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geometrical parameters as in (a) and (b), respectively. The numbers near 

each PtBG region show the band numbers between which the PtBGs 

appear. The schematic of the hexagonal PxC structure is shown in the 

inset of (a) for reference.......................................................................................... 123 
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SUMMARY 

 

Because of their outstanding characteristics, micro/nano-mechanical (MM) structures 

have found a plethora of applications in wireless communications and sensing. Many of 

these MM structures utilize mechanical vibrations (or phonons) at megahertz or gigahertz 

frequencies for their operation.  

In addition, the periodic atomic structure of crystals is the fundamental phenomenon 

behind the new era of electronics technology. Such atomic arrangements lead to a 

periodic electric potential that modifies the propagation of electrons in the crystals. In 

some crystals, e.g. silicon (Si), this modification leads to an electronic band gap (EBG), 

which is a range of energies electrons can not propagate with. Discovering EBGs has 

made a revolution in the electronics and through that, other fields of technology and the 

society.  

Inspired by these trends of science and technology, I have designed and developed 

integrated MM periodic structures that support large phononic band gaps (PnBGs), which 

are ranges of frequencies that phonons (and elastic waves) are not allowed to propagate.  

Although PnBGs may be found in natural crystals due to their periodic atomic 

structures, such PnBGs occur at extra high frequencies (i.e., terahertz range) and cannot 

be easily engineered with the current state of technology. Contrarily, the structures I have 

developed in this research are made on planar substrates using lithography and plasma 

etching, and can be deliberately engineered for the required applications. Although the 

results and concepts developed in this research can be applied to other substrates, I have 
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chosen silicon (Si) as the substrate of choice for implementing the PnBG structure due to 

its unique properties. 

I have also designed and implemented the fundamental building blocks of MM 

systems (e.g., resonators and waveguides) based on the developed PnBG structures and 

have shown that low loss and efficient MM devices can be made using the PnBG 

structures. As an example of the possible applications of these PnBG structures, I have 

shown that an important source of loss, the support loss, can be suppressed in MM 

resonators using PnBG structures. I have also made improvements in the characteristics 

of the developed MM PnBG resonators by developing and employing PnBG waveguides.  

I have further shown theoretically, that photonic band gaps (PtBGs) can also be 

simultaneously obtained in the developed PnBGs structures. This can lead to improved 

photon-phonon interactions due to the effective confinement of optical and mechanical 

vibrations in such structures.  

For the design, fabrication, and characterization of the structures, I have developed 

and utilized complex and efficient simulation tools, including a finite difference time 

domain (FDTD), a plane wave expansion (PWE), and a finite elements (FE) tool, each of 

which I have developed either completely from scratch, or by modification of an existing 

tool to suit my applications. I have also developed and used advanced micro-fabrication 

recipes, and characterization methods for realizing and characterizing these PnBG 

structures and devices. It is agued that by using the same ideas, these structures can be 

fabricated at nanometer scales to operate at ultra high frequency ranges. 

I believe my contributions has opened a broad venue for new MM structures based on 

PnBG structures with superior characteristics compared to the conventional devices.  
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CHAPTER 1 

INTRODUCTION 

 

Superior characteristics of miniaturized (with sizes of the order of one mm or less) 

mechanically-vibrating (MV) devices such as surface acoustic wave (SAW) and bulk 

acoustic wave (BAW) devices have made them an essential part of a wide range of 

wireless communication devices and sensors [1]-[10]. MV devices, however, in their 

conventional form need special piezoelectric substrates and suffer from large form factors 

to meet the required characteristics. Because of the rising demand for miniaturization of 

wireless communication devices and sensors, there has been considerable effort to 

develop MV devices with smaller footprints that can be integrated on the same chip with 

electronic circuitry [11]-1213[14]. Of course, with silicon (Si) as the dominant substrate for 

realizing low-cost and compact electronic systems, Si-based MV devices are of the 

greatest interest in both scientific and industrial communities. The research and 

development therefore continues in both communities to obtain a unified Si-based 

platform for implementing various high-quality functionalities at low cost, low power 

consumption, and small footprints using MV devices. 

On the other hand, periodic structures are well known for their great capabilities in 

controlling and modifying the flow of waves/particles especially in the domains of solid-

state physics and photonics. Perhaps, the best-known examples of periodic structures 

modifying the flow of waves/particles are semiconductors, in which the propagation of 

electrons in the periodic potential (induced by atoms) in semiconductors is greatly 

modified. These modifications can be quite significant; to the extent that in certain 
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frequency/energy ranges, electrons are prohibited from propagating through the material. 

Such energy ranges are known as electronic band gaps (EBGs). The concept of band gap 

has proven to be quite important and has lead to the development of the new era of 

electronic industry. A similar phenomenon has been observed for other wave/particles 

like photons. Structures with periodic variation in their optical properties, called photonic 

crystals (PtCs) [15], have already shown their great capabilities in controlling the flow of 

optical waves or their dual particles (i.e., photons) using PtBGs (PtBGs). PtBGs are 

ranges of frequencies in which optical waves (or photons) cannot propagate. Several new 

devices are introduced through the use of PtCs’ unprecedented PtBGs including PtC 

fibers [ 16 ], waveguides [ 17 ], and resonators [ 18 ], which have shown superior 

performances over their conventional counterparts in several aspects.  

The same ideas are extended to the realm of acoustic (or elastic) waves and their 

particle counterparts (i.e., phonons). The new concept of phononic crystals (PnCs) 

applies to structures with periodic variations in their mechanical properties [19], [20]. In 

PnC structures, the propagation characteristics of acoustic (or elastic) waves are greatly 

modified compared to those of their constituent materials. It has been shown that similar 

to the case of semiconductors and PtCs, band gaps can exist in PnC structures. These 

band gaps, which are known as “phononic” band gaps (PnBGs), are ranges of frequencies 

in which elastic waves are prohibited from propagating in the medium and are either 

reflected or scattered upon impinging on such PnC structures. Therefore, PnC structures 

can be used to confine, guide and process mechanical vibrations.  

In the course of this work, a new type of MV devices is introduced based on PnC 

structures with PnBGs. Advanced fabrication technologies are used to realize the feature 
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sizes (of the order of a micrometer or a few hundred nanometers) needed to extend their 

frequency of operation to the ranges appropriate for wireless communication and sensing 

applications.  

It is shown that this new type of micro/nano-mechanical (MM) devices have a great 

potential to improve the performance measures of the available MM devices used in 

wireless communications and sensing. It is expected that the results of this research make 

a great impact in both scientific and industrial communities working on MV systems and 

potentially lead to compact MV devices with more functionalities and superior 

performance over the existing MV devices, especially in the areas of wireless 

communications and sensing.  

While the implementation of the PnC devices in this work has been done in Si (for 

its superior characteristics), most of the results and ideas reported here can be extended to 

other substrates with minor modifications.  

