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Abstract

An optimal control problem of dynamic pricing is studied. In the model, prices are chosen to
sell multiple products to multiple customer classes over time. The products share a number of
scarce resources. All parameters, such as the arrival rates of customers, their purchasing proba-
bilities, their cancellation rates, and the cancellation refunds, are allowed to be time dependent.
A solution method for the problem is developed, and is tested with some numerical examples.
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1 Introduction

The problem of optimal dynamic pricing is of great intellectual, economic, and practical interest.
The practical interest follows from the dramatic increase in profitability that can be obtained with
improved dynamic pricing. Cases of such improvements were described in Smith, Leimkuhler and
Darrow (1992), and Geraghty and Johnson (1997). The economic interest follows from the fact
that supply and demand cannot be balanced in a dynamic setting unless dynamic pricing is done
efficiently. The intellectual interest has been strong, because in spite of two decades of research
by several researchers, optimal dynamic pricing remains a challenging problem. A survey of this
research is given in McGill and Van Ryzin (1999).

The model of dynamic pricing introduced in this paper is an improvement over the models of
dynamic pricing described in the literature in several ways. Many researchers have worked on prob-
lems in which a single product is sold over a time interval, and a variety of results characterizing
optimal policies have been obtained for such problems, such as the optimality of simple threshold
rules (nesting) for accepting customer requests. The dynamic pricing problem with multiple prod-
ucts and multiple shared resources has turned out to be much more challenging. Research on such
problems has been limited to heuristics, some of which were shown to be asymptotically optimal
as the number of resources and the demand rates become large. Some of the more widely used
methods in industry, such as the EMSR method for booking limit control and the bid price method
for revenue threshold booking control are not only heuristics, but they are also based on models
of customer behavior that are flawed. Some of the improvements, as well as shortcomings, of the
model formulated in this paper are discussed in Section 2.3 after the model has been introduced.

The two major contributions of this paper are the following:

1. The model of dynamic pricing formulated in this paper provides a better combination of
realism and tractability than the models described in the literature.

2. A method is developed to solve the optimal dynamic pricing problem introduced here.

In this paper the terms dynamic pricing, revenue management, and yield management are
regarded as synonyms, although distinctions are made between these terms in some applications.

The paper is organized as follows: The dynamic pricing problem is introduced and discussed in
Section 2. An optimal control formulation of dynamic pricing is given in Section 3. The remaining
sections describe a solution method for the optimal control problem. A Lagrangean problem asso-
ciated with the optimal control problem is discussed in Section 4. Section 5 discusses the numerical
solution of the Lagrangean problem. The associated Lagrangean dual problem and its solution is
discussed in Section 6. Finally, some computational results are given in Section 7.

2 The Dynamic Pricing Problem

In this section we describe a fairly general dynamic pricing problem, and we discuss how the
problem relates to applications and to other formulations of dynamic pricing or revenue management
problems.

2.1 Problem Formulation

The problem is formulated in continuous time over an interval [0, T ]. There is a set of products that
can be sold during [0, T ]. Each product can be sold at several prices. For simplicity of notation,
we use a single index to denote a product-price pair. Let I denote the set of all product-price
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pairs. For each i ∈ I and t ∈ [0, T ], let si(t) denote the net revenue associated with selling a
unit of product-price pair i at time t, and let ci(t) denote the net refund if the sale of a unit of
product-price pair i is cancelled at time t. Thus, the net refund given to a no-show for a unit of
product-price pair i is denoted by ci(T ). Discounting of revenues and costs are easily incorporated,
because si(t) and ci(t) may depend on t. There is a set R of resources; the resources are used
to supply the products. A total quantity br of each resource r ∈ R is available. Each i ∈ I uses
quantity Rri of resource r ∈ R.

Customers are classified according to their preferences for different product-price pairs, based
on information available to the seller. Customer preferences are modelled with probabilities, or
the fractions of customers of each class who accept a product-price pair if the product-price pair is
offered to the customer. Let K denote the set of customer classes. For each k ∈ K, let αk(t) denote
the arrival rate per unit time of requests from class k customers at time t ∈ [0, T ]. For each i ∈ I,
k ∈ K, and t ∈ [0, T ], let pik(t) denote the probability that a class k customer who makes a request
at time t, purchases the product if product-price pair i is offered, and let µik(t) denote the rate at
which class k customers, who have purchased a unit of product-price pair i, cancel their purchases
at time t. For each i ∈ I and k ∈ K, let qik denote the probability that a class k customer, who
has purchased a unit of product-price pair i, does not cancel the purchase at the last moment (is
not a no-show).

The controls are as follows. For each i ∈ I, k ∈ K, and t ∈ [0, T ], let uik(t) ∈ [0, 1] denote the
fraction of class k requests to whom product-price pair i is offered at time t. Thus the uik(t)’s have
to satisfy ∑

i∈I
uik(t) ≤ 1 for all k ∈ K and t ∈ [0, T ]

uik(t) ≥ 0 for all i ∈ I, k ∈ K, and t ∈ [0, T ]

The quantity 1−
∑

i∈I uik(t) denotes the fraction of class k requests that are not made any offers
at time t.

In many dynamic pricing applications, a set of product-price pairs are offered to a customer
when a request is received, and then the customer either chooses one of the product-price pairs in
the offered set or none of them. Such a situation can be modelled in the same way as was done
above. For a subset § ⊂ I of product-price pairs, pik§(t) would denote the probability that a class
k customer who makes a request at time t, purchases product i ∈ § if subset § of product-price
pairs is offered, and u§k(t) ∈ [0, 1] would denote the fraction of class k requests to whom subset §
of product-price pairs is offered at time t. To keep the notation and terminology simple, we do not
present this enhancement further.

It is assumed that all functions si, ci, αk, pik, and µik are Lebesgue integrable, that is, si, ci, αk,
pik, and µik are Lebesgue measurable and

∫ T
0 |si(t)| dt < ∞,

∫ T
0 |ci(t)| dt < ∞,

∫ T
0 αk(t) dt < ∞,

and
∫ T
0 µik(t) dt <∞. In addition, attention is restricted to Lebesgue measurable controls uik.

For each i ∈ I, k ∈ K, and t ∈ [0, T ], let xik(t) denote the amount of product-price pair i that
has been sold to class k customers at time t. The vector x(t) is called the state of the process at
time t. The initial state x(0) = x0 ≥ 0 at time 0 is given.

Note that if the cancellation rate µik(t) and the no-show probability (1− qik) for product-price
pair i do not depend on the class of customer k who made the purchase, then it is sufficient to let
the state vector be x(t) = (xi(t), i ∈ I), where xi(t) denotes the total amount of product-price pair
i that has been sold at time t.

Because of cancellations and no-shows, the constraint associated with the limited amount br of
each resource r ∈ R is only enforced at terminal time T ; at times t < T overbooking is allowed.
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Let Q ∈ R|I|×|I||K| denote the matrix with entry qik in row i and column ik. Then entry i of the
vector Qx(T ) is equal to

∑
k∈K qikxik(T ), and is thus equal to the quantity of product i that has to

be supplied to customers after no-shows have been deducted. Then entry r of the vector RQx(T )
is equal to

∑
i∈I Rri

∑
k∈K qikxik(T ), and is thus equal to the quantity of resource r that is needed

to supply the products that are eventually sold. Hence, the constraints associated with the limited
amounts of resources are given by RQx(T ) ≤ b.

At any time t ∈ [0, T ], revenue is earned from sales of product-price pair i to customers of class
k at rate si(t)αk(t)pik(t)uik(t) per unit time, and refunds are paid due to cancellation of sales of
product-price pair i by customers of class k at rate ci(t)µik(t)xik(t) per unit time. At the same
time, the amount xik(t) of product-price pair i that has been sold to class k customers increases
due to additional sales at rate αk(t)pik(t)uik(t) per unit time, and decreases due to cancellations
at rate µik(t)xik(t) per unit time. The objective is to maximize the profit (net revenues minus
refunds) accumulated over the time interval [0, T ].

2.2 Some Applications

The most widely studied revenue management problem is the control of the booking of airline pas-
sengers. To apply the problem formulated in Section 2.1 to airline passenger revenue management,
a few issues have to be clarified. Typically the products (origin-destination travel on particular
flight legs), prices, and resources (seats of each type on each flight leg) have already been deter-
mined by the time the revenue management problem has to be solved, and are therefore easy to
identify. An issue is how the customer classes are defined. The decision maker should be able to
determine the class of a customer at the time that a product-price pair has to be chosen to be
offered to the customer. Thus the customer classification must be based on information that is
available to the decision maker at the time that a request is received from the customer. Airline
customers typically specify the desired origin, destination, and dates of travel when a request is sub-
mitted. Additional information provided by the customer includes the number of tickets requested,
whether a one-way or return or multistop route is requested, whether travel at a particular time is
requested or whether the travel time is flexible, and whether the customer is interested in only a
refundable ticket or whether the customer would consider any ticket, refundable or nonrefundable.
The customer classification could be based on all such available information. Another issue is how
products with different deadlines for bookings (different departure times) fit into a model with a
single time horizon T . Such a situation is easily modelled by letting pik(t) = 0 and µik(t) = 0 at
times t between the deadline for i and the time horizon T . Also, the no-shows (1 − qik)xik(T ) at
time T represent no-shows at the deadline for i. However, in such applications the modeler has
to choose the time horizon T , and there may be distortions associated with the boundary at T .
For example, the optimal control in a neighborhood of time zero may depend on T , and further
investigation may be necessary to determine the sensitivity of this dependence.

