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Abstract

Knot theory is the study of embeddings of circles in R3, called knots and
links. Invariants are a means of differentiating knots and links of different
types. We focus on two closely related such invariants, called p-colorability
and the knot determinant. Grid diagrams are rectilinear representations of
knots and links which provide novel methods for understanding and com-
puting these invariants. The grid diagram perspective on determinants
raises the natural question of determining the maximal knot or link deter-
minant amongst links represented by grids of a fixed size. We connect this
problem to the long-standing Hadamard’s maximal determinant problem
regarding determinants of matrices for which the entries are restricted to
0 or 1. After exploring these connections, we present our findings on lower
and upper bounds for the maximal determinants of knots and links on grid
diagrams of a fixed size.
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1 An Introduction to Knot Theory

Knot theory is a branch of topology which focuses on the study of mathematical knots and links. By
definition, a knot is an embedding of S1 in S3. Alternatively, we can think of a knot as a string which is
wrapped around itself and then is attached at its endpoints. A link is a non-intersecting collection of knots
which may or may not be tangled together.

Figure 1: On the left, the trefoil knot and on the right, the Hopf link

A significant question in knot theory is how to distinguish knots or links. This question is difficult because
one can display a knot or link in an infinite number of ways. However, certain properties of knots and links
help us address this problem. The primary ways we represent knots in this paper are with knot diagrams
and grid diagrams. Once we understand the ways we represent knots, we can begin to differentiate them.

1.1 Knot Diagrams

The most commonly used way to represent a knot or link is with a knot diagram, a 2-dimensional projection
of the knot or link onto the plane. There are several ways we can manipulate the knot diagram such that we
do not change the knot or link type being represented. These manipulations fall into two categories: planar
isotopies and Reidemeister moves.

1.1.1 Planar Isotopies

A planar isotopy is a deformation of the knot or link strictly in the plane. It can involve expanding or
shrinking arcs, or sliding crossings up or down an arc. However, it does not change the number or relative
locations of crossings on a knot or link.

Figure 2: Planar isotopy of a projection of the trefoil.

1.1.2 Reidemeister Moves

There are three types of Reidemeister moves. The Reidemeister 1 move adds or removes a loop. The
Reidemeister 2 move adds or removes two crossings by sliding one arc underneath another. Finally, the
Reidemeister 3 move involves sliding an arc from one side of a crossing to the other side.
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Figure 3: The three types of Reidemeister moves.

1.2 Grid Diagrams

A convenient way to represent oriented knots and links is with grid diagrams.

Definition 1.1. A grid diagram G is an n× n grid such that

• Each row and column contains exactly one X and one O, and

• No square contains both an X and an O.

We connect the X’s and O’s such that there is an arrow going from the X to the O in each column and
from the O to the X in each row. Additionally, the vertical strands must always cross over the horizontal
strands.

Any knot or link can be represented by a grid diagram. To see this, we convert a knot diagram into a grid
diagram in Figure 4. One key detail is that we must manipulate our knot diagram to guarantee that at each
crossing the vertical strand crosses over the horizontal strand.

Figure 4: Converting a knot diagram to a grid diagram [7].

All of the information in a grid diagram is captured by the placement of the X’s and O’s. Therefore, we
can describe any n× n grid diagram using two permutations, denoted σX and σO, which are defined in the
following way. If there is an X in the ith column and the jth row of the grid diagram, we have that the
permutation σX maps i to j. We use the same method to define σO.

Similar to the relationship between Reidemeister moves and knot diagrams, there exist “grid moves” on
the grid diagram which do not alter the knot or link type. These grid moves include commutation, cyclic
permutation, stabilization and destabilization.

1.2.1 Commutations

Consider two adjacent rows or columns. To perform a commutation, the rows or columns in question must
satisfy the following criteria. In the case of a column commutation, the vertical segment in one column must
either be entirely disjoint from or be fully contained within the vertical segment of the other column. We
can then interchange those two columns to produce a new grid diagram. This new diagram differs from our
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Figure 5: For the above grid diagram, σX = [5, 1, 2, 3, 4] and σO = [2, 3, 4, 5, 1].

original by a column commutation. A row commutation is defined similarly, considering horizontal segments
instead of vertical ones.

Figure 6: Column commutation with disjoint segments (left) and with an interior segment (right).

1.2.2 Stabilizations and Destabilizations

We start with an n×n grid diagram G. We will construct a new (n+1)×(n+1) grid diagram in the following
way. First, select a square in the grid that contains either an X or an O. Remove any X’s or O’s from the
row and column intersecting that square. Then split the empty row and column into two consecutive rows
and columns. There are four distinct ways we can fill in these empty spaces to end up with a valid grid
diagram.

To destabilize a grid diagram G and produce an (n − 1) × (n − 1) grid diagram, we carry out the inverse
process.

Figure 7: Four ways to stabilize.
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1.2.3 Cyclic Permutations

The final grid move is cyclic permutation of the rows or columns of the grid. A cyclic permutation of the
rows shifts every row in the grid up or shifts every row down, and the row that would leave the grid comes
around to the opposite side of the grid. A cyclic permutation of the columns is defined analogously.

Figure 8: A grid before and after cyclically permuting every row upward.

1.3 Knot Invariants

A knot invariant is a quantity or property associated to a knot or link that is the same for all presentations
of that knot or link. While two knots or links having the same value for an invariant does not tell us whether
they are equivalent, two knots or links having distinct values tells us that they are not the same type. Thus,
knot invariants are crucial to figuring out which knot projections are presentations of the same knot or link.
The main knot invariants we focused on were knot determinant and p-colorability.