This chapter provides an overview of the progress, evolution, and fundamentals of 

both MV components (used for wireless communication and sensing applications) and 

PnC structures. My efforts in design and implementation of MM PnC structures with 

appropriate properties in a platform integrable with electronic circuitry are summarized in 

the following chapters. In Chapter 2, the three major simulation tools developed and 

utilized in this research for the analysis of elastic and acoustic wave propagation are 

explained. These simulation tools are fundamental elements of the development of PnBG 

structures and devices and each have their own merits and shortcomings. In Chapter 3, an 

elegant platform for MM PnBG structures is designed, fabricated and tested. The 

possibility of obtaining large PnBGs in PnC structures compatible with micro/nano-
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fabrication technology for very high frequencies is demonstrated by theory, fabrication 

and experiments. Necessary fabrication processes and characterization setups are 

developed to assess the performance of the structures.  

In Chapter 4, the developed PnBG structures are utilized to obtain one of the major 

building blocks of MM systems, i.e., MM resonators. It is demonstrated that the PnBG 

structures can be used to effectively confine elastic vibrations of different polarizations 

and high quality factor (Q) MM resonators are developed. Two different mechanisms of 

excitation are utilized to interrogate the resonators. 

Chapter 5 shows the possibility of suppression of support-loss [21], which is an 

important source of loss in MM resonators, using the PnBG structures. As an example, 

thin-film piezoelectric-on-Si resonators are chosen and the possibility of suppressing 

support loss in the structures is demonstrated. PnC waveguides are also demonstrated for 

the first time and are utilized to realize PnC resonators with better performance. 

In Chapter 6 the possibility of obtaining simultaneous phononic and PtBGs in the 

developed platform is theoretically demonstrated. This can be the outset of a new venue 

in utilizing phonon-photon confinement and interactions in MM structures of this type. 

Because of the small area of confinement achievable in this structure, such band gap 

structures can gain an edge over the other opto-mechanical structures. 
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1.1 High-frequency MM Devices for Wireless Communications and Sensing 

Followed by the introduction of piezo-electricity effect in 1880 by Curie brothers, MV 

elements (e.g., quartz crystals) have been widely used for high-quality communication 

and sensing electronic devices [1]-[14] since their first development over 90 years ago 

[22], [23]. The use of MV devices continued by realizing high quality filters [24] and 

tunable oscillators for communications [25] and various sensing elements [26]. The 

invention of inter-digital transducers (IDTs) to selectively excite and detect SAWs on 

piezoelectric structures [27] was the start of a new era for MV devices. A wide variety of 

functionalities were implemented using SAW devices, which found many applications, 

especially in communications, radar systems, and sensing [1]. The outstanding 

characteristics in the performance (e.g., high Q of the resonators and sharp transition 

regions of filters) provided by the low-loss MV components have given them enough 

superiority to continue and expand their applications for years to come. However, these 

devices in their conventional form (i.e., based on piezoelectric substrates and with large 

transducers) consume a relatively large space for proper operation. Furthermore, these 

MV devices are normally utilized as discrete elements and are often not possible to be 

integrated with the electronic circuitry on the same substrate; therefore, developing an 

appropriate platform for utilizing the elegant characteristics of MV devices while 

alleviating their undesired issues (e.g., size, integrability, and cost) is of great interest.  

Recent advances in material processing and fabrication technology (especially for Si) 

has opened a new line of MV devices with features of the order of a micrometer or even a 

hundred nanometers and with compatibility with microelectronic CMOS technology [28]. 

These MV MM devices use MM resonators as a main building block of theirs to realize 
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the functionalities provided by the conventional MV devices. Their smaller dimensions, 

the possibility of integration with integrated circuits, and potentially reduced 

manufacturing costs have attracted a lot of attention. Especially, Si-based MM resonators 

have inherently high Qs and their performance, size, and cost benefits justify additional 

fabrication processes that are required for their realization. High Q of the resonance 

translates to good selectivity in filters, low phase-noise characteristics in oscillators [24], 

and better sensitivity in sensors; therefore, obtaining high-Qs at high frequencies has 

been an important goal in realizing MM resonators [14].  

Several types of MM resonators have been proposed to be used as the main building 

block. The main categories are capacitively actuated resonators (e.g., beam [28], [29] and 

disk resonators [30], [31]) and piezoelectrically coupled resonators (e.g., film bulk 

acoustic resonators (FBARs) [32], [33], solidly mounted resonators (SMRs) [34]-[35], 

and thin-film piezoelectric-on-substrate (TPoS) [36] resonators). Each of these structures 

has their own merits and drawbacks and can be used in different applications based on 

their advantages. 

1.2 Phononic (Acoustic) Crystal Structures 

Periodic elastic composites have been known to show interesting wave propagation 

dispersion characteristics such as possessing PnBGs (or acoustic stopbands) [37], [38]. 

However, the complete phononic band structure and PnBGs in PnCs that extend thorough 

the Brillouin zone were first discussed in detail in 1992 by Sigalas et al [19] and 

Kushwaha et al [20] a few years after the introduction of photonic band structure and 

PtBGs by Yablonovitch [39] and John [40]. Both of these works followed the seminal 

work of Anderson [41], who elaborated on the localized states in semiconductors within 
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lattice defects in certain types of random media. The concept of localization of waves in 

defects was also brought up after the introduction of phononic band structure to realize 

PnC-based isolators, mirrors, filters, resonators, and wave guides by adding appropriate 

defects to the PnC structure [42]-43[44]. Following their introduction, there has been efforts 

in utilizing PnCs to achieve functionalities not obtainable using the conventional bulk 

materials. Especially, much effort has been directed toward finding PnBGs in PnC 

crystals since it can lead to a variety of functionalities and devices. As a result of these 

efforts, it was theoretically shown that PnBGs actually exist for a variety of material 

systems and topologies [45]. These theoretical results were followed by experimental 

verification of the existence of PnBGs. However, most of the investigations were done 

for macroscopic structures with low frequency PnBGs. The studied structures were often 

quite large and impractical to implement as functional off-the shelf devices and their 

frequency of operation prevented them from being used as functional devices for wireless 

communications and many sensing applications [45].  

1.3 Phononic Crystal Structures for Wireless Communications and Sensing 

Based on the outstanding properties of MM devices, the possibility of using PnC 

structures and their elegant properties (especially the possibility of having PnBGs) at high 

frequencies and in miniaturized sizes appropriate for wireless communication and sensing 

applications can be of great interest. Similar to PtC structures [16]-[18], PnC structures 

with PnBGs may be used to realize fundamental device elements like resonators and 

wave guides with superior performance compared to their conventional MM 

counterparts. Therefore, efforts have been conducted toward implementation of PnC 

structures at high frequencies and with small feature sizes recently. Aside from a few 
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works toward realizing these devices as defect-free PnC structures [46], most of these 

efforts have been toward achieving PnCs with PnBGs that can lead to a variety of high 

performance devices based on defects (i.e., resonators and wave guides or their 

combination). For lower cost of fabrication and higher design flexibility, it is preferred 

that these devices be implemented as planar structures with 2D periodicity in the plane. 