An emerging application area of revenue management is in freight transportation. Most freight is
transported under long term contracts in which the prices of different products have been specified.
However, the problem formulated in Section 2.1 still apply to operational booking control. For
example, in ocean container transportation, the schedule of voyages and ships that will perform
those voyages are determined long in advance. Also, contracts between carriers and customers are
signed for often a year at a time. Such a contract typically states that the carrier will be able to carry
the freight of the customer, unless circumstances not under the control of the carrier (such as bad
weather or war) makes it impossible. However, the carrier does not have to transport the customer’s
freight on the next voyage. If the voyage is already almost fully booked, and the carrier wants to
reserve some capacity for anticipated booking requests from highly valued customers (for example
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customers with high contract prices), then the carrier may offer a booking to a less valued customer
who requests a booking on a later voyage only. Customers, in turn, typically have contracts with
several carriers, and a customer who requests a booking may refuse the offered booking if the
freight would be delayed too much. Thus, in ocean container transportation applications, the
products are slots on future voyages, the prices are given by the contract prices, and the resources
are the capacities on the voyages. Containers often have to be carried on several voyages between
successive ports between their origins and destinations, and thus products share resources as in
airline applications. Bookings for different products have to be received before different deadlines;
this aspect is handled as described above for the air passenger application.

Another prominent application area is dynamic pricing for equipment rental, including car
rental and hotel stays. The resources are the equipment during a time period, such as a rental
car or a hotel room for a day. Customers desire products that require use of the equipment over
several time periods, and thus products require and share several resources. Bookings for different
products such as car rentals and hotel stays on different days have to be received before different
deadlines. Again this aspect can be handled as described above for the air passenger application.

2.3 Comparison with Some Existing Models

The problem formulated in Section 2.1 is an improvement over the revenue management models
that have been proposed in the literature in several ways. Some models, such as EMSR models for
leg based booking limit control in air passenger applications, assume that there is an exogenous
demand for each price class (bucket) that makes use of each resource (flight leg). Sometimes it
is even assumed that the exogenous demands for the cheaper price classes occur strictly before
the demands for the more expensive flight classes. Other models, such as models for bid price
control in air passenger applications, assume that there is an exogenous demand for each product-
price pair (origin-destination-fare combination). However, the observed demand for different price
classes and for different resources is not just exogenously determined, but is also determined by the
revenue management controls that were used. It is therefore more appropriate to model demand
for different products, and then the quantities sold at different prices, the quantities of resources
used, and the behavior of bookings over time are derived from the demand for the products and
the revenue management controls, as in the model of Section 2.1.

In models for bid price control in air passenger applications, the primal decision variables rep-
resent the quantities of each product-price pair (origin-destination-fare combination) sold. Because
there are so many of these product-price pairs, and the realized demand for many of them is so
small and unreliable, the values of the primal decision variables produced by the model are not
very useful for booking control. That is one reason why the booking controls based on these bid
price models use the values of the dual decision variables instead. In the model of Section 2.1, the
primal decision variables represent the product-price pair, or set of product-price pairs, offered to
each customer class if a request is received from a customer of the particular class at the particular
time. These primal decision variables are more useful than those of the bid price models.

The model formulated in Section 2.1 is a dynamic model, taking time dependencies into account,
whereas many revenue management models proposed in the literature are static models.

The model formulated in Section 2.1 and the associated optimal control problem formulated
in Section 3 still have several shortcomings. The optimal control problem is a deterministic fluid
model, and therefore does not take the effects of random variations as well as the integrality of
the demand in many applications into account. A shortcoming that we anticipate to be even more
severe, is that the model, similar to most revenue management models, does not take competition
explicitly into account, but only implicitly through the acceptance probabilities. Also, in many
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applications it may be more appropriate to model prices as continuous decision variables, instead
of a given set of prices to choose from, as in the model of this paper. Another shortcoming that will
cause problems in practical applications is that, similar to many revenue management models, the
model of this paper has a large number of input parameters, and the collection of appropriate data
and the estimation of these parameters from data can be a more challenging and time consuming
task than solving the optimization problem.

3 The Optimal Control Problem

In this section we formulate the dynamic pricing problem described in Section 2 as an optimal
control problem. Let m = n = |I| × |K|, let U denote the set of Lebesgue measurable functions
u : [0, T ] 7→ [0, 1]m, and let X denote the set of absolutely continuous functions x : [0, T ] 7→ Rn.
The optimal control problem has the following form:

sup
x∈X ,u∈U

{
F (x, u) :=

∫ T

0
g(x(t), u(t), t) dt+ h(x(T ))

}
(1)

subject to x(t) = x0 +
∫ t

0
f(x(τ), u(τ), τ) dτ for all t ∈ [0, T ] (2)

RQx(T ) ≤ b (3)
D(t)u(t) ≤ d(t) for all t ∈ [0, T ] (4)

Here the revenue rate function g : Rn × [0, 1]m × [0, T ] 7→ R is given by

g(x, u, t) :=
∑
i∈I

∑
k∈K

[si(t)αk(t)pik(t)uik − ci(t)µik(t)xik] (5)

The terminal value function h : Rn 7→ R is given by

h(x) := −
∑
i∈I

∑
k∈K

ci(T )(1− qik)xik (6)

The transition rate function f : Rn × [0, 1]m × [0, T ] 7→ Rn is given by

fik(x, u, t) := αk(t)pik(t)uik − µik(t)xik (7)

The capacity constraints (3) are given by∑
i∈I

∑
k∈K

Rriqikxik(T ) ≤ br for each r ∈ R (8)

The allocation constraints (4) are given by∑
i∈I

uik(t) ≤ 1 for each k ∈ K and each t ∈ [0, T ] (9)

It is shown in Section 4 that, for each u ∈ U , the equation x(t) = x0 +
∫ t
0 f(x(τ), u(τ), τ) dτ has

a solution x ∈ X . It follows from the assumption that functions si, ci, αk, and µik are integrable
that the optimal value of optimal control problem (1)–(4) is finite, unless the problem is infeasible,
in which case the optimal value is −∞ by convention.

5



It also will be useful to have notation V ∗(xt, b, t) for the optimal objective value over the interval
[t, T ], given that the process is in state xt at t. That is,

V ∗(xt, b, t) := sup
x∈X ,u∈U

∫ T

t
g(x(τ), u(τ), τ) dτ + h(x(T )) (10)

subject to x(τ) = xt +
∫ τ

t
f(x(s), u(s), s) ds for all τ ∈ [t, T ] (11)

RQx(T ) ≤ b (12)
D(τ)u(τ) ≤ d(τ) for all τ ∈ [t, T ] (13)

The function V ∗ is called the primal function.

4 The Lagrangean Problem

In the remaining sections we describe a solution method for the dynamic pricing optimal control
problem (1)–(4). Constraints (3) make the problem hard. Consider the following Lagrangean
problem associated with the optimal control problem (1)–(4). Let the Lagrangean objective function
L : X × U × R|R| 7→ R be given by

L(x, u, λ) :=
∫ T

0
g(x(t), u(t), t) dt+ h(x(T )) + λT [b−RQx(T )] (14)

Then the Lagrangean dual function L∗ : R|R| 7→ R is given by

L∗(λ) := sup
x∈X ,u∈U

L(x, u, λ) (15)

subject to x(t) = x0 +
∫ t

0
f(x(τ), u(τ), τ) dτ for all t ∈ [0, T ] (16)

D(t)u(t) ≤ d(t) for all t ∈ [0, T ] (17)

It follows from the assumption that functions si, ci, αk, and µik are integrable that the Lagrangean
problem (15)–(17) has a finite optimal value L∗(λ) for all λ ∈ R|R|. Also note that the Lagrangean
problem (15)–(17) is a relaxation of the optimal control problem (1)–(4) for all λ ≥ 0.

For any λ ∈ R|R|, the Lagrangean terminal value function hλ : Rn 7→ R is given by

hλ(x) := −
∑
i∈I

∑
k∈K

ci(T )(1− qik)xik +
∑
r∈R

λr

[
br −

∑
i∈I

∑
k∈K

Rriqikxik

]
(18)

For any λ, let (xλ, uλ) denote an optimal solution of the Lagrangean problem (15)–(17). (It is
shown later that such an optimal solution (xλ, uλ) exists for each λ ∈ R|R|; however, there may not
be a unique optimal solution.)