1.3.1 Colorability

A well-known knot invariant is 3-colorability.

Definition 1.2 (3-colorability). A knot or link is 3-colorable if we can color each arc of the knot such that

• At least two out of three colors are used, and

• At each crossing, strands of all three colors meet or of just one color meet.

Figure 9: A 3-coloring of the trefoil knot.

It is possible to generalize 3-colorability to higher numbers. This idea is called p-colorability, and instead of
assigning arcs a color, we assign them a number in the following way.

Definition 1.3 (p-colorability). A knot or link is p-colorable if we can assign a number to each arc of the
knot or link such that:

• Each arc is assigned a number from the set {0, 1, . . . , p− 1}, and

• At each crossing, the following congruence is satisfied: x+ y ≡ 2z (mod p), where z is the overstrand
and x and y are the understrands. See figure 10.
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Figure 10: The understrands and overstrand at a crossing.

As an invariant, we can use p-colorability to distinguish different types of knots and links. For example, in
figure 11, the knot projection on the left can be 3-colored, while the one on the right cannot, meaning these
projections do not represent the same knot type.

Figure 11: A projection of the trefoil knot (3-colorable) and a projection of the figure 8 knot (not 3-colorable)

1.3.2 Knot Determinant

Knot determinants, another invariant, have a close relationship to the colorability of a knot or link, as is
demonstrated in the following theorem.

Theorem 1.4 (Livingston [5] cf. Fox [4]). For an odd prime p, a knot or link K is p-colorable if and only
if p | det(K).

Thus, finding knot determinants will be valuable in our work to understand knot colorability. The determi-
nant of a knot can be found through several methods which we will discuss. Further, through our research,
we have refined certain approaches to make this process even more efficient.

1.3.3 The Alexander Polynomial

There are several types of polynomials that serve as knot invariants. One such polynomial is the Alexander
polynomial ∆K(t) ∈ Z[t, t−1] for a knot K. One interesting property of this polynomial is that |∆K(−1)| =
detK. An example of an Alexander polynomial is 1 − t + t2 which is the Alexander polynomial for the
Trefoil. The Alexander polynomial can be recursively calculated from two simple rules that John Conway
discovered in 1969 which are [1]

∆Unknot = 1 (1)

∆L+
−∆L− + (t1/2 − t−1/2)∆L0

= 0. (2)
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L+, L−, and L0 are projections of the same knot that are identical everywhere except at one crossing which
is changed as in Figure 12.

Figure 12: The projections are identical outside of the shown region

2 Computing the Determinant

2.1 Minesweeper Matrices

Suppose that we start with an oriented knot or link on an n× n grid diagram G. Consider the set of lattice
points on our grid diagram G. We are going to define an (n − 1) × (n − 1) matrix W called the winding
matrix whose entries correspond to those lattice points. Using the winding matrix, we will construct an
n× n matrix M called the minesweeper matrix [10].

The first step is to resolve the crossings in our grid diagram. We do this by connecting incoming strands to
adjacent leaving strands at each crossing [11].

Figure 13: Resolving the crossings of a knot.

After we resolve all of the crossings, we will be left with one or more closed curves which are oriented in
either clockwise or counterclockwise directions [11]. Now, we will consider each lattice point of G. Each
point is initially assigned a value of zero. For each clockwise-orientated curve containing the point, we add 1
to its value, and for each counterclockwise-oriented curve containing the point, we add −1 to its value. After
calculating the value at each lattice point, we enter these values in the corresponding entry of the winding
matrix W .

Figure 14: From grid diagram to winding matrix.

From here, we create a new matrix M ′ defined by M ′ = [m′i,j ] where m′i,j = (t)wi,j for some variable t. Now

we define M =
[
M ′ 1
1 1

]
, adding a row of 1’s to the bottom and a column of 1’s to the right of M ′. This
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matrix M is the completed minesweeper matrix.

We can use M to find the Alexander polynomial of a knot or link. We get the Alexander polynomial, denoted
∆k(t), by multiplying the determinant of M by (1− t)−(n−1) as shown:

∆k(t) =
∣∣∣(1− t)−(n−1) det(M)

∣∣∣
We can use the Alexander polynomial to find the determinant of the knot or link, by evaluating the polynomial
at t = −1 [6]. Thus, the determinant of the knot K is given by

det(K) = ∆k(t)|t=−1 =
∣∣∣2−(n−1) · det(M |t=−1)

∣∣∣ .
When focused primarily on the knot determinant, we can simplify the process as follows. Rather than
constructing M ′ by raising t to the power of wi,j , we replace t with −1, making each entry of M ′ equal to
m′i,j = (−1)wi,j . Then we find the determinant of the knot by dividing det(M) by 2n−1. We will use this
method often in the coming sections.

2.2 Mod-ified Winding Matrices

We found a way to simplify the previously discussed method for calculating the determinant. Our process uses
a modified version of the winding matrix which allows us to calculate the determinant without constructing
the minesweeper matrix.

Proposition 2.1. For a knot or link K with winding matrix W , the determinant of the knot or link is equal
to |det(W ′)|, where W ′ is the winding matrix W mod 2.

