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Overview. Welcome to the Summer Undergraduate Michigan Mathematics Research (SUMMR) Confer-
ence. This regional conference has served as a forum for undergraduate research in the Michigan region for
REU programs for more than ten years. This year’s conference is sponsored by the Summer Undergraduate
Research Institute in Experimental Mathematics (SURIEM) REU program at Michigan State University and
the REU Site in Mathematical Analysis and Applications at the University of Michigan-Dearborn.

Presentations. All presentations will be hosted on Zoom. Please refer to the schedule below for times
and Zoom links. There are hyperlinks from entries in the schedule to the corresponding title & abstract.

Need help? If you need assistance, please contact Robert Bell at
rbell@math.msu.edu.

Zoom Meeting IDs and Passcodes. The meeting IDs for the Zoom sessions are listed below. The
passcode for all of these meetings is the same: SUMMR2021.

Plenary Talk (Meeting ID: 969 1387 1443)

2:00 p.m. Alex Kontorovich: Geometry and Arithmetic of Sphere Packings

Session One Session Two Session Three
Chair: Clifford Chair: Viswanathan Chair: Bell

(Zoom: 929 9588 7975) (Zoom: 966 8267 3028) (Zoom: 969 1387 1443)

3:15 p.m. Fan et al. Dolorfino et al. Curtachio et al.
3:45 p.m. Fan Baker et al. Bailly-Hall et al.
4:15 p.m. Break Break Break
4:30 p.m. Batt et al. Bell et al. Knoblock et al.
5:00 p.m. Berkopec et al. Cribb et al. George et al.
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Titles and Abstracts of Presentations

• Alex Kontorovich (ak1230@math.rutgers.edu)

Geometry and Arithmetic of Sphere Packings

We will discuss recent interactions between geometry and arithmetic in the realm of sphere packings.

• Colin Fan (colin.fan@rutgers.edu),
Zoe Plzak (zplzak@bu.edu),
Ian Shors (ishors@hmc.edu), and
Samuel Sottile (sottile1@msu.edu)

Spectral Analysis of the Kohn Laplacian on Lens Spaces

A key problem in spectral geometry is the relationship between the spectrum of the Laplacian and the
geometry of the underlying manifold. For example, the celebrated Weyl’s law relates the asymptotics of
the spectrum to the volume of the manifold. Analogous to the Laplace-Beltrami operator on Riemannian
manifolds, we study the Kohn Laplacian for functions on CR manifolds. Lens spaces are manifolds
obtained as quotients of the sphere S2n−1 ⊂ Cn by cyclic unitary actions with the natural CR structure
inherited from the spheres. Folland computes the eigenvalues of the Kohn Laplacian on S2n−1 and these
eigenvalues descend on the quotient with different multiplicities. We investigate these multiplicities on
lens space by analyzing a system of Diophantine equations. Using this, we prove an analog of Weyl’s
law for lens spaces.

While Ikeda and Yamamoto classify isospectral lens spaces as Riemannian manifolds, an analog for the
Kohn Laplacian on lens spaces does not exist in the literature. We conjecture that two 3-dimensional
lens spaces are isospectral if and only if they are CR isometric, and we present several partial results
in this direction. Since CR isometry is a stronger condition than Riemannian isometry, this would
imply that the spectrum of the Kohn Laplacian contains more information than the spectrum of the
Laplace-Beltrami operator. In particular, we present lens spaces that are isospectral with respect to the
Laplace-Beltrami operator, but have different spectra with respect to the Kohn Laplacian, reflecting
information on the CR structure.

• Colin Fan (colin.fan@rutgers.edu)

Weyl’s Law on Compact Heisenberg Manifolds

Let M = Γ \Hd be a compact quotient of the d-dimensional Heisenberg group Hd by a lattice subgroup
Γ. We show that the eigenvalue counting function N(λ) for any fixed element of a family of second
order differential operators {Lα} on M has asymptotic behavior N (λ) ∼ Cd,α vol (M)λd+1, where Cd,α
is a constant that only depends on the dimension d and the parameter α. As a consequence, we obtain
an analog of Weyl’s law (both on functions and forms) for the Kohn Laplacian on M . Our main tools
are Folland’s description of the spectrum of Lα and Karamata’s Tauberian theorem.