Let V λ(xt, b, t) denote the optimal objective value of the Lagrangean problem with dual multi-
pliers λ over the interval [t, T ], given that the process is in state xt at t. That is,

V λ(xt, b, t) := sup
x∈X ,u∈U

∫ T

t
g(x(τ), u(τ), τ) dτ + h(x(T )) + λT [b−RQx(T )] (19)

subject to x(τ) = xt +
∫ τ

t
f(x(s), u(s), s) ds for all τ ∈ [t, T ] (20)

D(τ)u(τ) ≤ d(τ) for all τ ∈ [t, T ] (21)
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The function V λ is called the optimal value function. Note that L∗(λ) = V λ(x0, b, 0).
The Hamiltonian H : Rn × [0, 1]m × [0, T ]× Rn 7→ R is given by

H(x, u, t, ψ) := g(x, u, t) + f(x, u, t)Tψ (22)

Note that g is linear in (x, u): g(x, u, t) = gx(t)Tx(t) + gu(t)Tu(t), where gx : [0, T ] 7→ Rn, with

gxik
(t) := −ci(t)µik(t) (23)

and gu : [0, T ] 7→ Rm, with
guik

(t) := si(t)αk(t)pik(t) (24)

Also, f is linear in (x, u): f(x, u, t) = fx(t)x(t)+fu(t)u(t), where fx(t) ∈ Rn×n is a diagonal matrix
with

fxik,ik
(t) := −µik(t) (25)

and fu(t) ∈ Rn×m is also a diagonal matrix with

fuik,ik
(t) := αk(t)pik(t) (26)

(Note that fx and fu have a row and column corresponding to each ik pair. This is for simplicity
of notation—in applications, customers of a class k are typically interested in only a small subset
of product-price pairs i, and hence most ik pairs can be eliminated.) In addition, hλ is affine in x:
hλ(x) = hλT

x x+ λT b, where hλ
x ∈ Rn with

hλ
xik

:= −ci(T )(1− qik)−
∑
r∈R

λrRriqik (27)

It follows that a necessary and sufficient condition for the optimality of (xλ, uλ) for the La-
grangean problem (15)–(17) is that the following hold (Fleming and Rishel 1975, Theorem II.11.6):

xλ(t) = x0 +
∫ t

0
f(xλ(τ), uλ(τ), τ) dτ for all t ∈ [0, T ] (28)

dψλ

dt
(t) = −∇xH(xλ(t), uλ(t), t, ψλ(t))

= −gx(t)− fx(t)Tψλ(t) for all t ∈ (0, T ) (29)
ψλ(T ) = ∇hλ(xλ(T )) = hλ

x (30)
H(xλ(t), uλ(t), t, ψλ(t)) = max

{u∈[0,1]m : D(t)u≤d(t)}
H(xλ(t), u, t, ψλ(t)) for all t ∈ [0, T ] (31)

The function ψλ(t) gives the rate of change of the optimal value function V λ(xt, b, t) with respect to
xt at t, that is, ψλ(t) = ∇xtV

λ(xλ(t), b, t). The conditions (28)–(31) are often called Pontryagin’s
maximum principle.

First, consider the adjoint equation (29). The equation for component ik is

dψλ
ik

dt
(t) = −gxik

(t)− fxik,·(t)ψ
λ(t) = ci(t)µik(t) + µik(t)ψλ

ik(t) for all t ∈ (0, T ) (32)

where fxik,·(t) denotes the row vector corresponding to component ik of matrix fx(t). The boundary
condition is

ψλ
ik(T ) = hλ

xik
= −ci(T )(1− qik)−

∑
r∈R

λrRriqik (33)
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The solution of the adjoint equation is

ψλ
ik(t) = exp

(
−

∫ T

t
µik(s) ds

) [
ψλ

ik(T )−
∫ T

t
ci(τ)µik(τ) exp

(∫ T

τ
µik(s) ds

)
dτ

]
= − exp

(
−

∫ T

t
µik(s) ds

) [
ci(T )(1− qik) +

∑
r∈R

λrRriqik

+
∫ T

t
ci(τ)µik(τ) exp

(∫ T

τ
µik(s) ds

)
dτ

]
(34)

Note that if λ ≥ 0, then ψλ
ik(t) ≤ 0, which establishes the intuitive result that ∂V λ(xλ(t), b, t)/∂xik ≤

0, that is, the optimal objective value over the interval [t, T ] decreases if more units have been sold
by time t.

Second, consider the optimization problem (31), for given dual multipliers λ, to determine an
optimal decision for each t. The objective function is given by

H(xλ(t), u, t, ψλ(t)) = g(xλ(t), u, t) + f(xλ(t), u, t)Tψλ(t)
= gx(t)Txλ(t) + gu(t)Tu+ xλ(t)T fx(t)Tψλ(t) + uT fu(t)Tψλ(t) (35)

Note that ψλ(t) does not depend on u. Thus, optimization problem (31) is equivalent to the
following optimization problem for each t ∈ [0, T ].

max
u∈[0,1]m

[
gu(t)T + ψλ(t)T fu(t)

]
u (36)

subject to D(t)u ≤ d(t) (37)

Optimization problem (36)–(37) is particularly easy, for the following reasons.

1. None of gu(t), ψλ(t), or fu(t) depends on u, and thus problem (36)–(37) is a linear program.

2. Note that ψλ(t) does not depend on xλ(t), and thus we do not need to know the state at time
t to solve problem (36)–(37).

3. Furthermore, (37) is a set of independent knapsack constraints of the form (4); one knapsack
constraint for each k ∈ K. Thus the problem (36)–(37) can be solved by solving a separate
subproblem for each k ∈ K.

Thus, an optimal solution of (36)–(37) is obtained as follows. For each k ∈ K, if

max
i∈I

{
guik

(t) + ψλ
ik(t)fuik,ik

(t)
}
> 0

then let
iλk(t) ∈ arg max

i∈I

{
guik

(t) + ψλ
ik(t)fuik,ik

(t)
}

(38)

and set
uλ

iλk(t),k
(t) = 1

and
uλ

ik(t) = 0 for all i ∈ I \ {iλk(t)}

Otherwise, set
uλ

ik(t) = 0 for all i ∈ I
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Any consistent tie-breaking rule is sufficient for uλ
ik to be Lebesgue measurable, for example, by

ordering the elements of I and choosing, for each t, iλk(t) to be the lowest indexed element of I
that attains the maximum in (38).

Next, (28) can be solved to obtain the optimal state trajectory xλ corresponding to the dual
multipliers λ. The equation for component ik is

dxλ
ik

dt
(t) = αk(t)pik(t)uλ

ik(t)− µik(t)xλ
ik(t)

The solution is

xλ
ik(t) = exp

(
−

∫ t

0
µik(s) ds

)
x0,ik +

∫ t

0
αk(τ)pik(τ)uλ

ik(τ) exp
(
−

∫ t

τ
µik(s) ds

)
dτ

= exp
(
−

∫ t

0
µik(s) ds

)
x0,ik +

∫
T λ

ik(t)
αk(τ)pik(τ) exp

(
−

∫ t

τ
µik(s) ds

)
dτ (39)

where T λ
ik(t) :=

{
τ ∈ (0, t) : uλ

ik(τ) = 1
}
; that is, T λ

ik(t) :=
{
τ ∈ (0, t) : iλk(t) = i

}
. The factor

exp
(
−

∫ t
τ µik(s) ds

)
is an exponential cancellation factor, similar to a discount factor, that discounts

the booking rate at time τ with the proportion of cancellations from time τ to time t.

5 Numerical Solution of the Lagrangean Problem

Before we discuss the solution of the Lagrangean dual problem associated with (15), we make a
few comments regarding the computational aspects of solving (28)–(31). As shown in (34), (38),
and (39), the solution of (28)–(31) involves a number of one-dimensional linear differential equations,
or a number of one-dimensional integrals, which often are easy to solve using standard numerical
methods.

In specific applications, special structure may allow the solutions to be computed even more
efficiently. For example, suppose that the functions si(t), ci(t), αk(t), pik(t), and µik(t) are modelled
as being piecewise constant, with 0 = t0ik, t

1
ik, . . . , t

Jik
ik = T being the points of discontinuity of one

or more of the mentioned functions. On each piecewise constant interval (tj−1
ik , tjik), let si(t), ci(t),

αk(t), pik(t), and µik(t) be given by sj
i , c

j
i , α

j
k, p

j
ik, and µj

ik, respectively. Then ψλ
ik(t) can be

computed inductively, by letting j = Jik, Jik − 1, . . . , 1, and for t ∈ [tj−1
ik , tjik],

ψλ
ik(t) = e−µj

ik(tjik−t)
[
ψλ

ik(t
j
ik) + cji

(
1− eµ

j
ik(tjik−t)

)]
(40)

where ψλ
ik(T ) is given by (33).

