conditionally on the scenarios generated at the previous stage.
This is a standard practice of deterministic procedures for scenario trees
construction (see [4], [8]). In the next section we investigate such conditional
constructions applied to random sampling. Let us also remark that the above
analysis can be extended to nonlinear multistage stochastic programming
problems as well.

3 Conditional sampling of multistage programs

In this section we study statistical properties of the following random sample
construction. First we generate a random sample

ni
2 ¼

�
ci
2;B

i
2;A

i
2; b

i
2

�
; i ¼ 1; . . . ;N1; ð3:1Þ

of N1 replications of the random vector n2. Then for every i 2 f1; . . . :;N1g, we
generate a random sample

nij
3 ¼

�
cij
3 ;B

ij
3 ;A

ij
3 ; b

ij
3

�
; j ¼ 1; . . . ;N2; ð3:2Þ

from the conditional distribution of n3 given the event n2 ¼ ni
2. And so on for

the later stages. We refer to the above sampling scheme as the conditional
sampling. The sample size associated with each node of a stage
t 2 f2; . . . ; T � 1g need not be the same, we assumed it constant for the sake
of simplicity.

In order to simplify the presentation we discuss now the case of the linear
multistage program (2.1) with T ¼ 3. As we shall see, an extension from two
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to three stage programming is not a trivial one. In fact, it already demon-
strates the main difficulties of extending the analysis from two to multistage
programs.

With the generated sample (3.1)–(3.2) is associated the following SAA
three-stage program

Min
x12X1

c1x1 þ
1

N1

XN1

i¼1

bQQ2;N2
ðx1; ni

2Þ; ð3:3Þ

where bQQ2;N2
ðx1; ni

2Þ is the optimal value of

Min
x22X2ðx1;ni

2Þ
ci
2x2 þ

1

N2

XN2

j¼1
Q3ðx2; nij

3 Þ; ð3:4Þ

with

Q3ðx2; n3Þ :¼ inf
x32X3ðx2;n3Þ

c3x3:

The constructed three-stage stochastic programming problem (3.3)–(3.4)
has N ¼ N1N2 scenarios, each with equal probability 1=N . It can be noted that
for any fixed j 2 f1; . . . ;N2g in the above conditional sampling, the corre-
sponding sample ðni

2; n
ij
3 Þ, i ¼ 1; . . . ;N1, is a random sample from the distri-

bution of the random vector ðn2; n3Þ. Therefore, if N2 ¼ 1, then the above
conditional sampling becomes the same as the sampling used in construction
of the SAA problem (2.7). Note also that at this stage we do not specify how
the conditional samples nij

3 are generated. For example, we do not necessarily
assume that for different i; k 2 f1; . . . ;N1g the corresponding random sam-
ples n

ij
3 and n

kj
3 , j ¼ 1; . . . ;N2, are independent of each other conditional on

ni
2 and nk

2, respectively. By v̂vN1;N2
and ŜSN1;N2

we denote the optimal value and
the set of optimal solutions, respectively, of the problem (3.3).

As it was discussed in the previous section, we have that

inf
x12X1

n
c1x1 þ E

�
Q2ðx1; n2Þ

�o
� E inf

x12X1

c1x1 þ
1

N1

XN1

i¼1
Q2ðx1; ni

2Þ
( )" #

ð3:5Þ

and

Q2ðx1; ni
2Þ � E bQQ2;N2

ðx1; n2Þ
		n2 ¼ ni

2

h i
ð3:6Þ

It follows from (3.5) and (3.6) that v̂vN1;N2
gives a valid statistical lower bound

for the optimal value v� of the corresponding (true) three-stage stochastic
programming problem. We show now that, under certain regularity condi-
tions, v̂vN1;N2

! v� w.p.1 as N1 !1 and N2 !1, i.e., that v̂vN1;N2
is a consistent

estimator of v�.
We will need the following results. It is said that a set V � Rn is a

neighborhood of the set X if the set V is open and the topological closure of X
is contained in V . For sets A;B � Rn we denote by distðx;AÞ :¼ infx02A kx� x0k
the distance from x 2 Rn to A, and by

