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The fraction of customers who choose a particular item from among a set of available items can be increased

significantly by the inclusion of a related inferior (and apparently irrelevant) item in the choice set. This

violation of the independence from irrelevant alternatives and the regularity properties is called the decoy

effect, dominance effect, or attraction effect. The decoy effect is one of the robust cognitive biases in the

decision-making processes of customers. We propose a discrete choice model that is simple and that captures

decoy effects. A monopolist may take advantage of the decoy effect to increase profit. However, exploitation

of the decoy effect in a competitive setting requires closer investigation. To understand the effect of decoys

on competition, we study product assortment competition in a duopoly in which each seller may choose

whether to include a decoy in the seller’s product assortment. We provide a complete characterization of the

Nash equilibria and their dependence on choice model parameters. We study the evolution of assortment

competition and we evaluate the stability of the equilibria in the context of sellers learning about the behavior

of their competitors. Our results indicate under what conditions it is beneficial for a seller to include a decoy

into the seller’s assortment, and under what conditions the seller obtains a free ride from the competitor’s

decoy. Our results also show that every pure-strategy Nash equilibrium is stable and every mixed-strategy

Nash equilibrium is unstable.

Key words : assortment competition, decoy effect, comparison effect, context effect, dynamical systems,

Nash equilibrium, stability, Cournot adjustment process, fictitious play

1. Introduction

It has been observed in many settings that human decision making deviates from axioms of ra-

tional choice (Tversky and Kahneman 1974, Nau 1999). Some of these deviations are sufficiently

widespread and predictable to be useful in forecasting aggregate choice outcomes, for example, in

forecasting market shares. Therefore it may be a good idea for a seller to take such behavioral

phenomena into account when designing a product portfolio or when choosing prices of products.

In this paper we focus on one such behavioral phenomenon, called the decoy effect, dominance

effect, or attraction effect, and we investigate the possible outcomes if two competing sellers both

try to take the decoy effect into account when selecting their product portfolios.
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The decoy effect refers to the phenomenon that the addition of an item to decision makers’

choice sets significantly increases the market shares of other, usually similar but superior, items

in the choice sets, while getting minimal market share itself. The item that serves this purpose to

increase the market shares of target items is called a “decoy”. The decoy effect is one of the robust

cognitive biases in the decision-making processes of customers. It has been widely observed and

demonstrated in both real-life and experimental choice situations. The following two examples are

excerpted from Simonson and Tversky (1992), and Doyle et al. (1999).

Example 1 : Simonson and Tversky (1992) provided an experimental example. In one setting, 106

people were each offered a choice between $6 and a Cross pen. In this setting, 36% of the people

chose the pen and the remaining 64% chose the cash. In another setting, 115 people were each

offered a choice among $6, a Cross pen, and another less attractive pen. In this setting, 46% of the

people chose the Cross pen and 52% of them chose the cash. Only 2% of the people chose the less

attractive pen.

Example 2 : Doyle et al. (1999) investigated the sales of baked beans. Initially, the following two

brands were put on the shelves of a local grocery store: 420-g Heinz baked beans for 29 pence each,

and 420-g Spar baked beans for 21 pence each. After one week, Spar baked beans accounted for

only 19% of sales, even though it was offered at a lower price. Then a third product, 220-g Spar

baked beans for 21 pence each, was added (as a decoy). After another week, the market share of

420-g Spar baked beans increased to 33%. The authors finally concluded that the decoy effect “is

robust, has a wide scope, is quite sizable and is of practical significance”.

The decoy effect is one of the ways in which human decision making deviates from axioms of

rational choice, such as Luce’s choice axiom (Luce 1959, p.6). Here we show how the decoy effect

violates some corollaries of Luce’s choice axiom. One of the corollaries, called “independence from

irrelevant alternatives (IIA)” or “proportionality”, asserts that the ratio of choice probabilities of

any two alternatives is independent of the presence or absence of a third alternative in the choice set

(Luce 1959, p.9). Another corollary is that for each alternative there exists a nonnegative response

strength such that for every choice set, the choice probability of each alternative in the choice set is

equal to the ratio of the response strength of the alternative to the sum of the response strengths of

all the alternatives in the choice set (Luce 1959, p.23). This corollary further implies the so-called

“regularity” property in a choice context. The regularity property states that the choice probability

of an alternative from a choice set cannot be increased by adding more alternatives to the choice

set. Widely used choice models such as attraction models, including the multinomial logit (MNL)

model, satisfy the IIA and regularity properties. However, the IIA and regularity properties are

violated in choice settings with the decoy effect (Tversky and Simonson 1993, Rooderkerk et al.
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2011), because if the decoy alternative is included in the choice set, then the choice probability of

the target alternative increases, clearly violating the IIA and regularity properties.

An important decision made by retailers or revenue managers is to choose the set or assortment

of products to offer to customers. As illustrated by Example 2, a revenue manager might choose

an assortment that includes a decoy to increase the market share and/or revenue of a target

item. The objective of this paper is to understand how decoy effects together with other demand

characteristics impact equilibria of product assortment competition. In a competitive setting, there

is quite a rich variety of possible outcomes resulting from the choices of sellers to include decoys in

their assortments or not. For example, as illustrated by Example 2 above, if one seller includes a

decoy and the other does not, then the first seller may gain revenue and the second seller may lose

revenue. In such a setting a Nash equilibrium may be for both sellers to offer decoys. In a setting

in which sellers have more products, it is also possible that a decoy introduced by one seller shifts

demand from one product offered by that seller to another product (the target product) offered

by that seller, and the same decoy also shifts demand among the other seller’s products. In such

a setting a Nash equilibrium may be for one seller to offer a decoy and the other seller not to

offer decoys (but rather get a “free ride” on the first seller’s decoy). It is also possible that the

overall effect of a decoy, through a shift of demand among a seller’s products as well as through

its effect on demand for the competitor’s products, is such that none of the sellers offers decoys in

equilibrium.

We consider a duopoly in which both sellers have knowledge of the decoy effect and each one has

to decide whether or not to add a decoy into the assortment offered to customers. To introduce

the model and develop intuition, we first characterize the Nash equilibria for a setting with simple

product sets in which each seller’s product set contains only a target product and a decoy product.

Thereafter we extend the results to assortment competition with general product sets including

decoys. We characterize the conditions under which different possible outcomes hold. Under some

conditions there are multiple Nash equilibria. To develop a better understanding regarding which

of these equilibria are more reliable as predictors of the outcome of the product assortment com-

petition, we study dynamical systems models of learning by the competitors, and establish which

of the equilibria these systems converge to. Two widely used learning models, Cournot adjustment

and fictitious play, are employed to analyze the dynamic behavior of sellers’ decisions when the

sellers try to learn the strategies of their competitors.

Contributions. This paper makes the following contributions:

(1) First, we propose a modified attraction discrete choice model that captures the effect of a

seller’s decoy on the market shares of the seller’s own products (the intra-decoy effect) as well

as the market shares of other sellers’ products (the inter-decoy effect). To the best of our
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knowledge, this is the first choice model to explicitly incorporate context-dependent behavioral

effects such as the decoy effect, the similarity effect, and the compromise effect (Rooderkerk

et al. 2011) in a competitive setting.

(2) Second, we use the modified attraction discrete choice model to provide a complete charac-

terization of the pure- and mixed-strategy Nash equilibria for assortment competition in a

duopoly.

(3) Third, to evaluate the stability of the equilibria, we consider two learning processes, Cournot

adjustment and fictitious play, of the sellers in assortment competition, and characterize the

behavior of the resulting dynamical systems. Part of this analysis also gives a geometric char-

acterization of the dynamics of fictitious play for general 2× 2 games that is more complete

and easier to follow than previous results for such games.

Managerial Insights. This paper also contributes the following managerial insights:

(1) In the setting with simple product sets, if the intra-decoy effects dominate the inter-decoy

effects (in a sense specified in Section 4.1), then both sellers include decoys in their assortments.

In other words, if introducing a decoy benefits a seller much more than its competitor, then

the seller offers an assortment with the decoy. On the other hand, if the inter-decoy effects

dominate the intra-decoy effects, then no seller includes a decoy in its assortment. If the intra-

and inter-decoy effects are “approximately equal”, then the equilibrium consists of one seller

offering a decoy and the other seller not offering a decoy.

(2) In some cases a mixed-strategy Nash equilibrium coexists with two pure-strategy Nash equi-

libria. In these cases, each pure-strategy Nash equilibrium is a steady state of the Cournot

adjustment process (but a mixed-strategy Nash equilibrium cannot be a steady state of a

Cournot adjustment process). If the two sellers choose an initial strategy profile that is not a

pure-strategy Nash equilibrium, then the Cournot adjustment process cycles. The long-run de-

cision frequencies of the Cournot adjustment process do not correspond to any mixed-strategy

Nash equilibrium, nor any correlated equilibrium, nor any coarse correlated equilibrium.

(3) In the cases where a mixed-strategy Nash equilibrium coexists with two pure-strategy Nash

equilibria, each pure-strategy Nash equilibrium is a steady state of the fictitious play process,

but the mixed-strategy Nash equilibrium is not a steady state of the fictitious play process.

In cases with simple action sets (either include a decoy or not), the fictitious play process

always converges regardless of the initial strategy profile chosen by the sellers. In the case of

symmetric sellers, and for special initial strategy profiles that we explicitly give, the fictitious

play process converges to the mixed-strategy Nash equilibrium. In all other cases the fictitious

play process converges to one of the pure-strategy Nash equilibria.
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(4) In the sense outlined above, the pure-strategy Nash equilibria are reasonable predictors of the

outcome of assortment competition with decoys, but it is unlikely that sellers will settle on one

of the mixed-strategy Nash equilibria.

The remainder of this paper is organized as follows. The related literature is reviewed in Sec-

tion 2. In Section 3, we present a modified attraction model of consumer choice that includes the

decoy effect, and the duopoly model for product assortment competition with the decoy effect. We

characterize the Nash equilibria and study the dynamics of two dynamical systems models of learn-

ing, for competition with simple product sets in Section 4, for competition with general product

sets and simple actions in Section 5, and for competition with general product sets and general ac-

tions in Section 6. Conclusions are summarized in Section 7. All the proofs and supporting material

are provided in the e-companion to this paper.

2. Literature Review

We classify the literature related to our research into four branches: (1) empirical studies that

identify and investigate the nature of the decoy effect, (2) choice models that explicitly incorporate

the decoy effect, (3) models of assortment planning and competition, and (4) models of learning

in games.

2.1. Empirical Studies of the Decoy Effect

Since Huber et al. (1982) and Huber and Puto (1983) identified the decoy effect, and recognized that

it violated the IIA and regularity properties that are implied by some rational choice models, there

have been many experimental studies that identified the decoy effect in consumer product choice

(Simonson 1989, Simonson and Tversky 1992, Tversky and Simonson 1993, Heath and Chatterjee

1995). The decoy effect is deemed to be robust in the sense that it has been observed in a variety of

choice settings, ranging from in-store grocery purchases (Doyle et al. 1999) to on-line subscriptions

(Ariely 2008), regardless of whether the products in the choice sets are traded in a market or not

(Bateman et al. 2008), or whether the decision makers are humans or honey bees (Shafir et al.

2002). Amaldoss et al. (2008) used experimental studies to show that the decoy effect can be used

to facilitate coordination among players to reach efficient outcomes.

2.2. Models Capturing the Decoy Effect

Compared with the large number of empirical studies, relatively few papers have proposed choice

models that incorporate the decoy effect. Tversky and Simonson (1993) modeled the decoy effect

(called the local context effect) by adding the relative advantages of the target product over all

other alternatives in the same choice set to the context-free utility of the target. It is assumed
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that the context-free utility of a product has an additive representation as the sum of functions

measuring the contribution of each attribute to the total utility of the product. Then the advantage

of a product over another product is given by the sum of the nonnegative differences of the attribute

function values of the two products. It is shown that the model is able to account for the decoy

effect and some other context-dependent effects. Rooderkerk et al. (2011) proposed a unified utility

model to incorporate context effects including the compromise, decoy (attraction), and similarity

effects. The contribution of the decoy effect to the utility of the target is modeled as the distance

between the attribute points of the (dominated) decoy and the (dominating) target parallel to

a preference vector in the attribute space, where the preference vector (Tversky et al. 1988) is

chosen to point from the least desirable attribute point to the most desirable attribute point in the

attribute space. These studies model the total utility of an alternative as the sum of a context-free

utility of the alternative and various utility increments contributed by context effects such as the

decoy effect, by using pairwise comparisons of attribute values.

2.3. Assortment Decision Models

In recent years various studies of both static and dynamic assortment decision problems have ap-

peared. Kök et al. (2009) provide a review of static assortment problems and Ulu et al. (2012) pro-

vide a review of dynamic assortment problems. A number of recent papers, such as Rusmevichieong

and Topaloglu (2012), Li et al. (2013), Davis et al. (2013, 2014) and Gallego and Topaloglu (2014),

have addressed assortment optimization problems under a variety of discrete choice models.

Relatively few papers on assortment competition have appeared. Hopp and Xu (2008) considered

price, service quality, and product assortment competition based on the logit model that satisfies the

IIA property. Cachon et al. (2008) studied how the adoption of search-facilitating technologies, such

as the internet, affects equilibrium prices and assortments in a game with competing sellers. Besbes

and Saure (2010) considered both assortment-only competition and joint price and assortment

competition between two retailers subject to a constraint that each retailer can offer at most a

certain number of products, and characterized conditions for existence and uniqueness of a Nash

equilibrium. Kök and Xu (2011) considered assortment and price competition under nested logit

models.

We are particularly interested in assortment decision models that explicitly incorporate specific

features of consumer choice behavior. One such feature is the satiation effect, that is the phe-

nomenon that consumers’ marginal utilities for a product tend to decrease as more of the product

is consumed. Caro and Mart́ınez-de-Albéniz (2012) incorporated the satiation effect into an attrac-

tion model of demand, and used the model to analyze price and assortment competition among

sellers. Their paper highlighted the importance of incorporating this feature of consumer behavior
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into assortment decision problems. Our paper focuses on assortment competition with the decoy

effect, one of the context-dependent effects in consumer choice. The papers reviewed here focus on

describing equilibrium behavior. In addition to this, we also evaluate the stability of the equilibria

by studying dynamical systems describing sequences of decisions made by competing sellers under

dynamic learning.

2.4. Learning Processes in Games

There is a large literature on learning in games that is related to our research. See Fudenberg and

Levine (1998) for an overview of earlier literature on learning in games. We specifically mention

the results of Robinson (1951), Metrick and Polak (1994), and Monderer and Shapley (1996), who

established the convergence of discrete-time fictitious play for respectively any two-person finite-

action zero-sum game, any non-degenerate nonzero-sum 2 × 2 game, and any common-interest

game. Miyasawa (1961) showed that fictitious play for a 2×2 game converges to a Nash equilibrium,

given that each player starts with a degenerate probability distribution for the other player’s

actions. Harris (1998) showed that continuous-time fictitious play for a two-person zero-sum game

converges uniformly at rate 1/t.

The dynamic behavior of fictitious play for general 3× 3 (or m×n with m,n≥ 3) games can be

much more complicated. Fully characterizing it remains a challenge. Shapley (1964) argued that

fictitious play for a 3× 3 game with payoff matrices that satisfy certain conditions cycle without

convergence to any Nash equilibrium. More recently, Van Strien and Sparrow (2011) considered a

3×3 bimatrix game with a particular structure and showed that fictitious play can exhibit periodic

or even chaotic behavior.

Most of these studies are aimed at verifying whether or not fictitious play converges to a Nash

equilibrium of the game. In addition, our paper provides a complete, but simple geometric, char-

acterization of the dynamics of fictitious play in 2× 2 games. In the process we also extend the

results of Miyasawa (1961) to the more general setting in which each player starts with an arbitrary

probability distribution for the other player’s actions. Also, our proofs cover some cases that were

missed in the proof in Miyasawa (1961). We also provide an example of assortment competition

with the decoy effect, in which each seller chooses among three assortments, and fictitious play

cycles without converging to any Nash equilibrium.

3. Model of Buyer Choice and Seller Competition

First we present a general choice model that incorporates contexts effects in Section 3.1, and then

we present a particular version of it for the decoy effect in Section 3.2.



8

3.1. A General Choice Model Incoporating Context Effects

Let S denote a set of alternatives of interest, for example, S may represent a set of products

that can be offered to customers (e.g., airline tickets for different fare classes). If a no-purchase

alternative is of interest, then it is denoted with 0, and is understood to be included in S. For

any assortment A⊂ S that can be offered to customers, the fraction of customers choosing (or the

choice probability of) i∈A can be written as

qi(A) =
γi(A)vi∑
k∈A γk(A)vk

(1)

Choice model (1) is general, because for any given choice probabilities qi(A) and vi > 0 for all

A and i, one can set γi(A) = qi(A)/vi. The idea behind this model is to interpret vi > 0 as the

intrinsic attractiveness (the context-effect-free attractiveness) of alternative i ∈ S, and γi(A) as

factors that capture context effects (such as the decoy effect). The intrinsic attractiveness can be

thought of as a function of the attribute values of alternative i and the decision maker (but not of

the other alternatives in the choice set). One can assume, without loss of generality, that intrinsic

attractiveness is scaled in such a way that the intrinsic attractiveness of one of the alternatives,

such as the no-purchase alternative, is normalized to be unity, i.e., v0 = 1. An important special

case of choice model (1) is the attraction demand model with γi(A) = 1 for all A⊂ S and i ∈A.

Attraction demand models satisfy the IIA and regularity properties. The attraction demand model

includes the multinomial logit (MNL) model and the multiplicative competitive interaction (MCI)

model as special cases. An example of a multinomial logit model with price pi as the only attribute

is choice model (1) with γi(A) = 1 and vi = eθ0−θpi for all A ⊂ S and i ∈ A \ {0}, where θ0 is a

constant parameter and θ≥ 0 represents the price sensitivity of customers.

3.2. A Buyer Choice Model Incorporating the Decoy Effect

First, consider the decoy effect in a monopoly setting. Of particular interest is a target product

t ∈ S and an associated decoy product d ∈ S (d 6= t). The target product dominates the decoy

product in terms of all attributes. The target product may be of particular interest to the seller for

many reasons, for example because it is a lucrative product, or because the seller wants to increase

its market share, or because it is a new product and the seller needs to quickly build its brand

reputation. To study the decoy effect, choice model (1) with

γi(A)

> 1 if i= t∈A,d∈A,
= 0 if i= d∈A, t∈A,
= 1 for all other cases

for all A⊂ S and i∈A, is of particular interest. Note that the IIA and regularity properties do not

hold for the resulting choice model.
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Next we present a choice model that incorporates the decoy effect for a duopoly of two sellers

who offer substitutable products (e.g., two airlines); the extension to more than two sellers is

straightforward with additional notation. The sellers are indexed by m ∈ {−1,1}. Each seller m

has a set Sm of products that can be offered to customers. Each seller m has a target product

tm ∈ Sm and an associated decoy product dm ∈ Sm (dm 6= tm). As before, the intrinsic attractiveness

of product i is denoted by vi > 0, and the no-purchase alternative is denoted by 0. Let ∪S :=

{0} ∪ S−1 ∪ S1, and for any given Am ⊂ Sm, m = ±1, let ∪A := {0} ∪A−1 ∪A1. For any ∪A and

i∈∪A, let γi(∪A) denote the factor that represents the context effect of choice set ∪A on product

i. Thus, given an assortment Am ⊆ Sm for each seller m, the probability of a customer choosing

i∈∪A is given by

qi(A−1,A1) =
γi(∪A)vi∑

k∈∪A γk(∪A)vk
. (2)

In addition to the effect of each seller’s decoy on the demand for the seller’s target, we are also

interested in the effect of each seller’s decoy on the demand for the other seller’s target, since

in competitive applications the target products of the sellers may be similar. Thus, of particular

interest are the effect of the decoy of seller m on the demand for the target of seller m, which we

call the intra-decoy effect, and the effect of the decoy of seller −m on the demand for the target of

seller m, which we call the inter-decoy effect. Therefore, to study the decoy effect, we will consider

choice model (2) with

γi(∪A) =


αm > 1 if i= tm ∈∪A,dm ∈∪A,d−m /∈∪A,
β−m ≥ 1 if i= tm ∈∪A,dm 6∈ ∪A,d−m ∈∪A,

αmβ−m > 1 if i= tm ∈∪A,dm ∈∪A,d−m ∈∪A,
0 if i= dm ∈∪A, (tm ∈∪A or t−m ∈∪A),
1 for all other i∈∪A,

where αm, m=±1, are called the intra-decoy factors, and βm, m=±1, are called the inter-decoy

factors.

3.3. Model of Assortment Competition

In this section we formulate each seller’s assortment problem. We assume that each product i has

a given excess pi > 0 of price over marginal cost, and that each seller’s objective is to maximize the

seller’s total profit. (Similar to many airlines, one may choose multiple price classes for essentially

the same product, and consider each product-price combination as a “product” in the model.)

Then, the objective function πm of each seller m is a function of the assortments (Am,A−m) chosen

by the sellers, and is given by

πm(Am,A−m) :=
∑
i∈Am

pi qi(A−1,A1) =
∑
i∈Am

pi
γi(∪A)vi∑

k∈∪A γk(∪A)vk
.
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For each seller m, let Cm ⊂ 2Sm denote the set of feasible actions (pure strategies) of seller m,

where 2S denotes the collection of subsets of a set S. We assume that each seller always offers its

target product, i.e., we consider action sets of seller m that satisfy Cm ⊂ {Am ∈ 2Sm : tm ∈ Am}.
Each action Am ∈Cm denotes an assortment that seller m can choose to offer to the market. Let

∆(Cm) denote the set of probability distributions on set Cm, that is, ∆(Cm) denotes the set of

mixed-strategies over action set Cm. Thus, for each x̄m ∈∆(Cm) and Am ∈ Cm, x̄m(Am) denotes

seller m’s probability of choosing action Am. Let C :=C−1×C1 denote the set of joint actions, and

let ∆(C) denote the set of (joint) distributions over C.

Let BRm : ∆(C−m) 7→ 2∆(Cm) denote the mixed best response correspondence of seller m given by

BRm(x̄−m) := arg max
x̄m∈∆(Cm)

∑
(A−1,A1)∈C

πm(Am,A−m)x̄−1(A−1)x̄1(A1)

and PBRm : ∆(C−m) 7→ 2Cm denote the pure best response correspondence of seller m given by

PBRm(x̄−m) := arg max
Am∈Cm

∑
A−m∈C−m

πm(Am,A−m)x̄−m(A−m).

If x̄−m(A−m) = 1 for some A−m ∈ C−m, then we also write PBRm(A−m) for PBRm(x̄−m). A

mixed-strategy profile x̄∗ = (x̄∗−1, x̄
∗
1) ∈ ∆(C−1) × ∆(C1) is called a mixed-strategy Nash equi-

librium if x̄∗m ∈ BRm(x̄∗−m) for all m, and a pure-strategy profile (A∗−1,A
∗
1) ∈ C is called a

pure-strategy Nash equilibrium if A∗m ∈ PBRm(A∗−m) for all m. Note that for any m, any

x̄−m ∈ ∆(C−m), any x̄∗m ∈ BRm(x̄−m), and any A∗m such that x̄∗m(A∗m) > 0, it holds that A∗m ∈
arg maxAm∈Cm

∑
A−m∈C−m

πm(Am,A−m)x̄−m(A−m), that is, each action with positive probabil-

ity under a mixed best response must be a pure best response to x̄−m. It follows that all ac-

tions A∗m such that x̄∗m(A∗m) > 0 have the same payoff for seller m, and BRm(x̄−m) is the convex

hull of arg maxAm∈Cm

∑
A−m∈C−m

πm(Am,A−m)x̄−m(A−m) in ∆(Cm). If there exists joint actions

(A∗−1,A
∗
1)∈C such that x̄∗m(A∗m) = 1 for all m, then A∗m ∈ PBRm(A∗−m) for all m, i.e., (A∗−1,A

∗
1) is a

pure-strategy Nash equilibrium.

When we consider convergence of strategy profiles, we will also consider the notions of correlated

and coarse correlated Nash equilibria. A probability distribution x̄∗ ∈∆(C) is called a correlated

equilibrium if for all m and all Am,A
′
m ∈Cm it holds that∑

A−m∈C−m

πm(Am,A−m)x̄∗(A−1,A1) ≥
∑

A−m∈C−m

πm(A′m,A−m)x̄∗(A−1,A1). (3)

A probability distribution x̄∗ ∈∆(C) is called a coarse correlated equilibrium if for all m and all

A′m ∈Cm it holds that∑
(A−1,A1)∈C

πm(Am,A−m)x̄∗(A−1,A1) ≥
∑

(A−1,A1)∈C

πm(A′m,A−m)x̄∗(A−1,A1). (4)

It is easy to verify that each Nash equilibrium is a correlated equilibrium, and each correlated

equilibrium is a coarse correlated equilibrium.
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3.4. Models of Seller Learning

It is customary in much of the literature on applications of non-cooperative game theory to identify

equilibria, but not to address the question whether there is reason to be confident that the players

will settle on a specific equilibrium. This question is relevant even when there is a unique equi-

librium, and is especially pertinent when there are multiple equilibria. In this paper we approach

this question by considering processes in which the sellers repeatedly make assortment decisions

while they learn about the other sellers’ assortment decisions. The idea is that if the sellers’ de-

cisions converge to an equilibrium, then the equilibrium may be a reasonable prediction of the

sellers’ long-run behavior, and if the sellers’ decisions do not converge to an equilibrium, then the

equilibrium is a questionable prediction of the sellers’ decisions.

In general, sellers may learn about many things, including the behavior of their customers (i.e.,

their demand) and their competitors, and their costs. In this paper, we restrict attention to sellers

who learn about the other sellers’ assortment choices. We consider a discrete-time process with

time indices t ∈ N := {1,2, . . .}. At each time t, each seller m has observed all previous actions

A−m(0), . . . ,A−m(t− 1) of the other seller. Each seller m then chooses an action Am(t) that is a

best response to the seller’s forecast of the action that the other seller is about to take, where the

forecast is based on the observed data A−m(0), . . . ,A−m(t−1). Thereafter these steps repeat at the

next time t+ 1. We are interested in answering the following questions for the resulting process:

(Q1) What are the steady states (fixed points) of the process? Specifically, do these steady states

coincide with the equilibria?

(Q2) Are these steady states stable? Specifically, does the process converge, and if so, does it

converge to an equilibrium?

(Q3) How does the initial state affect the long-run behavior of the process?

4. Assortment Competition with Simple Product Sets

To facilitate explanation of the results, we first consider the setting with simple product sets

Sm = {tm, dm} in this section, and thereafter we consider the setting with general product sets in

Sections 5 and 6.

4.1. Characterization of Equilibria

In this section we consider assortment competition with the decoy effect for the setting in which

each seller has a simple product set Sm = {tm, dm}. The set of actions is Cm = {A0
m,A

1
m}, where

A0
m = {tm} and A1

m = {tm, dm}. The four possible action pairs are (A0
−1,A

0
1), (A1

−1,A
1
1), (A0

−1,A
1
1),

and (A1
−1,A

0
1). Next we give necessary and sufficient conditions in terms of the decoy factors for

each of these action pairs to be a pure-strategy Nash equilibrium. Intuitively, if a seller’s inter-decoy
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factor is small relative to the seller’s intra-decoy factor, then it is attractive to the seller to use the

decoy, and if the seller’s inter-decoy factor is relatively large, then it is attractive not to use the

decoy. The following thresholds for the inter-decoy factors determine what is relatively small and

relatively large:

βm := αm +
αm− 1

α−mvt−m

and β̄m := αm +
αm− 1

vt−m

.

Note that the thresholds are well defined since αm, α−m > 1 and vi > 0 for all i. Also, note that

1< βm < β̄m. Proposition 1 gives necessary and sufficient conditions for the different action pairs

to be pure-strategy Nash equilibria.

Proposition 1. For assortment competition with simple product sets, it holds that

(1) (A0
−1,A

0
1) is a pure-strategy Nash equilibrium iff βm ≥ β̄m for m=±1,

(2) (A1
−1,A

1
1) is a pure-strategy Nash equilibrium iff βm ≤ βm for m=±1,

(3) (A0
−1,A

1
1) is a pure-strategy Nash equilibrium iff β−1 ≥ β−1 and β1 ≤ β̄1,

(4) (A1
−1,A

0
1) is a pure-strategy Nash equilibrium iff β−1 ≤ β̄−1 and β1 ≥ β1.