Proof. Suppose G is an n × n grid diagram for a knot K with winding matrix W and minesweeper matrix
M . Let W ′ = W mod 2 and P = M |t=−1. By definition, P has a row of all ones along the bottom and a
column of all ones on the right. We can thus subtract this bottom row of all ones from all of the other rows
to get a new matrix P ′. Given that subtracting one row from the other rows does not change the matrix
determinant, det(P ) = det(P ′). Let P ′′ be the (n−1)×(n−1) minor of P ′ that removes the last column and
row. Given that P was a {1,−1}-matrix, P ′′ must be be a {0,−2}-matrix. We have that detP ′ = detP ′′

because the last column contains all 0’s except for a 1 in the bottom. We now divide every row of P ′′ by
−2, which gives a {0, 1}-matrix P ′′′.

Now we can consider the relationship between this matrix and W ′. We know that even entries in W are
associated with 1’s in P , while odd entries are associated with −1′s. Then since 1’s in P correspond to 0’s
in P ′ and P ′′, while −1’s in P correspond to −2’s in P ′ and P ′′, we ultimately conclude that even entries
in W correspond to 0’s in P ′′′ and odd entries correspond to 1’s. Thus, P ′′′ = W ′ and since det(P ′′) equals
det(P ), as the determinant is unchanged by elementary row operations, detW ′ = (−2)−(n−1) · detP , the
same equation for det(K) as given in section 2.1.

Our new process for calculating knot determinants reduces the size of the matrices being considered from
n× n to (n− 1)× (n− 1). This makes computations more efficient and is useful for algorithms considering
large amounts of knots and links. Furthermore, by writing a program which calculates the determinants
of knots and links from their mod 2 winding matrices, we have created an algorithm for calculating the
determinant of a knot or link from its grid diagram.

2.2.1 A Computer Algorithm

The process of finding the mod 2 winding matrix and determinant is clear from a human perspective, but
needed to be adapted for use by a computer. Here is the algorithm that we developed and coded to construct
the mod 2 winding matrix:
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Figure 15: An example of the method described in section 2.2 with the figure-8 knot

SET mod_2_winding_matrix to an empty square matrix of size n-1

FOR EACH row on the grid diagram’s lattice points

SET wind_number to 0

FOR EACH lattice point in the row

IF there is a vertical line to the left of the lattice point

INCREMENT wind_number

SET wind_number to wind_number MOD 2

SET the corresponding position of mod_2_winding_matrix to wind_number

END FOR

END FOR

OUTPUT mod_2_winding_matrix

Once we have constructed the mod 2 winding matrix, we can take the determinant of that matrix and we
have calculated the determinant of the knot or link.

3 Toroidal Grid Diagrams

This section introduces a novel way to study grid diagrams and calculate the Alexander polynomial of knots
and links displayed on them. This alternate perspective generalizes many of the operations done on regular
grid diagrams. During this section, we follow a similar convention to [9] and consider the winding matrix
for a n× n grid diagram to be the n× n matrix W = (wi,j) where wi,j is the winding number of the lattice
point (i, n− j).

Definition 3.1. A toroidal grid diagram is a grid diagram with the opposite edges identified with each
other.

One can still represent toroidal grids on a planar grid. However, edges of the representation can now leave
one side of the grid and reenter on the other side (at the same row). See Figure 16.

Suppose T is a n × n toroidal grid diagram for a link K. If an edge lies entirely in the grid, we call it
straight. For any edge, one can redraw the edge so that its orientation is the same but the edge travels in
a different direction on the grid. We call this operation an flip. If an edge is straight, its flip will not be
straight, and vice versa. See Figure 17.

For any toroidal grid diagram, there is an associated grid diagram, called the base grid, formed by flipping
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Figure 16: A toroidal grid of a figure 8 knot

Figure 17: A flip whose result is straight

all the not-straight edges. This base grid is the regular grid diagram discussed in Section 1.2. It follows
from the crossing rules for grid diagrams that flipping an edge does not change the link type. Thus, any two
toroidal grid diagrams with the same base grid represent the same link.

Figure 18: The base grid diagram for Figure 16

For any edge on T , assign it a value of 1 or -1 if it travels to the right or left respectively. For the (i, j)-
th lattice points of the toroidal grid T , where we restrict ourselves to 1 ≤ i, j ≤ n, one can calculate a
winding number by taking the sum of the values of the edges above the the lattice point, and call this value
wi,n−j . Call the matrix W = (wi,j) the toroidal winding matrix (see Figure 19) and M = (mi,j) where
mi,j = twi,j the toroidal minesweeper matrix.

Note that the toroidal winding matrix of a regular grid diagram is equal to its winding matrix. There is an
intuitive way to think of the toroidal winding matrix as a generalization of the winding matrix. First flip all

10




1 1 0 0 1 1
0 0 −1 0 1 1
1 0 −1 0 1 2
2 1 0 1 1 2
2 1 1 2 2 2
1 1 1 1 1 1


Figure 19: The toroidal winding matrix of Figure 16

of the not-straight vertical strands. Then resolve the crossings. Finally, connect the edges that go off the
grid so that every edge is part of some continuous loop. The lattice points each now have a clear winding
number relating to the number of oriented loops they lie inside. We call this process resolving the toroidal
grid diagram. See Figure 20.

Figure 20: Resolved toroidal grid diagram of Figure 16

Lemma 3.2. Whenever a horizontal edge of W is flipped, the initial value of that edge is subtracted from
the winding number of each lattice point beneath the edge’s row.