DðA;BÞ :¼ sup
x2A

distðx;BÞ

the deviation of the set A from the set B. Recall the functions f ðxÞ and f̂fN ðxÞ
defined in (1.1) and (1.2), respectively.
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Proposition 3.1. Suppose that: (i) for every n 2 N the function F ð�; nÞ is convex,
(ii) the set X is convex and compact, (iii) the expected value function f ðxÞ is
finite valued and the (strong) LLN holds pointwise for every x in a neighborhood
of the set X. Then f̂fN ð�Þ converges to f ð�Þ w.p.1 uniformly on X, i.e.,

sup
x2X

f̂fN ðxÞ � f ðxÞ
		 		! 0 w.p.1 as N !1: ð3:7Þ

The above is an easy consequence of the following result from finite
dimensional convex analysis. Let V be a neighborhood of X on which f ð�Þ is
convex and finite, D be a dense subset of V , and fN ð�Þ be a sequence of
(deterministic) convex functions such that fN ðxÞ converges to f ðxÞ, as N !1,
for every x 2 D. Then the convergence of fN to f is uniform on the compact
set X , [10].

Now we can proceed as follows. We can view f̂fN ð�Þ ¼ f̂fN ð�;xÞ as a se-
quence of random functions defined on a common probability space
ðX;F ;PÞ. By the LLN we have that for any x 2 V , f̂fN ðxÞ converges to f ðxÞ
w.p.1 as N !1. This means that there exists a set !x 2 F of P-measure zero
such that for any x 2 X n !x, f̂fN ðx;xÞ tends to f ðxÞ as N !1. This also
implies that f ð�Þ is convex. Let D be a dense and countable subset of V .
Consider the set ! :¼ [x2D!x. Since the set D is countable and Pð!xÞ ¼ 0 for
every x 2 D, we have that Pð!Þ ¼ 0. We also have that for any x 2 X n !,
f̂fN ðx;xÞ converges to f ðxÞ, as N !1, pointwise on D. Consequently, for any
x 2 X n !, this convergence is uniform in x 2 X , and hence (3.7) holds.

By using the uniform convergence result of the above proposition it is
possible to show that, under mild regularity conditions, the optimal value v̂vN
and the set ŜSN of optimal solutions of the SAA problem (1.2) are consistent
estimators of their true counterparts. By employing tools of epi-convergence
(rather than uniform convergence) such results are given in [3], [9], for
example. Therefore, the result of the following proposition should be not
surprising. We give its proof for the sake of completeness and since some of
the techniques used in the proof are employed later.

Proposition 3.2. Suppose that: (i) for every n 2 N the function F ð�; nÞ is convex,
(ii) the set X is closed and convex, (iii) the set S of optimal solutions of (1.1) is
nonempty and bounded, (iv) the expected value function f ðxÞ is finite valued and
the (strong) LLN holds for every x in a neighborhood of the set S. Then v̂vN ! v�

and DðbSSN ; SÞ ! 0 w.p.1 as N !1.

Proof. It follows from the assumption (i) that the expected value function
f ðxÞ is convex. Together with (ii) this implies that the set S is convex. By the
assumptions (iii) and (iv), there exists a convex compact set C such that S is
contained in the interior of C and f ðxÞ is finite valued, and hence is contin-
uous, on a neighborhood of C. It follows that the set S is closed, and hence is
compact. By Proposition 3.1 we have that f̂fN ðxÞ converges w.p.1 to f ðxÞ
uniformly in x 2 C. Consider the set eSSN of minimizers of f̂fN ðxÞ over X \ C.
Since X \ C is nonempty and compact and f̂fN ðxÞ is continuous on a neigh-
borhood of C, the set eSSN is nonempty. By standard arguments it follows then
that DðeSSN ; SÞ ! 0 w.p.1 as N !1. Because of the convexity assumptions,
any minimizer of f̂fN ðxÞ over X \ C which lies inside the interior of C, is also
an optimal solution of the SAA problem (1.2). Therefore, w.p.1 for N large
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enough we have that eSSN ¼ bSSN . Consequently we can restrict both optimiza-
tion problems (1.1) and (1.2) to the compact set X \ C, and hence the
assertions of the above proposition follow. u