Each seller has a finite action set in assortment competition, and thus there always exists a

mixed-strategy Nash equilibrium. Next, Proposition 2 provides a sufficient condition for existence

of a strict mixed-strategy Nash equilibrium. For assortment competition with simple product sets,

a probability distribution x̄m = (x̄m(A0
m), x̄m(A1

m)) is specified by xm := x̄m(A1
m).

Proposition 2. For assortment competition with simple product sets, there exists a mixed-strategy

Nash equilibrium (x̄∗−1, x̄
∗
1)∈ (0,1)2 if and only if βm <βm < β̄m for m=±1. The unique such Nash

equilibrium (x̄∗−1, x̄
∗
1)∈ (0,1)2 is given by (x∗−1, x

∗
1) := (1/(1 + Γ−1),1/(1 + Γ1)), where

Γm :=
αmβm(1 + vt−m

+ vtm)(1 +α−mvt−m
+β−mvtm)(β−m−β−m)

(1 +α−mβmvt−m
+αmβ−mvtm)(1 +βmvt−m

+αmvtm)(β−m− β̄−m)
∈ (0,∞) (5)

for m=±1.

We summarize the results of Propositions 1 and 2 in Table 1. Table 1 and Remark 1 give a

complete characterization of the Nash equilibrium for simple product sets. Table 1 shows 9 cases

specified by comparing βm versus βm and β̄m for m=±1, and the resulting equilibria. In principle,

the four comparisons give 16 cases. The cases that are not listed are not possible because βm < β̄m

for m=±1.

Remark 1. For each case in Table 1, the equilibrium/equilibria are the only equilibria if the four

strict inequalities hold. If we change one or two of the strict inequalities to equalities, then one of

the following cases holds:
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Case #
Sufficient condition

Nash equilibria
β−1 v.s. β−1 β̄−1 v.s. β−1 β1 v.s. β1 β̄1 v.s. β1

1 < > < > (x∗−1, x
∗
1), (A0

−1,A
1
1), (A1

−1,A
0
1)

2 > > > > (A1
−1,A

1
1)

3 < > > >
4 < < > > (A0

−1,A
1
1)

5 < < < >
6 > > < >
7 > > < < (A1

−1,A
0
1)

8 < > < <
9 < < < < (A0

−1,A
0
1)

Table 1 Characterization of the Nash equilibria for assortment competition with simple product sets.

1. The resulting conditions are impossible. For example, in Case 9, if the first strict inequality

β−1 <β−1 is changed to the equality β−1 = β−1, then the resulting conditions are impossible,

because β−1 < β̄−1 and the second inequality in Case 9 is β̄−1 < β−1. Also, since βm < β̄m for

m=±1, if for any of the cases both the first inequality and the second inequality are changed

to equalities or both the third inequality and the fourth inequality are changed to equalities,

then the resulting conditions are impossible.

2. The resulting conditions can be obtained from more than one of the cases in Table 1 by

changing one or two of the strict inequalities in each case to equalities. For example, the same

conditions are obtained from Case 1 by changing the first strict inequality β−1 < β−1 to the

equality β−1 = β−1 and from Case 6 by changing the first strict inequality β−1 > β−1 to the

equality β−1 = β−1. Similarly, the same conditions are obtained from Cases 1, 2, 3, and 6 by

changing for each case both the first and the third inequalities to equalities. Under the resulting

conditions, the set of equilibria is the union of the equilibria for the cases from which the

conditions can be obtained. For example, if the first inequalities in Cases 1 and 6 are changed

to equality, then the resulting set of equilibria is given by {(x∗−1, x
∗
1), (A0

−1,A
1
1), (A1

−1,A
0
1)},

where x∗−1 = 1/(1 + Γ−1) and Γ−1 is given by (5), and x∗1 = 1. Similarly, if both the first and

the third inequalities in Cases 1, 2, 3, and 6 are changed to equalities, then the resulting set

of equilibria is given by {(x∗−1, x
∗
1), (A0

−1,A
1
1), (A1

−1,A
0
1), (A1

−1,A
1
1)}. In this case, x∗m = 1 for

m=±1, and thus the resulting set of equilibria is equal to {(A0
−1,A

1
1), (A1

−1,A
0
1), (A1

−1,A
1
1)}.

If, for any case, three or more inequalities are changed to equalities, then the resulting conditions

are impossible, because βm < β̄m for m=±1.

Economic Implications. We say that the inter-decoy effect βm dominates the intra-decoy

effect αm if βm > β̄m(:= αm + [αm − 1]/vt−m
), that αm dominates βm if βm < βm(:= αm + [αm −

1]/[α−mvt−m
]), and that αm and βm are similar if βm ≤ βm ≤ β̄m. If αm dominates βm for m=±1,

then (A1
−1,A

1
1) is the Nash equilibrium, i.e., both sellers use decoys. If βm dominates αm for m=±1,



14

then (A0
−1,A

0
1) is the Nash equilibrium, i.e., neither seller uses a decoy. We next consider settings in

which αm and βm are similar. If βm ≤ βm and β−m ≤ β̄−m, then (A1
−m,A

0
m) is a Nash equilibrium. In

this case, seller −m uses a decoy but seller m takes a free ride to take advantage of seller −m’s decoy.

Hence, if βm ≤ βm ≤ β̄m for m = ±1, then both (A0
−1,A

1
1) and (A1

−1,A
0
1) are Nash equilibria. In

that case, there is also a mixed-strategy Nash equilibrium (x∗−1, x
∗
1), but it will be shown that such

a mixed-strategy Nash equilibrium (x∗−1, x
∗
1) is unstable, whereas the pure-strategy Nash equilibria

are stable.

4.2. Cournot Adjustment Process

Next we study the dynamics of assortment competition when sellers learn about each other’s

decisions, and we infer from it the stability of the equilibria given in Table 1. We start with a very

simple process called Cournot adjustment, in which, at each time t ∈ N, each seller m chooses a

best response Am(t) to the other seller’s previous action A−m(t− 1). Let A(0) := (A−1(0),A1(0))

denote the initial state of the Cournot adjustment process, and let A(t) := (A−1(t),A1(t)) denote

the state of the Cournot adjustment process at time t, where

Am(t) ∈ arg max
Am∈Cm

πm(Am,A−m(t− 1)) . (6)

4.2.1. Case 1 Recall from Table 1 that Case 1 holds if βm < βm < β̄m for m=±1, and that

under Case 1, one mixed-strategy Nash equilibrium x∗ = (x∗−1, x
∗
1) coexists with two pure-strategy

Nash equilibria, (A0
−1,A

1
1) and (A1

−1,A
0
1). Theorem 1 characterizes the dynamics of the Cournot

adjustment process.

Theorem 1. (Behavior of the Cournot adjustment process under Case 1.)

(1) If A(0)∈
{

(A0
−1,A

1
1), (A1

−1,A
0
1)
}

, then A(t) =A(0) for all t∈N0 :=N∪{0}, i.e., (A0
−1,A

1
1) and

(A1
−1,A

0
1) are steady states of the Cournot adjustment process.

(2) If A(0)∈
{

(A0
−1,A

0
1), (A1

−1,A
1
1)
}

, then A(t) cycles. Specifically, if A(0) = (A1
−1,A

1
1), then

A(t) =

{
(A1
−1,A

1
1) if t≥ 1 and t is even,

(A0
−1,A

0
1) if t≥ 1 and t is odd.

and if A(0) = (A0
−1,A

0
1), then

A(t) =

{
(A0
−1,A

0
1) if t≥ 1 and t is even,

(A1
−1,A

1
1) if t≥ 1 and t is odd.

Thus, if A(0)∈ {(A1
−1,A

1
1), (A0

−1,A
0
1)}, then A(t) cycles as (A1

−1,A
1
1)→ (A0

−1,A
0
1)→ (A1

−1,A
1
1)→

(A0
−1,A

0
1)→ . . . or (A0

−1,A
0
1)→ (A1

−1,A
1
1)→ (A0

−1,A
0
1)→ (A1

−1,A
1
1)→ . . .. Clearly, neither trajectory

converges to a pure-strategy Nash equilibrium. The empirical frequencies of (A1
−1,A

1
1) and (A0

−1,A
0
1)

converge to a (joint) probability distribution x̄∗ ∈∆(C) as t→∞, given by x̄∗((A1
−1,A

1
1)) = 1/2

and x̄∗((A0
−1,A

0
1)) = 1/2. One may wonder whether or not x̄∗ is a correlated equilibrium or coarse

correlated equilibrium. Proposition 3 gives the answer.
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Proposition 3. The limit empirical distribution x̄∗ given by x̄∗((A1
−1,A

1
1)) = 1/2 and

x̄∗((A0
−1,A

0
1)) = 1/2 is neither a correlated equilibrium nor a coarse correlated equilibrium.

4.2.2. Cases 2–9 First consider Case 2, which holds under condition βm < β̄m and βm < βm

for m=±1.

Proposition 4. (Behavior of the Cournot adjustment process under Case 2.) For any initial

condition A(0)∈C, it holds that A(t) = (A1
−1,A

1
1) for all t∈N.

The Cournot adjustment process under Cases 3–9 behave in a similar way to the process un-

der Case 2. Each seller’s action in the unique pure-strategy Nash equilibrium under each of the

Cases 3–9 dominates the other action and as a result the Cournot adjustment process stays at the

equilibrium after the first step.

4.3. Fictitious Play Process

The fictitious play process works as follows: At the beginning of period t ∈ N each seller m

constructs an empirical distribution of the decisions of the other seller using the available data

A−m(0), . . . ,A−m(t− 1). Then seller m chooses Am(t) that optimizes the expected objective value

of seller m with respect to the empirical distribution of the decisions of the other seller. Thereafter

each seller observes the decision of the other seller, the empirical distributions are updated, and

the steps repeat.

Let

xm(t) :=
Mmxm(0) +

∑t

τ=1 1[Am(τ)=A1
m]

Mm + t

denote the empirical probability based on data Am(0), . . . ,Am(t) that seller m chooses action A1
m,

where 1[·] denotes the indicator function. One can think of Mm as the assessment of seller −m

of the number of observations that the initial value xm(0) is based on. We allow any initial value

xm(0) ∈ [0,1] with weight Mm ≥ 0. However, some notation will be simplified if Mm > 0, and

therefore some later notation is based on the assumption that Mm > 0; equivalently, one may set

time index t= 0 after an observation has been made. The vector x(t) := (x−1(t), x1(t)) is called the

state (of fictitious play) in period t.

Let

PBRm(x) := arg max
Am∈Cm

xπm(Am,A
1
−m) + (1−x)πm(Am,A

0
−m)

denote the optimal assortments for seller m given that seller m assesses the probability that

seller −m chooses action A1
−m to be x. In period t, each seller m chooses an action Am(t) ∈
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PBRm(x−m(t− 1)). In some cases we want to show how the long-run behavior of x(t) depends on

an initial condition x(t0) for some specific t0 ∈N0. Therefore it is convenient to use notation

φm(t1, t0, x) := xm(t1) given that x(t0) = x

φ(t1, t0, x) := (φ−1(t1, t0, x), φ1(t1, t0, x))

to explicitly denote the dependence of x(t1) on the initial value x at time t0, for t1 ≥ t0.

4.3.1. Case 1 Recall that Case 1 holds if βm <βm < β̄m for m=±1, in which case there are

the following three equilibria: (x∗−1, x
∗
1), (0,1) (i.e., (A0

−1,A
1
1)) and (1,0) (i.e., (A1

−1,A
0
1)).

It follows from βm < βm < β̄m that A0
m ∈ PBRm(x−m(t − 1)) iff x−m(t − 1) ≥ x∗−m, and A1

m ∈
PBRm(x−m(t− 1)) iff x−m(t− 1)≤ x∗−m. Note that the best response of seller m in period t is not

unique iff x−m(t− 1) = x∗−m. Therefore, for the dynamics of x(t) to be well-defined, we choose a

tie-breaking rule to be used whenever x−m(t−1) = x∗−m. The choice of tie-breaking rule affects the

notation, but it does not substantially affect the results. Specifically, we choose

Am(t) =

{
A0
m if x−m(t− 1)>x∗−m

A1
m if x−m(t− 1)≤ x∗−m

(7)

Thereafter, each seller m observes A−m(t), and updates the empirical distribution of the decisions

of the other seller as follows:

x−m(t) =
(M−m + t− 1)x−m(t− 1) + 1[A−m(t)=A1

−m]

M−m + t
. (8)

Note that

x(t) =



(
(M−1+t−1)x−1(t−1)+1

M−1+t
, (M1+t−1)x1(t−1)+1

M1+t

)
if x(t− 1)∈ P0,(

(M−1+t−1)x−1(t−1)

M−1+t
, (M1+t−1)x1(t−1)

M1+t

)
if x(t− 1)∈ P1,(

(M−1+t−1)x−1(t−1)

M−1+t
, (M1+t−1)x1(t−1)+1

M1+t

)
if x(t− 1)∈ P2,(

(M−1+t−1)x−1(t−1)+1

M−1+t
, (M1+t−1)x1(t−1)

M1+t

)
if x(t− 1)∈ P3,

(9)

where P0 := [0, x∗−1]× [0, x∗1], P1 := (x∗−1,1]× (x∗1,1], P2 := [0, x∗−1]× (x∗1,1], P3 := (x∗−1,1]× [0, x∗1],

and P := [0,1]2 = P0∪P1∪P2∪P3. To simplify notation, we define φ(t1, t0, ·) on an extended domain

P̂ := P̂0 ∪ P̂1 ∪P2 ∪P3, where P̂0 := (−∞, x∗−1]× (−∞, x∗1], P̂1 := (x∗−1,∞)× (x∗1,∞), as follows. For

any t∈N0, let

φ(t+ 1, t, x) =



(
(M−1+t)x−1+1

M−1+t+1
, (M1+t)x1+1

M1+t+1

)
if x∈ P̂0,(

(M−1+t)x−1

M−1+t+1
, (M1+t)x1
M1+t+1

)
if x∈ P̂1,(

(M−1+t)x−1

M−1+t+1
, (M1+t)x1+1

M1+t+1

)
if x∈ P2,(

(M−1+t)x−1+1

M−1+t+1
, (M1+t)x1
M1+t+1

)
if x∈ P3,

(10)

We first study the dynamics of fictitious play with initial points in the extended domain P̂ , and

the results obtained for P̂ will describe the dynamics of fictitious play on P . It follows from (10)

that the directions of movement from x(t) to x(t+ 1) are as given by Lemma 1.
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Lemma 1. The following holds at any time t∈N0:

(1) If x(t)∈ P̂0, then xm(t+ 1)>xm(t) for m=±1.

(2) If x(t)∈ P̂1, then xm(t+ 1)<xm(t) for m=±1.

(3) If x(t)∈ P2, then x−1(t+ 1)≤ x−1(t) and x1(t+ 1)≥ x1(t).

(4) If x(t)∈ P3, then x−1(t+ 1)≥ x−1(t) and x1(t+ 1)≤ x1(t).

Figure 1 will be used to describe a generic step of the state x(t) from time t to time t+ 1. First,

Theorem 2 uses (10) and Lemma 1 to establish convergence for initial points x∈ P2∪P3. Thereafter

we consider the more complicated dynamics for initial points x∈ P̂0 ∪ P̂1.

x¤1

1

10

P1

P3

P2

P0

x
1
(t

)

x¡1(t)

D0;3;3(t)

D1;1;1(t)

x¤¡1

±0
1(t)

±0
¡1(t)

±1
¡1(t) ±1

1(t)

(a) At time t.

x¤1

1

10

P1

P3

P2

P0

x
1
(t

+
1
)

x¡1(t + 1)

D0;2;2(t + 1)

D1;0;0(t + 1)

x¤¡1

(b) At time t+ 1.

Figure 1 One-step evolution of the state x(t) of the discrete-time fictitious play process.

Theorem 2. For any x∈ P2 and t∈N0, it holds that φ(t+τ, t, x)→ (0,1) (i.e., (A−1(τ),A1(τ))→
(A0
−1,A

1
1)) as τ →∞. For any x ∈ P3, it holds that φ(t+ τ, t, x)→ (1,0) (i.e., (A−1(τ),A1(τ))→

(A1
−1,A

0
1)) as τ →∞.

One-step Analysis

To analyze the dynamics when fictitious play starts from a point in P̂0 or P̂1, we first characterize

one-step changes. For any t, τ ∈N0 and any D⊂ P̂ , let φ(t+τ, t,D) := {φ(t+τ, t, x) : x∈D} denote

the image of D under φ(t+ τ, t, ·). Consider any k ∈ {0,1}. Note from (10) that φ(t+ 1, t, ·) : P̂k 7→
φ(t+ 1, t, P̂k) is an increasing separable affine mapping, that is, there are `km(t)> 0 and akm(t) ∈R
such that φm(t + 1, t, x) = `km(t)xm + akm(t) for any x ∈ P̂k. For example, for k = 0 and m = 1,

`01(t) = (M1 + t)/(M1 + t+ 1) and a0
1(t) = 1/(M1 + t+ 1).

For any set D ⊂ Rn, we say that D walks to D̃ ⊂ Rn if and only if there exists an increasing

separable affine mapping f such that D̃= f(D). Lemma 2 gives a useful result that rectangles walk

to rectangles under increasing separable affine mappings such as φ(t+ 1, t, ·) : P̂k 7→ φ(t+ 1, t, P̂k).
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Lemma 2. For any t∈N0, any rectangle D⊂ P̂k, where k ∈ {0,1}, or any rectangle D⊂ Pk, where

k ∈ {2,3}, it holds that D walks to φ(t+ 1, t,D), and φ(t+ 1, t,D) is a rectangle.

We will be particularly interested in special rectangles called cells that are defined next. For

k ∈ {0,1} and m∈ {−1,1}, let δkm(t) := |k− 1 +x∗m|/ (Mm + t) denote the length parallel to the axis

for xm of the cells in P̂k at time step t∈N0; see Figure 1a. (If Mm > 0 then δkm(0) is well defined.)

The cells are indexed starting at x∗ = (x∗−1, x
∗
1), using indices i, j. Specifically, for P̂0, the index sets

at time t are Î0(t) := {0,1, . . . , bx∗1/δ0
1(t)c+ 1}, and Ĵ0(t) := {0,1, . . . , bx∗−1/δ

0
−1(t)c+ 1}. For P̂1, the

index sets at time t are Î1(t) := {0,1, . . . , d(1−x∗1)/δ1
1(t)e} and Ĵ1(t) := {0,1, . . . , d(1−x∗−1)/δ1

−1(t)e}.

Then cell D0,i,j(t) is given by

D0,i,j(t) :=
(
x∗−1− jδ0

−1(t), x∗−1− (j− 1)δ0
−1(t)

]
×
(
x∗1− iδ0

1(t), x∗1− (i− 1)δ0
1(t)

]
for indices (i, j)∈ Î0(t)× Ĵ0(t), and cell D1,i,j(t) is given by

D1,i,j(t) :=
(
x∗−1 + (j− 1)δ1

−1(t), x∗−1 + jδ1
−1(t)

]
×
(
x∗1 + (i− 1)δ1

1(t), x∗1 + iδ1
1(t)

]
for indices (i, j)∈ Î1(t)× Ĵ1(t). Note that D0,0,0(t)⊂ P̂1 and D0,i,j(t)⊂ P̂0 for i, j ≥ 1; and D1,0,0(t)⊂

P̂0 and D1,i,j(t)⊂ P̂1 for i, j ≥ 1; see Figure 1b. Let Ik(t) := Îk(t) \ {0}, Jk(t) := Ĵk(t) \ {0}. A cell

Dk,i,i(t) for i∈ Ik(t)∩Jk(t) is called a diagonal cell. The diagonal cells are shown in gray in Figure 1.

Proposition 5. Consider any t ∈ N0, and any cell Dk,i,j(t), where k ∈ {0,1}, i ∈ Ik(t) and j ∈

Jk(t). Then φ(t+ 1, t,Dk,i,j(t)) =Dk,i−1,j−1(t+ 1), that is, Dk,i,j(t) walks to Dk,i−1,j−1(t+ 1) from

time t to time t+ 1.

Multi-step Analysis

As an extension of single-step walking defined before, a set D⊂Rn is said to walk to D̃⊂Rn from

time t to time t+ τ , where t, τ ∈N0, if and only if there exists a sequence {ft+s}τs=1 of increasing

separable affine mappings ft+s :Rn 7→Rn such that D̃= f t+τt+1 (D), where f t+τt+1 := ft+τ ◦ · · · ◦ft+1. We

will use the property that if a set walks, then all its subsets walk too, and state it as Lemma 3.

Lemma 3. Suppose that a set D walks to a set D̃ from time t to time t+ τ under f t+τt+1 . Then any

E ⊂D walks to f t+τt+1 (E)⊂ D̃ from time t to time t+ τ .

Note that the one-step results of Lemma 2 and Proposition 5 can be applied repeatedly to obtain

a multi-step characterization of the evolution of fictitious play. For example, if rectangle D ⊂ P̂k,

where k ∈ {0,1}, and φ(t+ 1, t,D)⊂ P̂k, then it follows from a repeated application of Lemma 2

that D walks to φ(t+ 2, t,D) from time t to time t+ 2, and φ(t+ 2, t,D) is a rectangle. Similarly,

if i, i− 1 ∈ Ik(t) and j, j − 1 ∈ Jk(t), then it follows from a repeated application of Proposition 5
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that φ(t+ 2, t,Dk,i,j(t)) =Dk,i−2,j−2(t+ 2), that is, Dk,i,j(t) walks to Dk,i−2,j−2(t+ 2) from time t

to time t+ 2.

Next we discuss what happens once φ(t + τ, t,D) 6⊂ P̂k, or i − τ 6∈ Ik(t), or j − τ 6∈
Jk(t). Theorem 3 gives a complete characterization of the evolution of the off-diagonal cells.

Let D2(t) := {D0,i,j(t) : i∈ I0(t), j ∈ J0(t), i < j} ∪ {D1,i,j(t) : i∈ I1(t), j ∈ J1(t), i > j} denote the

cells in P̂0 ∪ P̂1 above the diagonal, and let D3(t) := {D0,i,j(t) : i∈ I0(t), j ∈ J0(t), i > j} ∪
{D1,i,j(t) : i∈ I1(t), j ∈ J1(t), i < j} denote the cells in P̂0 ∪ P̂1 below the diagonal.

Theorem 3. Consider any t∈N0. Then, the following holds:

(1) If x ∈ Dk,i,j(t) ∈ D2(t), where k ∈ {0,1}, i ∈ Ik(t), j ∈ Jk(t), then φ(t + τ, t, x) ∈ P̂k ∩
∪D∈D2(t+τ)D for τ ∈ {0,1, . . . ,min{i, j} − 1}, φ(t+ τ, t, x)) ∈ P2 for τ ≥ min{i, j}, and φ(t+

τ, t, x)→ (0,1) (i.e., (A−1(τ),A1(τ))→ (A0
−1,A

1
1)) as τ →∞.

(2) If x ∈ Dk,i,j(t) ∈ D3(t), where k ∈ {0,1}, i ∈ Ik(t), j ∈ Jk(t), then φ(t + τ, t, x) ∈ P̂k ∩
∪D∈D3(t+τ)D for τ ∈ {0,1, . . . ,min{i, j} − 1}, φ(t+ τ, t, x)) ∈ P3 for τ ≥ min{i, j}, and φ(t+

τ, t, x))→ (1,0) (i.e., (A−1(τ),A1(τ))→ (A1
−1,A

0
1)) as τ →∞.

It remains to describe the evolution of the diagonal cells. If a rectangle D⊂ P̂k walks to rectangle

D′ ⊂ P̂k′ from time t to time t+ 1, where k, k′ ∈ {0,1}, k 6= k′, then we say that D jumps to D′.

Proposition 6. Consider any diagonal cell Dk,i,i(t), where t∈N0, k ∈ {0,1}, and i∈ Ik(t)∩Jk(t).
Then Dk,i,i(t) walks to Dk,1,1(t+ i−1) from time t to time t+ i−1, and then jumps to Dk,0,0(t+ i)⊂
P̂k′, where k′ ∈ {0,1}, k′ 6= k.

Figure 2a shows a diagonal cell D0,1,1(t) ⊂ P̂0 right before a jump, and Figure 2b shows the

corresponding diagonal cell D0,0,0(t+ 1) ⊂ P̂1 right after the jump. The evolution of a diagonal

cell D0,0,0(t + 1) right after a jump depends on how D0,0,0(t + 1) intersects with D1,i,j(t + 1),

i ∈ I1(t+ 1), j ∈ J1(t+ 1). Specifically, it follows from Lemma 3, Theorem 3, and Proposition 6

that D0,0,0(t+ 1)∩D1,i,j(t+ 1) for i > j walks to a rectangle D̃⊂D1,i−j,0(t+ 1 + j)⊂ P2 and then

φ(t+ 1 + j+ τ, t+ 1 + j, D̃) converges in P2 to (0,1) as τ →∞, D0,0,0(t+ 1)∩D1,i,j(t+ 1) for i < j

walks to a rectangle D̃⊂D1,0,j−i(t+ 1 + i)⊂ P3 and then φ(t+ 1 + i+ τ, t+ 1 + i, D̃) converges in

P3 to (1,0) as τ →∞, and D0,0,0(t+1)∩D1,i,i(t+1) walks to a rectangle D̃⊂D1,0,0(t+1+ i)⊂ P̂0.

Figure 2c shows the image of D0,0,0(t+1)∩D1,i,j(t+1) after one step for (i, j) = (1,1), (i, j) = (1,2),

and (i, j) = (2,1). The question remains whether every point of a diagonal cell eventually either

converges to (0,1) or (1,0), or whether some points of a diagonal cell remain in diagonal cells

forever. The answer to this question depends on whether x∗−1 = x∗1 or x∗−1 6= x∗1. We will consider

these two cases separately. First, the next result points out that for every initial point x ∈ P ,

φ(t,0, x) converges as t→∞, to (0,1), or to (1,0), or to x∗. Thus, if the sequence {φ(t,0, x)}∞t=0

remain in diagonal cells, then φ(t,0, x)→ x∗ as t→∞.
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Figure 2 Images of diagonal cell D0,1,1(t) before and after a jump.

Let D=(t) := {Dk,i,i(t) : k ∈ {0,1}, i∈ Ik(t)∩Jk(t)} denote the collection of diagonal cells at

time t. Let Pk(t) := ∪i∈Ik(t) ∪j∈Jk(t) Dk,i,j(t) for k ∈ {0,1}. Note that Pk ⊂ Pk(t)⊂ P̂k for all t ∈N0

and k ∈ {0,1}, P ⊂ P (t) := P0(t) ∪ P1(t) ∪ P2 ∪ P3 ⊂ P̂ , and that P0(t) ∪ P1(t) = [∪D∈D2(t)D] ∪

[∪D∈D3(t)D]∪ [∪D∈D=(t)D].

Proposition 7. Consider any x∈ P (0). One of the following three cases holds:

(1) φ(t,0, x)→ (0,1) as t→∞,

(2) φ(t,0, x)→ (1,0) as t→∞,

(3) φ(t,0, x)→ x∗ as t→∞.

Lemma 4 provides a necessary condition for φ(t,0, x) to converge to x∗.

Lemma 4. Consider any x∈ P . If φ(t,0, x)→ x∗ as t→∞, then x∗−1 = x∗1.
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Characterization of Convergence for x∗−1 6= x∗1.

For any x ∈ P̂ , let Ω2(x) := {y ∈ P̂ : y−1 ≤ x−1, y1 > x1} and Ω3(x) := {y ∈ P̂ : y−1 > x−1, y1 ≤ x1}.

For any t∈N0 and D⊂ P (t), let

φ−1(t,D) := {x∈D : there exists τ ∈N0 such that φ(t+ τ, t, x) = x∗}

denote the set of pre-images of x∗ in D at time t. For any k ∈ {0,1}, i ∈ Ik(t) ∩ Jk(t), and j ∈

{2,3}, let Dj
k,i,i(t) := Dk,i,i(t) ∩

(
∪x∈φ−1(t,Dk,i,i(t))

Ωj(x)
)

denote the set of points in Dk,i,i(t) that

will be cut to Pj by a pre-image of x∗ in Dk,i,i(t). Figures 3a and 3b show the set of pre-images

φ−1(0,D0,1,1(0)) = {x1, x2, x3}, as well as the sets D2
0,1,1(0) and D3

0,1,1(0) that will be cut to P2 and

P3 respectively by these pre-images.

D0;1;1(0)

x¤

x1 x2 x3

(a) φ−1(0,D0,1,1(0)).

D2
0;1;1(0)

x¤

x1 x2 x3

D3
0;1;1(0)

(b) Dj
0,1,1(0) for j = 2,3.