Proof. Let e be an edge of T in row j with value 1. When e is flipped, any lattice point that was originally
directly beneath the edge loses one in the calculation of its winding number. On the other hand, any lattice
point not directly beneath the edge now has a new edge value of -1 above it.

Figure 21: The edge in the 5th row is flipped, and notice how the winding number of each lattice point below
row 5 increases by 1.

Lemma 3.3. We have that wn,j = c for all 0 ≤ j ≤ n where c is the sum of the values of the edges that
intersect with the right of the toroidal grid diagram.
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Proof. We have that a standard grid diagram has Wn,j = 0. Whenever an edge is flipped, by Lemma 3.2,
wn,j will be changed by the same value for each j. Thus, once T is achieved by flipping the necessary edges
of a base grid diagram, its bottom row will be a constant value.

Lemma 3.4. Suppose G is the base diagram of T and W ′ = (w′i,j) is the winding matrix of G. We have
that

w′i,j = wi,j − wi,n

Proof. The value wi,n is the sum of the values of the not-straight edges above row n−i of the grid. Therefore,
when T is changed into G, wi,n will have been subtracted from row n− i by Lemma 3.2.

Theorem 3.5. Suppose ∆K(t) is the Alexander polynomial for T .

∆K(t) = ±t−k(t− 1)−(n−1) detM.

Proof. Define the n× n matrix
M ′ = (m′i,j) = (mi,j/mi,n).

However, by Lemma 3.4,
m′i,j = mi,j/mi,n = twi,j/twi,n = tw

′
i,j .

Thus, M ′ is the minesweeper matrix of the base grid diagram of T . Sincemi,n is a power of t, the determinants
of M and M ′ are equivalent up to a power of t. Therefore, the result follows from the properties of the
regular minesweeper matrix (see Section 2.1).

Proposition 3.6. Suppose c is the constant value in the bottom row of W . Let J be the n× n matrix of all
1’s, W ′ = W mod 2, and

W ′′ =

{
W ′ if c ≡ 1 mod 2
W ′ + J mod 2 if c ≡ 0 mod 2

We have that detK = |detW ′′|.

Proof. Suppose c ≡ 1 mod 2. Subtract the last column of W ′ from each other column of W ′. The bottom
row will now be a row of 0’s with a one at the end. By Lemma 3.4, the (n− 1)× (n− 1) minor formed by
removing the last row and column will be equivalent to the same minor formed by the winding matrix of the
base grid diagram. Because the only non-zero value of the last row is a 1 in the last column, and this matrix
is row equivalent to W ′, the determinant of W ′ is the determinant of the winding matrix of the base grid
mod 2. Thus, by Proposition 2.1, detK = |detW ′|. Suppose c ≡ 0 mod 2. Then detW ′ = 0 because it has
a row of 0’s. Flip the top edge of T . From Lemma 3.2 we have that flipping the top edge changes each of
the rows beneath it by 1. Therefore, the winding matrix modulo 2 for this new diagram is W ′ + J mod 2.
We know that flipping an edge does not change the link type so W ′ and W ′ + J will be modulo 2 winding
matrices for the same link. However, the bottom row of W ′ + J is now 1, so by the first part of this proof,
detK = |detW ′′|.

4 Grid Diagrams and p-Colorability

Our research focuses on p-colorability and the knot determinant. We sought to approach this problem
through a combinatorial lens, using grid diagrams to investigate our questions. The first such question we
addressed was this:

What is the probability that a random n× n grid diagram gives a knot/link which admits a p-coloring?
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4.1 Complete data for n = 1 to n = 9

In small cases, we can consider p-colorability in terms of assigning numbers or colors to the arcs of the knot
or link as outlined in 1.3.1. However, as the knots and links get larger, it becomes unfeasible to work out by
hand. Instead, we can use the relationship between colorability and knot determinants given by Theorem
1.4 in Section 1.3.2. Motivated by this theorem, we worked to compute the determinants of all possible
presentations of knots or links on n × n grid diagrams. To accomplish this, we wrote a computer program
which generated grid diagrams and calculated their determinants.

Using this program, we found the determinants for all knots or links on n×n grids for n = 2 through n = 9.
Next, we calculated the probability that a random knot or link on an n× n grid is p-colorable for various p.
The below table contains the data on grid sizes 2 to 7, and see the appendix for full data on these grids.

0 1 2 3 4 5 6 7 8

2× 2 0 1 0 0 0 0 0 0 0
3× 3 0 1 0 0 0 0 0 0 0
4× 4 0.296 0.667 0.037 0 0 0 0 0 0
5× 5 0.379 0.542 0.076 0.0038 0 0 0 0 0
6× 6 0.437 0.443 0.106 0.0098 0.0043 0.0004 0 0 0
7× 7 0.469 0.370 0.129 0.0166 0.0133 0.0015 0.0005 0.0002 0.0002

Table 1: The probability distribution for determinants of n× n grid diagrams.

Using this data on determinants and the theorem cited in Section 1.4, we can now begin to answer our
question above about the probability that a random n × n grid diagram defines a knot or link that admits
a p-coloring as shown in Table 2.