The planar structure allows for compatibility with the conventional micro/nano-

fabrication technology, and the 2D periodicity provides enough degrees of freedom for 

implementing the functionalities envisioned for PnC devices. The efforts to implement 

such planar two-dimensionally periodic structures with PnBGs can be divided into two 

categories: realizing SAW-based PnC structures [47], [48] and realizing plate (or slab)-

based [49] planar structures.  

1.3.1 SAW-based PnC Structures  

SAWs can propagate with very limited or negligible loss near the surface of a solid half 

space and their energy is confined near the propagating surface within approximately one 

wavelength of bulk acoustic waves in the same material [1]. Such SAWs can be used to 

implement a variety of devices including SAW resonators and filters. SAW devices are 

widely used in wireless communication transceivers [1] and sensing applications [1], [50] 

because of their low loss, their low cost of fabrication, and high quality characteristics 

that they can provide. Although these SAW devices have great capabilities, they are 

bulky and are often implemented on substrates other than Si, which is the dominant 

substrate in semiconductor industry. The reason is that Si is not a piezoelectric material; 

therefore, SAWs need to be excited and detected using piezoelectric materials. The 

materials that are deposited on top of Si are often not able to provide enough conversion 
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efficiency to SAWs from the electrical signals, leading to a large insertion loss (IL). 

Moreover, because of the lack of efficient and compact reflectors, SAW technology 

based on resonator technology has not been able to flourish.  

The use of PnC structures may provide new opportunities to utilize SAWs in smaller 

footprints, but with good enough performance. With SAW-based PnCs, filters, 

multiplexers, demultiplexers, frequency references, etc. can be implemented in structures 

with characteristic lengths of the order of the operation wavelength. Such PnC SAW 

structures may use small but efficient resonating elements as the main building blocks to 

obtain low IL. Further processing of the signals can also be done in the PnC structures 

that are coupled to the resonators. Because of such interesting properties of SAW 

devices, and considering the wide range of applications of SAW devices, utilizing the 

spectacular properties of PnCs for manipulating SAWs can be of great interest.  

Probably an straightforward way of realizing SAW-based PnC structures is by 

etching a 2D array of holes in the surface of the substrate [51]-52[53]. Such inclusions can 

be shallow (less than a wavelength deep) or deep (several wavelength deep), and can be 

left empty or filled with another material. Although some preliminary results predicted 

the existence of PnBGs for SAWs [47], [54]; further, theoretical and experimental 

investigations showed that localized modes in the defect regions in these structures suffer 

from considerable loss because of coupling to the bulk modes. It is believed that this loss 

occurs mainly because of the folding effect caused by the periodic PnC structure [55]. 

We study this problem in more detail in Section  3.1 and propose an alternative platform 

based on PnC slab structures for our goals. 
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1.3.2 PnC Slab Structures 

PnC slab structures are structures with small (of the order of bulk wavelength) thickness 

in one dimension and periodicity applied in the other two dimensions [49]. These 

structures are suspended in either air or vacuum to decouple the modes in the structure 

from the modes in the supporting substrate. Therefore, PnC slab structures can provide a 

low-loss and flexible platform to implement the required functionalities using PnC 

structures. In Chapter 3 of this dissertation, an appropriate PnC platform for integrated 

MM structures based on Si slab structures is reported. Chapters 4, 5, and 6 focus on the 

wide range of applications envisioned for such structures.  
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CHAPTER 2 

ANALYSIS TOOLS FOR ELASTIC WAVE PROPAGATION 

 

In order to be able to design the complex MM PnC structures, accurate analysis and 

simulation tools are necessary. Due to the intricacy of such structures, analysis tools 

based on advanced computation methods are necessary for the analysis of PnC structures. 

In this PhD work, several analysis and simulation tools are developed for the design and 

analysis of elastic wave propagation in inhomogeneous solids with special focus on PnC 

structures. Three major methods are developed as a result; two of which are completely 

developed from scratch and one by modification of an existing commercial tool to satisfy 

the analysis needs. The implementation principles of these methods along with their 

merits and drawbacks are outlined in this chapter. However, to begin, I will briefly 

describe the equations governing the propagation of elastic waves in solids, which is 

necessary for describing the developed analysis tools.  

2.1 Governing Equations of Elastic Wave Propagation  

Formulization of the propagation of elastic waves (or phonons) in solids can be quite 

complex. Principally, the propagation of elastic waves in solids involves the motion of 

individual atoms in the solid. The propagation also can involve nonlinear, thermal, or 

piezoelectric effects. However, the methods developed in this section will be limited to 

the linear wave propagation with continuum mechanics approximation (considering the 

solid as a continuum rather and work with individual atoms) with partial consideration of 

the piezoelectricity due to applications envisioned in this research [56]. Even with such 
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limitations, the analysis of elastic wave propagation in solids is still very complex, 

especially when the propagation medium is made of crystals (which are of interest due to 

the low levels of propagation loss in crystals) as they show anisotropic behavior. The 

equations become even more intricate if the crystal is piezoelectric (which are of interest 

as they can make the conversion between elastic and electrical domains possible). 

The equations governing the propagation of elastic waves can be summarized to two 

governing equations. The first equation comes from the Newton’s second law as stated in 

Equation ( 2-1). 

 F
t

p
T −

∂
∂

=⋅∇  ( 2-1) 

In Equation ( 2-1), T is the 3×3 stress tensor, F is the external force vector, and p is the 

momentum vector, which is related to the displacement vector by 

 
t

u
p

∂
∂

= ρ  ( 2-2) 

, where u is the displacement vector and ρ is the mass density.  

The 3×3 strain tensor S is a measure of the deformation of a solid from its original 

form and is determined by 

 ( )( ) uuuS s

T ∇=∇+∇=
2
1  ( 2-3)  

, in which the superscript T denotes the transpose of a matrix and s∇  is the symmetric 

gradient of the vector u.  
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2.1.1 Constitutive Relations 

There are constitutive relations between the strain tensor and the stress tensor, which 

govern the propagation of waves in a general piezoelectric medium. These equations are 

given by: 

 EeScT E .. −=  ( 2-4) 

 ESeD S .. ε+=  ( 2-5) 

, in which c
E
 is the 3×3×3×3 stiffness tensor at constant electric field, e is the 3×3×3 

piezoelectric stress tensor, and ε
S
 is the 3×3 permittivity tensor at constant strain. E and D 

are the electric field and the electrical displacement vectors in the piezoelectric material. 

In general, in a piezoelectric material, Maxwell’s equations need to be solved in 

conjunction with the above governing equations. Maxwell’s equations are 

 eD ρ=∇.  ( 2-6) 

, 0. =∇ B  ( 2-7) 

, 
t

B
E

∂
∂

−=×∇  ( 2-8) 

, and  

 J
t

D
H +

∂
∂

=×∇  ( 2-9) 
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, in which B is the magnetic field vector, H is the magnetic field intensity vector, ρe is the 

charge density, and J is the free current density vector. 