Next, consider the determination of an optimal decision uλ(t) corresponding to the dual multi-
pliers λ, for each t, as in (38). For t ∈ [tj−1

ik , tjik], the coefficient of uik in the objective function (36)
is

Cj
ik(t) := guik

(t) + ψλ
ik(t)fuik,ik

(t)

= sj
iα

j
kp

j
ik + e−µj

ik(tjik−t)
[
ψλ

ik(t
j
ik) + cji

(
1− eµ

j
ik(tjik−t)

)]
αj

kp
j
ik

=
[
sj
i − c

j
i

]
αj

kp
j
ik + αj

kp
j
ike

−µj
iktjik

[
ψλ

ik(t
j
ik) + cji

]
eµ

j
ikt

Let

βj
ik :=

[
sj
i − c

j
i

]
αj

kp
j
ik

γj
ik := αj

kp
j
ike

−µj
iktjik

[
ψλ

ik(t
j
ik) + cji

]
9



Thus
Cj

ik(t) = βj
ik + γj

ike
µj

ikt

Consider any two product-price pairs i1 and i2. The equation

Cj
i1k(t) = Cj

i2k(t)

has zero, one, or two solutions. It is easy to determine the values of t where Cj
i1k(t) = Cj

i2k(t),
where Cj

i1k(t) < Cj
i2k(t), and where Cj

i1k(t) > Cj
i2k(t). This way, it is easy to determine the set of

time intervals T λ
ik(t) ⊂ (0, t) over which it is optimal to offer product-price pair i to customer class

k, or equivalently, an optimal product-price pair iλk(t) for each customer class k and time t. Let

T λ
ik(T ) =

⋃`λ
ik

l=1(τ
λl1
ik , τλl2

ik ) denote the set of time intervals over which it is optimal to offer product-

price pair i to customer class k, with τλ11
ik < τλ12

ik ≤ τλ21
ik < · · · ≤ τ

λ`λ
ik1

ik < τ
λ`λ

ik2

ik . Also, for each
such interval (τλl1

ik , τλl2
ik ), let jλl

ik denote the index of the piecewise constant interval that subinterval

(τλl1
ik , τλl2

ik ) belongs to, that is, (τλl1
ik , τλl2

ik ) ⊆ (tj
λl
ik−1

ik , t
jλl
ik

ik ). Then, for each t ∈ (τλl1
ik , τλl2

ik ), the values

si(t), ci(t), αk(t), pik(t), and µik(t) are given by sjλl
ik

i , cj
λl
ik

i , αjλl
ik

k , pjλl
ik

ik , and µjλl
ik

ik , respectively.
Next we determine the optimal state trajectory xλ. First focus on the sales of a product during

a time interval (τ1, τ2), during which the product is sold at rate αp and previous sales are cancelled
at rate µ. Let y(t) denote the quantity of the product that remains sold at time t ∈ (τ1, τ2).
Then y satisfies the differential equation dy(t)/dt = αp − µy(t) with y(τ1) = 0. The solution is
y(t) = [1 − exp(−µ(t − τ1))]αp/µ if µ > 0, and y(t) = [t − τ1]αp if µ = 0. (Note that if µ > 0,
then limt→∞ y(t) = αp/µ, that is, the equilibrium quantity sold at which the sales rate equals the
cancellation rate is y(∞) = αp/µ.) For i ∈ I, k ∈ K, l ∈ {1, . . . , `λik}, and (τ1, τ2) ⊆ (τλl1

ik , τλl2
ik ),

let yλ
ik(τ1, τ2) denote the quantity of product-price pair i sold during (τ1, τ2) that remains sold at

time τ2. Then

yλ
ik(τ1, τ2) =

[
1− exp

(
−µjλl

ik
ik (τ2 − τ1)

)] αjλl
ik

k p
jλl
ik

ik

µ
jλl
ik

ik

if µjλl
ik

ik > 0, and

yλ
ik(τ1, τ2) = [τ2 − τ1]α

jλl
ik

k p
jλl
ik

ik

if µjλl
ik

ik = 0. Also, for i ∈ I, k ∈ K, and (t1, t2) ⊂ [0, T ] with t1 ∈ [tj
1−1

ik , tj
1

ik ] and t2 ∈ [tj
2−1

ik , tj
2

ik ] let

νik(t1, t2) := exp
(
−

∫ t2

t1

µik(s) ds
)

denote the exponential cancellation factor over (t1, t2). If j1 < j2, then

νik(t1, t2) = exp

−µj1

ik

(
tj

1

ik − t1
)
−

j2−1∑
j=j1+1

µj
ik

(
tjik − t

j−1
ik

)
− µj2

ik

(
t2 − tj

2−1
ik

)
and if j1 = j2, then

νik(t1, t2) = exp
(
−µj1

ik (t2 − t1)
)

Then the optimal state trajectory xλ corresponding to dual multipliers λ ∈ R|R| is given by

xλ
ik(t) = x0,ikνik(0, t) +

∑
{l : τλl2

ik ≤t}

yλ
ik(τ

λl1
ik , τλl2

ik )νik(τλl2
ik , t) +

∑
{l : τλl1

ik <t<τλl2
ik }

yλ
ik(τ

λl1
ik , t) (41)
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In particular, the final state xλ(T ), which appears in the capacity constraints (3), is given by

xλ
ik(T ) = x0,ikνik(0, T ) +

`λ
ik∑

l=1

yλ
ik(τ

λl1
ik , τλl2

ik )νik(τλl2
ik , T ) (42)

The optimal value L∗(λ) of the Lagrangean problem (the Lagrangean dual function value) can
be computed next, as follows. First we consider the cancellation refunds. Again we focus on the
sales of a product during a time interval (τ1, τ2), during which the product is sold at rate αp and
previous sales are cancelled at rate µ. Let x(t) denote the quantity of the product that remains sold
at time t ∈ (τ1, τ2), with x(τ1) = x1. Then x satisfies the differential equation dx(t)/dt = αp−µx(t).
The solution is x(t) = αp/µ + [x1 − αp/µ] exp(−µ(t − τ1)), if µ > 0, and x(t) = x1 + αp[t − τ1] if
µ = 0. Let c denote the cancellation refund during (τ1, τ2). Then the cancellation refund rate at
time t is equal to cµx(t). Let z(t) :=

∫ t
τ1
cµx(s) ds denote the total amount of cancellation refunds

accumulated during (τ1, t). Then

z(t) = cαp (t− τ1) + c

[
x1 −

αp

µ

]
[1− exp (−µ (t− τ1))]

if µ > 0, and z(t) = 0 if µ = 0. Suppose the product is not sold during (τ1, τ2), and let x̃(t) denote
the quantity of the product that remains sold at time t ∈ (τ1, τ2). Then x̃(t) = x1 exp(−µ(t− τ1)),

z̃(t) :=
∫ t

τ1

cµx̃(s) ds = cx1 [1− exp (−µ (t− τ1))]

if µ > 0, and z̃(t) = 0 if µ = 0. Consider a product-price pair i, a customer class k, and a subinterval
(t1, t2) ⊆ (tj−1

ik , tjik) such that uλ
ik(t) = 0 for all t ∈ (t1, t2). Let z̃λ

ik(t1, t2) denote the amount of
cancellation refunds for product-price pair i and customer class k resulting from cancellations during
time interval (t1, t2). Then z̃λ

ik(t1, t2) = 0 if µj
ik = 0, and

z̃λ
ik(t1, t2) = cjix

λ
ik(t1)

[
1− exp

(
−µj

ik (t2 − t1)
)]

if µj
ik > 0.
Also, consider a product-price pair i, a customer class k, and a subinterval (τλl1

ik , τλl2
ik ) ⊆

(tj−1
ik , tjik), where j := jλl

ik . Let zλ
ik(τ

λl1
ik , τλl2

ik ) denote the amount of cancellation refunds for product-
price pair i and customer class k resulting from cancellations during time interval (τλl1

ik , τλl2
ik ). Then

zλ
ik(τ

λl1
ik , τλl2

ik ) = 0 if µj
ik = 0, and

zλ
ik(τ

λl1
ik , τλl2

ik ) = cjiα
j
kp

j
ik

(
τλl2
ik − τλl1

ik

)
+ cji

[
xλ

ik(τ
λl1
ik )−

αj
kp

j
ik

µj
ik

] [
1− exp

(
−µj

ik

(
τλl2
ik − τλl1

ik

))]
if µj

ik > 0.
Next, the total amount Zλ

ik of cancellation refunds for product-price pair i and customer class

11



k during [0, T ] is given by

Zλ
ik =

jλ1
ik −1∑
j′=1

z̃λ
ik(t

j′−1
ik , tj

′

ik) + z̃λ
ik(t

jλ1
ik −1

ik , τλ11
ik ) +

`λ
ik∑

l=1

zλ
ik(τ

λl1
ik , τλl2

ik )

+
`λ
ik−1∑
l=1

z̃λ
ik(τ

λl2
ik ,min{tj

λl
ik

ik , τ
λ,l+1,1
ik }) +

jλ,l+1
ik −1∑

j′=jλl
ik+1

z̃λ
ik(t

j′−1
ik , tj

′

ik)

+ z̃λ
ik(max{tj

λ,l+1
ik

ik , τλl2
ik }, τ

λ,l+1,1
ik )


+ z̃λ

ik(τ
λ`λ

ik2

ik , t
j
λ`λ

ik
ik

ik ) +
Jik∑

j′=j
λ`λ

ik
ik +1

z̃λ
ik(t

j′−1
ik , tj

′

ik)

Then the optimal value L∗(λ) of the Lagrangean problem is given by

L∗(λ) =
∑
i∈I

∑
k∈K

∫ T

0

[
si(t)αk(t)pik(t)uλ

ik(t)− ci(t)µik(t)xλ
ik(t)

]
dt

−
∑
i∈I

∑
k∈K

ci(T )(1− qik)xλ
ik(T ) + λT [b−RQxλ(T )]

=
∑
i∈I

∑
k∈K

`λ
ik∑

l=1

s
jλl
ik

i α
jλl
ik

k p
jλl
ik

ik

[
τλl2
ik − τλl1

ik

]
−

∑
i∈I

∑
k∈K

Zλ
ik

−
∑
i∈I

∑
k∈K

ci(T )(1− qik)xλ
ik(T ) +

∑
r∈R

λr

[
br −

∑
i∈I

Rri

∑
k∈K

qikx
λ
ik(T )

]
(43)

6 The Lagrangean Dual Problem

In this section we investigate the Lagrangean dual problem

inf
λ≥0

L∗(λ) (44)

Several issues are of interest, including the following:

1. The relation between the original (primal) problem (1)–(4) and the Lagrangean dual prob-
lem (44).

2. The existence of an optimal solution for the Lagrangean dual problem (44).

3. How to compute an optimal (or ε-optimal) solution λ∗ for the Lagrangean dual problem (44).

4. How to compute an optimal (or ε-optimal) solution (x∗, u∗) for the primal problem (1)–(4).

These issues are addressed in this section.
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6.1 Strong Duality

Recall that for any primal solution (x, u) that satisfies RQx(T ) ≤ b and any feasible dual solution
λ ≥ 0,

L(x, u, λ) :=
∫ T

0
g(x(t), u(t), t) dt+h(x(T ))+λT [b−RQx(T )] ≥

∫ T

0
g(x(t), u(t), t) dt+h(x(T ))

Thus the following weak duality result is obtained:

L∗(λ) := sup
x∈X ,u∈U

L(x, u, λ) ≥ sup
x∈X ,u∈U

∫ T

0
g(x(t), u(t), t) dt+ h(x(T ))

subject to (2),(4) subject to (2),(3),(4) (45)

for all λ ≥ 0, and hence

inf
λ≥0

L∗(λ) ≥ sup
x∈X ,u∈U

∫ T

0
g(x(t), u(t), t) dt+ h(x(T ))

subject to (2),(3),(4) (46)

The next question is whether equality holds in (46), that is, whether strong duality holds, or
whether there is a duality gap. To answer this question, recall the following result from convex
analysis (Rockafellar 1970, Bertsekas 1996, Hiriart-Urruty and Lemaréchal 1993, Bonnans and
Shapiro 2000): Consider primal problem

sup{F (y) : y ∈ Y, G(y) ≥ 0}

where Y is a convex subset of a (possibly infinite dimensional) vector space, F : Y 7→ R is concave,
and G : Y 7→ Rr is concave. Consider Lagrangean dual function L∗ : Rr 7→ R, given by

L∗(λ) := sup{F (y) + λTG(y) : y ∈ Y}

Suppose there exists a λ ≥ 0 such that L∗(λ) <∞, and a y ∈ Y such that G(y) > 0. Then

inf{L∗(λ) : λ ≥ 0} = sup{F (y) : y ∈ Y, G(y) ≥ 0}

that is, there is no duality gap. In addition, the set of optimal solutions of the Lagrangean dual
problem inf{L∗(λ) : λ ≥ 0} is a nonempty convex set.

In the primal problem (1)–(4),

Y :=
{

(x, u) ∈ X × U : x(t) = x0 +
∫ t

0
f(x(τ), u(τ), τ) dτ, D(t)u(t) ≤ d(t), ∀ t ∈ [0, T ]

}
Note that X and U are convex, thus X × U is convex. Consider any (x1, u1), (x2, u2) ∈ Y. Let
θ ∈ [0, 1], and let (x̄, ū) := θ(x1, u1) + (1 − θ)(x2, u2) ∈ X × U . Then it follows from the linearity
of f in (x, u) that

x̄(t) = x0 +
∫ t

0
f(x̄(τ), ū(τ), τ) dτ

for all t ∈ [0, T ]. Also from linearity, D(t)ū(t) ≤ d(t) for all t ∈ [0, T ]. Thus (x̄, ū) ∈ Y, and hence Y
is convex. Further, g and h are affine in (x, u), and thus F (x, u) :=

∫ T
0 g(x(t), u(t), t) dt+ h(x(T ))

13



is concave. Also, G(x, u) := b − RQx(T ) is affine in (x, u), and thus concave. It was noted in
Section 4 that L∗(λ) <∞ for all λ ∈ R|R|.

The remaining question is whether there exists a (x, u) ∈ Y such that G(x, u) > 0, that is, such
that a positive amount of each resource remains at time T . Intuitively, G(x(u), u) ≤ G(x(0), 0) for
all (x, u) ∈ Y, where x(u) is used here to indicate that x depends on u, and thus there exists a
(x, u) ∈ Y such that G(x, u) > 0 if and only if G(x(0), 0) > 0, that is, if and only if not selling any
products during [0, T ] leaves a positive amount of each resource remaining at time T . The intuition
can be confirmed as follows: Let λ ∈ (0,∞)|R|. Consider the optimal control problem with only
the Lagrangean term in the objective:

sup
x∈X ,u∈U

λTG(x, u) (47)

subject to x(t) = x0 +
∫ t

0
f(x(τ), u(τ), τ) dτ for all t ∈ [0, T ] (48)

D(t)u(t) ≤ d(t) for all t ∈ [0, T ] (49)

The Hamiltonian is given by
H(x, u, t, ψ) := f(x, u, t)Tψ (50)

A necessary and sufficient condition for the optimality of (xλ, uλ) for the problem (47)–(49) is that
the following hold:

xλ(t) = x0 +
∫ t

0
f(xλ(τ), uλ(τ), τ) dτ for all t ∈ [0, T ]

dψλ

dt
(t) = −∇xH(xλ(t), uλ(t), t, ψλ(t)) = −fx(t)Tψλ(t) for all t ∈ (0, T )

ψλ(T ) = −QTRTλ

H(xλ(t), uλ(t), t, ψλ(t)) = max
{u∈[0,1]m : D(t)u≤d(t)}

H(xλ(t), u, t, ψλ(t)) for all t ∈ [0, T ]

The solution of the adjoint equation is

ψλ
ik(t) = exp

(
−

∫ T

t
µik(s) ds

)
ψλ

ik(T ) = − exp
(
−

∫ T

t
µik(s) ds

) ∑
r∈R

λrRriqik

Note that ψλ
ik(t) ≤ 0 for all t. Thus, the coefficient of uik in

H(xλ(t), u, t, ψλ(t)) =
∑
i∈I

∑
k∈K

(
αk(t)pik(t)uik − µik(t)xλ

ik(t)
)
ψλ

ik(t)

is nonpositive, and thus uλ = 0 and the corresponding xλ is an optimal solution. That is, uλ = 0
maximizes each individual component of G, and thus G(x(u), u) ≤ G(x(0), 0). In addition, if∑

r∈R λrRriqik > 0, that is, if selling product-price pair i to customer class k uses any resource at
all, then uλ

ik(t) = 0 is the unique optimal solution for all t such that αk(t)pik(t) > 0, and at times t
such that αk(t)pik(t) = 0, nothing can be sold in any case. Thus all optimal solutions of the above
problem are such that nothing is sold.

It is not restrictive to assume thatG(x(0), 0) > 0. One can simply do the following preprocessing
to ensure that G(x(0), 0) > 0, and thus to ensure that strong duality holds. Suppose the problem
input has a set I ′ of product-price pairs, a set K′ of customer classes, and a set R′ of resources.
Compute G(x(0), 0) := b− RQx(0)(T ). For each resource r ∈ R′ such that G(x(0), 0)r < 0, there
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is no control that can achieve G(x(0), 0)r ≥ 0, and thus the best that can be done is not to sell any
products that would use resource r. Similarly, for each resource r ∈ R′ such that G(x(0), 0)r = 0,
the only feasible control is not to sell any products that would use resource r. Thus, as preprocessing
step, G(x(0), 0) is computed, and for each resource r ∈ R′ such thatG(x(0), 0)r ≤ 0, uik is set to zero
for each product-price pair i ∈ I ′ and customer class k ∈ K′ such that Rriqik > 0. Then, let R :=
{r ∈ R′ : G(x(0), 0)r > 0}, I := I ′ \ {i ∈ I ′ : G(x(0), 0)r ≤ 0 for some r ∈ R′ such that Rriqik >
0 for all k ∈ K′}, and K := {k ∈ K′ : αk(t)pik(t) > 0 for some i ∈ I and some t ∈ [0, T ]}. The
problem with input sets I, K, and R has a feasible primal solution and no duality gap.

Let XU∗ denote the set of optimal solutions of the primal problem (1)–(4). Let Λ∗ := arg min{L∗(λ) :
λ ≥ 0} denote the set of optimal solutions of the Lagrangean dual problem; recall that Λ∗ 6= ∅.
Then (x∗, u∗, λ∗) ∈ XU∗ × Λ∗ if and only if

1. (x∗, u∗) is primal feasible, that is, (x∗, u∗) satisfies (2)–(4),

2. λ∗ is dual feasible, that is, λ∗ ≥ 0,

3. (x∗, u∗) is an optimal solution of the Lagrangean problem (15)–(17) with multiplier λ∗, that
is (x∗, u∗) ∈ Yλ∗

, and

4. complementary slackness holds, that is λ∗rG(x∗, u∗)r = 0 for each r ∈ R.