A few remarks are now in order. It follows from the convexity assumption
(i) that the expected value function f ðxÞ is convex. Moreover, since by the
assumption (iv), the function f ðxÞ is finite valued on an open set, it follows
that f ðxÞ is proper, i.e., f ðxÞ > �1 for all x 2 Rn. We assume in the above
proposition that f ðxÞ is finite valued only on a neighborhood of the set S, and
it may happen that f ðxÞ ¼ þ1 for some x 2 X . It was possible to push the
proof through since in the considered convex case local optimality implies
global optimality. In the case of two-stage programming we have that
f ðxÞ ¼ þ1 for some x 2 X if the associated second stage problem is infeasible
with a positive probability p. In that case the corresponding second stage
SAA problem will also be infeasible, and hence f̂fN ðxÞ ¼ þ1, w.p.1 for N
large enough. Of course, if p is very small, then the required sample size for
that event to happen could be very large.

Now let us discuss consistency of v̂vN1;N2
. Consider the expected value

function

Q1ðx1Þ :¼ E Q2ðx1; n2Þ½ �:
We make the following assumptions.

(A1) The set S of optimal solutions of the first stage problem (2.3) is non-
empty and bounded.

(A2) The expected value function Q1ðx1Þ is finite valued for all x1 2 V , where
V is a neighborhood of S.

(A3) The (strong) LLN holds pointwise, i.e., for any x1 2 V the following
holds

1

N1

XN1

i¼1
Q2ðx1; ni

2Þ ! Q1ðx1Þ w.p.1 as N1 !1: ð3:8Þ

It follows that the set S is compact, and by Proposition 3.1 that the con-
vergence in (3.8) is uniform in x1 on any compact subset of V .

We make similar assumptions about the second stage problem. We denote
by N2 � Rd2 the support of the probability distribution of n2.

(A4) There exists a bounded set W � Rn2 such that for any x1 2 V and
n2 2 N2, the set of optimal solutions of the second stage problem (2.7) is
nonempty and is contained in the interior of W .

(A5) The conditional expectation E
�
Q3ðx2; n3Þ

		n2 ¼ n2
�
is finite valued for all

x2 2 W and n2 2 N2.

We also need the following LLN holding uniformly with respect to
the distribution of the random vector n2. Recall that the random sample
n

ij
3 ; j ¼ 1, . . . ;N2, is derived from the conditional distribution of n3 given

n2 ¼ ni
2. We can view n

ij
3 ¼ nij

3 ðxÞ as defined on a measurable space ðX;FÞ
equipped with a probability measure Pni

2
.

(A6) For every x2 2 W there exists an F -measurable set !x2 � X such that
for any ni

2 2 N2 it follows that Pni
2
ð!x2Þ ¼ 0 and for any x 2 X n !x2 the

limit
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lim
N2!1

1

N2

XN2

j¼1
Q3 x2; n

ij
3 ðxÞ

� �
" #

¼ E
�
Q3ðx2; n3Þjn2 ¼ ni

2

�
ð3:9Þ

holds.
If the random vectors n2 and n3 are independent of each other, then

the probability distribution of n3 is independent of the event n2 ¼ n2.
In that case assumption (A6) is just the pointwise LLN specified in the
following assumption (A7). Another case where assumption (A6) is
reduced to the pointwise LLN of assumption (A7) is when the support N2

of n2 is finite.

(A7) For any x2 2 W and ni
2 2 N2 the following (strong) LLN holds

1

N2

XN2

j¼1
Q3 x2; n

ij
3

� �
! E

�
Q3ðx2; n3Þjn2 ¼ ni

2

�
w.p.1 as N2 !1: ð3:10Þ

Assumption (A7) holds, in particular, if the sample n
ij
3 , j ¼ 1; . . . ;N2, condi-

tional on ni
2, is i.i.d.