2.1.2 Quasi-static Approximation 

Since the propagation of elastic waves is much slower (approximately five orders of 

magnitude) than the propagation of electromagnetic waves, the electric field within the 

material can be approximated as a static field. In such a case, 

 Φ−∇=E  ( 2-10) 

, and  

 eD ρ=∇.  ( 2-11) 

can be used to find the electric field, where Φ is the electric potential. This simplification 

is called the quasi-static approximation. The quasi-static approximation reduces solving 

the Maxwell’s equations to solving a Poisson’s equation in piezoelectric solids. 

2.2 Governing Wave Equation for Non-piezoelectric Materials 

In the case of non-piezoelectric materials, the electric field and electric displacements are 

both zero; therefore, Equation ( 2-4) reduces to 

 ScT E .=  ( 2-12) 

By inserting Equation ( 2-2) into ( 2-1), we get 
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Inserting Equation ( 2-12) into ( 2-13) results in 

 
2

2
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t
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ScE

∂

∂
=⋅∇ ρ  ( 2-14)  

By replacing S using ( 2-3) in ( 2-14) we get 
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, which governs the propagation of elastic waves in solids.  

Equation ( 2-15) can be written in Einstein’s index notation [56] as the form: 

 0
2

2

2

=
∂∂

∂
−

∂

∂

li

k
ijkl

i

xx

u
c

t

u
ρ  ( 2-16) 

2.3 Abbreviated Subscripts 

Since the 3×3 matrices S and in most materials T are symmetric, three of their elements 

do not carry any information; therefore, it is possible to define them as 6×1 vectors with 

an abbreviated notation. This abbreviated notation is very useful as it reduces the number 

of field variables and simplifies the equations of the elastic wave propagation.  

In the abbreviated notation, the elements of the new S and T vectors are defined by 
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The field operators can be defined as 
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In this notation, the stiffness tensor, c
E
 can be represented by a 6×6 matrix and e can be 

represented by a 6×3 matrix.  

These matrices are shown for Si and ZnO in Appendix A. For more details on this type of 

notation, please refer to Reference [56]. 

Now that we have the equations associated with elastic wave propagation, we need to 

develop simulation techniques to be able to analyze inhomogeneous structures such as 

PnCs. In this work, a number of different techniques for such calculations are examined. 
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Among them, three major techniques were chosen due to their generality, versatility, and 

performance; namely, the finite difference dime domain (FDTD), plane wave expansion 

(PWE), and finite element (FE) method have been developed, either completely from 

scratch (FDTD and PWE), or by modification of an existing commercial code 

(COMSOL). In the rest of this chapter, we discuss the principles, merits, and challenges 

associated with each of these methods.  

2.4 The Finite Difference Time Domain (FDTD) Method 

The FDTD method has long been used to solve wave propagation problems in the fields 

of acoustics and electromagnetism [ 57 ]. With the advances in the computation 

technology, this method has gained more attention in solving complex problems, 

especially in the fields of geophysics and non-destructive testing. On the other hand, 

FDTD has also been widely used for the analysis of electromagnetic and photonic wave 

propagation in complex structures. This is because of the unique merits of the FDTD 

method such as simplicity, the ability to solve large problems, straightforward 

parallelization, possibility of simulating propagation problems involving a wide 

frequency range in a single run, and the possibility of implementing various boundary 

conditions. In addition, one of the main advantages of FDTD over other computation 

techniques, as will be seen in this chapter, is the fact that it does not involve any matrix 

inversion. Here I briefly describe the FDTD scheme that is developed in this work for the 

analysis of waves, especially in Si as the main propagation medium.  
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2.4.1 FDTD Algorithm for the Analysis of Elastic Wave Propagation in 

Orthorhombic Solids 

The stiffness matrix of the general orthorhombic media with the abbreviated subscript 

notation takes the form [56]: 
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, in which the x1, x2, and x3 coordinate axis coincide with the main crystal axes X, Y, and 

Z. The reason this system of materials is chosen is that it includes a large class of 

materials including Si, which is of our main interest. The scheme generated in this section 

will focus only on the materials without piezoelectricity as in FDTD the inclusion of 

piezoelectricity brings some complications that make the code rather inefficient. This is 

because inclusion of piezoelectricity requires solving a Poisson’s equation in every time 

step as will be seen in this section.  

This form of stiffness matrix results in the elastic wave equations (excluding 

piezoelectricity) of: 



 

19 

 3132121111 ScScScT ++=  ( 2-23) 

 3232221212 ScScScT ++=  ( 2-24) 

 3332321313 ScScScT ++=  ( 2-25) 

 4444 ScT =  ( 2-26) 

 5555 ScT =  ( 2-27) 

 6666 ScT =  ( 2-28) 

If we take the time derivatives of Equations ( 2-23) to ( 2-28) and replacing strain 

components with the displacement elements according to ( 2-3) and replacing 

displacements with velocity components according to ( 2-29), the following equations are 

obtained: 
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The above equations combined with the following equations, which are derived from 

( 2-1), constitute a complete set that can be used to solve elastic wave propagation in 

orthorhombic solids. 
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In FDTD algorithm, Equations ( 2-30)-( 2-38) will be transformed to a finite difference 

scheme in order to turn them into machine-understandable equations. Therefore, the 

general form of the derivatives relative to time and space are approximated by: 
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Where f can be any velocity or stress component, ∆x and ∆t are the space and time 

increments, and Function O shows that the approximations are of the second order in this 

type of approximation.  

Considering Equations ( 2-39), ( 2-40), and ( 2-30)-( 2-38), one can understand that the 

values of elastic wave components need to become discrete in time and space. Further, 

because of the nature of the equations, the stress components need to be computed 

exactly at the middle point of velocity components and vice versa to be able to obtain the 

second-order discretization accuracy. To obtain such scheme, we need to carefully 
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arrange the placement of elastic wave components in space. We can adopt a similar 

scheme to what Yee developed [ 58 ] in his algorithm for FDTD analysis of 

electromagnetic wave propagation. Such a distribution of field components for FDTD 

analysis of elastic wave propagation in isotropic solids has been developed before. Here 

we extend this scheme for the general orthorhombic solids. Figure 1(a) shows the 

designed distribution of elastic components in the FDTD grid. As can be seen in this 

figure, different components are staggered in space to satisfy the second-order 

approximation scheme in Equations ( 2-39) and ( 2-40). In this scheme, the stress 

components are updated at a time steps n, and the velocity components are updated at 

time steps n+1/2, where n is an integer. The stress components are updated using the 

previously computed (or initial) stress values at time step n-1 and the computed (or 

initial) values of velocity components at time step n-1/2. Similarly, the velocity 

components are updated using the velocity values and the values of the stress fields at 

time steps n-1/2 and n, respectively. This method of updating field values is called 

leapfrog scheme because of the hopping mechanism from one set of components to the 

other as time advances. The leapfrog scheme in our FDTD algorithm is demonstrated in a 

flow chart in Figure 2. As an example, the equation for updating T4 in the cell number i 

(cell number in the x1 direction), j (cell number in the x2 direction), and k (cell number in 

the x3 direction) can be obtained by descretizing Equation ( 2-33) which takes the form:  
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This equation can be comfortably used to find the value of T4 at time step n+1 from its 

previous value at time step n and the values of v2 and v3 at time step n+1/2 by changing 

its form to  
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Note that in this scheme, all derivative approximations provide second-order accuracy.  