110:90:90:80:80:70:70:60:60:50:50:40:40:30:30:20:20:10:100
00

0:10:1

0:20:2

0:30:3

0:40:4

0:50:5

0:60:6

0:70:7

0:80:8

0:90:9

11

x¤¡1x¤¡1 x¡1(t)x¡1(t)

x¤1x¤1

x
1
(t

)
x

1
(t

)

P1

P3

P2

P0

Converge to (0; 1)

Converge to (1; 0)

(c) Theorems 2, 3, and 4 for x∗−1 6= x∗1.

Figure 3 Illustrations of the set of preimages in D0,1,1(0), Dj
0,1,1(0), j = 2,3, and Theorems 2, 3, and 4 for the

case with x∗−1 6= x∗1.

Theorem 4 provides a complete geometric characterization of the convergence of fictitious play

for the case with x∗−1 6= x∗1. Figure 3c illustrates the results of Theorems 2, 3, and 4 for the case

with x∗−1 6= x∗1.

Theorem 4. Consider any k ∈ {0,1} and i∈ Ik(0)∩Jk(0). Then, the following hold:

(1) If x∈D2
k,i,i(0), then φ(t,0, x)→ (0,1) as t→∞.

(2) If x∈D3
k,i,i(0), then φ(t,0, x)→ (1,0) as t→∞.

(3) If x∈Dk,i,i(0) \ (D2
k,i,i(0)∪D3

k,i,i(0)) and x∗−1 <x
∗
1, then φ(t,0, x)→ (1,0) as t→∞.

(4) If x∈Dk,i,i(0) \ (D2
k,i,i(0)∪D3

k,i,i(0)) and x∗−1 >x
∗
1, then φ(t,0, x)→ (0,1) as t→∞.

Characterization of Convergence for x∗−1 = x∗1.

Theorems 5 and 6 completely characterize how the convergence of φ(t,0, x) depends on the initial

value x∈ P (0) for the case with x∗−1 = x∗1. First, consider the rational case in which x∗−1 = x∗1 ∈ (0,1)

is a rational number. Note that x∗−1 = x∗1 ∈ (0,1) is a rational number if and only if x∗1/(1− x∗1) =

K+p/q for some K ∈N0, p, q ∈N, p/q < 1, and gcd(p, q) = 1, or K ∈N, p= 0, and q= 1. It will be
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shown that the images of initial points in certain small rectangles inside the diagonal cells converge

to x∗, the images of initial points above the small rectangles converge to (0,1), and the images of

initial points below the small rectangles converge to (1,0). See Figure 4a for an example of this

case. For any j ∈Z, let

Qj(t) :=

(
x∗−1 + (j− 1)

δ0
−1(t)

q
, x∗−1 + j

δ0
−1(t)

q

]
×
(
x∗1 + (j− 1)

δ0
1(t)

q
,x∗1 + j

δ0
1(t)

q

]
denote a small rectangle indexed by j. Note that Qj(t) ∩ Qj′(t) = ∅ if j 6= j′. Also note that

Qj(t)⊂ P̂0 iff j ≤ 0, and Qj(t)⊂ P̂1 iff j > 0. Each diagonal cell D0,i,i(t) contains exactly q small

rectangles, and each diagonal cell D1,i,i(t) contains exactly qx∗1/(1−x∗1) =Kq+p small rectangles.

Let Ik,i denote the set of indices of small rectangles that are contained in diagonal cell Dk,i,i(t),

for k ∈ {0,1} and i∈ Ik(t)∩Jk(t), that is,

Ik,i :=

{
{−iq+ 1,−iq+ 2, . . . ,−(i− 1)q} for k= 0,
{(i− 1)(Kq+ p) + 1, (i− 1)(Kq+ p) + 2, . . . , i(Kq+ p)} for k= 1.

Let I(t) :=∪k∈{0,1} ∪i∈Ik(t)∩Jk(t) Ik,i, and let Q(t) :=∪j∈I(t)Qj(t).
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Figure 4 Examples to illustrate Theorems 5 and 6.

Theorem 5. Suppose that x∗−1 = x∗1 and that x∗1/(1 − x∗1) = K + p/q, where K ∈ N0, p, q ∈ N,

p/q < 1, and gcd(p, q) = 1, or K ∈N, p= 0 and q= 1. Then, the following hold:

(1) If x∈D2
k,i,i(0) for some k ∈ {0,1} and i∈ Ik(0)∩Jk(0), then φ(t,0, x)→ (0,1) as t→∞.

(2) If x∈D3
k,i,i(0) for some k ∈ {0,1} and i∈ Ik(0)∩Jk(0), then φ(t,0, x)→ (1,0) as t→∞.

(3) If x ∈Dk,i,i(0) \ (D2
k,i,i(0) ∪D3

k,i,i(0)) for some k ∈ {0,1} and i ∈ Ik(0) ∩ Jk(0), that is, if x ∈

Q(0), then φ(t,0, x)→ x∗ as t→∞.
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Next, consider the irrational case in which x∗−1 = x∗1 ∈ (0,1) is an irrational number, which

is the case iff x∗1/(1 − x∗1) is an irrational number. If x∗−1 = x∗1, the diagonal line at time t

is given by D=(t) :=
{
x∈ P (t) : (x1−x∗1)(M1 + t) = (x−1−x∗−1)(M−1 + t)

}
. Also, let D>(t) :={

x∈ P (t) : (x1−x∗1)(M1 + t)> (x−1−x∗−1)(M−1 + t)
}

denote points above D=(t), and let D<(t) :={
x∈ P (t) : (x1−x∗1)(M1 + t)< (x−1−x∗−1)(M−1 + t)

}
denote points below D=(t).

Theorem 6. Suppose that x∗−1 = x∗1 and x∗1/(1− x∗1) = K + ω, where K ∈ N0 and ω ∈ (0,1) \Q.

Then, the following hold:

(1) If x∈D>(0), then φ(t,0, x)→ (0,1) as t→∞.

(2) If x∈D<(0), then φ(t,0, x)→ (1,0) as t→∞.

(3) If x∈D=(0), then φ(t,0, x)→ x∗ as t→∞.

Proposition 8 summarizes the implication of the previous results for the stabilities of the Nash

equilibria for Case 1.

Proposition 8. (Stability of the Nash equilibria under Case 1) Under fictitious play dynamics,

(0,1) and (1,0) are stable equilibria, but x∗ is an unstable equilibrium.

4.3.2. Cases 2–9 First consider Case 2, that holds under condition βm < β̄m and βm < βm

for m=±1.

Proposition 9. Under Case 2 in Table 1, it holds for all x ∈ P that φ(t,0, x) → (1,1), i.e.,

(A−1(t),A1(t))→ (A1
−1,A

1
1), as t→∞.

For each of Cases 3–9, a similar result holds, i.e., for any initial value x ∈ P , fictitious play

converges to the unique pure-strategy Nash equilibrium under that case.

5. Assortment Competition with General Product Sets and Simple Actions

In this section we consider assortment competition with general product sets and simple actions.

Product set Sm may contain other products in addition to the target product tm and the decoy

product dm. Each seller m makes a choice between including or excluding the decoy dm from the

seller’s assortment. Thus this case holds when sellers consider whether or not to add the decoy

products into their current assortments without redesigning the remainder of their assortments.

Let Cm = {A0
m,A

1
m} denote the action set of seller m, where A1

m = Sm and A0
m = Sm \ {dm}.

5.1. Characterization of Equilibria

For assortment competition with simple actions, a mixed strategy x̄m = (x̄m(A0
m), x̄m(A1

m)) is spec-

ified by xm := x̄m(A1
m). Let

bm :=
∑

i∈Sm\{tm,dm}

vipi
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c :=
∑

i∈(S−1∪S1)\{t−1,d−1,t1,d1}

vi

βm :=
β−mvtmptm

bm +β−mvtmptm

(
αm +

αm− 1

α−mvt−m

+
(αm− 1)c

α−mvt−m

)
+
bm
[
α−mvt−m

− (αm− 1)β−mvtm
]

(bm +β−mvtmptm)α−mvt−m

β̄m :=
vtmptm

bm + vtmptm

(
αm +

αm− 1

vt−m

+
(αm− 1)c

vt−m

)
+
bm
[
vt−m

− (αm− 1)vtm
]

(bm + vtmptm)vt−m

λm :=
α−mvt−m

(β−mvtmptm + bm)(
1 +β−mvtm +α−mvt−m

+ c
) (

1 +αmβ−mvtm +α−mβmvt−m
+ c
)

λ̄m :=
vt−m

(vtmptm + bm)(
1 + vtm + vt−m

+ c
) (

1 +αmvtm +βmvt−m
+ c
)

Γ−m :=
λm (βm−βm)

λ̄m
(
βm− β̄m

)
Note that, unlike the case with simple product sets, it does not necessarily hold that βm < β̄m.

Proposition 10 characterizes the equilibria for the case with general product sets and simple actions.

Proposition 10. For assortment competition with general product sets and simple actions, the

set of equilibria is completely characterized by the 16 cases in Table 2, with x∗m = 1/(1 + Γm).

Case #
Sufficient condition

Nash equilibrium
β−1 v.s. β−1 β̄−1 v.s. β−1 β1 v.s. β1 β̄1 v.s. β1

1 > < > < (x∗−1, x
∗
1),(A1

−1,A
1
1), (A0

−1,A
0
1)

2 < > > < (x∗−1, x
∗
1)

3 > < < > (x∗−1, x
∗
1)

4 < > < > (x∗−1, x
∗
1), (A0

−1,A
1
1), (A1

−1,A
0
1)

5 > > > >
6 > > > < (A1

−1,A
1
1)

7 > < > >

8 > > < >
9 > > < < (A0

−1,A
1
1)

10 < > < <

11 < > > >
12 < < > > (A1

−1,A
0
1)

13 < < < >

14 > < < <
15 < < > < (A0

−1,A
0
1)

16 < < < <

Table 2 Characterization of the Nash equilibria for general product sets and simple actions

Note that not all 16 cases can occur for all values of βm and β̄m. For example, Case 1 can occur

only if βm > β̄m for m=±1, Case 5 can occur for all values of βm and β̄m, and Case 6 can occur

only if β−1 > β̄−1. For each of the four settings (1) βm < β̄m for m=±1, (2) βm > β̄m for m=±1,

(3) β1 < β̄1 and β−1 > β̄−1, and (4) β1 > β̄1 and β−1 < β̄−1, exactly nine cases in Table 2 can occur.



25

Cases in which some of the inequalities in Table 2 are replaced with equalities can be resolved

as explained in Remark 1.

5.2. Cournot Adjustment Process

5.2.1. Cases 1 and 4 The behavior of the Cournot adjustment process under Case 4 in

Table 2 is the same as the behavior described in Theorem 1. For Case 1 in Table 2, the result

of Theorem 1 holds after interchanging (A1
−1,A

0
1) and (A1

−1,A
1
1) and interchanging (A0

−1,A
1
1) and

(A0
−1,A

0
1).

5.2.2. Cases 2 and 3 We first study Case 3 in Table 2, that holds if β̄−1 < β−1 < β−1 and

β1 <β1 < β̄1. Proposition 11 asserts that the Cournot adjustment process cycles.

Proposition 11. Under Case 3 in Table 2, the Cournot adjustment process A(t) cycles as follows:

· · · → (A1
−1,A

1
1)→ (A1

−1,A
0
1)→ (A0

−1,A
0
1)→ (A0

−1,A
1
1)→ (A1

−1,A
1
1)→ · · · .

By a similar argument, the Cournot adjustment process under Case 2 in Table 2 cycles as follows:

· · · → (A1
−1,A

1
1)→ (A0

−1,A
1
1)→ (A0

−1,A
0
1)→ (A1

−1,A
0
1)→ (A1

−1,A
1
1)→ · · · .

5.2.3. Cases 5–16 Under Cases 5–16 in Table 2, each seller’s action in the unique pure-

strategy Nash equilibrium for each case dominates the other action, and as a result the Cournot

adjustment process stays at the equilibrium after the first step.

5.3. Fictitious Play Process

5.3.1. Cases 1 and 4 The dynamics of the fictitious play process under Case 4 in Table 2 is

the same as described in Section 4.3.1. By changing variables y−1 = 1−x1 and y1 = x−1, the analysis

of the dynamics of the fictitious play process under Case 4 applies to Case 1 on the (y−1, y1)-plane

with y∗ = (y∗−1, y
∗
1) as the mixed-strategy equilibrium, where y∗−1 = 1−x∗1 and y∗1 = x∗−1.

5.3.2. Cases 2 and 3 Since the mixed-strategy Nash equilibrium x∗ is the unique Nash

equilibrium for Case 2 or Case 3, it follows from Metrick and Polak (1994) that, for any initial

x∈ P , the fictitious play process converges to x∗ as t→∞.

5.3.3. Cases 5–16 Under Cases 5–16 in Table 2, each seller’s action in the unique pure-

strategy Nash equilibrium for each case dominates the other action, and as a result the fictitious

play process converges to the pure-strategy Nash equilibrium for that case.

6. Assortment Competition with General Product Sets and General Actions

In this section we consider the setting in which each seller has a general product set (Sm may

contain other products in addition to the target and decoy), and each seller chooses which subset

of the product set to offer.
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6.1. Characterization of Equilibria

Let C0
m := {Am ∈Cm : dm /∈Am} denote the set of assortments of seller m excluding the decoy, and

let C1
m := {Am ∈Cm : dm ∈Am} denote the set of assortments of seller m including the decoy. For

any mixed strategy x̄m ∈∆(Cm), let C+
m(x̄m) := {Am ∈Cm : x̄m(Am)> 0} denote the assortments

chosen with positive probability by x̄m. For i ∈ {0,1}, define the restricted pure best response

correspondences PBRim : ∆(C−m) 7→ 2C
i
m as

PBRim(x̄−m) := arg max
Ai

m∈Ci
m

∑
A−m∈C−m

πm(Aim,A−m)x̄−m(A−m),

that is, PBR0
m(x̄−m) (PBR1

m(x̄−m)) is the set of best responses of seller m to assortment distribu-

tion x̄−m among the assortments that exclude (include) the decoy. If x̄−m(A−m) = 1 for some

A−m ∈C−m, then we also write PBRim(A−m) for PBRim(x̄−m).

For any A,A′ ⊂ S, let bm(A) :=
∑

j∈A\{tm,dm} vjpj and c(A,A′) :=
∑

j∈A∪A′\{t1,d1,t−1,d−1} vj. For

any A−m ∈C−m, and for any (arbitrarily) chosen Aim ∈ PBRim(A−m), let

β̄m(A−m) :=
vtmptm

vtmptm + bm(A0
m)

(
αm +

αm− 1

vt−m

+
αmc(A−m,A

0
m)− c(A−m,A1

m)

vt−m

)
+
bm(A1

m)
[
1 + vtm + vt−m

+ c(A−m,A
0
m)
]
− bm(A0

m) [1 +αmvtm + c(A−m,A
1
m)]

vt−m
(vtmptm + bm(A0

m))

βm(A−m) :=
β−mvtmptm

β−mvtmptm + bm(A0
m)

(
αm +

αm− 1

α−mvt−m

+
αmc(A−m,A

0
m)− c(A−m,A1

m)

α−mvt−m

)
+
bm(A1

m)
[
1 +β−mvtm +α−mvt−m

+ c(A−m,A
0
m)
]
− bm(A0

m) [1 +αmβ−mvtm + c(A−m,A
1
m)]

α−mvt−m
(β−mvtmptm + bm(A0

m))
.

Proposition 12 shows that for each seller m a best response to the competitor’s assortment

contains a decoy iff seller m’s inter-decoy factor βm is small relative to a threshold.

Proposition 12. The following holds:

(1) For any A0
−m ∈ C0

−m and any A0
m ∈ PBR0

m(A0
−m), it holds that A0

m ∈ PBRm(A0
−m) iff βm ≥

β̄m(A0
−m). That is, a no-decoy best response for seller m to A0

−m ∈ C0
−m is an overall best

response iff seller m’s inter-decoy factor βm is greater than threshold β̄m(A0
−m).

(2) For any A1
−m ∈ C1

−m and any A1
m ∈ PBR1

m(A1
−m), it holds that A1

m ∈ PBRm(A1
−m) iff βm ≤

βm(A1
−m). That is, a decoy best response for seller m to A1

−m ∈C1
−m is an overall best response

iff seller m’s inter-decoy factor βm is less than threshold βm(A1
−m).

(3) For any A0
−m ∈ C0

−m and any A1
m ∈ PBR1

−m(A0
−m), it holds that A1

m ∈ PBR−m(A0
−m) iff βm ≤

β̄m(A0
−m). That is, a decoy best response for seller m to A0

−m ∈C0
−m is an overall best response

iff seller m’s inter-decoy factor βm is less than threshold β̄m(A0
−m).

(4) For any A1
−m ∈ C1

−m and any A0
m ∈ PBR0

m(A1
−m), it holds that A0

m ∈ PBRm(A1
−m) iff βm ≥

βm(A1
−m). That is, a no-decoy best response for seller m to A1

−m ∈ C1
−m is an overall best

response iff seller m’s inter-decoy factor βm is greater than threshold βm(A1
−m).
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For i∈ {0,1}, and any x̄−m ∈∆(C−m), define the restricted mixed best response correspondences

BRim : ∆(C−m) 7→ 2∆(Ci
m) as

BRim(x̄−m) := arg max

{∑
(A−1,A1)∈C πm(Am,A−m)x̄−m(A−m)x̄m(Am)

s.t. x̄m ∈∆(Cm),
∑

Ai
m∈Ci

m
x̄m(Aim) = 1

}
,

that is, BR0
m(x̄−m) (BR1

m(x̄−m)) is the set of best responses of seller m to assortment distribu-

tion x̄−m among the assortment distributions that exclude (include) the decoy w.p.1. Also, define

the restricted mixed best response correspondences BR2
m : ∆(C−m) 7→ 2∆(Cm) as

BR2
m(x̄−m) := arg max

{ ∑
(A−1,A1)∈C πm(Am,A−m)x̄−m(A−m)x̄m(Am)

s.t. x̄m ∈∆(Cm),
∑

Ai
m∈Ci

m
x̄m(Aim)> 0, i= 0,1

}
,

that is, BR2
m(x̄−m) is the set of best responses of seller m to assortment distribution x̄−m among

the assortment distributions that both exclude and include the decoy with positive probability.

For any x̄−m ∈∆(C−m) and A−m ∈C+
−m(x̄−m), and any Aim ∈ PBRim(x̄−m), let

β̄m(A−m,A
0
m,A

1
m) :=

vtmptm
vtmptm + bm(A0

m)

(
αm +

αm− 1

vt−m

+
αmc(A−m,A

0
m)− c(A−m,A1

m)

vt−m

)
+
bm(A1

m)
[
1 + vtm + vt−m

+ c(A−m,A
0
m)
]
− bm(A0

m) [1 +αmvtm + c(A−m,A
1
m)]

vt−m
(vtmptm + bm(A0

m))

βm(A−m,A
0
m,A

1
m) :=

β−mvtmptm
β−mvtmptm + bm(A0

m)

(
αm +

αm− 1

α−mvt−m

+
αmc(A−m,A

0
m)− c(A−m,A1

m)

α−mvt−m

)
+
bm(A1

m)
[
1 +β−mvtm +α−mvt−m

+ c(A−m,A
0
m)
]

α−mvt−m
(β−mvtmptm + bm(A0

m))

−bm(A0
m) [1 +αmβ−mvtm + c(A−m,A

1
m)]

α−mvt−m
(β−mvtmptm + bm(A0

m))

λ̄m(A−m,A
0
m,A

1
m) :=

vt−m
(vtmptm + bm(A0

m))(
1 + vtm + vt−m

+ c(A−m,A0
m)
) (

1 +αmvtm +βmvt−m
+ c(A−m,A1

m)
)

λm(A−m,A
0
m,A

1
m) :=

α−mvt−m
(β−mvtmptm + bm(A0

m))(
1 +β−mvtm +α−mvt−m

+ c(A−m,A0
m)
) (

1 +αmβ−mvtm +α−mβmvt−m
+ c(A−m,A1

m)
)

βm(x̄−m) :=

∑
A−m∈C0

−m
λ̄m(A−m,A

0
m,A

1
m)β̄m(A−m,A

0
m,A

1
m)x̄−m(A−m)∑

A−m∈C0
−m

λ̄m(A−m,A0
m,A

1
m)x̄−m(A−m) +

∑
A−m∈C1

−m
λm(A−m,A0

m,A
1
m)x̄−m(A−m)

+

∑
A−m∈C1

−m
λm(A−m,A

0
m,A

1
m)βm(A−m,A

0
m,A

1
m)x̄−m(A−m)∑

A−m∈C0
−m

λ̄m(A−m,A0
m,A

1
m)x̄−m(A−m) +

∑
A−m∈C1

−m
λm(A−m,A0

m,A
1
m)x̄−m(A−m)

.

Proposition 13 shows that for each seller m there is a best response strategy that always contains

a decoy iff seller m’s inter-decoy factor βm is small relative to a threshold. In addition, there is

a best response strategy that both contains a decoy and does not contain a decoy with positive

probabilities iff seller m’s inter-decoy factor βm is equal to a threshold.
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Proposition 13. The following holds:

(1) For any x̄−m ∈ ∆(C−m) and any x̄0
m ∈ BR0

m(x̄−m), it holds that x̄0
m ∈ BRm(x̄−m) iff βm ≥

βm(x̄0
−m). That is, a no-decoy best response for seller m to x̄−m is an overall best response iff

seller m’s inter-decoy factor βm is greater than threshold βm(x̄−m).

(2) For any x̄−m ∈ ∆(C−m) and any x̄1
m ∈ BR1

m(x̄−m), it holds that x̄1
m ∈ BRm(x̄−m) iff βm ≤

βm(x̄−m). That is, a decoy best response for seller m to x̄−m is an overall best response iff

seller m’s inter-decoy factor βm is less than threshold βm(x̄−m).

(3) For any x̄−m ∈ ∆(C−m) and any x̄2
m ∈ BR2

m(x̄−m), it holds that x̄2
m ∈ BRm(x̄−m). Also,

BR2
m(x̄−m) 6=∅ iff βm = βm(x̄−m). That is, a mixed decoy/no-decoy best response for seller m to

x̄−m is an overall best response, and a mixed decoy/no-decoy best response exists iff seller m’s

inter-decoy factor βm is equal to the threshold βm(x̄−m).

6.2. Fictitious Play that Cycles

As we showed, the dynamic behavior of fictitious play with simple product sets and simple actions

or general product sets and simple actions can be completely characterized with quite simple

geometry. The dynamic behavior of fictitious play with general product sets and general actions is

qualitatively more complicated, and does not allow a characterization as simple as that with two

actions. Here we illustrate this point by example. We show that fictitious play for a duopoly in which

each seller chooses among three assortments can cycle without convergence to any equilibrium.

The example was constructed to satisfy the sufficient conditions specified in Shapley (1964, p.25)

for fictitious play to cycle without convergence to any Nash equilibrium.

Seller -1 has product set S−1 = {1,2, . . . ,5} and seller 1 has product set S1 = {6,7, . . . ,10}, where

products 1 and 2 are respectively the target and decoy products of seller -1, and products 6 and 7

are respectively the target and decoy products of seller 1. Table 3 gives the attractiveness parameter

vi of each product i. Note that v1 > v2 and v6 > v7, consistent with the idea that each seller’s target

dominates the seller’s decoy in terms of attractiveness to buyers.

Table 3 The attractiveness parameter vi of each product i.

Product # i 1 2 3 4 5 6 7 8 9 10

Attractiveness vi 12 1.2 4.2 ×105 10−3 10−3 12 6.8 1.6 ×105 3.7 ×103 3.2×105

The decoy factors are α−1 = 18, α1 = 1.5×103, β−1 = 660 and β1 = 820. Each seller chooses among

three assortments to offer. Specifically, the sellers’ action sets are C−1 = {{1,2,4},{1,5},{1,3}}

and C1 = {{6,9},{6,7,10},{6,8}}. Table 4 gives the profit margins pi (i.e., the unit prices minus

unit costs) of each product i.
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Table 4 The profit margin pi of each product i.

Product # i 1 2 3 4 5 6 7 8 9 10

Profit margin pi 1.8 ×105 2.1×105 570 8×104 1.5×105 350 570 370 400 400

The resulting objective functions πm(Am,A−m) of the two sellers are given in Table 5.

The unique equilibrium is the mixed-strategy equilibrium x̄∗−1 = (0.520,0.411,0.069) and x̄∗1 =

(0.057,0.132,0.811).

Table 5 The objective functions πm(Am,A−m) of the two sellers.

seller 1
{6, 9} {6, 7, 10} {6, 8}

seller -1
{1,2,4} 3285, 359.1 2576, 346.2 231.2, 368.6
{1,5} 579.9, 398.4 5092, 386.1 13.50, 369.9
{1,3} 570.1, 3.503 2619, 175.0 416.5, 102.1

The initial conditions are x−1(0) = (1,0,0), x1(0) = (1,0,0), M−1 = 5, and M1 = 3. Figure 5a

shows the trajectory of empirical probabilities of seller −1 choosing assortments {1,2,4} and {1,5},

and Figure 5b shows the trajectory of empirical probabilities of seller 1 choosing assortments {6,9}

and {6,7,10}, for t = 0,1, . . . ,107. The trajectories quickly converge to triangular limit cycles.

Figure 5a also shows the regions (with dotted boundaries) in which each of the assortments of

seller 1 is preferred by that seller, and Figure 5b shows similar preference regions for seller −1.

The unique (mixed-strategy) equilibrium corresponds to the intersection points of the three regions

for each seller. Also note that when the trajectory of one seller’s empirical probabilities crosses a

boundary between two regions, then the chosen assortment of the other seller changes, and thus

the trajectory of the other seller’s empirical probabilities changes direction. For example, when

the trajectory of seller −1 crosses the boundary at the blue dot in Figure 5a, then the chosen

assortment of seller 1 changes from {6,9} to {6,8}, and thus the trajectory of seller 1 changes at

the blue dot in Figure 5b from moving in the direction of (1,0) to moving in the direction of (0,0).

7. Conclusion

The decoy effect has been observed in a variety of choice settings, both experimental settings as

well as real-life choice settings. We proposed a modified attraction choice model that is simple and

that captures the decoy effect. We also studied assortment competition between two sellers who

take the decoy effect into account. It was found that every type of pure-strategy Nash equilibrium

— with neither seller offering a decoy, with one seller offering a decoy, and with both sellers offering

a decoy — can occur in such a duopoly, and we characterized the conditions under which each type

of equilibrium occurs. In short, it was found that if the effect of a seller’s decoy on the attractiveness
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Figure 5 A trajectory of the fictitious play process for two sellers with three actions each.

of the other seller’s target (the inter-decoy effect) is small relative to the effect of the seller’s decoy

on the attractiveness of the seller’s own target (the intra-decoy effect), then the seller chooses to

offer the decoy.

We also studied the stability of the Nash equilibria under learning dynamics, to obtain a sense of

whether the equilibria provide a potentially trustworthy forecast of the outcome of the competition.

This is especially interesting and relevant in the settings with multiple pure-strategy Nash equilibria

and a mixed-strategy Nash equilibrium. This type of investigation is not very common in the supply

chain literature, but we think that questions and study of equilibrium stability should be more

standard. In short, it was found that all pure-strategy Nash equilibria can provide reliable forecasts

of the outcome of the competition in the sense that they have large domains of attraction. In

contrast, mixed-strategy Nash equilibria have negligible domains of attraction, except for a special

case, and thus we conclude that mixed-strategy Nash equilibria do not provide reliable forecasts

of the outcome of the competition. Our results also provide a simple geometric characterization

of the dynamics of fictitious play for general 2 × 2 games that is more complete than previous

characterizations. The dynamics of fictitious play for more general games, including 3× 3 games,

has been shown to be qualitatively more complicated, and remains to be studied further.
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Ulu, C., D. Honhon, A. Alptekinoǧlu. 2012. Learning consumer tastes through dynamic assortments. Oper-

ations Research 60(4) 833–849.

Van Strien, S., C. Sparrow. 2011. Fictitious play in 3×3 games: Chaos and dithering behaviour. Games and

Economic Behavior 73(1) 262–286.



e-companion to Kleywegt and Wang: Product Assortment Competition with the Decoy Effect ec1

Proofs and Supplementary Material
In this electronic companion, we provide proofs for the results that characterize Nash Equilibira

and that characterize the dynamics of the Cournot adjustment and fictitious play processes. We

also provide supporting material, including Lemmas and additional explanations.