Recall the primal function V ∗ defined in (10)–(13). It follows from results in convex analysis
that V ∗ is concave in b, and that Λ∗ = ∂bV

∗(x0, b, 0). That is, a Lagrange multiplier (or bid price
in revenue management terminology) λ∗ ∈ Λ∗ is an estimate of the rate of increase in the optimal
value with an increase in capacity b. It is interesting to observe the behavior of the Lagrange
multipliers over time. Suppose that (x∗, u∗, λ∗) ∈ XU∗×Λ∗, and that optimal trajectory (x∗, u∗) is
followed over [0, t] ⊂ [0, T ]. Thus, to control the process over the remaining interval [t, T ], we would
like to solve the optimal control problem (10)–(13), with associated Lagrangean problem (19)–(21)
over [t, T ], and associated Lagrangean dual problem infλ≥0 V

λ(x∗(t), b, t). Note that (x∗, u∗) is a
feasible solution for the primal problem (10)–(13), λ∗ ≥ 0 is a feasible solution for the Lagrangean
dual problem infλ≥0 V

λ(x∗(t), b, t), and complementary slackness λ∗rG(x∗, u∗)r = 0 for all r ∈ R
holds from the optimality of (x∗, u∗, λ∗) ∈ XU∗×Λ∗. Thus, to show that (x∗, u∗, λ∗) is also optimal
over the remaining interval [t, T ], it remains to be shown that (x∗, u∗) is an optimal solution of
the Lagrangean problem (19)–(21) over [t, T ] with multiplier λ∗. This follows from noting that the
solution ψλ∗

of the adjoint equation over [t, T ] is the same as the part over [t, T ] of the solution ψλ∗

over [0, T ]. Thus, for each τ ∈ [t, T ], the Hamiltonian H(xλ∗
(τ), u, τ, ψλ∗

(τ)) is the same as before,
and hence u∗(τ) still optimizes the Hamiltonian for each τ ∈ [t, T ]. Thus (x∗, u∗) is an optimal
solution of the Lagrangean problem (19)–(21) over [t, T ] with multiplier λ∗. Therefore, in revenue
management terminology, the bid prices remain constant along an optimal trajectory.

6.2 Solving the Lagrangean Dual Problem

Next we address the problem of computing an optimal (or ε-optimal) solution λ∗ for the Lagrangean
dual problem (44). First recall the following results from convex analysis, as well as from results
in previous sections.

1. The Lagrangean dual function L∗(λ) := sup(x,u)∈Y
{
F (x, u) + λTG(x, u)

}
is the pointwise

supremum of a collection (indexed by (x, u) ∈ Y) of affine functions in λ, and hence is
convex. Also, L∗ is lower semi-continuous.
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2. For λ ∈ R|R|, let Yλ denote the set of optimal solutions (xλ, uλ) of the Lagrangean prob-
lem (15)–(17). Recall that it was shown in Section 4 that, for each λ ∈ R|R|, Yλ 6= ∅. For
any λ1, λ2 ∈ R|R|,

L∗(λ2) ≥ F (xλ1 , uλ1) + λT
2G(xλ1 , uλ1)

= F (xλ1 , uλ1) + λT
1G(xλ1 , uλ1) +

(
λT

2 − λT
1

)
G(xλ1 , uλ1)

= L∗(λ1) +
(
λT

2 − λT
1

)
G(xλ1 , uλ1)

and thus G(xλ1 , uλ1) is a subgradient of L∗ at λ1. Thus L∗ is differentiable at λ only if there
is a unique optimal constraint value G(xλ, uλ) of the Lagrangean problem. Hence, L∗ is not
differentiable in general.

3. Note that even if λ∗ ∈ Λ∗, each optimal solution (xλ∗
, uλ∗

) of the Lagrangean problem with
multiplier λ∗ may not be a primal optimal solution. That is, it is possible that λ∗ ∈ Λ∗ and
(xλ∗

, uλ∗
) ∈ Yλ∗

, but (xλ∗
, uλ∗

) 6∈ XU∗, because (xλ∗
, uλ∗

) is not primal feasible or comple-
mentary slackness does not hold. Thus, even if the Lagrangean dual problem inf{L∗(λ) : λ ≥
0} can be solved and an optimal solution (xλ, uλ) of the Lagrangean problem (15)–(17) can
be found for each λ, it still remains to be addressed how to find an optimal primal solution.

Thus the Lagrangean dual problem inf{L∗(λ) : λ ≥ 0} is a constrained nonsmooth convex opti-
mization problem.

Several algorithms have been developed for constrained nonsmooth convex optimization prob-
lems; see Hiriart-Urruty and Lemaréchal (1993) for a number of these algorithms belonging to the
class of bundle methods. One approach is to search for an optimal solution by generating a sequence
of solutions; in such an algorithm each solution is generated from the previous solution by choosing
a direction and doing a line search from the previous solution in the chosen direction. Another
approach is to construct a sequence of approximations L̂v to the objective function L∗; when the
approximation is sufficiently accurate, especially in a neighborhood of an optimal solution, then op-
timizing the approximating function provides a good solution. For such an algorithm to be practical,
it should be easy to construct the approximation, and it should be easier to optimize the approx-
imating function than to optimize the original function directly. For these reasons, a piecewise
affine convex (polyhedral) approximation of the form L̂v(λ) := max{Aj +GjTλ, : (Aj , Gj) ∈ Bv},
where Aj ∈ R, Gj ∈ R|R|, and Bv denotes the set of affine pieces at iteration v, is often proposed.
For stopping tests, it is also useful for L̂v to be a lower bound on L∗: L̂v(λ) ≤ L∗(λ) for all λ. The
affine pieces Aj +GjTλ of such an approximating function can be generated as follows. At iteration
v, suppose we have an approximation L̂v ≤ L∗. Let λv ∈ arg min{L̂v(λ) : λ ≥ 0}, that is, λv is an
optimal solution of the approximating problem min{L̂v(λ) : λ ≥ 0}, let Gv ∈ ∂L∗(λv), that is, Gv

is a subgradient of L∗ at λv, and let Av := L∗(λv)−GvTλv. Then let Bv+1 := Bv∪{(Av, Gv)}. Note
that, due to the convexity of L∗, L∗(λ) ≥ L∗(λv) + GvT (λ − λv) = Av + GvTλ for all λ, and thus
L̂v+1(λ) ≤ L∗(λ). Also, L̂v+1(λv) = L∗(λv), that is, the approximating function L̂v+1 is tight at
the new point λv. For it to be easy to construct such an approximation L̂v, the following properties
are desirable:

1. For any λ ≥ 0, it should be easy to compute the objective value L∗(λ). In the primal-
dual context, that means it should be easy to compute the optimal value of the Lagrangean
problem. For the optimal control problem, it was shown in Section 4 how that can be
accomplished by solving the Lagrangean problem.

2. For any λ ≥ 0, it should be easy to compute a subgradient G ∈ ∂L∗(λ). In the primal-
dual context, that means it should be easy to compute the values G(yλ) of the dualized
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constraints G(y) ≥ 0 at an optimal solution yλ of the Lagrangean problem. For the optimal
control problem, it was shown in Section 4 how that can be accomplished, by computing an
optimal solution (xλ, uλ) of the Lagrangean problem, and computing the constraint values
G(xλ, uλ) := b−RQxλ(T ).

3. It should be easy to solve the approximating problem min{L̂v(λ) : λ ≥ 0}. Note that the
approximating problem with piecewise affine objective function L̂v is the following linear
program, and is therefore easy to solve.

min z

subject to z ≥ Aj +GjTλ for all (Aj , Gj) ∈ Bv

z ∈ R, λ ∈ [0,∞)|R| (51)

Also note that, because L̂v ≤ L∗, the optimal value z∗ of the approximating problem (51)
provides a lower bound on the dual (and primal) optimal value: z∗ ≤ inf{L∗(λ) : λ ≥ 0}.

4. The number of affine pieces Aj+GjTλ required to find a good solution for the original problem
should not be prohibitive. This property is more elusive than the previous properties.

The type of algorithm discussed above is called a cutting-plane algorithm (Kelley 1960). A basic
cutting-plane algorithm is stated next, in which a compact set C that contains an optimal solution
is specified a-priori.

Cutting-Plane Algorithm
Step 0 (Initialization): Choose a compact set C that contains an optimal solution, an initial solu-
tion λ0 ∈ C, and a stopping tolerance ε ≥ 0. Solve the Lagrangean problem with dual multipliers
λ0, producing objective value L∗(λ0), subgradient G0 ∈ ∂L∗(λ0), and A0 := L∗(λ0) −G0Tλ0. Let
B1 := {(A0, G0)}, and let L̂1(λ) := A0 +G0Tλ. Set v = 1.
Step 1 (Approximating Problem): Solve the approximating problem (51), producing optimal solu-
tion (zv, λv).
Step 2 (Lagrangean Problem): Solve the Lagrangean problem (15)–(17) with dual multipliers λv,
producing solution (xλv

, uλv
), objective value L∗(λv) = L(xλv

, uλv
, λv), subgradient Gv ∈ ∂L∗(λv),

and Av := L∗(λv)−GvTλv = F (xλv
, uλv

).
Step 3 (Stopping Test): If L∗(λv) < zv + ε, then stop with ε-optimal dual solution λv.
Step 4 (Continue): Let Bv+1 := Bv ∪ {(Av, Gv)}, and let L̂v+1(λ) := max{Aj +GjTλ : (Aj , Gj) ∈
Bv+1}. Set v ← v + 1. Go to step 1.

It was shown in Hiriart-Urruty and Lemaréchal (1993) that if ε > 0, then the algorithm stops
after a finite number vε of iterations, and L∗(λvε) ≤ inf{L∗(λ) : λ ≥ 0} + ε, and if ε = 0, then
L∗(λv), zv → inf{L∗(λ) : λ ≥ 0} as v →∞.