 

 
Figure 1. (a) Distribution of the elastic wave components for orthorhombic solids in the 

developed FDTD scheme is demonstrated. As can be seen from this figure, the 

distribution of the field components supports a discretization scheme accurate to the 

second order. (b) A unit cell of our FDTD grid is shown. As can be seen in this figure, all 

field components lie on the three adjacent faces of the cube.  

 

 

A unit cell of the FDTD grid is shown in Figure 1(b). Compared to the Yee’s 

electromagnetic unit cell, this unit cell has the T1, T2, and T3 components on a vertex of 

the cube cell. This difference is a result of the nature of the elastic wave equations and 
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has a common origin with longitudinal (extensional) modes, which are present in elastic 

waves but not in electromagnetic ones.  

 

Figure 2. Flow chart of updating elastic wave components as the time advances in the 

FDTD algorithm. At each time step, the stress components are all updated using their 

values at the previous time step and the velocity components at half a time step before. 

Similarly, the velocity components are updated using their value and the value of the 

stress fields at one and half a time step earlier, respectively. This scheme of updating 

different field components in alternating time steps is called leapfrog scheme. 

2.4.1.1 Choice of Space Grid Cell Size and the Time Step 

The discretization steps in space and time (∆x and ∆t, respectively) need to be decided 

based on the minimum elastic wavelength, and maximum frequency of the operation of 

the propagating elastic waves, respectively. In general, the smaller ∆x and ∆t values are 

chosen, the higher the accuracy of the solution will be, however, with a cost of increased 

simulation time and memory requirements. Generally the minimum required data points 

per minimum wavelength and period is the Nyquist limit of 2, however, at a practical 

stand point, 10 or more points are needed per minimum wavelength to obtain an 

acceptable level of accuracy and low levels of numerical dispersion [57], i.e.: 
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The maximum time step acceptable to obtain enough accuracy and stability depends 

on both the maximum propagation speed, cmax, and the chosen grid sizes:  
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Therefore, 
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 10 ≤< S  ( 2-46) 

 

, where S is the stability factor. The condition stated in Equations ( 2-44) to ( 2-46) for the 

stability of FDTD is known as the Courant condition. It should also be noted that for a 

given structure, the computation cost of reducing ∆x and ∆t for a given 3D structure and a 

given time of simulation increases with the power of three and one, respectively.  

2.4.2 Modifying the 3D Code for Simulating 2D and 1D Structures 

In many occasions, it may be needed to simulate structures that are 2D or 1D in nature, 

including many PnC structures of this form [42, 59,60]. In such structures, the structure 

and the field components are approximated to be constant in one or two of the principal 

directions x1, x2, or x3. Such approximations are valid when the structure is uniform 

several wavelengths in one or two directions.  

It is handy to modify the 3D FDTD code to suit 2D or 1D problems by assigning 

large enough values to the discretization constant, ∆x, in directions which the structure is 

uniform. All the equations and derivations will still be valid. As an example, if the 

propagating waves are uniform and the structure is uniform and large compared to the 

wavelength of interest in the x2 direction, the associated grid will be divided into two 
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independent 2D grids as shown in Figure 3(a) and Figure 3(b). This is because of the 

nature of orthorhombic system that the set of updating equations would be decoupled into 

two different systems of T1, T2, T3, v1, and v2 as a set and T4, T6, and v2 as the other set 

while the derivatives in the x2 direction are assumed to be zero (or ∆x2 approaches 

infinity). As can be seen by scrutinizing Figure 1 and Figure 3, the domains in Figure 3, 

are two adjacent faces of Figure 1 perpendicular to the x2 direction. 

 

Figure 3. Decoupled 2D FDTD grids in a structure with uniform propagating waves and 

large uniform dimensions in the x2 direction with displacements in (a) x1, x3 and (b) x2 

directions. 

2.4.3 Treating the Boundaries of the FDTD Domain 

When solving differential equations using FDTD, we have to include different types of 

boundaries in our model. These boundaries can be internal (such as boundaries between 

different materials within an inhomogeneous medium) or can be external and on the 

borders of the medium, such as free-surface boundary condition. Some of the boundaries 

can be either internal or external, such as sources. In the following, we address some of 

the important types of sources implemented in this FDTD code.  
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2.4.3.1 Internal Boundaries 

The internal boundaries between different materials are satisfied implicitly within the 

FDTD formulation, however, existence of internal boundaries, may cause the courant 

stability condition not to be enough for the stability of the algorithm and tighter stability 

conditions maybe needed. In order to relax the stability conditions back to the Courant 

condition, a form of averaging at the material interface can be implemented [ 61 ]. 

Although this formulation has been driven for isotropic materials in [61], our 

examination proved that it can be extended to the orthorhombic solids with appropriate 

modifications. This averaging scheme will be briefly discussed here.  

To simplify the handling of the boundary update equations and to reduce the number 

of unknowns on the material interface, we always assume the interface between two 

materials to pass the field component on the middle of the faces and edges of the FDTD 

cells rather than the vertices as shown in Figure 4.  

To relax the stability conditions to the Courant limit, the scheme for averaging will be 

implemented as follows. The averaging over the mass densities is simple. As an example, 

to update the v3 component on the FDTD cell of (i, j-1, k) in Figure 4, the following 

equation needs to be used [61]:  
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The averaging for the stress components will be performed on the inverse of the 

values of the stiffness of the materials surrounding the interface point. Exemplarily, for 

updating T5 component of the field in the (i-1, j-1, k) cell of Figure 4, the following 

equations can be used:  
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, while for the T5 component of the (i, j-1, k) cell of Figure 4, which resides on the corner 

of the interface of the two materials, the averaging should be done over all the four 

adjacent cells: 
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Figure 4. Demonstration of the FDTD grid at an interface between two materials. The 

shaded region represents the volume occupied by one material, and the rest show the 

region occupied by another material. As can be seen, the interface is chosen so that it 

passes the components at the middle of FDTD cells rather than the ones on the vertices. 

 

For more details on the derivation of the averaging technique and the stability 

criterion in elastic FDTD, please refer to [61].  
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2.4.3.2 Free Surface Boundary Condition 

In problems involving wave propagation in solids, it is often possible that the solid 

material is interfaced with a material with much lower elastic impedance such as a gas, 

air, or vacuum. An example of such a system is shown in Figure 5(a). It is also possible 

that the intended simulation domain ends on such a boundary. The propagation of elastic 

waves in such materials is much slower than the propagation of waves in solids, and 

therefore, the minimum wavelength in a given frequency range reduces significantly. 

This requires the grid cell to be chosen much smaller than the system consisting of only 

the solid material according to Equation ( 2-43), and increase the number of points to be 

simulated significantly. For example, since the phase velocity of sound waves in air are 

approximately 340 m/s, which is about an order of magnitude smaller than that in average 

solids, the number of grids cells for a certain 3D structures increases by a factor of 1,000. 