EC.1. Assortment Competition with Simple Product Sets

EC.1.1. Proofs for the Characterization of Equilibria

Proof of Proposition 1: Consider the following four cases.

(1) (A0
−1,A

0
1) is a pure-strategy Nash equilibrium iff, for m=±1,

πm(A0
m,A

0
−m) ≥ πm(A1

m,A
0
−m)

⇔ vtmptm
1 + vtm + vt−m

≥ αmvtmptm
1 +αmvtm +βmvt−m

⇔ βm ≥ αm +
αm− 1

vt−m

= β̄m .

(2) (A1
−1,A

1
1) is a pure-strategy Nash equilibrium iff, for m=±1,

πm(A1
m,A

1
−m) ≥ πm(A0

m,A
1
−m)

⇔ αmβ−mvtmptm
1 +αmβ−mvtm +α−mβmvt−m

≥ β−mvtmptm
1 +β−mvtm +α−mvt−m

⇔ βm ≤ αm +
αm− 1

α−mvt−m

= βm .

(3) (A0
−1,A

1
1) is a pure-strategy Nash equilibrium iff

π−1(A0
−1,A

1
1) ≥ π−1(A1

−1,A
1
1)

⇔
β1vt−1

pt−1

1 +β1vt−1
+α1vt1

≥
α−1β1vt−1

pt−1

1 +α−1β1vt−1
+α1β−1vt1

⇔ 1 +α−1β1vt−1
+α1β−1vt1 ≥ α−1(1 +β1vt−1

+α1vt1)

⇔ 1 +α1β−1vt1 ≥ α−1(1 +α1vt1)

⇔ β−1 ≥ α−1 +
α−1− 1

α1vt1
= β−1

and

π1(A1
1,A

0
−1) ≥ π1(A0

1,A
0
−1)

⇔ α1vt1pt1
1 +β1vt−1

+α1vt1
≥ vt1pt1

1 + vt−1
+ vt1

⇔ α1(1 + vt−1
+ vt1) ≥ 1 +β1vt−1

+α1vt1

⇔ α1(1 + vt−1
) ≥ 1 +β1vt−1

⇔ β1 ≤ α1 +
α1− 1

vt−1

= β̄1 .
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(4) Case (4) follows from Case (3) by interchanging -1 and 1. Q.E.D.

Proof of Proposition 2: The best response problem of seller m in response to x−m is

max
xm∈[0,1]

{
xm
[
x−mπm(A1

m,A
1
−m) + (1−x−m)πm(A1

m,A
0
−m)

]
+(1−xm)

[
x−mπm(A0

m,A
1
−m) + (1−x−m)πm(A0

m,A
0
−m)

]}
.

A necessary and sufficient condition for (x∗−1, x
∗
1) ∈ (0,1)2 to be a mixed-strategy Nash equi-

librium is that the objective function of each seller m is invariant in xm given x∗−m, and thus

x∗−mπm(A1
m,A

1
−m) + (1− x∗−m)πm(A1

m,A
0
−m) = x∗−mπm(A0

m,A
1
−m) + (1− x∗−m)πm(A0

m,A
0
−m). It fol-

lows that

x∗−m =
πm(A0

m,A
0
−m)−πm(A1

m,A
0
−m)

πm(A1
m,A

1
−m)−πm(A1

m,A
0
−m)−πm(A0

m,A
1
−m) +πm(A0

m,A
0
−m)

=
1

1 + Γ−m

where

Γ−m :=
πm(A1

m,A
1
−m)−πm(A0

m,A
1
−m)

πm(A0
m,A

0
−m)−πm(A1

m,A
0
−m)

=

αmβ−mvtmptm
1+αmβ−mvtm+α−mβmvt−m

− β−mvtmptm
1+β−mvtm+α−mvt−m

vtmptm
1+vtm+vt−m

− αmvtmptm
1+αmvtm+βmvt−m

=
β−mα−m(1 + vtm + vt−m

)(1 +αmvtm +βmvt−m
)(βm−βm)

(1 +αmβ−mvtm +α−mβmvt−m
)(1 +β−mvtm +α−mvt−m

)(βm− β̄m)
.

Note that if βm <βm < β̄m then Γ−m ∈ (0,∞). Q.E.D.

EC.1.2. Proofs for the Cournot Adjustment Process

EC.1.2.1. Case 1

Recall from Table 1 that Case 1 holds under condition

βm < βm < β̄m, m=±1. (EC.1)

We first state Lemma EC.1 that will be used to prove Theorem 1 and Proposition 3.

Lemma EC.1. Condition (EC.1) holds if and only if

πm(A1
m,A

0
−m) > πm(A0

m,A
0
−m) and πm(A0

m,A
1
−m) > πm(A1

m,A
1
−m), m=±1.

Proof : Note that

πm(A1
m,A

0
−m) > πm(A0

m,A
0
−m)

⇔ αmvtmptm
1 +αmvtm +βmvt−m

>
vtmptm

1 + vtm + vt−m

⇔ βm < β̄m,
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πm(A0
m,A

1
−m) > πm(A1

m,A
1
−m)

⇔ β−mvtmptm
1 +β−mvtm +α−mvt−m

>
αmβ−mvtmptm

1 +αmβ−mvtm +α−mβmvt−m

⇔ βm < βm.

Q.E.D.

Proof of Theorem 1:

(1) For any t ∈ N0 and m = ±1, if A(t) = (A0
−m,A

1
m), i.e., A−m(t) = A0

−m and Am(t) = A1
m,

it follows from Lemma EC.1 that πm(A1
m,A

0
−m) > πm(A0

m,A
0
−m) and that π−m(A0

−m,A
1
m) >

π−m(A1
−m,A

1
m). Thus it follows from (6) that A−m(t+ 1) = A0

−m and Am(t+ 1) = A1
m, which

implies that (A0
−m,A

1
m) is a steady state.

(2) For any t∈N0, it follows from Lemma EC.1 that, if A(t) = (A1
−1,A

1
1), then A(t+1) = (A0

−1,A
0
1),

and if A(t) = (A0
−1,A

0
1), then A(t+ 1) = (A1

−1,A
1
1). Thus, if A(0) = (A1

−1,A
1
1),

A(t) =

{
(A1
−1,A

1
1) if t≥ 1 and t is even,

(A0
−1,A

0
1) if t≥ 1 and t is odd.

and if A(0) = (A0
1,A

0
−1), it follows

A(t) =

{
(A0
−1,A

0
1) if t≥ 1 and t is even,

(A1
−1,A

1
1) if t≥ 1 and t is odd.

Q.E.D.

Proof of Proposition 3: It follows from Lemma EC.1 that

1

2
πm(A1

m,A
1
−m) <

1

2
πm(A0

m,A
1
−m) and

1

2
πm(A0

m,A
0
−m) <

1

2
πm(A1

m,A
0
−m).

Thus, condition (3) fails to hold and the limit empirical joint distribution x̄∗(A1
−1,A

1
1) = 1/2 and

x̄∗(A0
−1,A

0
1) = 1/2 is not a correlated equilibrium. Since 0.5πm(A1

m,A
1
−m) + 0.5πm(A0

m,A
0
−m) <

0.5πm(A1
m,A

1
−m) + 0.5πm(A1

m,A
0
−m), condition (4) fails to hold and the limit empirical joint distri-

bution x̄∗(A1
−1,A

1
1) = 1/2 and x̄∗(A0

−1,A
0
1) = 1/2 is not a coarse correlated equilibrium. Q.E.D.

EC.1.2.2. Case 2

Under Case 2, it holds that

βm < β̄m and βm < βm, m=±1. (EC.2)

Lemma EC.2. Suppose that (EC.2) holds. Then, A1
m dominates A0

m for m=±1.

Proof : Note that, for m=±1

πm(A1
m,A

1
−m) > πm(A0

m,A
1
−m)

⇔ αmβ−mvtmptm
1 +αmβ−mvtm +α−mβmvt−m

>
β−mvtmptm

1 +β−mvtm +α−mvt−m

⇔ βm < βm,
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and

πm(A1
m,A

0
−m) > πm(A0

m,A
0
−m)

⇔ αmvtmptm
1 +αmvtm +βmvt−m

>
vtmptm

1 + vtm + vt−m

⇔ βm < β̄m.

This shows that A1
m dominates A0

m for m=±1. Q.E.D.

Proof of Proposition 4: The result follows from Lemma EC.2. Q.E.D.

EC.1.3. Continuous-time Fictitious Play under Case 1

Before investigating the more complicated discrete-time fictitious play process (9), we consider its

simpler continuous-time analogue. Similar to (7) and (9), let x(t) := (x−1(t), x1(t)) denote the state

at time t∈R+ with specified initial condition x(0), and let the dynamics be given by

ẋm(t) = 1[x−m(t)≤x∗−m]−xm(t), m=±1. (EC.3)

The resulting trajectory x(t) is given by

x(t) =


(1− e−t[1−x−1(0)],1− e−t[1−x1(0)]) for x(0)∈ P0, t∈

[
0,minm=±1

{
ln
(

1−xm(0)

1−x∗m

)}]
(e−tx−1(0), e−tx1(0)) for x(0)∈ P1, t∈

[
0,minm=±1

{
ln
(
xm(0)

x∗m

)}]
(e−tx−1(0),1− e−t[1−x1(0)]) for x(0)∈ P2, t≥ 0,
(1− e−t[1−x−1(0)], e−tx1(0)) for x(0)∈ P3, t≥ 0.

(EC.4)

Trajectories x(t) starting from various initial points x(0) are shown in Figure EC.1a for

x∗−1 6= x∗1 and in Figure EC.1b for x∗−1 = x∗1. Note that if x(0) ∈ P0, then x(t) reaches

the boundary of P0 at t0 := minm=±1 {ln ([1−xm(0)]/[1−x∗m])}. If ln
(
[1−x−1(0)]/[1−x∗−1]

)
<

ln ([1−x1(0)]/[1−x∗1]), then x−1(t0) = x∗−1, and at time t0 the trajectory enters P3, and

thus x(t) =
(
1− e−(t−t0)[1−x−1(t0)], e−(t−t0)x1(t0)

)
for t > t0. Similarly, if x(0) ∈ P0 and

ln
(
[1−x−1(0)]/[1−x∗−1]

)
> ln ([1−x1(0)]/[1−x∗1]), then x1(t0) = x∗1, and at time t0 the trajectory

enters P2, and thus x(t) =
(
e−(t−t0)x−1(t0),1− e−(t−t0)[1−x1(t0)]

)
for t > t0. However, if x(0) ∈

P0 and ln
(
[1−x−1(0)]/[1−x∗−1]

)
= ln([1−x1(0)]/[1−x∗1]), then (EC.3) allows three solutions:

x(t) =
(
1− e−(t−t0)[1−x−1(t0)], e−(t−t0)x1(t0)

)
, or x(t) =

(
e−(t−t0)x−1(t0),1− e−(t−t0)[1−x1(t0)]

)
,

or x(t) = x∗ for t > t0. Similar comments apply to the case with x(0)∈ P1. Note that (A0
−1,A

1
1) and

(A1
−1,A

0
1) are both attracting equilibria, each with an easily identified domain of attraction, whereas

x∗ is an unstable equilibrium. The solution given in (EC.4) for continuous-time fictitious play can

be regarded as a simplified approximation of the trajectories of the (discrete-time) fictitious play

process; the discrepancies being caused by the discrete steps taken in the latter process.
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1

10

P1

P3

P2

P0

x
1
(0

)

x¡1(0)x¤¡1

x¤1

(a) x∗1 6= x∗−1

1

10

P1

P3

P2

P0

x
1
(0

)

x¡1(0)x¤¡1

x¤1

(b) x∗1 = x∗−1

Figure EC.1 Trajectories of the continuous-time fictitious play process starting from various initial points x(0).

EC.1.4. Proofs and Additional Results for Discrete-time Fictitious Play under Case 1

EC.1.4.1. Proof of Convergence from P2 and P3

Proof of Theorem 2: Consider any x∈ P2 and t∈N0. It follows from Lemma 1 that φ(t+τ, t, x)∈
P2 for all τ ∈N0. Thus, it follows from (10) that

φm(t+ τ, t, x) =
(Mm + t)xm(t) +

∑τ

i=1 1[Am(t+i)=A1
m]

Mm + t+ τ
=

{
(Mm+t)xm(t)

Mm+t+τ
if m=−1,

(Mm+t)xm(t)+τ

Mm+t+τ
if m= 1,

for all τ ∈N0, and thus φ−1(t+ τ, t, x)→ 0 and φ1(t+ τ, t, x)→ 1 as τ →∞, that is, φ(t+ τ, t, x)→
(0,1) as τ →∞.

Consider any x ∈ P3 and t ∈ N0. It follows from Lemma 1 that φ(t+ τ, t, x) ∈ P3 for all τ ∈ N0.

Thus it follows from (10) that

φm(t+ τ, t, x) =

{
(Mm+t)xm(t)+τ

Mm+t+τ
if m=−1,

(Mm+t)xm(t)

Mm+t+τ
if m= 1,

for all τ ∈N0, and hence φ(t+ τ, t, x)→ (1,0) as τ →∞. Q.E.D.

EC.1.4.2. Properties of an Increasing Separable Affine Mapping

The following properties of an increasing separable affine mapping will be important. For any

D⊂Rn, let D̄ denote the closure of D in Rn, and let ∂D denote the boundary of D in Rn.

Lemma EC.3. Consider any increasing separable affine mapping f :Rn 7→Rn. Then, the following

properties hold:
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(1) There exists ` ∈ (0,∞)n such that fm(x) − fm(y) = `m(xm − ym) for all x, y ∈ Rn and m ∈
{1, . . . , n}.

(2) For any D⊂Rn, f :D 7→ f(D) := {f(x) : x∈D} is a bijection, and f :Rn 7→Rn is a bijection.

(3) For any D ⊂ Rn, it holds that E ⊂ D if and only if f(E) ⊂ f(D), E ⊂ ∂D if and only if

f(E)⊂ ∂(f(D)), and E ∩D=∅ if and only if f(E)∩ f(D) =∅.

(4) For any D⊂Rn it holds that f(conv(D)) = conv(f(D)).

Proof: Since f is an increasing separable affine mapping, there exists `m > 0 and am ∈ R such

that fm(x) = `mxm + am for all x ∈ Rn and m ∈ {1,2, . . . , n}. Let `max := maxm∈{1,2,...,n} `m and

`min := minm∈{1,2,...,n} `m.

(1) For any x, y ∈Rn and m∈ {1,2, . . . , n}, it holds that fm(x)− fm(y) = `m(xm− ym) for all m.

(2) By the definition of f(D), f :D 7→ f(D) is a surjection. Consider any y ∈ Rn. Choose x ∈ Rn

such that xm = (ym−am)/`m for all m, and note that f(x) = y. Thus f :Rn 7→Rn is a surjection.

Consider any x1, x2 ∈ D. Note that f(x1) = f(x2) implies that `mx
1
m = `mx

2
m for all m, and

thus, x1 = x2. Hence f is a bijection.

(3) It follows from f : Rn 7→ Rn being a bijection that E ⊂ D if and only if f(E) ⊂ f(D) and

E ∩D=∅ if and only if f(E)∩ f(D) =∅.

Suppose that E ⊂ ∂D. Choose any y ∈ f(E) and any neighborhood B(y, ε) := {y′ ∈ Rn :

‖y′ − y‖∞ < ε}, where ε > 0. There exists x ∈E such that f(x) = y. Since x ∈E ⊂ ∂D, there

exists x1, x2 ∈B(x, ε/`max) such that x1 ∈D and x2 /∈D. For i ∈ {1,2}, it holds that ‖f(xi)−
y‖∞ = ‖f(xi) − f(x)‖∞ ≤ `max‖xi − x‖∞ < ε. Thus, f(xi) ∈ B(y, ε) for i ∈ {1,2}. Note that

f(x1) ∈ f(D) but f(x2) /∈ f(D), since f : Rn 7→ Rn is a bijection by Lemma EC.3(2). Thus,

y ∈ ∂(f(D)), and hence f(E)⊂ ∂(f(D)).

Suppose that f(E)⊂ ∂(f(D)). Choose any x∈E and any neighborhood B(x, ε). Since f(x)∈
f(E)⊂ ∂(f(D)), there exists y1, y2 ∈B(f(x), ε`min) such that y1 ∈ f(D) and y2 /∈ f(D). Since

f is a bijection, there exists x1 ∈D and x2 /∈D such that f(xi) = yi for i∈ {1,2}. For i∈ {1,2},
it holds that ‖xi−x‖∞ ≤ ‖f(xi)−f(x)‖∞/`min = ‖yi−f(x)‖∞/`min < ε. Thus, x1, x2 ∈B(x, ε).

Thus, x∈ ∂(D), and hence E ⊂ ∂D.

(4) Result (4) holds for any affine mapping f . Q.E.D.

We will be interested in cases in which D is a rectangle of the form
∏n

m=1[x1
m, x

2
m] or∏n

m=1(x1
m, x

2
m], or the boundaries or vertices of such a rectangle. The following results will be useful.

Lemma EC.4. Consider any increasing separable affine mapping f : Rn 7→ Rn, x1, x2 ∈ Rn such

that x1 ≤ x2, and D :=
∏n

m=1[x1
m, x

2
m]⊂Rn. Then, f(D) =

∏n

m=1[fm(x1), fm(x2)].

Proof: Let f be given by fm(x) = `mxm + am, where `m > 0. Note that, for any m ∈
{1,2, . . . , n}, x1

m ≤ x2
m if and only if fm(x1) ≤ fm(x2). First consider any x ∈ D. Then xm ∈
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[x1
m, x

2
m], and thus fm(x) = `mxm+am ∈ [`mx

1
m+am, `mx

2
m+am] = [fm(x1), fm(x2)]. Hence, f(D)⊂∏n

m=1[fm(x1), fm(x2)]. Next consider any y ∈
∏n

m=1[fm(x1), fm(x2)]. Then ym ∈ [fm(x1), fm(x2)] =

[`mx
1
m + am, `mx

2
m + am], and thus xm := (ym − am)/`m ∈ [x1

m, x
2
m]. Note that x := (x1, . . . , xn) ∈

D and f(x) = y, and thus y ∈ f(D). Hence,
∏n

m=1[fm(x1), fm(x2)] ⊂ f(D). Therefore, f(D) =∏n

m=1[fm(x1), fm(x2)]. Q.E.D.

Lemma EC.4 has several useful implications that we point out next.

Remark EC.1. Let D := [x1
−1, x

2
−1]× [x1

1, x
2
1] where x1 <x2, and let E := (x1

−1, x
2
−1]× (x1

1, x
2
1].

(1) f(D) = [f−1(x1), f−1(x2)]× [f1(x1), f1(x2)] and f(x1)< f(x2).

(2) f maps a boundary of D to the corresponding boundary of f(D). For example, f({xi−1} ×

[x1
1, x

2
1]) = {f−1(xi)} × [f1(x1), f1(x2)] and f([x1

−1, x
2
−1] × {xi1}) = [f−1(x1), f−1(x2)] × {f1(xi)}

for i∈ {1,2}.

(3) f maps a vertex of D into the corresponding vertex of f(D). For example, f((xi−1, x
j
1)) =

(f−1(xi), f1(xj)) for i, j ∈ {1,2}.

(4) It follows that if the left/right/upper/lower edge of a rectangle is included/excluded in/from

the rectangle, then the left/right/upper/lower edge of the image of the rectangle is in-

cluded/excluded in/from the image of the rectangle. For example, f(E) = (f−1(x1), f−1(x2)]×

(f1(x1), f1(x2)].

EC.1.4.3. One-step Analysis

Proof of Lemma 2: Because φ(t+ 1, t, ·) : P̂k 7→ φ(t+ 1, t, P̂k), where k ∈ {0,1}, and φ(t+ 1, t, ·) :

Pk 7→ φ(t+ 1, t,Pk), where k ∈ {2,3}, are increasing separable affine mappings, the result follows

from Remark EC.1. Q.E.D.

Proof of Proposition 5: Consider k= 0. Consider any

x = (x−1, x1) ∈ D0,i,j(t) := (x∗−1−jδ0
−1(t), x∗−1−(j−1)δ0

−1(t)]×(x∗1− iδ0
1(t), x∗1−(i−1)δ0

1(t)].

Let i1 := i and i−1 := j. It follows from (10) that

φm(t+ 1, t, x) =
(Mm + t)xm + 1

Mm + t+ 1
∈ Mm + t

Mm + t+ 1

(
x∗m− imδ0

m(t), x∗m− (im− 1)δ0
m(t))

]
+

1

Mm + t+ 1

= (x∗m− (im− 1)δ0
m(t+ 1), x∗m− (im− 2)δ0

m(t+ 1)],

for m=±1, and thus φ(t+ 1,D0,i,j(t))⊂D0,i−1,j−1(t+ 1).

Next we show that D0,i−1,j−1(t+ 1)⊂ φ(t+ 1,D0,i,j(t)). Consider any x̃ ∈D0,i−1,j−1(t+ 1), that

is,

x̃m ∈
(
x∗m− (im− 1)δ0

m(t+ 1), x∗m− (im− 2)δ0
m(t+ 1)

]
, m=±1.
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Then consider x= (x−1, x1), where

xm =
(Mm + t+ 1)x̃m− 1

Mm + t

for m=±1. It is easy to verify that φ(t+ 1, t, x) = x̃. Next we show that x∈D0,i,j(t). Note that

xm =
(Mm + t+ 1)x̃m− 1

Mm + t
∈ Mm + t+ 1

Mm + t

(
x∗m− (im− 1)δ0

m(t+ 1), x∗m− (im− 2)δ0
m(t+ 1)

]
− 1

Mm + t

=
(
x∗m− imδ0

m(t), x∗m− (im− 1)δ0
m(t)

]
.

Thus, x ∈D0,i,j(t). Hence, D0,i−1,j−1(t+ 1) = φ(t+ 1, t,D0,i,j(t)). A similar argument can be used

for the case k= 1. Q.E.D.

EC.1.4.4. Multi-step Analysis

Proof of Lemma 3: Let f := f t+τt+1 . Since D walks to D̃, f is an increasing separable affine mapping

such that D̃= f(D). For any E ⊂D, it holds that f(E)⊂ f(D) and that E walks to f(E). Q.E.D.

Recall from Lemma 1 that if x(t)≤ x∗ (and thus x(t)∈ P̂0), then x(t+1)>x(t), and thus x(t+τ)

is increasing in τ until xm(t+ τ)>x∗m for some m∈ {−1,1} and some τ ∈N0. Similarly, if x(t)>x∗

(and thus x(t)∈ P̂1), then x(t+ 1)<x(t), and thus x(t+ τ) is decreasing in τ until xm(t+ τ)≤ x∗m
for some m ∈ {−1,1} and some τ ∈ N0. Given x(t) ∈ P̂0 (x(t) ∈ P̂1), we are interested in the first

time t+ τ such that x(t+ τ) 6∈ P̂0 (x(t+ τ) 6∈ P̂1). For any t∈N0 and x∈ P̂0 ∪ P̂1, let

Tm(t, x) :=

{
inf {τ ≥ 1 : φm(t+ τ, t, x)>x∗m} if x∈ P̂0

inf {τ ≥ 1 : φm(t+ τ, t, x)≤ x∗m} if x∈ P̂1

and let T (t, x) := min{T−1(t, x), T1(t, x)} denote the first time at which x(t+ τ) leaves the region

of x(t). Lemma EC.5 relates the time T (t, x) with the cell where x(t) resides.

Lemma EC.5. Consider any x∈Dk,i,j(t), where t∈N0, k ∈ {0,1}, i∈ Ik(t), and j ∈ Jk(t). If i≤ j,

then T1(t, x) = i≤ T−1(t, x), and if i≥ j, then T−1(t, x) = j ≤ T1(t, x). Thus, T (t, x) = min{i, j}.

Proof : Consider the case with k = 0 and i < j. Then it follows from Proposition 5 that D0,i,j(t)

walks to D0,(i−τ),(j−τ)(t + τ) ⊂ P̂0 from time t to time t + τ for all τ ∈ {0,1, . . . , i − 1}. It also

follows that D0,i,j(t) walks to D0,0,(j−i)(t+ i)⊂ P2 from time t to time t+ i. Thus, φ(t+ τ, t, x) ∈

D0,(i−τ),(j−τ)(t+ τ)⊂ P̂0 for all τ ∈ {0,1, . . . , i− 1}, and φ(t+ i, t, x) ∈D0,0,(j−i)(t+ i)⊂ P2. Hence,

φ1(t+ τ, t, x)≤ x∗1 for all τ ∈ {0,1, . . . , i− 1} and φ1(t+ i, t, x)>x∗1, which implies that T1(t, x) = i.

Also, φ−1(t+ τ, t, x)≤ x∗−1 for all τ ∈ {0,1, . . . , i}, which implies that T−1(t, x)> i= T1(t, x). The

other cases can be proved by a similar argument. Q.E.D.

Proof of Theorem 3: Theorem 3 follows from Theorem 2 and Lemma EC.5. Q.E.D.

Proof of Proposition 6: Proposition 6 follows from Proposition 5 and Lemma EC.5. Q.E.D.
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Lemma EC.6. For any t∈N0, it holds that φ(t+ 1, t,P (t))⊂ P ⊂ P (t+ 1).

Proof : Consider any x ∈ P (t). If x ∈ P2 ∪ P3, then it follows from Lemma 1 that φ(t+ 1, t, x) ∈

P2∪P3 ⊂ P . If x∈ P0(t), then −δ0
m(t)≤ xm ≤ x∗m and φm(t+1, t, x) = [(Mm+t)xm+1]/(Mm+t+1).

Thus,

φm(t+ 1, t, x) ∈
[

(Mm + t)(−δ0
m(t)) + 1

Mm + t+ 1
,

(Mm + t)x∗m + 1

Mm + t+ 1

]
=

[
−(1−x∗m) + 1

Mm + t+ 1
,

(Mm + t)x∗m + 1

Mm + t+ 1

]
=

[
x∗m

Mm + t+ 1
,

(Mm + t)x∗m + 1

Mm + t+ 1

]
⊂ [0,1]

for m=±1. If x∈ P1(t), then x∗m <xm < 1 + δ1
m(t) and φm(t+ 1, t, x) = (Mm + t)xm/(Mm + t+ 1).

Thus,

φm(t+ 1, t, x) ∈
(

(Mm + t)x∗m
Mm + t+ 1

,
(Mm + t)[1 + δ1

m(t)]

Mm + t+ 1

)
=

(
(Mm + t)x∗m
Mm + t+ 1

,
(Mm + t)1 +x∗m
Mm + t+ 1

)
⊂ [0,1]

for m=±1. Therefore, φ(t+ 1, t,P (t))⊂ P ⊂ P (t+ 1). Q.E.D.

Proof of Proposition 7: It follows from Theorems 2 and 3 that if φ(t,0, x) ∈ ∪D∈D2(t)D ∪P2 at

any time t≥ 0 (that is, φ(t,0, x) is above the diagonal cells at time t), then φ(τ,0, x)→ (0,1) as

τ →∞, and if φ(t,0, x)∈∪D∈D3(t)D∪P3 at any time t≥ 0 (that is, φ(t,0, x) is below the diagonal

cells at time t), then φ(τ,0, x)→ (1,0) as τ →∞.

Next, suppose that φ(t,0, x) ∈ ∪D∈D=(t)D for all t. We show that φ(t,0, x) → x∗ as t → ∞.

Since φ(t,0, x) is in a diagonal cell for all t, it follows from Lemma EC.5 that T (t, φ(t,0, x)) =

T−1(t, φ(t,0, x)) = T1(t, φ(t,0, x))<∞ for all t. Let ∆Tn+1 denote the number of steps between the

nth and the (n+ 1)th jumps of the sequence {φ(t,0, x)}∞t=0. Thus, {∆Tn}∞n=1 is given by

∆T1 := T (0, x), τ1 := ∆T1,

∆T2 := T (τ1, φ(τ1,0, x)), τ2 := τ1 + ∆T2,

∆T3 := T (τ2, φ(τ2,0, x)), τ3 := τ2 + ∆T3,

...
...

∆Tn := T (τn−1, φ(τn−1,0, x)), τn := τn−1 + ∆Tn.