3 5 7 11 13 17 19 23

2× 2 0 0 0 0 0 0 0 0
3× 3 0 0 0 0 0 0 0 0
4× 4 0 0 0 0 0 0 0 0
5× 5 0.00379 0 0 0 0 0 0 0
6× 6 0.00981 0.000377 0 0 0 0 0 0
7× 7 0.0171 0.00145 0.000189 0 0 0 0 0
8× 8 0.0250 0.00331 0.000704 3.42 ×10−5 1.71 ×10−5 0 0 0
9× 9 0.0336 0.00594 0.00163 1.614× 10−4 8.666× 10−5 9.852× 10−6 6.742× 10−6 1.030× 10−6

Table 2: The probability distribution for the colorability of knots and links on n× n grid diagrams.

4.2 Theoretically Bounding Link Determinants

After collecting the data for the first nine grid sizes, we realized that this method would be impractical for
grid diagrams of larger sizes [8]. With this in mind, we revised our question to instead consider the following:

What is the maximum determinant of a knot or link on a grid diagram of dimensions n× n?

With this new problem, it was time to change our approach and begin to think about knots and links in a
new way.

4.3 {0,1}-Matrices

Instead of using brute-force methods, we wanted to better understand what properties cause a knot or link
to have a large determinant. To do this, we worked with the modified winding matrices introduced in Section
2.2. Given that the determinants of the knots and links are exactly equal to the determinants of their mod
2 winding matrices, determining the class of {0, 1}-matrices that arise as mod 2 winding matrices of knots
or links would allow us to reduce this problem strictly to one of linear algebra.
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Theorem 4.1. A {0, 1}-matrix W is the mod 2 winding matrix of a grid diagram G if and only if W meets
the following criteria:

1. The outer rows and columns of W have exactly one line of consecutive 1’s.

2. There is exactly one “block” of changes between consecutive rows and columns of W .

Figure 22: First rule (left) and second rule (right).

Proof. (=⇒) First, we will prove that every matrix W satisfying our criteria above is a mod 2 winding matrix
of a grid diagram G.

Let W be a {0, 1}-matrix which follows the two rules above. Add rows and columns of all 0’s to the outside
edges of the matrix, and let this new matrix be W ′.

W ′ =

0 . . . 0
... W

...
0 . . . 0


Note that W ′ has the property that there is exactly one block of changes between every pair of consecutive
rows and columns, same as our original matrix W .

We will use the following algorithm to generate a new n× n matrix M with entries of M corresponding to
each 2× 2 sub-matrix of W ′:

1. For each 2× 2 sub-matrix contained within W ′, sum the elements mod 2.

2. Set the corresponding position in M equal to this value.

To show that M yields a valid grid diagram G, we first will show that each column of M will have exactly
two 1’s. Note that for the block of changes between two columns to exist, there must be a row-wise pair of
identical elements next to a row-wise pair of different elements. This must occur exactly twice to account
for the beginning and the end of the block. When we have a pair of identical elements adjacent to a pair of
different elements, the possible sums of the 2×2 sub-matrix are 1 + 1 + 1 + 0 ≡ 1 mod 2 or 1 + 0 + 0 + 0 ≡ 1
mod 2. Everywhere else, the possible sums must be 0 + 0 + 0 + 0 ≡ 0 (mod 2), 0 + 0 + 1 + 1 ≡ 0 (mod 2),
or 1 + 1 + 1 + 1 ≡ 0 (mod 2). Thus, there must be exactly two 1’s in each column of M .

By a similar argument, we conclude that there must be exactly two 1’s in each row of M .

Now that we have shown that M has exactly two 1’s in each row and column, we can replace the 1’s in M
with X’s and O’s, being careful to only have one X and one O per column and row. After we remove the 0’s
and connect the X’s and O’s with horizontal and vertical lines, we have constructed a valid grid diagram,
and the winding matrix of the grid diagram coming from M is equal to W.

(⇐=) Next, we will prove that every grid diagram G corresponds to a matrix W satisfying our criteria.
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Figure 23: Going from M to a grid diagram

Suppose we start with an n× n grid diagram G which we know satisfies the following two rules:

• Every row and column contains exactly one X and one O.

• No square contains both an X and an O.

Our goal is to construct the mod 2 winding matrix W from G, which in turn must satisfy our criteria.
Consider the first column of our grid diagram which must contain exactly one X and one O, each in a
different square. Thus, there is exactly one vertical line in this column of our grid.

Consider the set of interior lattice points of G. Let these points correspond to the (n− 1)× (n− 1) matrix
W . Assign each lattice point directly to the right of the vertical line in the leftmost grid column a value of
1, and assign the rest of the points in this column a value of 0. Thus, all of the 1s in this column of W must
be consecutive, as they all correspond to lattice points adjacent to the vertical line.

Figure 24: Going from a grid diagram to the matrix W

The same logic holds for the rightmost column of G, where we have one vertical line in this column of our
grid and can assign lattice points directly to the left of it a value of 1 and the rest a value of 0. Thus, all of
the 1’s in this column are consecutive as well.

We can now make a similar argument with the first and last rows of W , except this time considering
horizontal lines and the lattice points above and below them. Again, we will find that the 1’s in these rows
are consecutive as well.

Now we must build the rest of W and show that all of the changes between rows from one column to the
next occur within one block. To start, assign a value of 0 to each entry of W for which we have not already
found a winding number.

Starting in the first row of W , which corresponds to the first row of lattice points of our grid, we are going
to start at the leftmost point whose value we already know from finding the first column of W . We are going
to “walk” to the right to find the rest of the entries in W . From each column to the next, if we crossed over
a vertical line from an X to an O to get there, we increase the winding number assigned to the point by 1
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Figure 25: Consecutive 1’s in the leftmost column of W

mod 2. This is now the default value for our next entry of W . We now “walk” to the next point, adding 1
mod 2 to its value if we cross another vertical line from an X to an O to reach it. See figure 26. If we do not
cross a vertical line, its value stays the same. We continue this process to complete the row, moving across
the rest of the columns.