Proposition 3.3. Suppose that assumptions (A1)–(A6) hold. Then v̂vN1;N2
! v�

and DðbSSN1;N2
; SÞ ! 0 w.p.1 as N1 !1 and N2 !1.

Proof. In a way similar to the proof of Proposition 3.1, it can be shown that
assumptions (A5) and (A6) imply that the convergence is uniform in x2 on any
compact subset of W . That is, for any compact set C � W there exists an F -
measurable set ! � X such that for any ni

2 2 N2 it follows that Pni
2
ð!Þ ¼ 0

and for any x 2 X n ! the limit

lim
N2!1

sup
x22C

1

N2

XN2

j¼1
Q3 x2; n

ij
3 ðxÞ

� �
� E
�
Q3ðx2; n3Þjn2 ¼ ni

2

�
					

					

( )

¼ 0 ð3:11Þ

holds. Moreover, by assumption (A4) we can choose C in such a way that for
any x1 2 V and n2 2 N2, the set of optimal solutions of the second stage
problem (2.7) is nonempty and is contained in the interior of C. It follows
then that bQQ2;N2

ðx1; ni
2Þ converges w.p.1 to Q2ðx1; ni

2Þ, as N2 !1, uniformly in
x1 2 V and ni

2 2 N2. Since the convergence in (3.8) is uniform in x1 on any
compact subset of V , it follows that N�11

PN1

i¼1
bQQ2;N2
ðx1; ni

2Þ converges w.p.1 to
Q1ðx1Þ, as N1 !1 and N2 !1, uniformly in x1 on any compact subset of V .
The assertions then follow. u

Let us observe that it was possible to construct in the above proof such set
!, independent of ni

2, because of the assumption (A6). It is straightforward to
generalize this assumption to T -stage problems with T � 3, and hence to
extend the above consistency results.

Note again that under the assumption that the random vectors n2 and n3
are independent, the sample n

ij
3 does not depend on the probability distri-

bution of n2. Therefore, in that case we can generate a random sample n
j
3,

j ¼ 1; . . . ;N2, of N2 replications of n3, independent of the second stage sample
ni
2, and to take n

ij
3 :¼ n

j
3 for all i and j. The consistency results of Proposition
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3.3 then hold. Generating sample in that way simplifies the problem (3.4),
since then Q3ðx2; nij

3 Þ ¼ Q3ðx2; nj
3Þ is independent of i.

Suppose now that the total number of scenarios of the considered (true)
three-stage problem is finite. Then the expected value function Q1ðx1Þ is
convex piecewise linear. Suppose further that Q1ðx1Þ is finite for all x1 in a
neighborhood of the optimal solutions set S. Then the set S is a polyhedron.
Consider the (random) function:

~ffN1;N2
ðx1Þ :¼ c1x1 þ

1

N1

XN1

i¼1

bQQ2;N2
ðx1; ni

2Þ: ð3:12Þ

Note that bSSN1;N2
is the set of minimizers of ~ffN1;N2

ðx1Þ over X1. Consider the
event:
ðEÞ ‘‘The set bSSN1;N2

is nonempty and forms a face of the set S’’.
Of course, it follows from the above event that bSSN1;N2

is a subset of S. We
can view ~ffN1;N2

ðx1Þ ¼ ~ffN1;N2
ðx1;xÞ as a sequence of random functions defined

on a common probability space ðX;F ;PÞ. By saying that the event ðEÞ
happens w.p.1 for N1 and N2 large enough we mean that for P-almost every
x 2 X there exists an integer M ¼ MðxÞ such that for all N1 � M and N2 � M
the event ðEÞ happens. The following result, about finite convergence of the
set of optimal solutions of the SAA three-stage program, is an extension of
Theorem 2.3 in [13].