Suppose that x∈ P0(0). Then φ(τ2n−1,0, x)∈D0,0,0(τ2n−1)⊂ P1 and φ(τ2n,0, x)∈D1,0,0(τ2n)⊂ P0

for all n. Note that x∗m − δ1
m(τ2n) ≤ φm(t,0, x) ≤ x∗m + δ0

m(τ2n−1) for all t ∈ {τ2n−1, . . . , τ2n}, and

x∗m− δ1
m(τ2n)≤ φm(t,0, x)≤ x∗m + δ0

m(τ2n+1) for all t∈ {τ2n, . . . , τ2n+1}, and for all n. Thus,

x∗m−
x∗m

Mm + τ2n

≤ φm(t,0, x) ≤ x∗m +
1−x∗m

Mm + τ2n−1

∀ t∈ {τ2n−1, . . . , τ2n},

x∗m−
x∗m

Mm + τ2n

≤ φm(t,0, x) ≤ x∗m +
1−x∗m

Mm + τ2n+1

∀ t∈ {τ2n, . . . , τ2n+1},
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for all n. Since T (t, x)≥ 1 for all t and all x, it follows that ∆Tn ≥ 1 for all n and τn→∞ as n→∞.

Therefore, φm(t,0, x)→ x∗m as t→∞. A similar argument applies if x∈ P1(0). Q.E.D.

Proof of Lemma 4: Since φ(t,0, x)→ x∗ as t→∞, it follows that φ(t,0, x) is in a diagonal cell for

all t. Let {∆Tn}∞n=1 and {τn}∞n=1 be defined as in the proof of Proposition 7. Suppose that x∈ P0.

Then

φm(τ2n−1,0, x) =
Mmxm +

∑n

k=1 ∆T2k−1

Mm + τ2n−1

.

Since τn→∞ as n→∞, it follows that

x∗−1 = lim
n→∞

φ−1(τ2n−1,0, x) = lim
n→∞

M−1x−1 +
∑n

k=1 ∆T2k−1

M−1 + τ2n−1

= lim
n→∞

M1x1 +
∑n

k=1 ∆T2k−1

M1 + τ2n−1

= lim
n→∞

φ1(τ2n−1,0, x) = x∗1.

A similar argument applies if x∈ P1. Q.E.D.

EC.1.4.5. Characterization of Convergence for x∗−1 6= x∗1

Let

D=(t) :=

{
x∈ P0(t) : x1−x∗1 =

δ0
1(t)

δ0
−1(t)

(x−1−x∗−1)

}
∪
{
x∈ P1(t) : x1−x∗1 =

δ1
1(t)

δ1
−1(t)

(x−1−x∗−1)

}
denote the diagonal line, that is, the line that connects x∗ with the vertices of the diagonal cells,

at time t. Let ρ(t, x) := (ρ−1(t, x), ρ1(t, x)) be given by ρm(t, x) := (xm− x∗m)(Mm + t) for m=±1.

Then the diagonal line at time t is given by

D=(t) =
{
x∈ P0(t) : ρ−1(t, x)(1−x∗1) = ρ1(t, x)(1−x∗−1)

}
∪
{
x∈ P1(t) : ρ−1(t, x)x∗1 = ρ1(t, x)x∗−1

}
.

Also, let D≥(t) and D≤(t) denote the sets of points above/on and below/on the diagonal line

respectively, i.e.,

D≥(t) :=
{
x∈ P0(t) : ρ1(t, x)(1−x∗−1)≥ ρ−1(t, x)(1−x∗1)

}
∪
{
x∈ P1(t) : ρ1(t, x)x∗−1 ≥ ρ−1(t, x)x∗1

}
∪ P2,

D≤(t) :=
{
x∈ P0(t) : ρ1(t, x)(1−x∗−1)≤ ρ−1(t, x)(1−x∗1)

}
∪
{
x∈ P1(t) : ρ1(t, x)x∗−1 ≤ ρ−1(t, x)x∗1

}
∪ P3.

Let D> and D< denote the sets of points above and below the diagonal line respectively, i.e.,

D>(t) :=
{
x∈ P0(t) : ρ1(t, x)(1−x∗−1)>ρ−1(t, x)(1−x∗1)

}
∪
{
x∈ P1(t) : ρ1(t, x)x∗−1 >ρ−1(t, x)x∗1

}
∪ P2,

D<(t) :=
{
x∈ P0(t) : ρ1(t, x)(1−x∗−1)<ρ−1(t, x)(1−x∗1)

}
∪
{
x∈ P1(t) : ρ1(t, x)x∗−1 <ρ−1(t, x)x∗1

}
∪ P3.

Proposition EC.1. Consider any t∈N0. Then, the following holds:

(1) If x∗1 ≥ x∗−1, then φ(t+ 1, t,D≤(t))⊂D≤(t+ 1) and φ(t+ 1, t,D<(t))⊂D<(t+ 1).

(2) If x∗1 ≤ x∗−1, then φ(t+ 1, t,D≥(t))⊂D≥(t+ 1) and φ(t+ 1, t,D>(t))⊂D>(t+ 1).
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Proof : Suppose that x∗1 ≥ x∗−1. Consider any x ∈D≤(t)⊂∪D∈D=(t)∪D3(t)D ∪P3. If x ∈ P3, then it

follows from Lemma 1 that φ(t+ 1, t, x) ∈ P3. If x ∈ ∪D∈D3(t)D, then it follows from Theorem 3

that φ(t+ 1, t, x)∈∪D∈D3(t+1)D∪P3 ⊂D≤(t+ 1).

Next, suppose that x ∈ ∪D∈D=(t)D ∩D≤(t). First consider the case in which x ∈ P0(t), and thus

x∈D0,i,i(t) for i≥ 1. It follows from (10) that

φm(t+ 1, t, x) =
(Mm + t)xm + 1

Mm + t+ 1
=

(Mm + t)x∗m + ρm(t, x) + 1

Mm + t+ 1
= x∗m +

ρm(t, x) + 1−x∗m
Mm + t+ 1

,

and thus ρm(t+ 1, φ(t+ 1, t, x)) = ρm(t, x) + 1−x∗m. Since x∈D≤(t)∩P0(t), it follows that

ρ−1(t, x)(1−x∗1) ≥ ρ1(t, x)(1−x∗−1)

⇔ ρ−1(t, x)(1−x∗1) + (1−x∗−1)(1−x∗1) ≥ ρ1(t, x)(1−x∗−1) + (1−x∗−1)(1−x∗1)

⇔ (ρ−1(t, x) + 1−x∗−1)(1−x∗1) ≥ (ρ1(t, x) + 1−x∗1)(1−x∗−1)

⇔ ρ−1(t+ 1, φ(t+ 1, t, x))(1−x∗1) ≥ ρ1(t+ 1, φ(t+ 1, t, x))(1−x∗−1). (EC.5)

Recall from Proposition 5 that φ(t+ 1, t, x) ∈D0,i−1,i−1(t+ 1). Thus, if i > 1, then φ(t+ 1, t, x) ∈{
x∈ P0(t+ 1) : ρ−1(t+ 1, x)(1−x∗1)≥ ρ1(t+ 1, x)(1−x∗−1)

}
⊂D≤(t+1). Next, suppose i= 1. Then

φ(t+ 1, t, x) ∈D0,0,0(t+ 1)⊂ P1 ⊂ P1(t+ 1). Note that ρm(t+ 1, φ(t+ 1, t, x))> 0. Also, note that

since x∗1 ≥ x∗−1 and x∗m ∈ (0,1), it follows that x∗1/(1 − x∗1) ≥ x∗−1/(1 − x∗−1) > 0. Thus it follows

from (EC.5) that ρ−1(t+ 1, φ(t+ 1, t, x))x∗1 ≥ ρ1(t+ 1, φ(t+ 1, t, x))x∗−1. Therefore, φ(t+ 1, t, x) ∈{
x∈ P1(t+ 1) : ρ−1(t+ 1, x)x∗1 ≥ ρ1(t+ 1, x)x∗−1

}
⊂D≤(t+ 1).

Next consider the case in which x ∈ P1(t), and thus x ∈D1,i,i(t) for i≥ 1. It follows from (10)

that

φm(t+ 1, t, x) =
(Mm + t)xm
Mm + t+ 1

=
(Mm + t)x∗m + ρm(t, x)

Mm + t+ 1
= x∗m +

ρm(t, x)−x∗m
Mm + t+ 1

,

and thus ρm(t+ 1, φ(t+ 1, t, x)) = ρm(t, x)−x∗m. Since x∈D≤(t)∩P1(t), it follows that

ρ−1(t, x)x∗1 ≥ ρ1(t, x)x∗−1

⇔ ρ−1(t, x)x∗1−x∗−1x
∗
1 ≥ ρ1(t, x)x∗−1−x∗−1x

∗
1

⇔ (ρ−1(t, x)−x∗−1)x∗1 ≥ (ρ1(t, x)−x∗1)x∗−1

⇔ ρ−1(t+ 1, φ(t+ 1, t, x))x∗1 ≥ ρ1(t+ 1, φ(t+ 1, t, x))x∗−1. (EC.6)

If i > 1, then φ(t + 1, t, x) ∈
{
x∈ P1(t+ 1) : ρ−1(t+ 1, x)x∗1 ≥ ρ1(t+ 1, x)x∗−1

}
⊂ D≤(t + 1).

If i = 1, then φ(t + 1, t, x) ∈ D1,0,0(t + 1) ⊂ P0 ⊂ P0(t + 1). Note that ρm(t + 1, φ(t +

1, t, x)) < 0 and that 0 < (1 − x∗1)/x∗1 ≤ (1 − x∗−1)/x∗−1. Thus it follows from (EC.6) that

ρ−1(t + 1, φ(t + 1, t, x))(1 − x∗1) ≥ ρ1(t + 1, φ(t + 1, t, x))(1 − x∗−1). Therefore φ(t + 1, t, x) ∈{
x∈ P0(t+ 1) : ρ−1(t+ 1, x)(1−x∗1)≥ ρ1(t+ 1, x)(1−x∗−1)

}
⊂D≤(t+ 1).
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By changing the inequalities in (EC.5) and (EC.6) to strict inequalities, it follows that φ(t+

1, t,D<(t))⊂D<(t+1). This completes the proof for (1). Result (2) follows by a similar argument.

Q.E.D.

Corollary EC.1. Consider any t∈N0. Then, the following holds:

(1) If x∗1 >x
∗
−1, then for any x∈D≤(t), it holds that φ(t+ τ, t, x)→ (1,0) as τ →∞.

(2) If x∗1 <x
∗
−1, then for any x∈D≥(t), it holds that φ(t+ τ, t, x)→ (0,1) as τ →∞.

Proof : Suppose that x∗1 >x
∗
−1. It follows from Proposition EC.1 that φ(t+ τ, t, x)∈D≤(t+ τ) for

all τ ∈N0, thus φ(t+ τ, t, x) /∈ P2 for all τ . Thus φ(t+ τ, t, x) does not converge to (0,1) as τ →∞.

Also, it follows from Lemma 4 that φ(t+ τ, t, x) does not converge to x∗ as τ →∞. Hence it follows

from Proposition 7 that φ(t+ τ, t, x)→ (1,0) as τ →∞. This completes the proof for (1). Result

(2) follows by a similar argument. Q.E.D.

Note that, since x∗ ∈D≤(t) and x∗ ∈D≥(t), it follows from Corollary EC.1 that if x∗1 >x
∗
−1, then

for all t it holds that φ(t+ τ, t, x∗)→ (1,0) as τ →∞, and if x∗1 < x∗−1, then for all t it holds that

φ(t+ τ, t, x∗)→ (0,1) as τ →∞.

For any t∈N0 and x∈ P (t), define the cutting time

χ(t, x) := inf {τ ∈N0 : φ(t+ τ, t, x)∈ P2 ∪P3}

as the first time (after time t) that the image φ(t+τ, t, x) of x is in P2∪P3, with the understanding

that χ(t, x) =∞ if φ(t+ τ, t, x) is in P0(t+ τ) ∪ P1(t+ τ) for all τ ≥ 0. We also say that a point

x(t) ∈ P0(t)∪P1(t) is cut off at time χ(t, x(t)). Suppose that φ(t+χ(t, y), t, y) ∈ P2. Then there is

a point x such that φ(t+χ(t, y), t, x) = x∗ and y−1 ≤ x−1, y1 >x1. We will write that y will be cut

to P2 by x.

For any x∈ φ−1(t,P (t)), let

ζ(t, x) := inf {τ ∈N0 : φ(t+ τ, t, x) = x∗}

denote the hitting time of x, i.e., the first time when φ(t + τ, t, x) hits x∗. Note that for any

x∈ φ−1(t,P (t)), it holds that ζ(t, x)<∞ and ζ(t, x)<χ(t, x).

Recall that for any x ∈ P̂ , Ω2(x) := {y ∈ P̂ : y−1 ≤ x−1, y1 > x1} and Ω3(x) := {y ∈ P̂ : y−1 >

x−1, y1 ≤ x1}. Also, let Ω(x) := Ω2(x)∪Ω3(x) denote the cut set of x, let Ω0(x) := {y ∈ P̂ : y−1 ≤
x−1, y1 ≤ x1}, and let Ω1(x) := {y ∈ P̂ : y−1 >x−1, y1 >x1}.

Lemma EC.7. Consider any t ∈ N0 and x, y ∈ Pk(t), where k ∈ {0,1}, such that y ∈ Ω(x). Let

S(t) := {x, y, (x−1, y1), (y−1, x1)}, S(t + τ) := φ(t + τ, t,S(t)), and D(t + τ) := conv(S(t + τ)) for

τ ∈N0. Then, rectangle D(t) walks to rectangle D(t+ τ) from time t to time t+ τ for all 0≤ τ ≤
min{χ(t, x), χ(t, y)}.
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Proof : Note that x, y ∈ Pk(t) implies that D(t) ⊂ Pk(t). Recall from Lemma 2 that rectangle

D(t) ⊂ Pk(t) walks to a rectangle φ(t+ 1, t,D(t)) from time t to time t+ 1. In general, if φ(t+

τ, t, x), φ(t+ τ, t, y) ∈ Pk′(t+ τ) for k′ ∈ {0,1}, then D(t+ τ)⊂ Pk′(t+ τ), and rectangle D(t+ τ)

walks to a rectangle φ(t + τ + 1, t + τ,D(t + τ)) from time t + τ to time t + τ + 1. Let T :=

inf {τ ∈N0 : φ(t+ τ, t, x)∈ Pk(t+ τ), φ(t+ τ, t, y)∈ Pk′(t+ τ) for k 6= k′}. If φ(t+ T, t, x) ∈ P2 ∪ P3,

then the result holds. Otherwise, φ(t+T, t, x)∈ P0(t+T )∪P1(t+T ), and then φ(t+T, t, y)∈ P2∪P3

(since y ∈Ω(x)), and the result holds. Q.E.D.

Lemma EC.8 follows from Corollary EC.1.

Lemma EC.8.

(1) If x∗1 >x
∗
−1, then for any k ∈ {0,1}, t∈N0, and x∈ φ−1(t,Dk,1,1(t)), it holds that φ(t+τ, t, x)→

(1,0) as τ →∞.

(2) If x∗1 <x
∗
−1, then for any k ∈ {0,1}, t∈N0, and x∈ φ−1(t,Dk,1,1(t)), it holds that φ(t+τ, t, x)→

(0,1) as τ →∞.

Lemma EC.9. For any k ∈ {0,1}, t∈N0 and D⊂ Pk(t), the points in φ−1(t,D) are nondecreasing,

that is, for any two pre-images x1, x2 ∈ φ−1(t,D), either x1 ≤ x2 or x2 ≤ x1.

Proof : Without loss of generality, suppose that x1
−1 <x

2
−1. We show by contradiction that x1

1 ≤ x2
1.

Suppose that x1
1 >x

2
1. Then, x1 ∈Ω2(x2) and x2 ∈Ω3(x1).

If ζ(t, x1)≤ ζ(t, x2), then it holds that ζ(t, x1)≤ ζ(t, x2)< χ(t, x2) and ζ(t, x1)< χ(t, x1). Thus,

ζ(t, x1)<min{χ(t, x1), χ(t, x2)}. It follows from Lemma EC.7 that φ(t+ ζ(t, x1), t, x2) ∈ Ω3(φ(t+

ζ(t, x1), t, x1)) = Ω3(x∗) = P3. Thus, ζ(t, x2)<χ(t, x2)≤ ζ(t, x1), contradicting ζ(t, x1)≤ ζ(t, x2).

If ζ(t, x2)≤ ζ(t, x1), then it holds that ζ(t, x2)≤ ζ(t, x1)< χ(t, x1) and ζ(t, x2)< χ(t, x2). Thus,

ζ(t, x2)<min{χ(t, x1), χ(t, x2)}. It follows from Lemma EC.7 that φ(t+ ζ(t, x2), t, x1) ∈ Ω2(φ(t+

ζ(t, x2), t, x2)) = Ω2(x∗) = P2. Thus, ζ(t, x1) < χ(t, x1) ≤ ζ(t, x2), contradicting ζ(t, x2) ≤ ζ(t, x1).

Q.E.D.

For any k ∈ {0,1}, t, T ∈N0, D⊂ P (t), let

φ−1
≤ (t,D,T ) :=

{
x∈ φ−1(t,D) : ζ(t, x)≤ T

}
denote the set of pre-images in D at time t with hitting time no later than T .

Lemma EC.10. Consider any k ∈ {0,1}, t, T ∈N0, D⊂ P (t). It holds that φ−1
≤ (t,D,T ) is a finite

set with cardinality |φ−1
≤ (t,D,T )| ≤ 2T+1− 1.

Proof : If T = 0, the result holds since x∗ is the only point x∈ P (t) with ζ(t, x) = 0. Next suppose

that T > 0. If x ∈ P2 ∪ P3, then it follows from Lemma 1 that φ(t+ 1, t, x) ∈ P2 ∪ P3, and thus
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φ(t + τ, t, x) 6= x∗ for all τ ∈ N0. If x ∈ P0(t) ∪ P1(t), then it follows from φ(t + 1, t, ·) : Pk(t) 7→

φ(t+ 1, t,Pk(t))⊂ P̂ being a separable affine mapping for k ∈ {0,1}, that for any y ∈ P̂ there exists

at most one point x∈ Pk(t) such that φ(t+ 1, t, x) = y for k ∈ {0,1}. Thus, for any set Y ⊂ P̂0∪ P̂1,

it holds that |{x∈ P0(t)∪P1(t) : φ(t+ 1, t, x)∈ Y }| ≤ 2|Y |. Next we show by induction on τ that

|{x∈ P0(t)∪P1(t) : φ(t+ τ, t, x)∈ Y }| ≤ 2τ |Y |. Suppose that it holds for some τ ∈N0. Then

|{x∈ P0(t)∪P1(t) : φ(t+ τ + 1, t, x)∈ Y }|

=
∣∣{x∈ P0(t)∪P1(t) : φ(t+ τ, t, x)∈ {y ∈ P0(t+ τ)∪P1(t+ τ) : φ(t+ τ + 1, t+ τ, y)∈ Y }

}∣∣
≤ 2τ |{y ∈ P0(t+ τ)∪P1(t+ τ) : φ(t+ τ + 1, t+ τ, y)∈ Y }|

≤ 2τ2|Y | = 2τ+1|Y |

Therefore

∣∣φ−1
≤ (t,D,T )

∣∣ =
T∑
τ=0

∣∣{x∈ φ−1(t,D) : ζ(t, x) = τ}
∣∣

≤
T∑
τ=0

|{x∈ P0(t)∪P1(t) : φ(t+ τ, t, x) = x∗}|

≤
T∑
τ=0

2τ = 2T+1− 1.

This completes the proof. Q.E.D.

Let cv(Dk,i,j(t)) denote the top right corner vertex of cell Dk,i,j(t), given by

cv(Dk,i,j(t)) :=

{
(x∗−1− (j− 1)δ0

−1(t), x∗1− (i− 1)δ0
1(t)) if k= 0, (i, j)∈ Î0(t)× Ĵ0(t),

(x∗−1 + jδ1
−1(t), x∗1 + iδ1

1(t)) if k= 1, (i, j)∈ Î1(t)× Ĵ1(t).

For example, in Figure 1b, D0,2,2(t+1) is indicated by the gray diagonal rectangle with the top right

corner vertex cv(D0,2,2(t+ 1)) =
(
x∗−1− δ0

−1(t+ 1), x∗1− δ0
1(t+ 1)

)
, and D1,0,0(t+ 1) is represented

by the gray rectangle with the top right corner cv(D1,0,0(t+ 1)) = x∗.

Lemma EC.11. Suppose that x∗1 6= x∗−1. Consider any k ∈ {0,1}, t ∈ N0, and x ∈ Dk,1,1(t) \

(D2
k,1,1(t)∪D3

k,1,1(t)). Then, the following hold:

(1) There exist x̃1 ∈ φ−1(t, D̄k,1,1(t)) and x̃2 ∈ φ−1(t,Dk,1,1(t)), such that x̃1 < x̃2, x ∈ E :=

(x̃1
−1, x̃

2
−1]× (x̃1

1, x̃
2
1] ⊂ Dk,1,1(t), max{ζ(t, x̃1), ζ(t, x̃2)} ≤ χ(t, x), and φ−1

≤ (t, D̄k,1,1(t), χ(t, x)) ∩

(Ē \ {x̃1, x̃2}) =∅.

(2) Ē walks to φ(t+ τ, t, Ē) from time t to time t+ τ , and E walks to φ(t+ τ, t,E) from time t to

time t+ τ , for all 0≤ τ ≤min{ζ(t, x̃1), ζ(t, x̃2)}.
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Proof :

(1) Note that cv(Dk,1,1(t)) ∈ φ−1
≤ (t, D̄k,1,1(t), χ(t, x)), and thus φ−1

≤ (t, D̄k,1,1(t), χ(t, x)) 6= ∅. It fol-

lows from Lemmas EC.9 and EC.10 that φ−1
≤ (t, D̄k,1,1(t), χ(t, x))⊂ φ−1(t, D̄k,1,1(t)) is a finite

nondecreasing set. Thus we can represent φ−1
≤ (t, D̄k,1,1(t), χ(t, x)) = {xn}Nn=0 ⊂ D̄k,1,1(t) such

that xn 6= xn+1 for n ∈ {0,1, . . . ,N − 1}, and x0 ≤ x1 ≤ · · · ≤ xN = cv(Dk,1,1(t)), where if k = 0,

then x0 = cv(D0,2,2(t)), and if k= 1, then x0 = x∗. Note that ζ(t, x0)≤ 1≤ χ(t, x).

Consider the case with x∗1 >x
∗
−1. Next we show by contradiction that x0

−1 <x
1
−1 < · · ·<xN−1.

Suppose that xn−1 = xn+1
−1 for some n ∈ {0,1, . . . ,N − 1}. Then xn1 < xn+1

1 . First we show that

χ(t, xn) ≤ χ(t, xn+1). Since φ(t + τ, t, xn+1)→ (1,0) as τ →∞ from Lemma EC.8, it follows

that φ(t+ χ(t, xn+1), t, xn+1) ∈ P3. If χ(t, xn) ≥ χ(t, xn+1), then it follows from Lemma EC.7

that φ−1(t+ χ(t, xn+1), t, xn) = φ−1(t+ χ(t, xn+1), t, xn+1) and φ1(t+ χ(t, xn+1), t, xn)< φ1(t+

χ(t, xn+1), t, xn+1). Thus φ(t+χ(t, xn+1), t, xn)∈ P3, and hence χ(t, xn)≤ χ(t, xn+1). Then, since

ζ(t, xn) < χ(t, xn) ≤ χ(t, xn+1), it follows from xn+1 ∈ Ω2(xn) that φ(t+ ζ(t, xn), t, xn+1) ∈ P2

and thus χ(t, xn+1)≤ ζ(t, xn), giving a contradiction.

Since x /∈D2
k,1,1(t)∪D3

k,1,1(t), it follows that for each xn it holds that x /∈ Ω2(xn)∪Ω3(xn),

and thus x ∈ Ω0(xn) ∪ Ω1(xn). Note that there exists n ∈ {0,1, . . . ,N − 1} such that xn−1 <

x−1 ≤ xn+1
−1 . Then x ∈ Ω1(xn) ∩Ω0(xn+1), and thus xn1 < x1 ≤ xn+1

1 . Then choose x̃1 = xn and

x̃2 = xn+1.

Note that x̃1 ∈ φ−1(t, D̄k,1,1(t)), x̃2 ∈ φ−1(t,Dk,1,1(t)), x̃1 < x̃2, x∈E := (x̃1
−1, x̃

2
−1]× (x̃1

1, x̃
2
1]⊂

Dk,1,1(t), max{ζ(t, x̃1), ζ(t, x̃2)} ≤ χ(t, x), and φ−1
≤ (t, D̄k,1,1(t), χ(t, x))∩ (Ē \ {x̃1, x̃2}) =∅. The

proof for the case with x∗1 <x
∗
−1 is similar.

(2) If k = 0 and x̃1 = cv(D0,2,2(t)), then min{ζ(t, x̃1), ζ(t, x̃2)} ≤ 1, and Ē walks to φ(t+ τ, t, Ē)

from time t to time t + τ for all 0 ≤ τ ≤ min{ζ(t, x̃1), ζ(t, x̃2)}. If k = 1 and x̃1 = x∗, then

min{ζ(t, x̃1), ζ(t, x̃2)} = 0, and Ē walks to φ(t + τ, t, Ē) from time t to time t + τ for all

0 ≤ τ ≤ min{ζ(t, x̃1), ζ(t, x̃2)}. Otherwise, x̃1, x̃2 ∈ Dk,1,1(t) and Ē ⊂ Dk,1,1(t) ⊂ Pk(t). Re-

call from Lemma 2 that rectangle Ē ⊂ Pk(t) ⊂ P̂k walks to a rectangle φ(t + 1, t, Ē) from

time t to time t + 1. In general, if φ(t + τ, t, x̃1), φ(t + τ, t, x̃2) ∈ Pk′(t + τ) for k′ ∈ {0,1},

then φ(t + τ, t, Ē) ⊂ Pk′(t + τ), and rectangle φ(t + τ, t, Ē) walks to a rectangle φ(t + τ +

1, t + τ,φ(t + τ, t, Ē)) = φ(t + τ + 1, t, Ē) from time t + τ to time t + τ + 1. Let T :=

inf {τ ∈N0 : φ(t+ τ, t, x̃1)∈ Pk(t+ τ), φ(t+ τ, t, x̃2)∈ Pk′(t+ τ) for k 6= k′}. Then Ē walks to

φ(t + τ, t, Ē) from time t to time t + τ for all 0 ≤ τ ≤ T . Next we show by contradic-

tion that T ≥min{ζ(t, x̃1), ζ(t, x̃2)}. Suppose that T <min{ζ(t, x̃1), ζ(t, x̃2)}. Then, since T <

min{ζ(t, x̃1), ζ(t, x̃2)} < min{χ(t, x̃1), χ(t, x̃2)}, it follows that φ(t + T, t, x̃1), φ(t + T, t, x̃2) ∈

P0(t + T ) ∪ P1(t + T ). Also, since x̃1 < x̃2, and Ē walks to φ(t + T, t, Ē) from time t to

time t + T , it follows that φ(t + T, t, x̃1) < φ(t + T, t, x̃2). Thus, φ(t + T, t, x̃1) ∈ P0(t + T ) \
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{x∗} (since T < ζ(t, x̃1)), and φ(t + T, t, x̃2) ∈ P1(t + T ). Thus, x∗ ∈ φ(t + T, t, Ē) \ {φ(t +

T, t, x̃1), φ(t + T, t, x̃2)}. Since Ē walks to φ(t + T, t, Ē) from time t to time t + T , it fol-

lows that there exists x̂ ∈ Ē \ {x̃1, x̃2} such that φ(t + T, t, x̂) = x∗. Since Ē ⊂ Dk,1,1(t) and

T <min{ζ(t, x̃1), ζ(t, x̃2)} ≤ χ(t, x), it follows that x̂ ∈ φ−1
≤ (t, D̄k,1,1(t), χ(t, x))∩ (Ē \ {x̃1, x̃2}),

contradicting φ−1
≤ (t, D̄k,1,1(t), χ(t, x))∩ (Ē \ {x̃1, x̃2}) =∅.

Thus T ≥min{ζ(t, x̃1), ζ(t, x̃2)}, and Ē walks to φ(t+ τ, t, Ē) from time t to time t+ τ for

all 0≤ τ ≤min{ζ(t, x̃1), ζ(t, x̃2)}. This also implies that E walks to φ(t+ τ, t,E) from time t to

time t+ τ for all 0≤ τ ≤min{ζ(t, x̃1), ζ(t, x̃2)}. Q.E.D.

Lemma EC.12. Suppose that x∗1 >x
∗
−1. Consider any time t∈N0 and any x1, x2 ∈ P (t) such that

(a) x1 <x2,

(b) x∗ /∈E \ {x2}, where E := (x1
−1, x

2
−1]× (x1

1, x
2
1],

(c) x1 ∈D≤(t), and

(d) φ(t+ τ, t, x2)→ (1,0) as τ →∞.