Further, due to the Courant stability condition requirements of ( 2-44), the required time 

step also decreases by an order of magnitude, increasing the computation burden by a 

factor of 10. Because of such inefficiency, it is better to treat the interface with such low-

impedance materials as a boundary condition rather than an internal boundary. In such a 

scheme, we can ignore the simulation of air/vacuum and limit the simulation domain to 

the solid structure. The air/vacuum structure interface can be replaced with a free-surface 

boundary condition to emulate the effect of air/vacuum as depicted in Figure 5(b).  

To develop the appropriate boundary condition for a free-surface, we need to analyze 

the field values on a free surface. In general, to satisfy boundary conditions on the 

interface between two materials, the values of the displacement (or velocity) vectors and 

the normal stress components need to be continuous [62]. Therefore, knowing the stress 
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tensors are zero on a free surface, the following equation will hold on a free surface 

perpendicular to the x3 direction as the ones shown in Figure 5(b): 

 0)()()( 3113532234333 ===== TTTTTTTT  ( 2-50) 

 

 

 

Figure 5. (a) Structure of a solid slab surrounded by air or vacuum (b) replacing air with 

free surface boundary condition in the FDTD to reduce the simulation domain and 

improve the efficiency of the code.  

 

To enforce these equations numerically, the condition in ( 2-50) needs to be satisfied 

in updating the FDTD equations. Exemplarily, a free slab with one unit cell thickness is 

assumed for simulation in Figure 6. Similar to the internal material interfaces discussed in 

Section  2.4.3.1, the interface faces are assumed to occur at the middle of the grid cells. 

As can be seen in Figure 6, the T5 and T4 components lie on the surface, and can be set to 

zero in the code directly. However the v3 component can not be directly determined based 

on the free-surface boundary condition criterion and should be specially treated to 

complete the free surface boundary condition. To update v3  Equation ( 2-38) needs to be 

used. Since both T5 and T4 are zero in the plane, the only component that is used to 

update the value of v3 is T3:  
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The T3
i,j,k+1,n

 component, however, cannot be decided based on the free-surface boundary 

condition and also is not a valid value as it resides outside of the actual simulation area. 

Therefore, Equation ( 2-51) will be updated based on the value of T3 on the surface (i.e., 

zero). In order to find the relation of the T3
i,j,k+1,n

 with T3
i,j,k,n

 we can approximate their 

average to be the value of T3 on the surface, which means:  
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The above equation means:  
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Based on the above equation, we can now use Equation ( 2-51) to update the value of 

v3 on the surface: 
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Therefore, all the required components on the surface are determined and all the other 

values within the solid can be calculated using normal finite difference equations.  

It is worth noting that Equation ( 2-54) for updating the value of v3 on the surface is 

equivalent of having the value of ρ equal to half its value in the solid material. This can 

be conveniently correlated with Equation ( 2-47). Therefore, no need for the special 

treatment of a free surface would be needed and it would be enough to set the value of ρ 

in vacuum or air equal to zero and perform the averaging. The same can be applied for 

updating the stress tensors on the surface.  
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Figure 6. Demonstration of the FDTD grid for a slab with a one-cell thickness in the x3 

direction with surrounding air or vacuum.  

 

 

2.4.3.3 Absorbing Boundary: Convolutional Perfectly Matched Layer 

Many problems in both electromagnetics and elastics, involve a domain with continuous 

and infinite (very large compared to the wavelength) extents. Such problems cannot be 

solved simply by making the simulation domain large enough to emulate the propagation 

of waves due to the unacceptable computation burden. Such large extents need to be 

“modeled” as absorbing boundaries to simply absorb any incoming wave without any 

reflections. The most accurate type of such boundary is the perfectly matched layer 

(PML) (See Figure 7). 

The PML was first introduced by Berenger [63] for the finite difference modeling of 

electromagnetic wave propagation, and the idea is to have a layer consisting of a few 

finite difference cells to absorb any incoming wave with any impinging angle. PML also 
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can be used as an absorbing boundary to terminate inhomogeneous, dispersive, 

anisotropic, and even nonlinear media, which are not available in the analytical absorbing 

boundary conditions [57]. In his work, Berenger splits each field component into two 

orthogonal components that are evaluated separately and adds them together to find out 

the total updated value of that field component. The split-field PML can also be directly 

applied within and FDTD discretization using a very effective technique called the 

convolutional PML (CPML) introduced by Roden and Gedney [ 64 ]. The CPML 

accommodates a more general form with additional coefficients compared to the original 

PML and therefore, can lead to improved absorption of slowly varying evanescent waves. 

 

 

Figure 7. The perfectly matched layers terminating a finite propagating medium. The 

PML should absorb any type of wave propagating toward it at any angle without 

reflection, emulating and infinite medium. 

 

The original PML was adapted to the elastic case by Chew and Liu [65] using the 

concept of stretched coordinate system. In this formulation, the coordinates of the system 

are stretched into the complex domain in the frequency domain to introduce some kind of 

loss for waves propagating along the coordinate system. As an example, a wave 

propagating in the x1 direction in a loss-less medium, can be represented by a phasor 

1jkx
Ae , where A is the amplitude and k is the wave vector. The stretching of the 

coordinates replaces x1 with (1+jα) x1 and therefore, the updated phasor of the plane 

wave changes to 11 jkxx
eAe

α−
, which shows that the wave is being attenuated while 



 

33 

propagating. It should be noted that the stretching of the other coordinates may not be 

done simultaneously, giving the control of attenuating only part of the waves propagating 

in certain (e.g., x1) direction.  

On the other words, in this scheme, the coordinate system is stretched by a factor is  as 

follows. 
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However, this formulation does not account for the attenuation of “evanescent” fields 

within the PML. In CPML however, a more generalized formulation is adopted: 
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Equation ( 2-57) is a more generalized form of the Chew and Liu’s formulation and can 

account for the evanescent fields. It also improves the stability [64] of the original PML. 

With the CPML formulation discussed in [64], no additional computation burden or 

memory requirements are imposed and this boundary condition can be implemented 

efficiently into the FDTD region. The CPML formulation is implemented for 

electromagnetic wave propagation in [64], I have extended this formulation to the field of 

elastic wave propagation using a similar formulation.  
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2.4.3.4 Periodic (Bloch) Boundary Condition  

Many structures of interest, including PnCs, possess a periodicity in one or more 

dimensions. These structures may have fine details that make them computationally 

intensive to simulate. A periodic structure can be divided to its unit cells as its elements 

periodically occupy the space as shown in Figure 8(a). The location of each unit cell can 

be defined by: 

 ∑
=

=
Ni

iiapr
..1

 ( 2-58)  

, in which, ai’s are the lattice vectors, pi’s are integers, and N is the number of dimensions 

in which periodicity occurs.  

 

 

Figure 8. (a) Structure of a two-dimensionally periodic structure with the unit cells 

repeating based on the addition of multiples of lattice vectors a1 and a2. (b) A unit cell of 

the structure with periodic (Bloch’s) boundary condition applied at its borders. 