Proposition 3.4. Suppose that the number of scenarios of the considered (true)
three-stage problem is finite and assumptions (A1)–(A5) and (A7) hold. Then
the event ðEÞ happens w.p.1 for N1 and N2 large enough.

Proof. Since the number scenarios is finite we have that the function Q1ðx1Þ is
convex piecewise linear. Since the set X1 is a polyhedron and because of the
assumptions (A1)–(A2), it follows then that the set S is a polyhedron. Con-
sider the functions f ðx1Þ :¼ c1x1 þ Q1ðx1Þ and

f̂fN1
ðx1Þ :¼ c1x1 þ

1

N1

XN1

i¼1
Q2ðx1; ni

2Þ;

and the function ~ffN1;N2
ðx1Þ defined in (3.12). By using the polyhedral structure

of the problem it is possible to show, in the same way as in the proof of
Lemma 2.4 in [13], the following: there exist two finite sets D � S and
H � ðX1 \ V Þ n S such that D forms the set of extreme points of S and if the
following condition holds

~ffN1;N2
ðxÞ < ~ffN1;N2

ðzÞ for any x 2 D and z 2 H; ð3:13Þ
then the set bSSN1;N2

is nonempty and forms a face of the set S, i.e., the event ðEÞ
happens.

Since the sets D and H are finite, we have that there exists e > 0 such that
f ðzÞ � f ðxÞ � e for all x 2 D and z 2 H. Also since the number of scenarios is
finite, the LLN specified in assumption (A3) holds uniformly in x1 2 D [H.
Therefore we have that f̂fN1

ðzÞ � f̂fN1
ðxÞ � e=2 for all x 2 D and z 2 H w.p.1 for

N1 large enough. Also by assumptions (A4) and (A7) we have that the
inequality
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max
x12D[H

~ffN1;N2
ðx1Þ � f̂fN1

ðx1Þ
		 		 < e=4 ð3:14Þ

holds w.p.1 for N1 and N2 large enough. It follows then that (3.13) holds w.p.1
for N1 and N2 large enough, and hence the proof is complete. h

Unfortunately, it is not clear whether it is possible to extend a result from
[13] to show an exponential rate of convergence of the probability of the event
ðEÞ to one. This is because (see (3.6)) we have here that bQQ2;N2

ðx1; ni
2Þ is a biased

estimator of Q2ðx1; ni
2Þ.

4 Conclusions

We showed that by generating a sample from the random process n2; . . . ; nT
governing a considered multistage program and solving the obtained SAA
problems, one obtains a valid statistical lower bound of the true optimal value
v�. So validity of such statistical lower bound holds for any random sample.
However, in order to construct a consistent statistical lower bound one needs
to employ the conditional sampling scheme. Unfortunately, the number of
scenarios in conditional sampling grows fast with the number T of stages.
That is, if we generate N1 scenarios at the second stage, N2 scenarios at the
third stage conditional on every second stage scenario and etc., then the total
number of scenarios is N ¼

QT�1
t¼1 Nt. If the random vectors n2; . . . ; nT are

independent of each other, then one can generate independent random
samples, of sizes N1; . . . ;NT�1, from the respective random vectors n2; . . . ; nT ,
and to employ these sample in the corresponding conditional sampling
scheme. This simplifies the constructed (sample) T -stage problem, although
the total number of scenarios N ¼

QT�1
t¼1 Nt remains the same.

It was also demonstrated that fixing a feasible first stage solution and then
constructing a SAA estimate for the obtained ðT � 1Þ-stage problem, does not
give a valid statistical upper bound of v� for any considered sampling scheme
if T � 3. In order to compute a valid statistical upper bound one needs to
construct an implementable and feasible policy. However, for T � 3, it could
be difficult to construct such a policy which will provide a tight and numer-
ically feasible upper bound.

References

[1] Asmussen S (1987) Applied Probability and Queues. John Wiley & Sons, New York, NY
[2] Birge JR, Louveaux F (1997) Introduction to Stochastic Programming. Springer Series in

Operations Research. Springer-Verlag, New York, NY
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