Then E ∩P2 =∅. Also, either Ẽ :=E ∩ (P0(t)∪P1(t)) =∅, or there are x̃1, x̃2 ∈ P0(t)∪P1(t) such

that

(i) x̃1 < x̃2,

(ii) Ẽ = (x̃1
−1, x̃

2
−1]× (x̃1

1, x̃
2
1],

(iii) either x2 ∈ P3, or x̃2 = x2,

(iv) Ẽ ⊂ P0(t) or Ẽ ⊂ P1(t),

(v) x̃1 ∈D≤(t),

(vi) φ(t+ τ, t, x̃2)→ (1,0) as τ →∞, and

(vii) x∗ /∈ Ẽ \ {x̃2}.

Proof : Note that the property Ẽ = (x̃1
−1, x̃

2
−1]× (x̃1

1, x̃
2
1] and the property Ẽ ⊂ P0(t) or Ẽ ⊂ P1(t)

imply the property x∗ /∈ Ẽ \{x̃2}. Consider the following 9 cases regarding the position of x∗ relative

to E:

(1) x∗−1 ≤ x1
−1 and x∗1 ≥ x2

1: Then E ⊂ P3, and thus E ∩P2 =∅ and Ẽ =∅.

(2) x∗−1 ≤ x1
−1 and x1

1 ≤ x∗1 <x2
1: Then E∩P2 =∅. Also, Ẽ =E∩P1(t) = (x̃1

−1, x̃
2
−1]×(x̃1

1, x̃
2
1]⊂ P1(t),

where x̃1 = (x1
−1, x

∗
1) and x̃2 = x2. Note that x̃1 < x̃2 and that x̃1 ∈ D≤(t). Since x̃2 = x2, it

follows that φ(t+ τ, t, x̃2)→ (1,0) as τ →∞.

(3) x∗−1 ≤ x1
−1 and x∗1 <x

1
1: Then E ⊂ P1(t) and Ẽ =E. All the results hold.

(4) x1
−1 < x∗−1 ≤ x2

−1 and x∗1 ≥ x2
1: Then E ∩ P2 = ∅. Also, Ẽ = E ∩ P0(t) = (x̃1

−1, x̃
2
−1]× (x̃1

1, x̃
2
1]⊂

P0(t), where x̃1 = x1 and x̃2 = (x∗−1, x
2
1). Note that x̃1 < x̃2. If x∗−1 < x2

−1, then x2 ∈ P3, and if

x∗−1 = x2
−1, then x̃2 = x2. Since x̃1 = x1, it follows that x̃1 ∈D≤(t). Note that ρ−1(t, x̃2)(1−x∗1) =

0≥ ρ1(t, x̃2)(1−x∗−1), and thus x̃2 ∈D≤(t). It follows from Corollary EC.1 that φ(t+τ, t, x̃2)→
(1,0) as τ →∞.
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(5) x1
−1 < x∗−1 ≤ x2

−1 and x1
1 ≤ x∗1 < x2

1: If x1
−1 < x∗−1 ≤ x2

−1 and x1
1 < x∗1 < x2

1, then x∗ ∈ E \ {x2},

which cannot happen. If x1
−1 <x

∗
−1 ≤ x2

−1 and x1
1 = x∗1, then x1 ∈ P0(t) and ρ−1(t, x1)(1−x∗1)<

0 = ρ1(t, x1)(1−x∗−1), contradicting x1 ∈D≤(t). Hence this case cannot happen.

(6) x1
−1 < x∗−1 ≤ x2

−1 and x∗1 < x1
1: Then x1 ∈ P2, contradicting x1 ∈D≤(t). Hence this case cannot

happen.

(7) x2
−1 <x

∗
−1 and x2

1 ≤ x∗1: Then E ⊂ P0(t) and Ẽ =E. All the results hold.

(8) x2
−1 <x

∗
−1 and x1

1 ≤ x∗1 <x2
1: Then x2 ∈ P2 and it follows from Theorem 2 that φ(t+ τ, t, x2)→

(0,1) as τ →∞, contradicting φ(t+ τ, t, x2)→ (1,0) as τ →∞. Hence this case cannot happen.

(9) x2
−1 <x

∗
−1 and x∗1 <x

1
1: Then x2 ∈ P2, contradicting φ(t+ τ, t, x2)→ (1,0) as τ →∞. Hence this

case cannot happen. Q.E.D.

Lemma EC.13. Suppose that x∗1 >x∗−1. Consider any time t ∈N0 and E := (x1
−1, x

2
−1]× (x1

1, x
2
1]⊂

P1(t) with x1 < x2 and x1
1 = x∗1. Suppose that φ(t + τ, t, x2)→ (1,0) as τ →∞. Then, there are

x̃1, x̃2 ∈ P (t+ 1) such that x̃1 < x̃2 and E walks to Ẽ := φ(t+ 1, t,E) = (x̃1
−1, x̃

2
−1]× (x̃1

1, x̃
2
1] from

time t to time t+ 1, and the following hold:

(i) x̃1 ∈D≤(t+ 1),

(ii) φ(t+ 1 + τ, t+ 1, x̃2)→ (1,0) as τ →∞.

Proof : Since φ(t+ 1, t, ·) : P1(t) 7→ P (t+ 1) is an increasing separable affine mapping, it follows

from Remark EC.1(4) that E walks to Ẽ := φ(t+ 1, t,E), and that Ẽ is a rectangle of the form

(x̃1
−1, x̃

2
−1]× (x̃1

1, x̃
2
1] with x̃1 < x̃2. It follows from (10) that

x̃1 =

(
(M−1 + t)x1

−1

M−1 + t+ 1
,
(M1 + t)x1

1

M1 + t+ 1

)
=

(
x1
−1−

x1
−1

M−1 + t+ 1
, x∗1−

x∗1
M1 + t+ 1

)
.

Note that x̃1
1 < x∗1. Thus, if x̃1

−1 > x∗−1, then x̃1 ∈ P3, and hence x̃1 ∈D≤(t+ 1). If x̃1
−1 ≤ x∗−1, then

x̃1 ∈ P0(t+ 1). Then

ρ−1(t+1, x̃1) =

[
(M−1 + t)x1

−1

M−1 + t+ 1
−x∗−1

]
(M−1 +t+1)≥

[
(M−1 + t)x∗−1

M−1 + t+ 1
−x∗−1

]
(M−1 +t+1) = −x∗−1

and ρ1(t+ 1, x̃1) = [(M1 + t)x1
1/(M1 + t+ 1)−x∗1] (M1 + t+ 1) =−x∗1. Thus ρ−1(t+ 1, x̃1)(1−x∗1)≥

−x∗−1 + x∗−1x
∗
1 > −x∗1 + x∗−1x

∗
1 = ρ1(t + 1, x̃1)(1 − x∗−1). Hence, x̃1 ∈ D≤(t + 1). Also, since x2 ∈

E ⊂ P1(t), it follows that x̃2 = φ(t+ 1, t, x2). Since φ(t+ τ, t, x2)→ (1,0) as τ →∞, it holds that

φ(t+ 1 + τ, t+ 1, x̃2)→ (1,0) as τ →∞. Q.E.D.

Lemma EC.14. Consider any time t∈N0 and any x1, x2 ∈ P (t) such that

(a) x1 <x2,

(b) x∗ /∈ Ē \ {x1, x2}, where E := (x1
−1, x

2
−1]× (x1

1, x
2
1],

(c) x1 ∈ P0(t)∪P1(t) and x1 /∈D<(t), and
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(d) x2 ∈D≤(t).

Then E ∩P2 =∅. Also, there are x̃1, x̃2 ∈ P0(t)∪P1(t) such that

(i) x1 = x̃1 < x̃2,

(ii) Ẽ :=E ∩ (P0(t)∪P1(t)) = (x̃1
−1, x̃

2
−1]× (x̃1

1, x̃
2
1],

(iii) x∗ = x1 or ¯̃E ⊂ Pk(t) for some k ∈ {0,1},
(iv) x2 ∈ P3 or x̃2 = x2, and

(v) x̃2 ∈D≤(t).

Proof : Consider the following 15 cases:

(1) x∗−1 < x1
−1 and x∗1 ≥ x2

1: Then E ⊂ P3, contradicting x1 ∈ P0(t)∪P1(t). Hence this case cannot

happen.

(2) x∗−1 < x1
−1 and x1

1 ≤ x∗1 < x2
1: Then x1 ∈ P3, contradicting x1 ∈ P0(t) ∪ P1(t). Hence this case

cannot happen.

(3) x∗−1 <x
1
−1 and x∗1 <x

1
1: Then ¯̃E = Ē ⊂ P1(t) and all the results hold.

(4) x∗−1 = x1
−1 and x∗1 > x1

1: Then x1 ∈ P0(t) and ρ−1(t, x1)(1− x∗1) = 0> ρ1(t, x1)(1− x∗−1), which

implies that x1 ∈D<(t), contradicting x1 /∈D<(t). Hence this case cannot happen.

(5) x∗−1 = x1
−1 and x∗1 = x1

1: Then x1 = x∗ and Ẽ =E ⊂ P1(t). Thus, x1 = x̃1 and x̃2 = x2 ∈D≤(t).

(6) x∗−1 = x1
−1 and x∗1 < x1

1: Then x1 ∈ P2, contradicting x1 ∈ P0(t)∪P1(t). Hence this case cannot

happen.

(7) x1
−1 < x∗−1 < x2

−1 and x∗1 ≥ x2
1: Then E ∩ P2 = ∅. Also, Ẽ = E ∩ P0(t) = (x̃1

−1, x̃
2
−1]× (x̃1

1, x̃
2
1]⊂

P0(t), where x̃1 = x1 and x̃2 = (x∗−1, x
2
1). Thus (i) and (ii) hold. Since x̃1, x̃2 ∈ P0(t), it holds

that ¯̃E ⊂ P0(t), and thus (iii) holds. Since x∗−1 < x2
−1 and x∗1 ≥ x2

1, it holds that x2 ∈ P3, and

thus (iv) holds. Also note that x̃2 ∈ P0(t) and ρ−1(t, x̃2)(1− x∗1) = 0 ≥ ρ1(t, x̃2)(1− x∗−1), and

thus (v) holds.

(8) x1
−1 <x

∗
−1 <x

2
−1 and x1

1 ≤ x∗1 <x2
1: Then x∗ ∈ Ē \{x1, x2}, contradicting x∗ /∈ Ē \{x1, x2}. Hence

this case cannot happen.

(9) x1
−1 < x∗−1 < x2

−1 and x∗1 < x1
1: Then x1 ∈ P2, contradicting x1 ∈ P0(t)∪ P1(t). Hence this case

cannot happen.

(10) x∗−1 = x2
−1 and x∗1 ≥ x2

1: Then Ẽ = E ⊂ P0(t) and ¯̃E = Ē ⊂ P0(t). Thus x̃1 = x1 and x̃2 = x2 ∈
D≤(t).

(11) x∗−1 = x2
−1 and x1

1 ≤ x∗1 <x2
1: Then x∗ ∈ Ē \ {x1, x2}, contradicting x∗ /∈ Ē \ {x1, x2}. Hence this

case cannot happen.

(12) x∗−1 = x2
−1 and x∗1 < x1

1: Then x1 ∈ P2, contradicting x1 ∈ P0(t)∪P1(t). Hence this case cannot

happen.

(13) x2
−1 < x∗−1 and x∗1 ≥ x2

1: Then Ẽ = E ⊂ P0(t) and ¯̃E = Ē ⊂ P0(t). Thus x̃1 = x1 and x̃2 = x2 ∈
D≤(t).
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(14) x2
−1 < x∗−1 and x1

1 ≤ x∗1 < x2
1: Then x2 ∈ P2, contradicting x2 ∈D≤(t). Hence this case cannot

happen.

(15) x2
−1 < x∗−1 and x∗1 < x1

1: Then x1 ∈ P2, contradicting x1 ∈ P0(t)∪P1(t). Hence this case cannot

happen. Q.E.D.

Proof of Theorem 4: Consider any k ∈ {0,1} and i∈ Ik(0)∩Jk(0).

(1) Consider any x ∈ D2
k,i,i(0) := Dk,i,i(0) ∩ (∪y∈φ−1(0,Dk,i,i(0))Ω

2(y)). Thus, there exists y ∈

φ−1(0,Dk,i,i(0)) ⊂ Dk,i,i(0) such that x ∈ Ω2(y) ∩ Dk,i,i(0). Note that φ(ζ(0, y),0, y) = x∗. If

ζ(0, y)≤ χ(0, x), then it follows from Lemma EC.7 that φ(ζ(0, y),0, x) ∈ Ω2(φ(ζ(0, y),0, y)) =

Ω2(x∗). Thus, φ(ζ(0, y),0, x) ∈ P2 (and ζ(0, y) = χ(0, x)), and it follows from Theorem 2

that φ(t,0, x) → (0,1) as t → ∞. If ζ(0, y) > χ(0, x), then χ(0, x) < ζ(0, y) < χ(0, y). We

show by contradiction that φ(χ(0, x),0, x) ∈ P2. Suppose that φ(χ(0, x),0, x) ∈ P3. It fol-

lows from Lemma EC.7 that φ(χ(0, x),0, x)∈Ω2(φ(χ(0, x),0, y)), and thus φ−1(χ(0, x),0, y)≥

φ−1(χ(0, x),0, x) > x∗−1 and φ1(χ(0, x),0, y) < φ1(χ(0, x),0, x) ≤ x∗1. Thus, φ−1(χ(0, x),0, y) ∈

P3, which implies that χ(0, y)≤ χ(0, x), contradicting χ(0, x)< χ(0, y). Hence it follows from

Theorem 2 that φ(t,0, x)→ (0,1) as t→∞.

(2) The proof of (2) is similar to the proof of (1).

(3) Consider any x ∈Dk,i,i(0) \ (D2
k,i,i(0)∪D3

k,i,i(0)). Thus, for each y′ ∈ φ−1(0,Dk,i,i(0)), it holds

that x∈Ω0(y′)∪Ω1(y′). It follows from Proposition 6 that Dk,i,i(0) walks to Dk,1,1(i− 1) from

time 0 to time i− 1, and x̃ := φ(i− 1,0, x)∈Dk,1,1(i− 1). Next we show by contradiction that

x̃ ∈Dk,1,1(i− 1) \ (D2
k,1,1(i− 1) ∪D3

k,1,1(i− 1)). Suppose that x̃ ∈D2
k,1,1(i− 1) ∪D3

k,1,1(i− 1).

Then there exists ỹ ∈ φ−1(i− 1,Dk,1,1(i− 1))⊂Dk,1,1(i− 1) such that x̃∈Ω(ỹ). Since Dk,i,i(0)

walks to Dk,1,1(i− 1), there exists y ∈Dk,i,i(0) such that φ(i− 1,0, y) = ỹ. Then it follows that

y ∈ φ−1(0,Dk,i,i(0)) (and ζ(0, y)≤ i− 1 + ζ(i− 1, ỹ)). Also, it follows from Proposition 6 that

x∈Ω(y). This contradicts x∈Ω0(y′)∪Ω1(y′) for all y′ ∈ φ−1(0,Dk,i,i(0)).

Next, consider any t∈N0 and any x∈Dk,1,1(t)\ (D2
k,1,1(t)∪D3

k,1,1(t)). It follows from Propo-

sition 7 and Lemma 4 that φ(t + τ, t, x)→ (0,1) or φ(t + τ, t, x)→ (1,0) as τ →∞. Thus

χ(t, x)<∞.

If x∈ φ−1(t,Dk,1,1(t)), then it follows from Lemma EC.8 that φ(t+τ, t, x)→ (1,0) as τ →∞.

Next consider the case in which x /∈ φ−1(t,Dk,1,1(t)). It follows from Lemma EC.11(1)

that there exist x1 ∈ φ−1(t, D̄k,1,1(t)), x2 ∈ φ−1(t,Dk,1,1(t)), such that x1 < x2, x ∈ E :=

(x1
−1, x

2
−1]× (x1

1, x
2
1] ⊂ Dk,1,1(t), max{ζ(t, x1), ζ(t, x2)} ≤ χ(t, x), and φ−1

≤ (t, D̄k,1,1(t), χ(t, x)) ∩

(Ē \ {x1, x2}) = ∅. Inductively define E(0) := E, Ẽ(τ) := E(τ) ∩ (P0(t+ τ) ∪ P1(t+ τ)), and

E(τ + 1) := φ(t+ τ + 1, t+ τ, Ẽ(τ)) for τ = 0,1, . . . , χ(t, x). For any τ ∈ {0,1, . . . , χ(t, x)}, let

x1(τ) and x2(τ) denote respectively the left-bottom and right-top vertices of E(τ), and let
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x̃1(τ) and x̃2(τ) denote respectively the left-bottom and right-top vertices of Ẽ(τ). Note that

x1 = x1(0) and x2 = x2(0).

Let τ0 := min{ζ(t, x1), ζ(t, x2)}. It follows from Lemma EC.11(2) that E walks to φ(t +

τ0, t,E) from time t to time t+ τ0. Since φ(t+ τ0, t, x
1)< φ(t+ τ0, t, x

2), it follows that either

ζ(t, x1)< ζ(t, x2) or ζ(t, x2)< ζ(t, x1). Hence, consider the following two cases:

Case 1. ζ(t, x1)< ζ(t, x2)≤ χ(t, x):

Then τ0 = ζ(t, x1). It follows from Lemma EC.11(2) that E walks to φ(t+ τ0, t,E) from time t

to time t+ τ0, and for all 0≤ τ < τ0, it holds that φ(t+ τ, t,E)⊂ P0(t+ τ) or φ(t+ τ, t,E)⊂

P1(t+ τ). Thus, Ẽ(τ) =E(τ)⊂ P0(t+ τ) or Ẽ(τ) =E(τ)⊂ P1(t+ τ) for all 0≤ τ < τ0.

Next we show by induction on τ ∈ {τ0, . . . , χ(t, x)} that

(a) there exist x1(τ), x2(τ) ∈ P (t+ τ) such that x1(τ)< x2(τ) and E(τ) = (x1
−1(τ), x2

−1(τ)]×

(x1
1(τ), x2

1(τ)],

(b) φ(t+ τ, t, x)∈E(τ),

(c) E(τ)⊂ φ(t+ τ, t,E),

(d) x∗ /∈E(τ) \ {x2(τ)},

(e) x1(τ)∈D≤(t+ τ),

(f) φ(t+ τ + τ ′, t+ τ,x2(τ))→ (1,0) as τ ′→∞,

(g) E(τ)∩P2 =∅,

(h) Ẽ(τ)⊂ P0(t+ τ) or Ẽ(τ)⊂ P1(t+ τ), and

(i) Ẽ(τ) = ∅, or there exist x̃1(τ), x̃2(τ) ∈ P0(t+ τ)∪P1(t+ τ) such that x̃1(τ)< x̃2(τ) and

Ẽ(τ) = (x̃1
−1(τ), x̃2

−1(τ)]× (x̃1
1(τ), x̃2

1(τ)], and φ(t+ τ, t, x2) = x̃2(τ) or φ(t+ τ, t, x2)∈ P3.

Consider τ = τ0. Since E walks to E(τ0), it follows from Remark EC.1(3) that x1(τ0) =

φ(t + τ0, t, x
1) < φ(t + τ0, t, x

2) = x2(τ0) and E(τ0) = φ(t + τ0, t,E) = (x1
−1(τ0), x2

−1(τ0)] ×

(x1
1(τ0), x2

1(τ0)]. Since x ∈E, it follows that φ(t+ τ0, t, x) ∈ φ(t+ τ0, t,E) =E(τ0). Since τ0 =

ζ(t, x1), it holds that x1(τ0) = φ(t + τ0, t, x
1) = x∗ ∈ D≤(t + τ0), and thus Ẽ(τ0) = E(τ0) ⊂

P1(t+ τ0), x∗ /∈E(τ0), E(τ0)∩P2 = ∅, and x̃1(τ0) = x1(τ0)< x̃2(τ0) = x2(τ0) = φ(t+ τ0, t, x
2).

Since x2 ∈ φ−1(t,Dk,1,1(t)), it follows from Lemma EC.8 that φ(t+τ ′, t, x2)→ (1,0) as τ ′→∞.

It follows that φ(t+τ0 +τ ′, t+τ0, x
2(τ0)) = φ(t+τ0 +τ ′, t, x2)→ (1,0) as τ ′→∞. Thus (a)–(i)

hold for τ = τ0.

Assume that (a)–(i) hold for some τ < χ(t, x). Since φ(t+ τ, t, x) ∈ E(τ) and τ < χ(t, x),

it holds that φ(t+ τ, t, x) ∈E(τ)∩ (P0(t+ τ)∪P1(t+ τ)) = Ẽ(τ). Thus, Ẽ(τ) 6= ∅. It follows

from Lemma EC.12 that there are x̃1(τ), x̃2(τ)∈ P0(t+ τ)∪P1(t+ τ) such that x̃1(τ)< x̃2(τ)

and Ẽ(τ) = (x̃1
−1(τ), x̃2

−1(τ)]× (x̃1
1(τ), x̃2

1(τ)], x2(τ) ∈ P3 or x̃2(τ) = x2(τ), Ẽ(τ)⊂ P0(t+ τ) or

Ẽ(τ)⊂ P1(t+ τ), x̃1(τ) ∈D≤(t+ τ), and φ(t+ τ + τ ′, t+ τ, x̃2(τ))→ (1,0) as τ ′→∞. Since

Ẽ(τ)⊂ Pk(t+ τ), where k ∈ {0,1}, and φ(t+ τ + 1, t+ τ, ·) : P̂k 7→ P̂ is an increasing separable
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affine mapping, it follows that Ẽ(τ) walks to E(τ + 1) := φ(t+ τ + 1, t+ τ, Ẽ(τ)) from time

t+ τ to time t+ τ + 1.

Next we show that (a)–(i) hold for τ + 1.

(a) Since x̃1(τ)< x̃2(τ), it follows from Remark EC.1(1) that E(τ + 1) = (x1
−1(τ + 1), x2

−1(τ +

1)]× (x1
1(τ + 1), x2

1(τ + 1)], where x1(τ + 1)<x2(τ + 1).

(b) Since Ẽ(τ) walks to E(τ + 1) from time t+ τ to time t+ τ + 1, and φ(t+ τ, t, x) ∈ Ẽ(τ),

it follows that φ(t+ τ + 1, t, x)∈E(τ + 1).

(c) It holds that E(τ + 1) = φ(t+ τ + 1, t+ τ, Ẽ(τ))⊂ φ(t+ τ + 1, t+ τ,E(τ))⊂ φ(t+ τ + 1, t+

τ,φ(t+ τ, t,E)) = φ(t+ τ + 1, t,E).

(d) We show by contradiction that x∗ /∈E(τ + 1) \ {x2(τ + 1)}. Suppose that x∗ ∈E(τ + 1) \

{x2(τ + 1)}. Since E(τ + 1) ⊂ φ(t+ τ + 1, t,E), there exists x′ ∈ E such that φ(t+ τ +

1, t, x′) = x∗. By property (i) for time t+ τ , φ(t+ τ, t, x2) = x̃2(τ) or φ(t+ τ, t, x2)∈ P3. If

φ(t+ τ, t, x2) = x̃2(τ), then since Ẽ(τ) walks to E(τ + 1) from time t+ τ to time t+ τ + 1,

it follows from Remark EC.1(3) that x2(τ + 1) = φ(t+ τ + 1, t+ τ, x̃2(τ)) = φ(t+ τ + 1, t+

τ,φ(t+ τ, t, x2)) = φ(t+ τ + 1, t, x2) 6= x∗, and thus x′ 6= x2. If φ(t+ τ, t, x2) ∈ P3, then it

follows from Lemma 1 that φ(t+τ+1, t, x2)∈ P3, and thus x′ 6= x2. Hence, either way x′ 6=

x2. Thus, x′ ∈ Ē \ {x1, x2}. Note that τ + 1≤ χ(t, x). Thus, x′ ∈ φ−1
≤ (t, D̄k,1,1(t), χ(t, x))∩(

Ē \ {x1, x2}
)
, contradicting φ−1

≤ (t, D̄k,1,1(t), χ(t, x))∩ (Ē \ {x1, x2}) =∅.

(e) Recall that Ẽ(τ) ⊂ P0(t+ τ) or Ẽ(τ) ⊂ P1(t+ τ). First, note that if x̃1
−1(τ) = x∗−1 and

x̃1
1(τ) > x∗1, then x̃1(τ) ∈ P2, which contradicts x̃1(τ) ∈D≤(t+ τ). Thus, it cannot hold

that x̃1
−1(τ) = x∗−1 and x̃1

1(τ) > x∗1. If Ẽ(τ) ⊂ P1(t+ τ) and x̃1
1(τ) = x∗1, then since Ẽ(τ)

walks to E(τ + 1), it follows from Lemma EC.13 that x1(τ + 1)∈D≤(t+ τ + 1). If Ẽ(τ)⊂

P1(t+ τ) and x̃1(τ)> x∗, then x̃1(τ) ∈ P1(t+ τ). Then it follows from Remark EC.1(3)

that x1(τ + 1) = φ(t+ τ + 1, t+ τ, x̃1(τ)). Thus, it follows from Proposition EC.1(1) that

x1(τ + 1) ∈ D≤(t + τ + 1). If Ẽ(τ) ⊂ P0(t + τ), then x̃1(τ) ∈ P0(t + τ), and it follows

from Remark EC.1(3) that x1(τ + 1) = φ(t + τ + 1, t + τ, x̃1(τ)). Thus, it follows from

Proposition EC.1(1) that x1(τ + 1)∈D≤(t+ τ + 1).

(f) Since φ(t+ τ + τ ′, t+ τ, x̃2(τ))→ (1,0) as τ ′→∞ and x2(τ + 1) = φ(t+ τ + 1, t+ τ, x̃2(τ)),

it follows that φ(t+ τ + 1 + τ ′, t+ τ + 1, x2(τ + 1)) = φ(t+ τ + 1 + τ ′, t+ τ + 1, φ(t+ τ +

1, t+ τ, x̃2(τ))) = φ(t+ τ + 1 + τ ′, t+ τ, x̃2(τ))→ (1,0) as τ ′→∞.

(g) It follows from Lemma EC.12 that E(τ + 1)∩P2 =∅.

(h) It follows from Lemma EC.12 that Ẽ(τ + 1)⊂ P0(t+ τ + 1) or Ẽ(τ + 1)⊂ P1(t+ τ + 1).

(i) If Ẽ(τ + 1) = ∅, then result (i) holds. Otherwise, since Ẽ(τ) 6= ∅, it follows from the

induction hypothesis that φ(t+ τ, t, x2) = x̃2(τ) or φ(t+ τ, t, x2) ∈ P3. If φ(t+ τ, t, x2) ∈

P3, then it follows from Lemma 1 that φ(t+ τ + 1, t, x2) ∈ P3. If φ(t+ τ, t, x2) = x̃2(τ),



ec22 e-companion to Kleywegt and Wang: Product Assortment Competition with the Decoy Effect

then since Ẽ(τ) walks to E(τ + 1), it follows that x2(τ + 1) = φ(t+ τ + 1, t+ τ, x̃2(τ)) =

φ(t+ τ + 1, t+ τ,φ(t+ τ, t, x2)) = φ(t+ τ + 1, t, x2). Then, since Ẽ(τ + 1) 6= ∅, it follows

from Lemma EC.12 that x2(τ + 1) = φ(t+ τ + 1, t, x2) ∈ P3 or x̃2(τ + 1) = x2(τ + 1) =

φ(t+ τ + 1, t, x2).

Case 2. ζ(t, x2)< ζ(t, x1)≤ χ(t, x):

Then τ0 = ζ(t, x2). It follows from Lemma EC.11(2) that Ē walks to φ(t+ τ0, t, Ē) from time t

to time t+ τ0, and for all 0≤ τ < τ0, it holds that φ(t+ τ, t, Ē)⊂ P0(t+ τ) or φ(t+ τ, t, Ē)⊂

P1(t+ τ). Thus, ¯̃E(τ) = Ē(τ)⊂ P0(t+ τ) or ¯̃E(τ) = Ē(τ)⊂ P1(t+ τ) for all 0≤ τ < τ0.