• Nicole Baker (nicolebaker@oakland.edu),
John Flynn (jdflynn@gatech.edu), and
Jonathan Mousley (jonathan.mousley@usu.edu)

Phase Retrieval from Local Measurements via Structured Lifting and Eigenvector-based Angular Syn-
chronization

We study a computational approach to phase retrieval with application to ptychographic imaging.
Phase retrieval is a challenging nonlinear inverse problem involving the recovery of a complex vector
(sample), up to a single unimodular constant, from magnitude-only measurements. Ptychography
refers to a computational imaging method where a sample of interest is recovered from a series of
overlapping local magnitude-only measurements. We present herein a reconstruction algorithm which
intakes ptychographic measurements and outputs an estimate of the sample. Pre-computation converts
the nonlinear system inherent in our measurement model into a higher dimensional linear system via
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structured lifting. Our algorithm performs eigenvector-based angular synchronization on the solution
to this linear system, recovering an estimate for the sample in question. We present numerical results
concerning the noise robustness and computational efficiency of said algorithm.

• Nicolas Berkopec (nberkopec@unm.edu),
Jacob Branch (jbranch@students.fairmontstate.edu),
Rachel Heikkinen (rachelheikkinen19@augustana.edu), and
Caroline Nunn (jnunn@umd.edu)

The Density of Elliptic Dedekind Sums over Imaginary Quadratic Fields

The classical Dedekind sum is a deeply studied number theoretic object with known applications to knot
theory, modular forms, and algorithmic complexity. Elliptic Dedekind sums were introduced by Robert
Sczech as a generalization of classical Dedekind sums to functions over lattices. Verifying density of
these functions in the real line is an intriguing challenge. Recently Hiroshi Ito proved that normalized
elliptic Dedekind sums defined on Euclidean imaginary quadratic rings are dense in the reals. We show
that this density result holds for elliptic Dedekind sums defined over any imaginary quadratic field,
thereby expanding the known set for which density holds from a finite collection to a countably infinite
one. Our proof also generalizes methods from a recent paper by Winfried Kohnen that gave another
proof of density for classical Dedekind sums.

• Mallory Dolorfino (mallory.dolorfino19@kzoo.edu),
Cordelia Horch (chorch@oxy.edu), and
Ryan Martinez (rmmartinez@hmc.edu)

On good infinite families of toric codes or the lack thereof

A toric code, introduced by Hansen to extend the Reed-Solomon code as a k-dimensional subspace
of Fnq , is determined by a toric variety or its associated integral convex polytope P ⊆ [0, q − 2]n,
where k = |P ∩ Zn| (the number of integer lattice points of P ). There are two relevant parameters
that determine the quality of a code: the information rate, which measures how much information is
contained in a single bit of each codeword; and the relative minimum distance, which measures how
many errors can be corrected relative to how many bits each codeword has. Soprunov and Soprunova
defined a good infinite family of codes to be a sequence of codes of unbounded polytope dimension such
that neither the corresponding information rates nor relative minimum distances go to 0 in the limit.
We examine different ways of constructing families of codes by considering polytope operations such as
the join and direct sum. In doing so, we give conditions under which no good family can exist and
strong evidence that there is no such good family of codes.

• Timothy Batt (timbatt@umich.edu),
Georgia Corbett (gsfc001@bucknell.edu), and
Lauren Forbes (forb7788@stthomas.edu)

The Numerical Range and Spectrum of a Composition Operator induced by an Anti-Diagonal Matrix

The composition operator CA, where A is an anti-diagonal matrix, acting on the Hardy space of the
unit ball has an infinite dimensional domain and range. Consequently, both the numerical range and
spectrum of CA can be difficult to describe concisely and with precision. However, by finding the
eigenvalues of CA restricted to finite dimensional reducing sub-spaces of the Hardy Space, we have
characterized the spectrum of CA acting upon the entirety of the Hardy Space as the set of all possible
products of the eigenvalues of A. Additionally, we have characterized the numerical range of CA as the
convex hull of an infinite union of elliptical disks whose foci are points in the spectrum of CA. There are
also cases in which a finite number of elliptical disks sufficiently describes the numerical range of CA.

• Alexander Cribb (acribb@centralmethodist.edu),
Michael Edwards (michael.edwards@scranton.edu),
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Brendan Magill (bmagill@hamilton.edu),
Dmitry Pinchuk (dimapinchuk2001@gmail.com)

An Exploration of Topics Related to Fractal Geometry

We introduce the concept of a ’Fractal’, a mathematical object which cannot be described using the
standard tools of calculus and geometry. We describe the definition of a fractal, and provide an overview
of the tools used to study these figures, such as dimension and multifractal measure. We then share
many examples of fractals in both theoretical and applied settings, looking at their uses in mathematics
and the questions that can be asked about them. In particular, we present the theory of Iterated
Function Systems, an important way to produce and study deterministic fractals. We also discuss
applications of fractal techniques in areas such as simulation, and the Fractional Poisson Process and
Subordinators.