However, the basic cutting-plane algorithm has several shortcomings. The performance of the
algorithm depends to a large extent on the size of the compact set C specified initially. An example
is given in Hiriart-Urruty and Lemaréchal (1993) that provides some insight into why this happens.
Also, it has been observed empirically that the successive iterates λv generated by the algorithm
can jump around a lot. That is because the iterates λv tend to be generated in a part of C where L̂v

does not give a good approximation to L∗, and not close to an optimal solution until L̂v has become
quite close to L∗ over the whole set C. Thus simply choosing a very large set C that is guaranteed
to contain an optimal solution is usually not a good idea. For these reasons several methods
have been proposed to stabilize the successive iterates λv, and hopefully make the algorithm more
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efficient. One approach adds a quadratic regularization (penalty) term ϑv‖λ−λv‖2 to the objective
function of (51), where ϑv ≥ 0 is the penalty parameter at iteration v, and λv is the stability center
at iteration v, for example the best solution found so far. The resulting problem is a quadratic
program, which is still quite tractable. Another approach is to adjust the trust region C between
iterations, depending on the properties of the results obtained. This can be accomplished by adding
trust region constraints ‖λ − λv‖2 ≤ ∆v to (51), where ∆v ≥ 0 is the size parameter at iteration
v, and λv is the stability center as before. The two approaches are equivalent in the sense that for
any ϑ ≥ 0, there is a ∆ ≥ 0 such that any optimal solution of the problem with penalty term is
also an optimal solution of the problem with trust region constraint, and for any ∆v > 0, there is a
ϑ ≥ 0 such that any optimal solution of the problem with trust region constraint is also an optimal
solution of the problem with penalty term (Hiriart-Urruty and Lemaréchal 1993). If ‖ · ‖ is chosen
to be ‖ · ‖1 (‖λ‖1 :=

∑
r∈R |λr|) or ‖ · ‖∞ (‖λ‖∞ := max{|λ1|, . . . , |λ|R||}), then the problem with

penalty term ϑv‖λ − λv‖ and the problem with trust region constraint ‖λ − λv‖ ≤ ∆v are linear
programs. Stabilization methods have been studied by many, including Ruszczyński (1986), Kiwiel
(1990), and Moré (1997). The method used in the numerical work discussed in Section 7 is similar
to an algorithm studied by Linderoth and Wright (2001), and is discussed next.

The method used has trust region constraints with ‖ · ‖∞ as norm. Thus the approximating
problem is the following linear program:

min z

subject to z ≥ Aj +GjTλ for all (Aj , Gj) ∈ Bv

λv
r −∆v

r ≤ λr ≤ λv
r + ∆v

r for all r ∈ R
z ∈ R, λ ∈ [0,∞)|R| (52)

Five important issues to be addressed are the following:

1. How the stability center λv should be chosen and updated.

2. How the trust region size parameter ∆v should be chosen and updated.

3. How the bundle Bv of affine pieces should be updated.

4. How to perform an appropriate stopping test in the presence of trust region constraints.

5. How to obtain an ε-optimal primal solution from the results when the algorithm is stopped.

To update the stability center λv, a distinction is made between major iterations (serious steps),
during which the stability center is changed, and minor iterations (null steps), during which the
stability center is not changed. Let (zvw, λvw) denote the optimal solution obtained from solving the
approximating problem (52) during major iteration v and minor iteration w, with approximating
objective L̂vw, stability center λv = λv0, and trust region size parameter ∆vw. The stability center
is moved to the new solution λvw if the actual improvement L∗(λv0)− L∗(λvw) is sufficiently good
compared with the improvement L∗(λv0)− zvw predicted by the approximation L̂vw. (Recall that
L∗(λv0) − zvw ≥ 0.) This is implemented by choosing a move test parameter ηm ∈ (0, 1), and
moving the stability center to the new solution λvw, that is, λv+1,0 := λvw, if

L∗(λvw) < L∗(λv0)− ηm

(
L∗(λv0)− zvw

)
(53)

The next question is how the trust region size parameter ∆vw should be updated. Again the
test is based on comparing the actual improvement L∗(λv0) − L∗(λvw) obtained from solving the
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approximating problem (52) with the predicted improvement L∗(λv0)− zvw. This is implemented
by choosing a contraction test parameter ηc ∈ (0, ηm), an expansion test parameter ηe ∈ (ηm, 1),
a contraction multiplier mc ∈ (0, 1), an expansion multiplier me > 1, and a minimum trust region
size parameter ∆ > 0. If

L∗(λvw) > L∗(λv0)− ηc

(
L∗(λv0)− zvw

)
(54)

then the trust region is contracted:

∆v,w+1 := max{mc∆vw, ∆} (55)

If
L∗(λvw) < L∗(λv0)− ηe

(
L∗(λv0)− zvw

)
(56)

then the trust region is expanded:
∆v+1,0 := me∆vw (57)

There is another situation in which the trust region is expanded, which is discussed as part of the
stopping test.

More affine pieces in the bundle Bvw gives a more accurate approximation L̂vw. However, more
affine pieces also makes the linear program (52) harder to solve. Also, the convergence proofs of
cutting-plane algorithms do not require any affine pieces to be retained when the stability center is
moved; that is, for the purposes of convergence it would be acceptable to choose Bv1 = {(Av0, Gv0)}.
A more efficient approach may be to retain the active constraints, as well as some constraints that
are likely to be active at a future iteration, and to discard the remaining constraints when the
stability center is moved. This is implemented by choosing constraint elimination test parameters
ξ > 0 and n1, n2, n3, n4 ≥ 0, with n3 < n1. If the stability center is moved at iteration vw, and
the total number of constraints in the bundle Bvw is more than n1, and the number of constraints
that have been added since the previous iteration during which constraints were eliminated is
more than n2, then the slack zvw − (Aj + GjTλvw) is calculated for each constraint j ∈ Bvw. Let
Bvw
− := {j ∈ Bvw : zvw − (Aj + GjTλvw) > ξ(L∗(λv0) − zvw)}. If |Bvw| − |Bvw

− | ≥ n3, then
all the constraints in Bvw

− are eliminated from Bvw to give Bv+1,0 := Bvw \ Bvw
− ; otherwise, the

|Bvw|−n3 constraints in Bvw
− with the greatest slack values are eliminated from Bvw to give Bv+1,0.

A modification of this approach is to eliminate a constraint only after its slack has been greater
than the threshold value of type ξ(L∗(λv0)− zvw) at least n4 times at which it was tested.

For the purpose of stopping tests, several tolerances are used: a tolerance εp > 0 on the
optimality gap of a primal solution, a tolerance εd > 0 on the optimality gap of a dual solution, and
a tolerance εf > 0 on the infeasibility of a primal solution. When the Lagrangean problem (15)–(17)
is solved with dual multipliers λvw, a primal solution (xλvw

, uλvw
) is obtained. If∫ T

0
g(xλvw

(t), uλvw
(t), t) dt+ h(xλvw

(T )) > L∗(λvw)− εp (58)

that is, the objective value of (xλvw
, uλvw

) is within εp of the upper bound L∗(λvw) on the primal
optimal value, and ∑

i∈I

∑
k∈K

Rriqikx
λvw

ik (T ) < br + εf for each r ∈ R (59)

that is, the feasibility error of (xλvw
, uλvw

) is less than εf , and the final amount of resource
G(xλvw

, uλvw
)r > −εf for each r ∈ R, then the algorithm stops with primal solution (xλvw

, uλvw
)
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and dual solution λvw. Note that if (58) holds, then

(Gvw)Tλvw = L∗(λvw)−
∫ T

0
g(xλvw

(t), uλvw
(t), t) dt+ h(xλvw

(T )) < εp

However, the primal feasibility test (59) is needed because positive and negative terms in (Gvw)Tλvw

may cancel out. The primal feasibility test (59) together with (Gvw)Tλvw < εp imply that
complementary slackness holds with some error. Also, if none of the trust region constraints
λv0

r −∆vw
r ≤ λr ≤ λv0

r + ∆vw
r is active at an optimal solution (zvw, λvw) of the approximating

problem (52), except for those r for which λvw
r = λv0

r −∆vw
r = 0, then zvw is a lower bound on the

optimal dual (and primal) value inf{L∗(λ) : λ ≥ 0}. Thus, if L∗(λvw) < zvw + εd, and one or more
of the trust region constraints are active at (zvw, λvw) (besides λvw

r = λv0
r − ∆vw

r = 0), then the
trust region is expanded as in (57). Next, suppose that L∗(λvw) < zvw + εd, and none of the trust
region constraints is active at (zvw, λvw) (except if λvw

r = λv0
r −∆vw

r = 0). Then the approximating
problem (52) is equivalent to

min z

subject to z ≥ Aj +GjTλ for all (Aj , Gj) ∈ Bvw

z ∈ R, λ ∈ [0,∞)|R| (60)

with dual problem

max
∑

(Aj ,Gj)∈Bvw

Ajθj

subject to
∑

(Aj ,Gj)∈Bvw

θj = 1

∑
(Aj ,Gj)∈Bvw

Gjθj ≥ 0

θj ≥ 0 for all (Aj , Gj) ∈ Bvw (61)