We show by induction on τ ∈ {τ0, . . . , ζ(t, x1)} that

(a) there exist x1(τ), x2(τ) ∈ P (t+ τ) such that x1(τ)< x2(τ) and E(τ) = (x1
−1(τ), x2

−1(τ)]×

(x1
1(τ), x2

1(τ)],

(b) φ(t+ τ, t, x)∈E(τ),

(c) Ē(τ)⊂ φ(t+ τ, t, Ē) and E(τ)⊂ φ(t+ τ, t,E),

(d) φ(t+ τ, t, x1) = x1(τ)∈ P0(t+ τ)∪P1(t+ τ) and φ(t+ τ, t, x1) /∈D<(t+ τ).

(e) x∗ /∈ Ē(τ) \ {x1(τ), x2(τ)},

(f) x2(τ)∈D≤(t+ τ),

(g) E(τ)∩P2 =∅,

(h) x1(τ) = x∗ or ¯̃E(τ)⊂ Pk(t+ τ) for some k ∈ {0,1}, and

(i) φ(t+ τ, t, x2) = x2(τ) or φ(t+ τ, t, x2)∈ P3.

Consider τ = τ0. Since Ē walks to Ē(τ0), it follows from Remark EC.1(3) that x1(τ0) = φ(t+

τ0, t, x
1)< φ(t+ τ0, t, x

2) = x2(τ0), Ē(τ0) = φ(t+ τ0, t, Ē) = [x1
−1(τ0), x2

−1(τ0)]× [x1
1(τ0), x2

1(τ0)],

where x2(τ0) = φ(t + τ0, t, x
2) = x∗. Thus it holds that x∗ /∈ Ē(τ0) \ {x1(τ0), x2(τ0)}, φ(t +

τ0, t, x
1) = x1(τ0)∈ P0(t+ τ0), x2(τ0) = x∗ ∈D≤(t+ τ0), Ē(τ0)∩P2 =∅, Ē(τ0)⊂ P0(t+ τ0) and

¯̃E(τ0) = Ē(τ0)⊂ P0(t+τ0), and φ(t+τ0, t, x
2) = x2(τ0). Also, since E walks to E(τ0), it follows

that E(τ0) = φ(t+ τ0, t,E). Since x ∈E, it follows that φ(t+ τ0, t, x) ∈E(τ0). It follows from

τ0 < ζ(t, x1) that φ(t+ τ0, t, x
1) /∈D<(t+ τ0); since if φ(t+ τ0, t, x

1)∈D<(t+ τ0) then it would

follow from Proposition EC.1(1) that φ(t+ τ, t, x1) ∈D<(t+ τ) and thus φ(t+ τ, t, x1) 6= x∗

for all τ ≥ τ0, contradicting ζ(t, x1)> τ0. Thus (a)–(i) hold for τ = τ0.

Assume that (a)–(i) hold for some τ < ζ(t, x1). Since φ(t+ τ, t, x)∈E(τ) and τ < ζ(t, x1)≤

χ(t, x), it holds that φ(t + τ, t, x) ∈ P0(t + τ) ∪ P1(t + τ), and thus φ(t + τ, t, x) ∈ E(τ) ∩

(P0(t + τ) ∪ P1(t + τ)) = Ẽ(τ). Since Ẽ(τ) ⊂ E(τ), it holds that ¯̃E(τ) ⊂ Ē(τ). It follows

from Lemma EC.14 that there are x̃1(τ), x̃2(τ) such that x1(τ) = x̃1(τ)< x̃2(τ) and Ẽ(τ) =

(x̃1
−1(τ), x̃2

−1(τ)]× (x̃1
1(τ), x̃2

1(τ)], and x̃2(τ)∈D≤(t+ τ). Since τ < ζ(t, x1), it also follows that

x1(τ) = φ(t + τ, t, x1) 6= x∗, and thus ¯̃E(τ) ∈ Pk(t + τ) for some k ∈ {0,1}. It follows that
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¯̃E(τ) walks to Ē(τ + 1) and Ẽ(τ) walks to E(τ + 1). It also follows from Lemma EC.14 that

x2(τ)∈ P3 or x2(τ) = x̃2(τ).

Next we show that (a)–(i) hold for τ + 1.

(a) Since Ẽ(τ) = (x̃1
−1(τ), x̃2

−1(τ)]× (x̃1
1(τ), x̃2

1(τ)] walks to E(τ +1), it follows that there exist

x1(τ + 1), x2(τ + 1) ∈ P (t+ τ) such that x1(τ + 1)< x2(τ + 1) and E(τ + 1) = (x1
−1(τ +

1), x2
−1(τ + 1)]× (x1

1(τ + 1), x2
1(τ + 1)].

(b) Since φ(t+ τ, t, x)∈ Ẽ(τ), it follows that φ(t+ τ + 1, t, x)∈E(t+ τ + 1).

(c) It follows that Ē(τ + 1) = φ(t + τ + 1, t + τ, ¯̃E(τ)) ⊂ φ(t + τ + 1, t + τ, Ē(τ)) ⊂ φ(t +

τ + 1, t+ τ,φ(t+ τ, t, Ē)) = φ(t+ τ + 1, t, Ē), and E(τ + 1) = φ(t+ τ + 1, t+ τ, Ẽ(τ)) ⊂

φ(t+ τ + 1, t+ τ,E(τ))⊂ φ(t+ τ + 1, t+ τ,φ(t+ τ, t,E)) = φ(t+ τ + 1, t,E).

(d) Since ¯̃E(τ) walks to Ē(τ + 1) and x̃1(τ) = x1(τ) = φ(t + τ, t, x1), it follows from Re-

mark EC.1(3) that x1(τ + 1) = φ(t+ τ + 1, t+ τ, x̃1(τ)) = φ(t+ τ + 1, t+ τ,φ(t+ τ, t, x1)) =

φ(t+τ+1, t, x1). Since τ+1≤ ζ(t, x1), it holds that φ(t+τ+1, t, x1)∈ P0(t+τ)∪P1(t+τ).

It also holds that φ(t+ τ + 1, t, x1) /∈D<(t+ τ + 1); since otherwise it follows from Propo-

sition EC.1(1) that φ(t+ τ ′, t, x1) ∈D<(t+ τ ′) for all τ ′ ≥ τ + 1, contradicting τ + 1 ≤

ζ(t, x1).

(e) We show by contradiction that x∗ /∈ Ē(τ + 1) \ {x1(τ + 1), x2(τ + 1)}. Suppose that x∗ ∈

Ē(τ + 1) \ {x1(τ + 1), x2(τ + 1)}. Since Ē(τ + 1) ⊂ φ(t+ τ + 1, t, Ē), there exists x′ ∈ Ē

such that φ(t+ τ + 1, t, x′) = x∗. Note that φ(t+ τ + 1, t, x1) = x1(τ + 1) 6= x∗, and thus

x′ 6= x1. Next, note that φ(t+ τ0 + 1, t, x2) = φ(t+ τ0 + 1, t+ τ0, x
∗) = (x∗−1 + δ0

−1(t+ τ0 +

1), x∗1 + δ0
1(t+ τ0 + 1))∈ P1(t+ τ), and thus ρm(t+ τ0 + 1, φ(t+ τ0 + 1, t, x2)) = δ0

m(t+ τ0 +

1)(Mm + t+ 1) = 1− x∗m for m=±1. Since x∗1 > x∗−1, it follows that ρ−1(t+ τ0 + 1, φ(t+

τ0 + 1, t, x2))x∗1 = (1 − x∗−1)x∗1 = x∗1 − x∗−1x
∗
1 > x∗−1 − x∗−1x

∗
1 = (1 − x∗1)x∗−1 = ρ1(t + τ0 +

1, φ(t+τ0 +1, t, x2))x∗−1, and hence φ(t+τ0 +1, t, x2)∈D<(t+τ0 +1). Then it follows from

Proposition EC.1(1) that φ(t+τ ′, t, x2)∈D<(t+τ ′) for all τ ′ ≥ τ0 +1. Since τ+1≥ τ0 +1,

it follows that φ(t+ τ + 1, t, x2) ∈D<(t+ τ + 1), and thus φ(t+ τ + 1, t, x2) 6= x∗. Hence

x′ 6= x2. Note that τ + 1≤ χ(t, x), and thus, x′ ∈ φ−1
≤ (t, D̄k,1,1(t), χ(t, x))∩ (Ē \ {x1, x2}),

contradicting φ−1
≤ (t, D̄k,1,1(t), χ(t, x))∩ (Ē \ {x1, x2}) =∅.

(f) Since x̃2(τ)∈D≤(t+ τ) and Ẽ(τ) walks to E(τ + 1), it follows from Proposition EC.1(1)

that x2(τ + 1) = φ(t+ τ + 1, t+ τ, x̃2(τ))∈D≤(t+ τ + 1).

(g) It follows from Lemma EC.14 that E(τ + 1)∩P2 =∅.

(h) It follows from Lemma EC.14 that x1(τ + 1) = x∗ or ¯̃E(τ + 1) ⊂ Pk(t+ τ + 1) for some

k ∈ {0,1}.

(i) By property (i) for time t+ τ , φ(t+ τ, t, x2) = x2(τ) or φ(t+ τ, t, x2) ∈ P3. Also, recall

that x2(τ) ∈ P3 or x2(τ) = x̃2(τ). If φ(t + τ, t, x2) ∈ P3, then it follows from Lemma 1
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that φ(t+ τ + 1, t, x2) ∈ P3. If φ(t+ τ, t, x2) = x2(τ) and x2(τ) ∈ P3, then it follows from

Lemma 1 that φ(t+ τ + 1, t, x2) ∈ P3. If φ(t+ τ, t, x2) = x2(τ) and x2(τ) = x̃2(τ), then

x2(τ + 1) = φ(t+ τ + 1, t+ τ, x̃2(τ)) = φ(t+ τ + 1, t+ τ,φ(t+ τ, t, x2)) = φ(t+ τ + 1, t, x2).

Note that at time τ = ζ(t, x1), it holds that x1(τ) = φ(t+τ, t, x1) = x∗ ∈D≤(t+τ). Also, x∗ =

x1(τ) /∈E(τ)\{x2(τ)}. In addition, x2(τ)∈D≤(t+τ) and thus it follows from Corollary EC.1

that φ(t+ τ + τ ′, t+ τ,x2(τ))→ (1,0) as τ ′→∞. It also follows that Ẽ(τ) =E(τ)∈ P1(t+ τ)

and thus x̃2(τ) = x2(τ). Hence φ(t+τ, t, x2) = x̃2(τ) or φ(t+τ, t, x2)∈ P3. Therefore the induc-

tion hypothesis for Case 1 holds at time τ = ζ(t, x1). Then the same induction argument as in

Case 1 shows that the induction hypothesis for Case 1 holds at times τ ∈ {ζ(t, x1), . . . , χ(t, x)}.

Thus, φ(t + τ, t, x) ∈ E(τ) and E(τ) ∩ P2 = ∅, and hence φ(t + τ, t, x) /∈ P2 for all τ ∈

{t, . . . , χ(t, x)}. Thus, φ(t+ χ(t, x), t, x) ∈ P3. It follows from Theorem 2 that φ(t+ τ, t, x)→

(1,0) as τ →∞.

(4) The proof of (4) is similar to the proof of (3). Q.E.D.

EC.1.4.6. Characterization of Convergence for x∗−1 = x∗1

The Rational Case

For j ∈Z, let vj(t) denote the top right vertex of Qj(t), i.e., let

vj(t) :=
(
x∗−1 + jδ0

−1(t)/q,x∗1 + jδ0
1(t)/q

)
.

Lemma EC.15. Consider any k ∈ {0,1}, i ∈ Ik(t) ∩ Jk(t), and t ∈ N0. Then, ∪j∈Ik,iQj(t) =

Dk,i,i(t) \
(
∪j∈Ik,iΩ(vj(t))

)
.

Proof : Note that for each j ∈ Ik,i, it holds that Qj(t) = Ω1(vj−1(t)) ∩ Ω0(vj(t)). Consider

any x ∈ ∪j∈Ik,iQj(t) ⊂ Dk,i,i(t). Let j ∈ Ik,i be such that x ∈ Qj(t). Thus, x ∈ Ω1(vj−1(t)) ∩

Ω0(vj(t)) =
(
∩{j′∈Ik,i : j′≤j−1}Ω

1(vj′(t))
)
∩
(
∩{j′∈Ik,i : j′≥j}Ω

0(vj′(t))
)
. Thus, x /∈ ∪j∈Ik,iΩ(vj(t)).

Hence, ∪j∈Ik,iQj(t)⊂Dk,i,i(t) \
(
∪j∈Ik,iΩ(vj(t))

)
.

Next, consider any x ∈ Dk,i,i(t) \
(
∪j∈Ik,iΩ(vj(t))

)
. Thus, x ∈ Dk,i,i(t) and x ∈

∩j∈Ik,i (Ω0(vj(t))∪Ω1(vj(t))). Note that x∈Ω0(cv(Dk,i,i(t))) and thus {j′ ∈ Ik,i : x∈Ω0(vj′(t))} 6=

∅. Let j := min{j′ ∈ Ik,i : x ∈ Ω0(vj′(t))}. Then x ∈ Ω1(vj−1(t)) ∩ Ω0(vj(t)) = Qj(t). Hence,

Dk,i,i(t) \
(
∪j∈Ik,iΩ(vj(t))

)
⊂ ∪j∈Ik,iQj(t). Therefore, ∪j∈Ik,iQj(t) = Dk,i,i(t) \

(
∪j∈Ik,iΩ(vj(t))

)
.

Q.E.D.

Lemma EC.16. Suppose that x∗1 = x∗−1 and that x∗1/(1− x∗1) = K + p/q, where K ∈ N0, p, q ∈ N,

p/q < 1, and gcd(p, q) = 1, or K ∈ N, p= 0, and q = 1. Consider any t ∈ N0. Then, the following

hold:

(1) If j ≤ 0, then φ(t+1, t, vj(t)) = vj+q(t+1), and if j > 0, then φ(t+1, t, vj(t)) = vj−(Kq+p)(t+1).
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(2) If j ≤ 0, then φ(t+1, t,Qj(t)) =Qj+q(t+1), and if j > 0, then φ(t+1, t,Qj(t)) =Qj−(Kq+p)(t+

1).

(3) For all x∈Q(t) it holds that φ(t+ τ, t, x)→ x∗ as τ →∞.

Proof :

(1) If j ≤ 0, then it follows from (10) that

φm(t+ 1, t, vj(t)) =
(Mm + t)vj(t) + 1

Mm + t+ 1
= x∗m + (j+ q)

δ0
m(t+ 1)

q
= vj+q(t+ 1).

If j > 0, then it follows from (10) that

φm(t+ 1, t, vj(t)) =
(Mm + t)vj(t)

Mm + t+ 1
= x∗m + (j− (Kq+ p))

δ0
m(t+ 1)

q
= vj−(Kq+p)(t+ 1).

(2) Consider any x∈Qj(t), that is,

xm ∈
(
x∗m + (j− 1)

δ0
m(t)

q
,x∗m + j

δ0
m(t)

q

]
for m=±1. (EC.7)

If j ≤ 0, then x∈ P̂0, and it follows from (10) that

φm(t+ 1, t, x) =
(Mm + t)xm + 1

Mm + t+ 1
∈
(
x∗m + (j+ q− 1)

δ0
m(t+ 1)

q
,x∗m + (j+ q)

δ0
m(t+ 1)

q

]
for m=±1. Thus, φ(t+ 1, t,Qj(t))⊂Qj+q(t+ 1). If j > 0, then x∈ P̂1, and it follows from (10)

that

φm(t+ 1, t, x) =
(Mm + t)xm
Mm + t+ 1

∈
(
x∗m + (j− (Kq+ p)− 1)

δ0
m(t+ 1)

q
,x∗m + (j− (Kq+ p))

δ0
m(t+ 1)

q

]
for m=±1. Thus, φ(t+ 1, t,Qj(t))⊂Qj−(Kq+p)(t+ 1).

Conversely, consider any j ≤ 0, and any y ∈ Qj+q(t + 1), that is, ym ∈

(x∗m + (j+ q− 1)δ0
m(t+ 1)/q,x∗m + (j+ q)δ0

m(t+ 1)/q] for m = ±1. Note that x with xm =

[ym (Mm + t+ 1)− 1]/ (Mm + t) satisfies x ∈Qj(t)⊂ P̂0 and φm(t+ 1, t, x) = y. Thus, Qj+q(t+

1) ⊂ φ(t + 1, t,Qj(t)). Similarly, consider any j > 0, and any y ∈ Qj−(Kq+p)(t + 1), that is,

ym ∈
(
x∗m + (j− (Kq+ p)− 1) δ

0
m(t+1)

q
, x∗m + (j− (Kq+ p)) δ

0
m(t+1)

q

]
for m = ±1. Note that x

with xm = ym (Mm + t+ 1)/ (Mm + t) satisfies x ∈ Qj(t) ⊂ P̂1 and φm(t + 1, t, x) = y. Thus,

Qj−(Kq+p)(t+ 1)⊂ φ(t+ 1, t,Qj(t)).

(3) If x ∈Q(t), then it follows from a repeated application of (2) that φ(t+ τ, t, x) ∈Q(t+ τ) ⊂

∪D∈D=(t+τ)D for all τ ∈N0, and hence it follows from Proposition 7 that φ(t+ τ, t, x)→ x∗ as

τ →∞. Q.E.D.

For any t ∈ N0, note that cv(D0,i,i(t)) = v−(i−1)q(t) for i ∈ I0(t) ∩ J0(t), and cv(D1,i,i(t)) =

vi(Kq+p)(t) for i∈ I1(t)∩J1(t).
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Proposition EC.2. Suppose that x∗1 = x∗−1 and that x∗1/(1−x∗1) =K + p/q, where K ∈N0, p, q ∈

N, p/q < 1, and gcd(p, q) = 1, or K ∈ N, p = 0 and q = 1. Consider any t ∈ N0, k ∈ {0,1}, i ∈

Ik(t)∩Jk(t). Then, φ−1(t,Dk,i,i(t)) = {vj(t) : j ∈ Ik,i}.

Proof : First we show that {vj(t) : j ∈ Ik,i} ⊂ φ−1(t,Dk,i,i(t)). Consider any vj(t) with j ∈ Ik,i. We

consider 3 cases.

Case 1: K ∈N, p= 0, q = 1: Then, x∗1/(1− x∗1) =K. First suppose that k = 0, that is, j ≤ 0. Note

that for any i∈ I0(t)∩J0(t), it holds that Q1−i(t) =D0,i,i(t) and v1−i(t) = cv(D0,i,i(t)), and for any

j ≤ 0, it holds that vj(t) = cv(D0,1−j,1−j(t)). It follows from Proposition 6 that D0,1−j,1−j(t) walks to

D0,1,1(t− j) from time t to time t− j. Thus, φ(t− j, t, vj(t)) = x∗, and thus vj(t)∈ φ−1(t,Dk,i,i(t)).

Next suppose that k= 1, that is, j ∈ {(i−1)K+1, (i−1)K+2, . . . , iK}. Since j > 0, it follows from

Lemma EC.16(1) that φ(t+ τ, t, vj(t)) = vj−τK(t+ τ) for all 0≤ τ ≤ i. Since j − iK ≤ 0, it follows

that φ(t+ i, t, vj(t)) = vj−iK(t+ i) = cv(D0,1−j+iK,1−j+iK(t+ i)). It follows from Proposition 6 that

φ(t+ i− j+ iK, t, vj(t)) = x∗. Thus, vj(t)∈ φ−1(t,Dk,i,i(t)).

Case 2: K ∈ N, p, q ∈ N, p/q < 1, and gcd(p, q) = 1: First suppose that k = 0, that is, j ≤ 0.

Then j = −lq − n, where l ∈ N0 and n ∈ {0,1, . . . , q − 1}. It follows from Lemma EC.16(1) that

φ(t+ l, t, vj(t)) = vj+lq(t+ l). Note that j+ lq=−n∈ I− := {−q+ 1, . . . ,−1,0}. Next suppose that

k= 1, that is, j > 0. Then j = l′(Kq+p)+n′, where l′ ∈N0 and n′ ∈ {1, . . . ,Kq+p}. It follows from

Lemma EC.16(1) that φ(t+ l′+1, t, vj(t)) = vj−(l′+1)(Kq+p)(t+ l
′+1). Note that j−(l′+1)(Kq+p) =

n′ − (Kq + p) ≤ 0. Then j − (l′ + 1)(Kq + p) = −lq − n, where l ∈ N0 and n ∈ {0,1, . . . , q − 1}. It

follows from Lemma EC.16(1) that φ(t+ l′ + 1 + l, t, vj(t)) = vj−(l′+1)(Kq+p)+lq(t+ l′ + 1 + l). Note

that j− (l′+ 1)(Kq+ p) + lq=−n∈ I−.

Next, consider vj(t) with j ∈ I−. We show that there exists τ ∈N0 such that φ(t+τ, t, vj(t)) = x∗.

For any τ ∈N0, let f(τ) denote the negative of the index of φ(t+τ, t, vj(t)), that is, φ(t+τ, t, vj(t)) =

v−f(τ)(t+ τ). Thus, we will show that there exists τ ∈N0 such that f(τ) = 0.

Inductively define {τn}∞n=0 as follows. Let τ0 = 0. Note that −f(τ0) = j ∈ I−. For n= 0,1, . . ., let

τn+1 := inf{τ > τn : −f(τ) ∈ I−}. Suppose that −f(τn) ∈ I−. Then, f(τn) + p ∈ {p, . . . , p+ q− 1}.

It follows from Lemma EC.16(1) that f(τn + 1) = f(τn)− q ∈ {−q, . . . ,−1} and that f(τn + 2) =

f(τn)− q+Kq+ p= f(τn) + (K − 1)q+ p≥ 0 since K ≥ 1. It follows from Lemma EC.16(1) that,

if f(τn) + p < q, then τn+1 = τn + 2 + K − 1, and f(τn+1) = f(τn) + p ∈ {p, . . . , q − 1} ⊂ −I−. If

f(τn) + p≥ q, then τn+1 = τn + 2 +K, and f(τn+1) = f(τn) + p− q ∈ {0, . . . , p− 1} ⊂−I−. Thus,

f(τn+1) =

{
f(τn) + p if f(τn) + p < q,
f(τn) + p− q if f(τn) + p≥ q,

which implies that

f(τn) = (−j+np) mod q
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for all n∈N0.

Since p≥ 1 and gcd(p, q) = 1, there exists p∗ ∈ N such that (p∗p) mod q = 1. Thus, there exists

N ∈N such that p∗p=Nq+ 1. Note that

f(τ(j+q)p∗) = (−j+ (j+ q)p∗p) mod q = (−j+ (j+ q)(Nq+ 1)) mod q = 0.

Thus, there exists τ ∈N0 such that f(τ) = 0. Hence, φ(t+ τ, t, vj(t)) = v0(t+ τ) = x∗, which implies

that vj(t)∈ φ−1(t,Dk,i,i(t)).

Case 3: K = 0, p, q ∈N, p/q < 1, and gcd(p, q) = 1: Then (1−x∗)/x∗ = K̃+m/p, where K̃ = q ∈N,

m= 0, p= 1, or K̃ ∈N, m,p∈N, m/p< 1, and gcd(m,p) = 1. By changing variables y∗m := 1−x∗m,

similar arguments as in Cases 1 and 2 apply to this case.

Next we show that φ−1(t,Dk,i,i(t)) ⊂ {vj(t) : j ∈ Ik,i}. Consider any x ∈ φ−1(t,Dk,i,i(t)). Then

there exists τ ∈ N0 such that φ(t + τ, t, x) = x∗ ∈ D=(t + τ). It follows from Proposition EC.1

that φ(t + τ + τ ′, t, x) ∈ D=(t + τ + τ ′), and thus it follows from Proposition 7 that φ(t + τ +

τ ′, t, x)→ x∗ as τ ′→∞. We show by contradiction that x ∈ {vj(t) : j ∈ Ik,i}. Since {vj(t) : j ∈

Ik,i} ⊂ φ−1(t,Dk,i,i(t)), it follows that if x ∈ ∪j∈Ik,iΩ(vj(t)), then x ∈D2
k,i,i(t) ∪D3

k,i,i(t). Then it

follows from Theorem 4(1) and 4(2) that φ(t+ τ + τ ′, t, x)→ (1,0) or φ(t+ τ + τ ′, t, x)→ (0,1) as

τ ′ →∞, contradicting φ(t+ τ + τ ′, t, x)→ x∗ as τ ′ →∞. If x ∈ Dk,i,i(t) \
[
∪j∈Ik,iΩ(vj(t))

]
, then

it follows from Lemma EC.15 that x ∈ ∪j∈Ik,iQj(t). Thus, there exists some j ∈ Ik,i such that

x∈Qj(t). Since x /∈ {vj(t) : j ∈ Ik,i}, it holds that Ω(x)∩Qj(t) 6=∅. Consider any y ∈Ω(x)∩Qj(t).

Since x ∈ φ−1(t,Dk,i,i(t)), it follows that y ∈D2
k,i,i(t)∪D3

k,i,i(t). It follows from Theorem 4(1) and

4(2) that φ(t+ τ, t, y)→ (1,0) or φ(t+ τ, t, y)→ (0,1) as τ →∞, contradicting φ(t+ τ, t, y)→ x∗

by Lemma EC.16(3). Thus, x ∈ {vj(t) : j ∈ Ik,i}, and hence φ−1(t,Dk,i,i(t)) ⊂ {vj(t) : j ∈ Ik,i}.

Q.E.D.

Proof of Theorem 5: Results (1) and (2) follow from Theorem 4(1) and Theo-

rem 4(2). It follows from Proposition EC.2 that φ−1(0,Dk,i,i(0)) = {vj(0) : j ∈ Ik,i}. Thus

Dl
k,i,i(0) := Dk,i,i(0) ∩

[
∪x∈φ−1(0,Dk,i,i(0))Ω

l(x)
]

= Dk,i,i(0) ∩
[
∪j∈Ik,iΩl(vj(0))

]
. Hence Dk,i,i(0) \

(D2
k,i,i(0) ∪ D3

k,i,i(0)) = Dk,i,i(0) ∩ D2
k,i,i(0)c ∩ D3

k,i,i(0)c = Dk,i,i(0) ∩
[
∩j∈Ik,iΩ2(vj(0))c

]
∩[

∩j∈Ik,iΩ3(vj(0))c
]

= Dk,i,i(0) ∩
[
∩j∈Ik,i (Ω2(vj(0))∪Ω3(vj(0)))

c]
= Dk,i,i(0) ∩

[
∩j∈Ik,iΩ(vj(0))c

]
=

Dk,i,i(0) ∩
[
∪j∈Ik,iΩ(vj(0))

]c
= Dk,i,i(0) \

[
∪j∈Ik,iΩ(vj(0))

]
= ∪j∈Ik,iQj(0), where the last equal-

ity follows from Lemma EC.15. Therefore ∪k∈{0,1} ∪i∈Ik(0)∩Jk(0)

[
Dk,i,i(0) \ (D2

k,i,i(0)∪D3
k,i,i(0))

]
=

∪k∈{0,1} ∪i∈Ik(0)∩Jk(0) ∪j∈Ik,iQj(0) =Q(0). It follows from Lemma EC.16(3) that φ(t,0, x)→ x∗ as

t→∞ for all x∈Q(0). Q.E.D.
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The Irrational Case

Let x∗1/(1− x∗1) =K +ω, where K ∈N0 and ω ∈ (0,1) \Q. We show that in the irrational case,

φ(t + τ, t, x)→ x∗ as τ →∞ if and only if x ∈ D=(t). For each t ∈ N0 and r ∈ R, let w(t, r) =

(w−1(t, r),w1(t, r)) := (x∗−1 +rδ0
−1(t), x∗1 +rδ0

1(t)). If x∗1 = x∗−1, the diagonal line at time t can be writ-

ten as D=(t) =
{
x∈ P (t) : (x1−x∗1)(M1 + t) = (x−1−x∗−1)(M−1 + t)

}
= {w(t, r)∈ P (t) : r ∈R}.

For any t, τ ∈ N0 and x ∈ D=(t), let g(τ,x) = −r iff φ(t + τ, t, x) = w(t + τ, r). That is, for any

t, τ ∈N0 and x∈D=(t), φ(t+ τ, t, x) =w(t+ τ,−g(τ,x)).

Lemma EC.17. Suppose that x∗−1 = x∗1. For any t, τ ∈N0 it holds that x∈D=(t) iff φ(t+ τ, t, x)∈

D=(t+ τ). If x∈D=(t), then φ(t+ τ, t, x)→ x∗ as τ →∞.