We then repeat this process for the rest of the rows of W . After we do this for each row, we will have fully
constructed the winding matrix, W . By constructing W in this way, we do end up with the mod 2 winding
matrix corresponding to the grid diagram.

Figure 26: A block of changes coinciding with a vertical line from an X to an O

Now let’s check that W satisfies our second criterion. Moving horizontally, we are only changing the winding
numbers we are assigning to each entry of W after crossing vertical lines in our grid G. Further, we know
that each column can only contain one vertical line by the properties of G. Thus, since the changes between
the rows in a pair of columns must all occur along this one line, the changes occur in one block as desired.
Furthermore, since every column of our grid diagram must contain a vertical line, we know there will always
be changes from one column to the next.

Now we can make a similar argument for the rows of W . We know that any vertical lines from X’s to O’s
are attached to each other via horizontal lines from O’s to X’s. Further, we know that there is exactly one
such horizontal line joining two vertical lines in any row of the grid diagram. Consider a horizontal line
from an O to an X in one of the rows or our grid diagram. If we are considering a horizontal line in the
first or last row, there is no block of changes we need to consider, so consider any of the other horizontal
lines. We know there is a row of lattice points above this horizontal line, which we can compare to the row
below. Considering the lattice points which are not directly above or below the horizontal line, we know
their values must be the same from one row to the next, as there is no vertical line in that area that leads
to a difference in their values from left to right. See figure 27. However, between the two vertical segments
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which are connected through this horizontal line, we know the values of the lattice points in the second row
must be different than those in the first row on the other side of the line. Thus, changes from one row to
the next must occur within one block as well.

Figure 27: A block of changes coinciding with a horizontal line from an O to an X

Thus, we conclude that when we start with a valid grid diagram G, the matrix W we construct must follow
our two criteria.

4.4 Hadamard Bounds

Knowing that we can solely work with {0, 1}-matrices and their corresponding {1,−1}-matrices as we focus
on knots and links and their corresponding determinants is extremely helpful, as these matrices are well-
studied in general. Hadamard’s maximal determinant problem deals with the maximum determinants of
square matrices with all entries in the interval [−1, 1]. Hadamard found that for an n × n matrix M with
entries in this interval, det(M) ≤ nn/2 [8]. This bound holds when all entries are exactly equal to 1 and −1
as well, and given the direct relationship between (n−1)× (n−1) {0, 1}-matrices and n×n {1,−1}-matrices
as detailed in Section 2.2, this problem is useful to our work.

For the remainder of this section, we refer to the minesweeper matrix evaluated at t = −1 as simply the
minesweeper matrix. Because the minesweeper matrix corresponding to an n× n grid diagram representing

a link L is an n × n {1,−1}-matrix, this immediately gives the bound detL ≤ nn/2

2n−1 using the formula in
Section 2.1. In fact, we claim that this inequality is strict in general.

Theorem 4.2. For a link L represented on a grid of size n× n with n > 4, detL < nn/2

2n−1 .

Proof. It is known that n = 1, 2 or n ≡ 0 mod 4 is a necessary condition for the existence of a {1,−1}-matrix
that achieves the nn/2 bound [8], so it suffices to show that for n > 4 and n ≡ 0 mod 4 it is impossible for a
minesweeper matrix from a grid diagram to be such a {1,−1}-matrix. Furthermore, a {1,−1}-matrix with
determinant nn/2 must have both mutually orthogonal columns and mutually orthogonal rows [8], which we
will show cannot happen.

To do this, we will attempt to construct an n× n grid diagram with n > 4 and n ≡ 0 mod 4 such that the
above orthogonality condition is satisfied. Because cyclic permutations of rows and columns do not change
the link type, we can place an X in the first row and column without loss of generality. Because the bottom
row of the minesweeper matrix is all 1’s, for the first row to be orthogonal with the bottom row, we must
place an O in the n

2 + 1 position in the first row.

We now want to place an X and O in the second row. For the first and second rows of the minesweeper
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matrix to be orthogonal, exactly n
2 of their entries must be different. Also, for the second and last rows

of the minesweeper matrix to be orthogonal, the second row must have n
2 entries equal to -1. For the first

condition to be satisfied, the distance between the X and O in the second row of the grid must be the same
as those in the first. For the second condition to also be satisfied, it is clear that the only possible placements
are for the X to be in the n

4 + 1 position and the O to be in the 3n
4 + 1 position or the reverse.

By a similar argument, it is evident that in order to maintain orthogonality among the rows of the Minesweeper
matrix, the only choice for the third row of the grid is to place an O in the first position and an X in the
n
2 +1 position. See figure 28. However, this creates a vertical strand in the first column, and from the length
of this strand, it follows that the first column of the minesweeper matrix will only have two -1’s, so it cannot
be orthogonal to the last column of all 1’s since n > 4. Therefore, the desired construction is impossible, so
when n > 4, no minesweeper matrix can have determinant nn/2.

Figure 28: Example of the first three rows of this construction for n = 8.