• Cassidy George (ctgeorge@dons.usfca.edu),
Zach Stewart (stewa719@msu.edu)

A Game of Cops and Robbers on Cactus and Halin Graphs

Cops and Robbers is a two-player, pursuit-evasion game played on a graph where one player, who
controls a set of cop pieces, attempts to capture the other player, who controls a single robber piece,
by placing at least one of their cop pieces on the same vertex as the robber piece. In the 1980s, the
cop-number was introduced, which is the minimum number of cop pieces needed to guarantee a win for
the cop player. It was shown that the cop-number is never more than 3 for any planar graph. Motivated
by this result, we take a look at 2 kinds of planar graphs: cactus graphs and Halin graphs. We describe
a strategy for the cop player to win with 2 cops on cactus graphs. Further, we make a related conjecture
about a class of Halin graphs and discuss a potential 2-cop-win strategy on these graphs.

• Kelsey Knoblock (knobl2kl@cmich.edu),
Emme McMullen (emcmullen@g.hmc.edu),

On Cops and Robbers: Tandem Cops and Algorithms

Cops and Robbers is a pursuit and evasion game played on a finite discrete graph. The cop player
wins by moving one of their pawns to the same vertex as the opponent’s robber pawn. Since no
characterization for two cop-win graphs is known, we consider the version of the game created by Clarke
and Nowakowski where two cops must move in tandem, that is, the cops remain adjacent before and
after each move. We investigate when outerplanar graphs are tandem-win. In addition, we illustrate the
implementation of Hahn and MacGillivray’s algorithm for checking when a directed graph is cop-win.

• Jason Curtachio (jjcurtac@syr.edu),
Brandon Hutchison (bhutchis@umich.edu),
Grace Wilcox (wilcoxg@mail.gvsu.edu),

Phase Retrieval Through the Lense of Near-field Ptychography

We will discuss a method of phase retrieval which utilizes block circulant matrices in order to recover
a vector x from magnitude-squared measurements. Initially, we describe a ptychographic setup
which is used for microscopic imaging in the near-field and a mathematical model for these phaseless
measurements. We will then transition to the more general problem of imposing structure on the matrix
A in order to recover x from the form |Ax|2 by lifting a linear system from this nonlinear setting. The
actual phase retrieval will be done by a method of eigenvector-based angular synchronization, which
will allow x to be recovered up to a global phase. Finally, we will present numerical results of a code
which will demonstrate this technique’s robustness in the face of additive noise and large data sets.

• Evan Bell (belleva1@msu.edu),
Cara Bennett (cara.bennett@gatech.edu),
Sarah Clarke (sclarke@bowdoin.edu),
Jonah Mendel (jonah mendel@brown.edu)
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Knot Colorability and Maximum Knot Determinants

Knot theory is the study of embeddings of circles in R3, where such embeddings are called knots and
links. Invariants are a means of differentiating knots and links of different types. We focus on two closely
related such invariants, called p-colorability and the knot determinant. Grid diagrams are rectilinear
representations of knots and links which provide novel methods for understanding and computing these
invariants. The grid diagram perspective on determinants raises the natural question of determining
the maximal knot or link determinant amongst links represented by grids of a fixed size. We connect
this problem to the long-standing Hadamard’s maximal determinant problem regarding determinants of
matrices for which the entries are restricted to 0 or 1. After exploring these connections, we present our
findings on lower and upper bounds for the maximal determinants of knots and links on grid diagrams
of a fixed size.

• Isidora Bailly-Hall (baillyha@grinnell.edu),
Zach Gauronski (zdg1@geneseo.edu),

Decomposing Energy Currents of Higher Spin Fields

Control of energies plays an important role in the study of the long-time evolution of physical fields.
The goal of our project was to find the anisotropic sum-of-squares decompositions for the hyperboloidal
divergence integrals of T -energy and A-energy for fields with spin 1 (electromagnetic or Maxwell), spin
2 (used for gravitons and gravitational waves), and spin “2 × 0” (used in some models from string
theory). In our work, anisotropy will appear both through the comparisons of T - and A-energies as
well as the use of hyperboloidal slicings. The T - and A-energies refer to two strategies for constructing
energy currents that have been used for studying spin 0 fields, and which we will apply to the higher
spin fields. Hyperboloidal slicing has been used to perform these decompositions on T - and A-energies
in spin 0 and we will demonstrate how these results can be extended into high spin fields as well.

In this presentation we will first review the concept of energies. We will then discuss the properties
of the spin 1, spin 2, and spin “2× 0” fields and how T and A-energies of these fields are determined.
From there, we will discuss the decompositions we found in this project and use them to illustrate
the differences between isotropic and anisotropic decompositions. Finally, we will make comparisons
between T - and A-energies.
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