Note that feasible dual solutions θ of (61) are convex multipliers. Let θvw denote an optimal
solution of (61), and for each (Aj , Gj) ∈ Bvw, let λj denote the corresponding dual multipliers,
and let (xj , uj) denote the corresponding optimal solution of the Lagrangean problem with dual
multipliers λj that generated Gj ∈ ∂L∗(λj) and Aj := L∗(λj)−GjTλj . Then, it follows from linear
programming duality that

zvw =
∑

(Aj ,Gj)∈Bvw

Ajθvw
j

=
∑

(Aj ,Gj)∈Bvw

θvw
j

[
L∗(λj)−GjTλj

]
=

∑
(Aj ,Gj)∈Bvw

θvw
j

[∫ T

0
g(xλj

(t), uλj
(t), t) dt+ h(xλj

(T ))
]

Let
(xθ, uθ) :=

∑
(Aj ,Gj)∈Bvw

θvw
j (xj , uj) (62)
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(Note that if θvw is chosen to be a basic solution, then at most n + 1 components θvw
j will be

positive, and thus (xθ, uθ) will be a convex combination of at most n+ 1 solutions (xj , uj).) Recall
from Section 6.1 that Y ⊂ X ×U is convex, and that (xj , uj) ∈ Y for all j, and thus (xθ, uθ) ∈ Y. It
follows from the second constraint of the dual linear program (61) and the linearity of G in (x, u)
that

b−RQxθ(T ) =
∑

(Aj ,Gj)∈Bvw

θvw
j

(
b−RQxj(T )

)
=

∑
(Aj ,Gj)∈Bvw

θvw
j Gj ≥ 0

and thus (xθ, uθ) is feasible for the primal problem. (Concavity of G in (x, u) would have been
sufficient.) Furthermore, from the linearity of g and h in (x, u),∫ T

0
g(xθ(t), uθ(t), t) dt+ h(xθ(T )) =

∑
(Aj ,Gj)∈Bvw

θvw
j

[∫ T

0
g(xλj

(t), uλj
(t), t) dt+ h(xλj

(T ))
]

= zvw > L∗(λvw)− εd

and thus the objective value of (xθ, uθ) is within εd of the primal optimal value. (Again, concavity
of g and h in (x, u) would have been sufficient.) Then the algorithm stops with primal solution
(xθ, uθ) and dual solution λvw.

To summarize, the cutting-plane algorithm for the Lagrangean dual problem is stated:

Cutting-Plane Algorithm with Trust Region for Lagrangean Dual Problem
Step 0 (Initialization): Choose algorithm parameters: move test parameter ηm ∈ (0, 1), contrac-
tion test parameter ηc ∈ (0, ηm), expansion test parameter ηe ∈ (ηm, 1), contraction multiplier
mc ∈ (0, 1), expansion multiplier me > 1, minimum trust region size parameter ∆ > 0, con-
straint elimination test parameters ξ > 0, n1, n2, n3, n4 ≥ 0, primal optimality gap tolerance
εp > 0, dual optimality gap tolerance εd > 0, and primal infeasibility tolerance εf > 0. Choose
an initial solution λ1,0 ≥ 0, and an initial trust region size parameter ∆1,1 > 0. Solve the
Lagrangean problem with dual multipliers λ1,0, producing objective value L∗(λ1,0), subgradient
G1,0 ∈ ∂L∗(λ1,0), and A1,0 := L∗(λ1,0) − (G1,0)Tλ1,0. Let B1,1 := {(A1,0, G1,0)}, let n1,0

4 = 0, and
let L̂1,1(λ) := A1,0 + (G1,0)Tλ. Set v = 1, w = 1, and d = 1.
Step 1 (Approximating Problem): Solve the approximating problem (52), producing optimal solu-
tion (zvw, λvw).
Step 2 (Lagrangean Problem): Solve the Lagrangean problem (15)–(17) with dual multipliers
λvw, producing solution (xλvw

, uλvw
), objective value L∗(λvw) = L(xλvw

, uλvw
, λvw), subgradient

Gvw ∈ ∂L∗(λvw), and Avw := L∗(λvw)− (Gvw)Tλvw = F (xλvw
, uλvw

).
Step 3 (Primal Stopping Test): If F (xλvw

, uλvw
) > L∗(λvw)− εp and G(xλvw

, uλvw
)r > −εf for each

r ∈ R, then stop with primal solution (xλvw
, uλvw

) and dual solution λvw.
Step 4 (Dual Stopping Test): If L∗(λvw) < zvw+εd and none of the trust region constraints is active
at (zvw, λvw) (except if λvw

r = λv0
r −∆vw

r = 0), then let θvw denote an optimal solution of (61), and
let (xθ, uθ) :=

∑
(Aj ,Gj)∈Bvw θvw

j (xj , uj), and stop with εd-optimal primal solution (xθ, uθ) and dual
solution λvw. If L∗(λvw) < zvw + εd and one or more of the trust region constraints are active at
(zvw, λvw) (besides λvw

r = λv0
r −∆vw

r = 0), then the trust region is expanded: ∆v,w+1 := me∆vw,
and go to step 6.
Step 5 (Expansion or Contraction of Trust Region): If L∗(λvw) > L∗(λv0) − ηc

(
L∗(λv0)− zvw

)
,
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then the trust region is contracted: ∆v,w+1 := max{mc∆vw, ∆}. If L∗(λvw) < L∗(λv0) −
ηe

(
L∗(λv0)− zvw

)
, then the trust region is expanded: ∆v,w+1 := me∆vw. Otherwise, set ∆v,w+1 :=

∆vw.
Step 6 (Serious Step or Null Step): If L∗(λvw) > L∗(λv0) − ηm

(
L∗(λv0)− zvw

)
, then go to step

9. Move the stability center to λvw and begin a new major iteration; that is, λv+1,0 := λvw,
L∗(λv+1,0) = L∗(λvw), Av+1,0 := Avw, Gv+1,0 := Gvw, and ∆v+1,1 := ∆v,w+1.
Step 7 (Trim Bundle): If |Bvw| < n1, or d < n2, then go to step 8. For each j ∈ Bvw such that
zvw − (Aj + GjTλvw) > ξ(L∗(λv0) − zvw), set nj

4 ← nj
4 + 1. Let Bvw

− := {j ∈ Bvw : zvw − (Aj +
GjTλvw) > ξ(L∗(λv0) − zvw) and nj

4 > n4}. If |Bvw| − |Bvw
− | ≥ n3, then let Bv+1,0 := Bvw \ Bvw

− ;
otherwise, the |Bvw|−n3 constraints in Bvw

− with the greatest slack values are eliminated from Bvw

to give Bv+1,0. Set d = 0.
Step 8 (Update): Set v ← v + 1 and w = 0.
Step 9 (Continue): Let Bv,w+1 := Bvw ∪{(Avw, Gvw)}, let nvw

4 = 0, and let L̂v,w+1(λ) := max{Aj +
GjTλ : (Aj , Gj) ∈ Bv,w+1}. Set w ← w + 1 and d← d+ 1. Go to step 1.

7 Numerical Results

In this section some numerical results are briefly described. The purpose of the numerical tests was
to investigate the ability of the method to solve problems of different sizes.

Revenue management problems were randomly generated for hub-and-spoke airline networks.
For each location, a weight was generated randomly, and the demand between two locations was
generated randomly and proportional to the product of the weights of the two locations (a gravity
model). The capacities of the flights between each location and the hub were also generated
randomly and proportional to the weight of the location. For each origin-destination pair there
were a number of prices and a number of customer classes interested in travelling from the origin to
the destination. The arrival and cancellation rates of all customer classes increased over time, but
more so for the higher customer classes. Also, for all customer classes the probability of a customer
purchasing the product decreased as a function of price, but less so for the higher customer classes.

Table 1 shows statistics of the problems solved and algorithm performance. The following values
were used for the algorithm parameters: move test parameter ηm = 0.1, contraction test param-
eter ηc = 0.001, expansion test parameter ηe = 0.7, contraction multiplier mc = 0.67, expansion
multiplier me = 1.5, minimum trust region size parameter ∆ = 0.1, constraint elimination test
parameters ξ = 0.1, n1 = |R|+50, n2 = 50, n3 = |R|+10, n4 = 2, primal optimality gap tolerance
εp = 0.001, dual optimality gap tolerance εd = 0.001, and primal infeasibility tolerance εf = 0.5.
The values of the algorithm parameters were not tuned. Computations were performed on a PC
with a 133MHz processor.

It appears that the number of major iterations does not depend on the size of the problem.
However, the number of minor iterations, and the computational effort per iteration, grow with
the size of the problem. Because minor iterations are required to construct a sufficiently accurate
approximation to the dual objective function L∗ in a neighborhood of the current stability center,
it seems that it becomes harder to construct such an approximation as the dimension of the domain
of L∗ increases. Improvements in the efficiency of constructing accurate approximations to convex
functions will contribute much to the ability to solve large dynamic pricing problems.
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Instance Number of Number of Number of Number of Number of CPU time
Number Product-Price Customer Resources Major Minor [seconds]

Pairs |I| Classes |K| |R| Iterations Iterations
1 550 220 20 57 168 3
2 2100 840 40 44 256 20
3 4650 1860 60 44 408 76
4 8200 3280 80 58 1075 408
5 12750 5100 100 41 641 343
6 18300 7320 120 80 2293 2712
7 24850 9940 140 53 2151 3753
8 32400 12960 160 66 2568 5970
9 40950 16380 180 53 2926 9188
10 50500 20200 200 56 5529 55562

Table 1: Computational results for randomly generated dynamic pricing problems for hub-and-
spoke airline networks.
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