 

 

Due to the periodicity of the structure and based on the Bloch’s theorem, we can 

investigate many of the properties of waves propagating through the structure by studying 
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only a single unit cell. Also called Floquet’s theorem, in Bloch’s theorem any field 

propagating in a periodic structure with wave vector k can be expressed as: 

 ∑=
G

riGGVriku ).exp()().exp(  ( 2-59)  

, where G represents the infinite set of reciprocal-lattice vectors of the periodic structure, 

which satisfy the following equations: 
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, where Gi’s are the basis lattice vectors of the reciprocal lattice, and δ is the Kronecker 

delta function.  

It is apparent from Equation ( 2-59) that for any propagating wave in a periodic lattice:  

 )().exp()2.exp()()..exp()( ruaikriGGVaikrikaru i

G

ii =−+=+ ∑ π  ( 2-62)  

Equation ( 2-62) means that the value of the field at any point in a unit cell can be 

related to the field value at a neighboring unit cell. Based on this theorem, the field values 

can be updated on the border of the unit cell under simulation as demonstrated in Figure 

8(b). Therefore, all the field components on the borders can be updated according to 

Equation ( 2-62).  

To implement the periodic boundary condition in our FDTD algorithm, we should add 

one unit cell to the actual simulation area of interest. To simplify the demonstration, we 

show the application of periodic boundary condition in a 2D FDTD grid as shown in 

Figure 9. In this figure, the components indicated on the borders with red are updated 

after all the other field components are updated using the Bloch boundary condition 

indicated by Equation ( 2-62). Therefore, 
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Similarly: 
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All the other field components within the outer boundaries are updated using normal 

FDTD equations. The components on the corners of the simulation area are not updated 

as they are not used for updating any field components in the grid. Using this method, the 

propagating modes with wave vector of kkikk ˆˆ
31 +=

r
will be extracted. The modes not 

matching this criterion will not prevail. This method can be used to calculate the band 

structure of PnCs and is named order-N spectral technique [66].  
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Figure 9. Demonstration of 2D FDTD grids cells with periodic (Bloch) boundary 

condition implementation. The shaded area represents the unit cell of the periodic 

structure. The clear cells show the auxiliary cells used to implement the periodic 

boundary condition. The components indicated on the borders by red are updated using 

periodic boundary condition.  

 

2.4.4 Parallelization 

One of the great advantages of the developed FDTD algorithm is that the task of updating 

fields can be conveniently divided between independent parallel processors. When the 

tasks are done at one step, each processor will communicate with its neighboring 

processors to send the required information for the next updating step. The FDTD code is 

implemented in both MATLAB and C++, with the latter one adapted for parallel 

processing using message passing interface (MPI) algorithm [67], [68]. The procedure is 

algorithmically simple, but many considerations need to be taken into account for an 

efficient implementation. As an example, since the total time for updating the domain at 

each time step is limited to the slowest node, the tasks need to be divides so that the time 

of simulation for each node is almost equal to the others. The parallel computations of 
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this PhD work have been done mostly on a Beowulf computer cluster [69] in the school 

of Electrical and Computer Engineering at Georgia Institute of Technology, and 

successfully tested on other cluster such as a platform in the Oakridge National 

Laboratory, Oak Ridge, TN. 

2.5 Plane Wave Expansion (PWE) Formulation for Band Structure Calculation of 

Elastic Waves in PnC Structures 

While FDTD and FE methods are versatile methods that can be used to solve a large class 

of general problems, they are not specially optimized for calculation of the modes and the 

band structure of the periodic structures. Therefore, when it comes to intense calculation 

of the modes of different periodic structures, it is computationally advantageous to 

implement a method that more appropriately fits such a need. PWE has proved to be the 

reference method for the calculation of band gaps in PtCs [70]. In this section, the 

formulations of the PWE code developed for the calculation of the band structures of 

many of the PnC structures in this work is presented.  

To calculate the band structure of the modes propagating in a periodic structure using 

the PWE method, the Bloch theorem discussed on Section  2.4.3.4 is used with a slightly 

different notation. According to the Bloch’s theorem, any field (such as the displacement 

u(r,t) in a periodic medium can be expanded as an infinite series: 

 ∑ −−
+=

G

rGrktj

GK eutru )..(),( ω
 ( 2-71) 

, where r = (x1, x2, x3) is the position vector and G=(2πm/p1, 2πn/p2, 2πn/p3) are the 

vectors of the reciprocal lattice and k is the wave vector. In addition, any physical 

parameter α(r) in the periodic structure can be expanded as: 
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If the wave vector of the propagation is fixed, we can then find the values of eigen-

frequencies (i.e., the frequencies of the modes in the structure). Working with phasors 

and eliminating the time from the equations, we can infer: 
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Using the index-based notation of Equation ( 2-15), we obtain: 

 ikIkJIiJ uuc 2ρω=∇∇  ( 2-74)  
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, and 
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In the above equations, ω and ui
m,n,p are the unknowns that need to be found, and the rest 

are known parameters. To solve these equations, they can be combined and form an 

eigenvalue problem with ui
m,n,p as the vector elements and ω2 as the eigenvalues. By 

insertting Equations ( 2-75)-( 2-77) into ( 2-74) we get: 
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Since the components of the wave vector (i.e., kx, ky, and kz) are fixed for solving the 

eigenvalue problem, we can simplify the above equation to: 
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Since the above equation holds for all values of x, y, and z in the domain, the coefficients 

of the terms with equal coefficients of x, y, and z, need to be equal (i.e., for 

m+m’=m+m”= M, n+n’ = n+n”= N, and p+p’=p+p”= P). Taking these equations into 

account we obtain: 
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In this equation, the coefficients of the exponential terms at any fixed value of M, N, and 

P also need to be equal; thus: 
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, which can be solved by re-arranging the summations in the form of matrices and the 

calculation of eigenvalues can be done numerically using software like MATLAB as an 

standard eigenvalue problem. For more detailed explanation of this method please refer 

to Reference [71]. The PWE technique is a very effective technique for calculation of the 

modes of a periodic structure. The numerical precision of the PWE is limited by the 

number of terms kept in the Fourier expansions.  
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2.6 The Finite Element (FE) Method  

FE method is one of the most effective and diverse methods used in various fields of 

engineering for solving many partial differential equations. It is also used to solve 

integral equations in real-life applications in various areas of science and technology such 

as aeronautics, biomechanics, acoustics, fluid dynamics, and photonics. The FE method is 

especially a good choice for solving differential equations over complicated domains, 

where the required precision varies over the solution domain. FE method can in general 

be more accurate and can be applied to a larger class of solid materials compared to 

FDTD for solving elastic wave propagation equations. However, it can not be easily 

applied to very large domains of simulations as its parallelization can be challenging. 