4.4.1 Tighter Bounds

Additionally, tighter bounds on the maximal determinants of {1,−1}-matrices are known for the cases
n ≡ 1, 2, 3 mod 4. Let M be a {1,−1}-matrix of size n×n. Proofs of these bounds can be found in [2]. We
will briefly state the bounds for these three cases:

• n ≡ 1 mod 4: Barba and Ehlich found that detM ≤
√

2n− 1(n−1)(n−1)/2, so detL ≤
√
2n−1(n−1)(n−1)/2

2n−1 .

• n ≡ 2 mod 4: Ehlich and Wojtas found that detM ≤ (2n−2)(n−1)(n/2)−1, so detL ≤ (2n−2)(n−1)(n/2)−1

2n−1 .

• n ≡ 3 mod 4: Ehlich found the following bound:

det(M) ≤ (n− 3)
n−2
2 (n− 3 + 4r)

u
2 (n+ 1 + 4r)

v
2

√
1− ur

n− 3 + 4r
− v(r + 1)

n+ 1 + 4r

where s = 3 when n = 3, s = 5 when n = 7, s = 5 or s = 6 when n = 11, s = 6 when n =
15, 19, 23, . . . , 59, and s = 7 when n ≥ 63. From there, we define r as r = bns c, v = n − rs, and
u = s− v. Dividing the right hand side by 2n−1 gives an upper bound for detL.

5 Large Determinant Links

In this section, we will discuss an approach to generating links which have large determinants. In doing so,
we will introduce a lower bound for the maximal determinant of knots and links on grid diagrams.

5.1 Using Hopf Links

Proposition 5.1. For all even integers n ≥ 4, there exists a link L such that the arc index α(L) = n and

the determinant det(L) = 2
n−2
2 .
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Proof. We will proceed with induction.

The grid number of a knot or link GN (L) equals n where n is the smallest n×n grid diagram that L can be
presented on. The grid number is equivalent to another invariant known as the arc index. Let L1 and L2 be
links. We know that

GN (L1#L2) = GN (L1) +GN (L2)− 2 [3]

and
det(L1#L2) = det(L1) · det(L2).

Note that the arc index of the Hopf link is 4 and the determinant is 2. This satisfies our lemma for the n = 4
case.

Figure 29: The Hopf link has determinant 2 and arc index 4.

Now, assume that our lemma holds for a fixed j ∈ Z such that j is even and j ≥ 4. Consequently, there

exists a knot or link K with arc index j and determinant 2
j−2
2 . We can take the composition of this link K

and the Hopf link H. Using our rules, we know that:

det(K#H) = det(K) · det(H) = 2
j−2
2 · 2 = 2

j
2

and
α(K#H) = α(K) + α(H)− 2 = j + 4− 2 = j + 2.

We have shown that the link K#H has arc index α(K#H) = j + 2 and determinant det(K#H) = 2
j
2 .

Therefore, the lemma is true for n = j + 2. Thus, by induction, we have proven our lemma for all even
integers n ≥ 4.

Corollary 5.2. The maximal determinant of a knot or link on an n × n grid diagram is at least 2
n−2
2 for

all even integers n ≥ 4.

Proof. By Proposition 5.1, we know that for all even integers n ≥ 4 there exists a link L such that α(L) = n

and det(L) = 2
n−2
2 . Since the arc index of L equals n, we know that L can fit on an n × n grid diagram.

Furthermore, since the determinant of L is equal to 2
n−2
2 , we know that the maximal determinant of a knot

or link on an n× n grid must be greater than or equal to 2
n−2
2 .

5.2 Olympic Rings

Using one of our generating algorithms, we found a link on a 10× 10 grid with determinant 144. We knew
this determinant was maximal for 10 × 10 grids because it achieves the theoretical bound given in Section
4.4 for the n ≡ 2 mod 4 case.

As pictured in Figure 30, this link consists of 5 square unknots linked together. Inspired by the structure
of this link, we investigated placements of n

2 square unknots where the length of each side of the squares is
n
2 + 1. We call this group of links “Olympic Rings” and we were curious if these constructions would give
large determinants for larger grid sizes. To remove some redundancy from the search, we fix a square in
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Figure 30: Link with determinant 144 on a 10× 10 grid

the top left of the grid. We can further fix the top left corner of each square to be an X, as we know that
orientation of the link components does not affect the determinant. The class of links we are left with can
now be entirely described by the placement of the X’s inside the top left square.

Using a computer search, we were able to find large determinant links for even grid sizes up to 28× 28. The
results of this search are given in Table 3. For n ∈ {12, ..., 22}, we were able to search the entire class of
Olympic Rings. After n = 22, computing the determinants for every link became prohibitively expensive.
However, one observation we made is that for every n ∈ {12, ..., 22}, the maximal determinant among all
Olympic Rings was achieved by at least one “symmetric” grid. Here, we mean symmetric in the same sense
as a symmetric matrix; that is, if there is an X (or O) in the i-th row and j-th column of the grid, there
is also an X (or O) in the j-th row and i-th column of the grid. Restricting the search to only symmetric
Olympic Rings considerably reduces the number of determinants that need to be computed, which allowed
us to find large determinant links for grids of size 24, 26, and 28.

6 Further Questions

While working to establish lower and upper bounds for the maximal determinants of knots and links on
n × n grids, we began searching for patterns among the determinants we could achieve with the hope of
generalizing these patterns to answer our maximal determinant question. Using the type of link construction
outlined above in Section 5, we were able to achieve links with extremely large determinants even if we are
not sure that these are the links giving the maximal determinants. Nevertheless, for the highest determinants
we achieved for n×n grids for n ∈ {12, 14, 16, 18, 20, 22, 24, 26, 28}, we considered the prime factorizations of
each determinant in an effort to identify a pattern. See Table 3. While we have not yet concretely identified
a pattern in this data, we pose this question for further research.