Proof : It follows from Proposition EC.1 that if x ∈D=(t), then φ(t+ τ, t, x) ∈D=(t+ τ) for all

τ ∈N0, if x∈D<(t) then φ(t+τ, t, x)∈D<(t+τ) for all τ ∈N0, and if x∈D>(t) then φ(t+τ, t, x)∈

D>(t+ τ) for all τ ∈N0. Hence x∈D=(t) iff φ(t+ τ, t, x)∈D=(t+ τ). It follows from Proposition 7

that if x∈D=(t), then φ(t+ τ, t, x)→ x∗ as τ →∞. Q.E.D.

Lemma EC.18. Suppose that x∗−1 = x∗1 and x∗1/(1− x∗1) =K + ω. Consider any t, τ ∈ N0 and x ∈

D=(t). If g(τ,x)≥ 0, then g(τ + 1, x) = g(τ,x)− 1, and if g(τ,x)< 0, then g(τ + 1, x) = g(τ,x) +

K +ω.

Proof : If g(τ,x)≥ 0, then φ(t+ τ, t, x)∈ P0(t) and

φm(t+ τ + 1, t, x) =
(Mm + t+ τ)φm(t+ τ, t, x) + 1

Mm + t+ τ + 1
= x∗m− [g(τ,x)− 1]δ0

m(t+ τ + 1)

for m=±1, and thus g(τ + 1, x) = g(τ,x)− 1. If g(τ,x)< 0, then φ(t+ τ, t, x)∈ P1(t) and

φm(t+ τ + 1, t, x) =
(Mm + t+ τ)φm(t+ τ, t, x)

Mm + t+ τ + 1
= x∗m− [g(τ,x) +K +ω]δ0

m(t+ τ + 1)

for m=±1, and thus g(τ + 1, x) = g(τ,x) +K +ω. Q.E.D.

For any r ∈R, let frac(r) := r mod 1 denote the fractional part of r. For any i∈N, let Ri := {−i+

frac(nω) : n ∈ N}. It follows from Kronecker’s Approximation Theorem for the one-dimensional

case (Apostol 1997) that if ω is irrational, then {frac(nω) : n ∈ N} is dense in (0,1). Thus Ri is

dense in (−i,−i+ 1]. Note that if r ∈Ri, then wm(t, r)∈ (x∗m− iδ0
m(t), x∗m− (i− 1)δ0

m(t)), and thus

w(t, r)∈D0,i,i(t).

Lemma EC.19. Suppose that x∗−1 = x∗1 and x∗1/(1−x∗1) =K +ω, where K ∈N0 and ω ∈ (0,1) \Q.

Consider any t∈N0, i∈ I0(t)∩J0(t). Then, D0,i,i(t) \D=(t) = (∪r∈Ri
Ω(w(t, r)))∩D0,i,i(t).
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Proof : Consider any x∈D0,i,i(t) \D=(t). Thus, xm ∈ (x∗m− iδ0
m(t), x∗m− (i− 1)δ0

m(t)] for m=±1.

Thus, there exist r−1, r1 ∈ (−i,−i+ 1] such that r−1 6= r1, x−1 = x∗−1 + r−1δ
0
−1(t), and x1 = x∗1 +

r1δ
0
1(t). Recall that Ri is dense in (−i,−i+1]. If r−1 > r1, then there exists r ∈ (r1, r−1)∩Ri. Then,

x−1 >w−1(t, r) and x1 <w1(t, r), which implies that x ∈Ω3(w(t, r)). If r−1 < r1, then there exists

r ∈ (r−1, r1) ∩ Ri. Then, x−1 < w−1(t, r) and x1 > w1(t, r), which implies x ∈ Ω2(w(t, r)). Thus,

x∈ (∪r∈Ri
Ω(w(t, r)))∩D0,i,i(t), and hence D0,i,i(t) \D=(t)⊂ (∪r∈Ri

Ω(w(t, r)))∩D0,i,i(t).

Consider any x ∈ (∪r∈Ri
Ω(w(t, r))) ∩D0,i,i(t). There exists r ∈ Ri such that x ∈ Ω(w(t, r)). If

x ∈ Ω2(w(t, r)), then x−1 ≤ w−1(t, r) = x∗−1 + r(1− x∗−1)/(M−1 + t) and x1 > w1(t, r) = x∗1 + r(1−

x∗1)/(M1 + t), and thus (x−1 − x∗−1)(M−1 + t)≤ r(1− x∗−1) = r(1− x∗1)< (x1 − x∗1)(M1 + t), which

implies that x /∈ D=(t). If x ∈ Ω3(w(t, r)), then x−1 > w−1(t, r) = x∗−1 + r(1 − x∗−1)/(M−1 + t)

and x1 ≤ w1(t, r) = x∗1 + r(1− x∗1)/(M1 + t), and thus (x−1 − x∗−1)(M−1 + t) > r(1− x∗−1) = r(1−

x∗1) ≥ (x1 − x∗1)(M1 + t), which implies that x /∈ D=(t). Thus, x ∈ D0,i,i(t) \ D=(t), and hence

(∪r∈Ri
Ω(w(t, r)))∩D0,i,i(t)⊂D0,i,i(t) \D=(t). Q.E.D.

Proposition EC.3. Suppose that x∗−1 = x∗1 and x∗1/(1−x∗1) =K+ω, where K ∈N and ω ∈ (0,1)\

Q. Consider any t∈N0 and i∈ I0(t)∩J0(t). Then, {w(t, r) : r ∈Ri} ⊂ φ−1(t,D0,i,i(t)).

Proof : Consider any r ∈ Ri. Thus, there exists n∗ ∈ N such that r = −i+ frac(n∗ω). Note that

g(0,w(t, r)) =−r ∈ [i−1, i). It follows from Lemma EC.18 that g(i−1,w(t, r)) =−r−(i−1)∈ [0,1).

Define τ0 = i− 1 and inductively define τn+1 := inf{τ > τn : g(τ,w(t, r))∈ [0,1)}.

Thus, g(τ0,w(t, r))∈ [0,1). Consider any n∈N0, and assume that g(τn,w(t, r))∈ [0,1). It follows

from Lemma EC.18 that g(τn + 1,w(t, r)) = g(τn,w(t, r))−1∈ [−1,0), and that g(τn + 2,w(t, r)) =

g(τn,w(t, r)) − 1 + K + ω > 0 since K ≥ 1 and ω > 0. Note that g(τn,w(t, r)) + ω ∈ (0,2). If

g(τn,w(t, r)) + ω < 1, then τn+1 = τn + 2 +K − 1 and g(τn+1,w(t, r)) = g(τn,w(t, r)) + ω ∈ (0,1).

If g(τn,w(t, r)) +ω ≥ 1, then τn+1 = τn + 2 +K and g(τn+1,w(t, r)) = g(τn,w(t, r)) +ω− 1 ∈ [0,1).

Thus

g(τn+1,w(t, r)) =

{
g(τn,w(t, r)) +ω if g(τn,w(t, r)) +ω < 1,
g(τn,w(t, r)) +ω− 1 if g(τn,w(t, r)) +ω≥ 1.

(EC.8)

which is equivalent to

g(τn,w(t, r)) = frac(−r− (i− 1) +nω) = frac(1− frac(n∗ω) +nω)

for n= 0,1, . . .. Thus, g(τn∗ ,w(t, r)) = frac(1− frac(n∗ω) +n∗ω) = 0.

Hence, φ(t+ τn∗ , t,w(t, r)) =w(t+ τn∗ ,0) = x∗. Thus, w(t, r)∈ φ−1(t,D0,i,i(t)). Q.E.D.



ec30 e-companion to Kleywegt and Wang: Product Assortment Competition with the Decoy Effect

Proof of Theorem 6:

(1) Consider any x ∈D>(0)⊂ ∪D∈D2(0)∪D=(0)D ∪ P2. Suppose that K ∈ N. If x ∈ ∪D∈D2(0)D ∪ P2,

then it follows from Theorems 2 and 3 that φ(t,0, x)→ (0,1) as t→∞. If x ∈ ∪D∈D=(0)D,

then there exists k ∈ {0,1} and i ∈ Ik(0)∩ Jk(0) such that x ∈Dk,i,i(0) \D=(0). First suppose

that k = 0. Thus, x ∈D0,i,i(0) \D=(0). It follows from Lemma EC.19 and Proposition EC.3

that x∈ (∪r∈Ri
Ω(w(0, r)))∩D0,i,i(0)⊂

(
∪y∈φ−1(0,D0,i,i(0))Ω(y)

)
∩D0,i,i(0) =D2

0,i,i(0)∪D3
0,i,i(0).

Next suppose that k = 1. Then it follows from Proposition 6 that φ(i,0, x) ∈ P0. If φ(i,0, x) ∈

∪D∈D2(i)∪D3(i)D, then it follows from Theorem 3 that φ(t,0, x)→ (0,1) or φ(t,0, x)→ (1,0)

as t → ∞. Otherwise, there exists i′ ∈ I0(i) ∩ J0(i) such that φ(i,0, x) ∈ D0,i′,i′(i) \ D=(i).

Then it follows from Lemma EC.19 and Proposition EC.3 that φ(i,0, x)∈
(
∪r∈Ri′

Ω(w(i, r))
)
∩

D0,i′,i′(i)⊂
(
∪y∈φ−1(i,D0,i′,i′ (i))

Ω(y)
)
∩D0,i′,i′(i) =D2

0,i′,i′(i)∪D3
0,i′,i′(i). Thus it follows from The-

orem 4(1) and 4(2) that φ(t,0, x)→ (0,1) or φ(t,0, x)→ (1,0) as t→∞. Since x ∈ D>(0)

and x∗−1 = x∗1, it follows from Proposition EC.1(2) that φ(t,0, x) ∈D>(t) for all t ∈N0. Thus,

φ(t,0, x) /∈ P3 for all t∈N0 and hence φ(t,0, x)→ (0,1) as t→∞.

If K = 0, then x∗1/(1− x∗1) = ω. Then there exist K̃ ∈ N and ω̃ ∈ (0,1) \Q such that 1/ω =

K̃ + ω̃ and (1− x∗1)/x∗1 = K̃ + ω̃. After changing variables to y∗1 := 1− x∗1, a similar argument

as for the case with K ∈N can be used.

(2) Result (2) follows from a similar argument for Result (1).

(3) If x∈D=(0), then it follows from Lemma EC.17 that φ(t,0, x)→ x∗ as t→∞. Q.E.D.

Proof of Proposition 8: Consider any ε > 0. Choose δ= min{ε,x∗−1,1−x∗1}. Consider any x∈ P

such that ‖x− (0,1)‖∞ < δ. Note that x ∈ P2. By Lemma 1, φ(t,0, x) ∈ P2 for all t ∈N0. Thus, it

follows from (10) that

‖φ(t,0, x)− (0,1)‖∞ = max

{∣∣∣∣M−1x−1

M−1 + t

∣∣∣∣ , ∣∣∣∣M1x1 + t

M1 + t
− 1

∣∣∣∣}
= max

{
M−1 |x−1|
M−1 + t

,
M1 |x1− 1|
M1 + t

}
< δ ≤ ε

for all t, and hence (0,1) is stable. By a similar argument, (1,0) is also stable.

Consider any ε∈ (0,min{x∗−1,1−x∗1}/2) and any δ > 0. There exists x∈ P2 such that ‖x−x∗‖∞ <

δ. Since φ(t,0, x)→ (0,1) as t→∞, there exists t ∈N such that ‖φ(t,0, x)− x∗‖∞ > ε. Thus x∗ is

unstable. Q.E.D.

EC.1.5. Proofs for Discrete-time Fictitious Play under Case 2

Lemma EC.20. Consider any x∈ [0,1] and m=±1. Then, PBRm(x) = {A1
m}.
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Proof: It follows from Lemma EC.2 that

x−mπm(A0
m,A

1
−m) + (1−x−m)πm(A0

m,A
0
−m) < x−mπm(A1

m,A
1
−m) + (1−x−m)πm(A1

m,A
0
−m),

which implies PBRm(x) = {A1
m}. Q.E.D.

Proof of Proposition 9: It follows from Lemma EC.20 that for each m=±1 and τ ∈N0,

φm(t+ τ, t, x) =
(Mm + t)xm +

∑τ

i=1 1[Am(t+i)=A1
m]

Mm + t+ τ
=

(Mm + t)xm + τ

Mm + t+ τ
,

which implies that φ(t+ τ, t, x)→ (1,1) as τ →∞. Q.E.D.

EC.2. Assortment Competition with General Product sets and Simple Actions

EC.2.1. Proof of Proposition 10:

The proof follows from similar arguments as those for Propositions 1 and 2. Q.E.D.

EC.2.2. Cournot Adjustment Process under Case 3

We provide a proof for Proposition 11 that describes the behavior of the Cournot adjustment

process under Case 3 in Table 2. Under Case 3, it holds that β̄−1 <β−1 <β−1 and β1 <β1 < β̄1.

Lemma EC.21. Under Case 3 in Table 2, it holds that π1(A1
1,A

1
−1) < π1(A0

1,A
1
−1) and

π1(A0
1,A

0
−1)<π1(A1

1,A
0
−1) and π−1(A1

−1,A
1
1)>π−1(A0

−1,A
1
1) and π−1(A0

−1,A
0
1)>π−1(A1

−1,A
0
1).

Proof : For m=±1, note that, λ̄m > 0, λm > 0 and that

πm(A1
m,A

1
−m)−πm(A0

m,A
1
−m) = λm(βm−βm),

πm(A0
m,A

0
−m)−πm(A1

m,A
0
−m) = λ̄m(βm− β̄m).

Thus, the result follows from β̄−1 <β−1 <β−1 and β1 <β1 < β̄1. Q.E.D.

Proof of Proposition 11: The result follows from Lemma EC.21. Q.E.D.

EC.3. Assortment Competition with General Product Sets and General Actions

In this section we provide proofs for Propositions 12 and 13. We also present two corollaries that

follow from the propositions.

Proof of Proposition 12:

(1) Consider any A0
−m ∈ C0

−m and any A0
m ∈ PBR0

m(A0
−m). Then A0

m ∈ PBRm(A0
−m) iff for all A1

m ∈
PBR1

m(A0
−m) it holds that

πm(A0
m,A

0
−m) ≥ πm(A1

m,A
0
−m)⇔

vtmptm + bm(A0
−m,A

0
m)

1 + vtm + vt−m
+ c(A0

−m,A0
m)

≥
αmvtmptm + bm(A0

−m,A
1
m)

1 +αmvtm +βmvt−m
+ c(A0

−m,A1
m)

(EC.9)

⇔ βm ≥ β̄m(A0
−m).
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(2) Consider any A1
−m ∈ C1

−m and any A1
m ∈ PBR1

m(A1
−m). Then A1

m ∈ PBRm(A1
−m) iff for all A0

m ∈

PBR0
m(A1

−m) it holds that

πm(A1
m,A

1
−m) ≥ πm(A0

m,A
1
−m)⇔

αmβ−mvtmptm + bm(A1
−m,A

1
m)

1 +αmβ−mvtm +α−mβmvt−m
+ c(A1

−m,A1
m)

≥
β−mvtmptm + bm(A1

−m,A
0
m)

1 +β−mvtm +α−mvt−m
+ c(A1

−m,A0
m)

⇔ βm ≤ βm(A1
−m). (EC.10)

(3) Consider any A0
−m ∈ C0

−m and any A1
m ∈ PBR1

m(A0
−m). Then A1

m ∈ PBRm(A0
−m) iff for all A0

m ∈

PBR0
m(A0

−m) it holds that

πm(A1
m,A

0
−m) ≥ πm(A0

m,A
0
−m)

⇔
αmvtmptm + bm(A0

−m,A
1
m)

1 +αmvtm +βmvt−m
+ c(A0

−m,A1
m)

≥
vtmptm + bm(A0

−m,A
0
m)

1 + vtm + vt−m
+ c(A0

−m,A0
m)

(EC.11)

⇔ βm ≤ β̄m(A0
−m).

(4) Consider any A1
−m ∈ C1

−m and any A0
m ∈ PBR0

m(A1
−m). Then A0

m ∈ PBRm(A1
−m) iff for all A1

m ∈

PBR1
m(A1

−m) it holds that

πm(A0
m,A

1
−m) ≥ πm(A1

m,A
1
−m)

⇔
β−mvtmptm + bm(A1

−m,A
0
m)

1 +β−mvtm +α−mvt−m
+ c(A1

−m,A0
m)

≥
αmβ−mvtmptm + bm(A1

−m,A
1
m)

1 +αmβ−mvtm +α−mβmvt−m
+ c(A1

−m,A1
m)

⇔ βm ≥ βm(A1
−m). (EC.12)

Q.E.D.

Remark EC.2. Note that the left sides of (EC.9)–(EC.11) do not depend on the choice of Aim ∈

PBRim(A−m), and the right sides of (EC.9)–(EC.11) are the objective values πm(Aim,A−m), and are

by definition of PBRim(A−m) the same for all choices of Aim ∈ PBRim(A−m). It follows that β̄m(A−m)

and βm(A−m) do not depend on the choice of Aim ∈ PBRim(A−m), which is why Aim was omitted

from the notation for β̄m(A−m) and βm(A−m).

Corollary EC.2 characterizes the conditions for the existence of pure-strategy Nash equilibria.

Corollary EC.2. The following holds:

(1) A pair of assortments (A0
−1,A

0
1) ∈ C0

−1 × C0
1 is a Nash equilibrium iff A0

m ∈ PBR0
m(A0

−m) and

βm ≥ β̄m(A0
−m) for m=±1.

(2) A pair of assortments (A1
−1,A

1
1) ∈ C1

−1 × C1
1 is a Nash equilibrium iff A1

m ∈ PBR1
m(A1

−m) and

βm ≤ βm(A1
−m) for m=±1.

(3) A pair of assortments (A0
−m,A

1
m) ∈ C0

−m × C1
m is a Nash equilibrium iff A0

−m ∈ PBR0
−m(A1

m),

A1
m ∈ PBR1

m(A0
−m), β−m ≥ β−m(A1

m), and βm ≤ β̄m(A0
−m).
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Let C0+
m (x̄m) := C0

m ∩ C+
m(x̄m), and C1+

m (x̄m) := C1
m ∩ C+

m(x̄m). Thus, C+
m(x̄m) = C0+

m (x̄m) ∪

C1+
m (x̄m)

Proof of Proposition 13:

(1) If x̄0
m ∈ BR0

m(x̄−m), then x̄0
m ∈ BRm(x̄−m) iff for all A0

m ∈C0+
m (x̄0

m) (note C0+
m (x̄0

m)⊂ PBR0
m(x̄−m))

and all A1
m ∈ PBR1

m(x̄−m) it holds that

∑
A−m∈C−m

πm(A0
m,A−m)x̄−m(A−m) ≥

∑
A−m∈C−m

πm(A1
m,A−m)x̄−m(A−m) (EC.13)

⇔
∑

A0
−m∈C

0+
−m(x̄−m)

[
πm(A0

m,A
0
−m)−πm(A1

m,A
0
−m)

]
x̄−m(A0

−m)

+
∑

A1
−m∈C

1+
−m(x̄−m)

[
πm(A0

m,A
1
−m)−πm(A1

m,A
1
−m)

]
x̄−m(A1

−m) ≥ 0.

Since A0
m ∈C0

m, A0
−m ∈C0

−m, and A1
m ∈C1

m, it follows that

πm(A0
m,A

0
−m)−πm(A1

m,A
0
−m) =

vtmptm + bm(A0
m)

1 + vtm + vt−m
+ c(A0

−m,A0
m)
− αmvtmptm + bm(A1

m)

1 +αmvtm +βmvt−m
+ c(A0

−m,A1
m)

= λ̄m(A0
−m,A

0
m,A

1
m)
[
βm− β̄m(A0

−m,A
0
m,A

1
m)
]
.

and since A0
m ∈C0

m, A1
−m ∈C1

−m, and A1
m ∈C1

m, it follows that

πm(A0
m,A

1
−m)−πm(A1

m,A
1
−m) =

β−mvtmptm + bm(A0
m)

1 +β−mvtm +α−mvt−m + c(A1
−m,A

0
m)
− αmβ−mvtmptm + bm(A1

m)

1 +αmβ−mvtm +α−mβmvt−m + c(A1
−m,A

1
m)

= λm(A1
−m,A

0
m,A

1
m)

[
βm−βm(A1

−m,A
0
m,A

1
m)

]
.

Then, (EC.13) is equivalent to

∑
A0
−m∈C

0+
−m(x̄−m)

λ̄m(A0
−m,A

0
m,A

1
m)
[
βm− β̄m(A0

−m,A
0
m,A

1
m)
]
x̄−m(A0

−m)

+
∑

A1
−m∈C

1+
−m(x̄−m)

λm(A1
−m,A

0
m,A

1
m)
[
βm−βm(A1

−m,A
0
m,A

1
m)
]
x̄−m(A1

−m) ≥ 0

⇔ βm ≥ βm(x̄−m).

(2) If x̄1
m ∈ BR1

m(x̄−m), then x̄1
m ∈ BRm(x̄−m) iff for all A1

m ∈C1+
m (x̄1

m) (note C1+
m (x̄1

m)⊂ PBR1
m(x̄−m))

and all A0
m ∈ PBR0

m(x̄−m) it holds that

∑
A−m∈C−m

πm(A1
m,A−m)x̄−m(A−m) ≥

∑
A−m∈C−m

πm(A0
m,A−m)x̄−m(A−m) (EC.14)

⇔
∑

A0
−m∈C

0+
−m(x̄−m)

[
πm(A1

m,A
0
−m)−πm(A0

m,A
0
−m)

]
x̄−m(A0

−m)

+
∑

A1
−m∈C

1+
−m(x̄−m)

[
πm(A1

m,A
1
−m)−πm(A0

m,A
1
−m)

]
x̄−m(A1

−m) ≥ 0.
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Since A1
m ∈C1

m, A0
−m ∈C0

−m, and A0
m ∈C0

m, it follows that

πm(A1
m,A

0
−m)−πm(A0

m,A
0
−m) =

αmvtmptm + bm(A1
m)

1 +αmvtm +βmvt−m
+ c(A0

−m,A1
m)
− vtmptm + bm(A0

m)

1 + vtm + vt−m
+ c(A0

−m,A0
m)

= λ̄m(A0
−m,A

0
m,A

1
m)
[
β̄m(A0

−m,A
0
m,A

1
m)−βm

]
.

and since A0
m ∈C0

m, A1
−m ∈C1

−m, and A1
m ∈C1

m, it follows that

πm(A1
m,A

1
−m)−πm(A0

m,A
1
−m) =

αmβ−mvtmptm + bm(A1
m)

1 +αmβ−mvtm +α−mβmvt−m + c(A1
−m,A

1
m)
− β−mvtmptm + bm(A0

m)

1 +β−mvtm +α−mvt−m + c(A1
−m,A

0
m)

= λm(A1
−m,A

0
m,A

1
m)

[
βm(A1

−m,A
0
m,A

1
m)−βm

]
.

Then, (EC.14) is equivalent to∑
A0
−m∈C

0+
−m(x̄−m)

λ̄m(A0
−m,A

0
m,A

1
m)
[
βm− β̄m(A0

−m,A
0
m,A

1
m)
]
x̄−m(A0

−m)

+
∑

A1
−m∈C

1+
−m(x̄−m)

λm(A1
−m,A

0
m,A

1
m)
[
βm−βm(A1

−m,A
0
m,A

1
m)
]
x̄−m(A1

−m) ≤ 0

⇔ βm ≤ βm(x̄−m).

(3) If x̄2
m ∈ BR2

m(x̄−m), then, for any A0
m ∈C0+

m (x̄2
m), A1

m ∈C1+
m (x̄2

m), and Am ∈Cm, it holds that∑
A−m∈C−m

πm(A0
m,A−m)x̄−m(A−m) =

∑
A−m∈C−m

πm(A1
m,A−m)x̄−m(A−m)

≥
∑

A−m∈C−m

πm(Am,A−m)x̄−m(A−m),

which implies that x̄2
m ∈ BRm(x̄−m), and thus BR2

m(x̄−m)⊂ BRm(x̄−m).

In addition, since C0+
m (x̄2

m)⊂ PBR0
m(x̄−m), it holds for all Â0

m ∈ PBR0
m(x̄−m) that∑

A−m∈C−m

πm(Â0
m,A−m)x̄−m(A−m) =

∑
A−m∈C−m

πm(A0
m,A−m)x̄−m(A−m).

Similarly, since C1+
m (x̄2

m)⊂ PBR1
m(x̄−m), it holds for all Â1

m ∈ PBR1
m(x̄−m) that∑

A−m∈C−m

πm(Â1
m,A−m)x̄−m(A−m) =

∑
A−m∈C−m

πm(A1
m,A−m)x̄−m(A−m).

Thus, it follows that∑
A−m∈C−m

πm(Â0
m,A−m)x̄−m(A−m) =

∑
A−m∈C−m

πm(Â1
m,A−m)x̄−m(A−m),

which is equivalent to∑
A0
−m∈C

0
−m

[
πm(Â0

m,A
0
−m)−πm(Â1

m,A
0
−m)

]
x̄−m(A0

−m)

+
∑

A1
−m∈C

1
−m

[
πm(Â0

m,A
1
−m)−πm(Â1

m,A
1
−m)

]
x̄−m(A1

−m) = 0,
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that is, ∑
A0
−m∈C

0
−m

λ̄m(A0
−m, Â

0
m, Â

1
m)
[
βm− β̄m(A0

−m, Â
0
m, Â

1
m

]
x̄−m(A0

−m)

+
∑

A1
−m∈C

1
−m

λm(A1
−m, Â

0
m, Â

1
m)
[
βm−βm(A1

−m, Â
0
m, Â

1
m)
]
x̄−m(A1

−m) = 0,

which is equivalent to βm = βm(x̄−m). Q.E.D.

Remark EC.3. Note that the left side of (EC.13) is the objective value∑
A−m∈C−m

πm(A0
m,A−m)x̄−m(A−m),

and is by definition of PBR0
m(x̄−m) the same for all choices of A0

m ∈ PBR0
m(x̄−m), and thus for all

choices of A0
m ∈C0+

m (x̄0
m)⊂ PBR0

m(x̄−m). Similarly, the right side of (EC.13) is the same for all choices

of A1
m ∈ PBR1

m(x̄−m). It follows that βm(x̄−m) does not depend on the choice of A0
m ∈C0+

m (x̄0
m) and

A1
m ∈ PBR1

m(x̄−m), which is why (A0
m,A

1
m) was omitted from the argument of βm(x̄−m). Similar

comments apply to the proofs of Proposition 13(2) and 13(3).

Corollary EC.3 characterizes the existence of mixed-strategy Nash equilibria.

Corollary EC.3. The following holds:

(1) A pair of mixed strategies (x̄0
−1, x̄

0
1)∈∆(C0

−1)×∆(C0
1 ) is a Nash equilibrium iff x̄0

m ∈ BR0
m(x̄0

−m)

and βm ≥ βm(x̄0
−m) for m=±1.

(2) A pair of mixed strategies (x̄1
−1, x̄

1
1)∈∆(C1

−1)×∆(C1
1 ) is a Nash equilibrium iff x̄1

m ∈ BR1
m(x̄1

−m)

and βm ≤ βm(x̄1
−m) for m=±1.

(3) A pair of mixed strategies (x̄0
−m, x̄

1
m) ∈ ∆(C0

−m) × ∆(C1
m) is a Nash equilibrium iff x̄0

−m ∈

BR0
−m(x̄1

m), x̄1
m ∈ BR1

m(x̄0
−m), β−m ≥ β−m(x̄1

m), and βm ≤ βm(x̄0
−m).

(4) There exists a pair of mixed strategies (x̄2
−1, x̄

2
1)∈∆(C−1)×∆(C1) such that x̄2

m ∈ BR2
m(x̄2

−m) for

m=±1 iff βm = βm(x̄2
−m) for m=±1. Any such pair of mixed strategies is a Nash equilibrium.

(5) There exists a pair of mixed strategies (x̄0
−m, x̄

2
m)∈∆(C0

−m)×∆(Cm) such that x̄2
m ∈ BR2

m(x̄0
−m)

iff βm = βm(x̄0
−m). Such a pair of mixed strategies is a Nash equilibrium iff x̄0

−m ∈ BR0
−m(x̄2

m)

and β−m ≥ β−m(x̄2
m).

(6) There exists a pair of mixed strategies (x̄1
−m, x̄

2
m)∈∆(C1

−m)×∆(Cm) such that x̄2
m ∈ BR2

m(x̄1
−m)

iff βm = βm(x̄1
−m). Such a pair of mixed strategies is a Nash equilibrium iff x̄1

−m ∈ BR1
−m(x̄2

m)

and β−m ≤ β−m(x̄2
m).
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