Grid Size Lower Bound Prime Factorization

12× 12 512 29

14× 14 3136 26 · 72
16× 16 32768 215

18× 18 112896 28 · 32 · 72
20× 20 3538944 217 · 33
22× 22 26543104 210 · 72 · 232

24× 24 536870912 229

26× 26 4303360000 212 · 54 · 412

28× 28 80564191232 225 · 74

Table 3: The prime factorizations of the highest determinants found for the grid sizes above

While constructing these links with n
2 components as outlined in Section 5, we quickly learned that while some
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links constructed in this way have large determinants, others have determinant 0. Another open question is
what is it about some of these links which makes them have determinant 0, and what properties of other
links make them have large determinants? In the case where n ≡ 0 (mod 4), links of the form detailed in
Figure 31 seem to have determinant 0, yet there are also links of other forms that have determinant zero.
See Figure 32. Figuring out which links of this form have determinant zero is useful given our interest in
presenting larger and larger lower bounds for the maximal determinant. Thus, in order to figure out which
links give large determinants, we must find a way to rule out those which do not.

Figure 31: Links with determinant 0.

Figure 32: Another link with determinant 0.

Another point to ponder is how we can continue to lower the bounds for the maximal determinants of
{1,−1}-matrices provided in Section 4.4.1, and we can do this by studying where these bounds come from.
As shown previously, the upper bounds for the determinants of {0, 1}- and {−1, 1}-matrices are typically far
higher than the actual determinants we can get from knots and links. The bounds found by Barba, Ehlich,
and Wojtas are heavily dependent on Gram matrices G such that G = MMT for some {−1, 1}-matrix M .
We know by how it is found that G must be a symmetric positive-definite matrix. Thus, Gram matrices are
said to behave nicely, and we know a lot about their structure just by how they are defined. Using Gram
matrices as the basis for their argument, Barba, Ehlich, and Wojtas carefully define the structure that G
must have in order to meet the bounds in the different cases for n. We have already shown that reaching the
bound is impossible in the n ≡ 0 (mod 4) case in Theorem 4.2, and we expect that similar arguments can
be made in the n ≡ 1, 2, and 3 (mod 4) cases by showing that it is impossible to satisfy all of the criteria
set for the Gram matrices, as well our rules about valid {0, 1}- and {−1, 1}- matrices. We encourage others
to look into these Gram matrices and how they do or do not correspond to valid knots and links.

7 Concluding Remarks

Given the significance of distinguishing knot and link projections, exploring knot invariants is a relevant and
exciting area of study. In particular, studying knot determinants and p-colorability proves to be an intriguing
topic given how it lies at the intersection of linear algebra and knot theory. Integrating and implementing the
works of several mathematicians in both fields, we have made significant progress on answering the question
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of the maximal determinant of a knot or link on an n×n grid. Additionally, we have been able to tie this work
on determinants to the second invariant of p-colorability. This begins to address the question surrounding
the probability that a knot or link on an n×n grid diagram is p-colorable for some odd prime p. Motivated by
the knowledge we have acquired over the last several weeks, we have proposed future directions for research
and questions for the mathematical community to ponder so that we may continue to make progress in this
field.
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Appendix

Grid Diagram Full Data

The following data is displayed in the format:

size of grid diagrams:

determinant: number of grid diagrams with that determinant

Our data includes the determinant for all unique grid diagrams that can be displayed on each grid size.

2x2:

0: 0

1: 2

3x3:

0: 0

1: 12

4x4:

0: 64

1: 144

2: 8

5x5:

0: 2000

1: 2860

2: 400

3: 20

6x6:

0: 83328

1: 84456

2: 20256

3: 1872

4: 816

5: 72

7x7:

0: 4379032

1: 3458746

2: 1205792

3: 154728

4: 123872

5: 13552

6: 4704

7: 1764

8: 1960

8x8:

0: 291012992

1: 3126385

2: 86408384

3: 13737216

4: 15410944

5: 1918720

6: 1134912

7: 422120

8: 768000

9: 44032

10: 59136
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11: 20480

12: 53504

13: 10240

14: 0

15: 2304

16: 5632

17: 0

18: 256

9x9:

0: 23984345520

1: 12883399668

2: 7433026992

3: 1378346220

4: 1949237424

5: 263721420

6: 207295200

7: 76300524

8: 183519432

9: 15276924

10: 21692448

11: 7678152

12: 23316336

13: 4195476

14: 2208384

15: 1375704

16: 4850928

17: 477252

18: 842400

19: 326592

20: 901152

21: 149040

22: 137376

23: 49896

24: 208008

25: 9720

26: 2592

27: 11772

28: 88128

30: 9072

32: 24192

33: 3240

40: 1296
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Maximal Determinant Knots and Links

Displayed below are the maximal determinant knots or links on n× n grid diagrams for n = 2 to n = 10.

Grid Size Determinant Name Image

2× 2 1 01

3× 3 1 01

4× 4 2 L2a1

5× 5 3 31

6× 6 5 41

7× 7 8 L7n2
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7× 7 8 L5a1

8× 8 18 L10n46

9× 9 40 L9a2

10× 10 144 –
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