In this work, I have utilized the time harmonic form of the wave equation in the 

commercially available COMSOL 3.3 software for solving some of the problems 

pertaining to PnC structures. In order to utilize the tool more effectively, rather than using 

the available commercialized modules of the software, I utilized COMSOL’s general 

scalar coefficient partial differential equation (PDE) module and adapted it to solve the 

wave propagation equation. The equation that is solved in this module takes the form 

[72]:  
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The boundary conditions that can be applied to the boundaries of the simulation domain 

are:  

 Ω∂−=++−∇− inhgquuucn T µγα ).(  ( 2-83)  

and 
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 Ω∂= inrhu  ( 2-84)  

, where Ω is the computational domain, Ω∂ is the domain boundary, and n is the outward 

normal vector on Ω∂ . Equation ( 2-82) is the main PDE to be solved while Equations 

( 2-83) and ( 2-84) are the boundary conditions. By comparing Equations ( 2-82) and 

( 2-15), we can find the similarities between the two equations. By replacing c and ae in 

Equation ( 2-82) with Ec and ρ in Equation ( 2-15), respectively, and setting all the other 

constants in Equation ( 2-82) to zero, Equations ( 2-82) and ( 2-15) will be virtually equal. 

However, it should be noted that u in this case is a vector of three components u1, u2, and 

u3, which are the displacement components in x1, x2, and x3, respectively. It is worth 

noting that Equation ( 2-82) is much more general than Equation ( 2-15), and it can be 

applied to more general elastic equations that can involve damping or piezoelectricity. 

The boundary equations of ( 2-83) and ( 2-84) can also be modified to fit the problem of 

interest. As will be seen in the following chapters, these boundary conditions can be 

easily adapted to satisfy the free surface or clamped boundary conditions. This is an  

advantage of FE method in satisfying boundary conditions compared to other simulation 

techniques. 

2.7 Other Significant Techniques for the Analysis of PnC Structures 

In this section, we briefly survey over other important numerical methods that can be 

used for the analysis of PnC structures. Although these methods have not been used or 

studied in detail in the development of this thesis, detailed study and utilization of their 

great capabilities may add to the valuable analysis toolbox we developed for the analysis 

of PnC structures. 
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2.7.1 Transfer, Reflection and Transmission Matrix Methods 

Transfer, reflection and transmission matrix methods have also been used extensively in 

studying periodic structures with finite sizes especially to analyze PtC structures. Besides 

the fact that these methods are extremely reliable, they have also demonstrated to be 

efficient in terms of computation time [70]. In addition, such methods have the advantage 

of having the capability of predicting the attenuation of the field propagating in the 

crystal as a function of the number of layers. 

2.7.2 Scattering Matrix (Modal) Method 

Also known as the multi-pole method, or the modal method, scattering matrix method has 

proved to be particularly efficient for the resolution of scattering problems involving 

finite number of objects for the analysis of PtCs. Fundamentally, there are two 

approaches to analyze PnC structures. One approach is fundamentally analytical and is 

carried out with the aid of calculators (e.g., the PWE method) and the other approach is 

numerical in nature and the equations are solved by descretizing the computation 

domains (e.g., the FDTD method). The scattering matrix method belongs to the first 

category. Recently, this method has been applied to the analysis of PnCs [73, 74]. This 

method is especially effective in the analysis of 2D PnCs with cylindrical scatterers, or 

the case of 3D PnCs with spherical scatterers. However, this method has some 

fundamental limitations [75]: (i) the objects in this method must be isolated from each 

other, form a convex shape on the exterior and have to be uniform on the interior. Most 

of the calculations are restricted to the cylindrical or spherical objects as the calculation 

task is much simpler. (ii) Only static solutions of the fields can be obtained, the time 

response cannot be obtained and the nonlinearity calculations are impossible. Knowing 
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the facts that we are interested in PnC SAW and PnC slab devices, major modifications to 

this method needs to be performed to make it suitable for such applications. 
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CHAPTER 3 

DESIGN OF PHONONIC BAND GAP STRUCTURES FOR 

WIRELESS COMMUNICATIONS AND SENSING 

 

In this chapter, my main efforts toward implementing MM PnC slab structures operating 

at high frequencies appropriate for wireless communication and sensing applications are 

documented. Two different planar PnC structures made totally of Si are considered in 

Sections  3.1 and  3.2. The periodicity in these PnC structures is applied by etching a 2D 

array of cylinders in Si. This will ensure the low-cost fabrication and compatibility with 

standard micromachining technology.  

In Section  3.1, such PnC structures for controlling SAWs are investigated and 

analyzed using the developed parallel FDTD code. It will be shown that although PnBGs 

can be obtained in PnC SAW structures and used for some applications, they are not 

appropriate for many applications such as realizing low loss resonators and waveguides 

due to the considerable loss of SAWs into bulk waves. It is shown that such a loss does 

not exist in the PnC slab structures and therefore, PnC slabs with a PnBG can be of great 

interest.  

In Section  3.2, PnC slabs made of an array of holes etched into a suspended Si slab 

are analyzed in detail and their geometrical parameters are designed to yield large 

complete PnBGs (PnBGs in all propagation directions in the crystal and for all types of 

waves). It is shown that such large PnBGs serve as an appropriate platform for Si MM 

PnC structures that can be used for wireless communications and sensing. 
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3.1 PnC SAW Structures 

SAW devices are probably the most widely used high-frequency acoustic devices in a 

variety of applications including wireless communication and sensing [1]-[4]. Although 

SAW devices provide exquisite characteristics that have made them mainstream devices 

for wireless communications and sensing applications, because of the nature of the SAW 

substrates, and their required large form factors, there is a lot of effort to replace them 

with integrated alternatives that can provide similar functionalities but with smaller 

dimensions [12]-[14]. The large dimensions of SAW devices often originates from low 

electromechanical coupling coefficients of the substrates that requires large number of 

IDTs to be used for excitation and detection of the waves. One method of boosting 

coupling from electrical domain to the elastic domain in smaller footprints is to use the 

resonance devices. By directly coupling energy to a resonator, it is possible to augment 

the coupling by the Q of the resonator. However, creating high-Q SAW resonators also 

needs a large number of weak scatterers to be fabricated on the surface of the semi-

infinite solid [1]. The scatterers should weakly reflect SAWs to reduce their coupling to 

the bulk waves. With the advancements in plasma etching technology, it has become 

possible to fabricate deep sub-wavelength features on substrates such as Si to possibly 

confine SAW without introducing much loss; therefore, finding SAW PnBGs using 

deeply-etched holes in a substrate might be of great benefit and can lead to high-Q 

resonators with small form factors. This section is devoted to investigate such a 

possibility. 



 

47 

3.1.1 Design of High-frequency Si PnC SAW Structures with PnBGs 

Since the polarization of SAWs is a combination of bulk wave polarizations existence of 

a complete band gap for all types of waves propagating in a 2D crystal should be a good 

starting point for obtaining PnBGs for SAWs. Therefore, using our developed FDTD 

code discussed in Chapter 2, we analyzed a unit cell of the 2D square lattice PnC made of 

an infinite array of air holes embedded in a Si background. The unit cell of the structure 

is shown in Figure 10. The lattice constant is denoted by a in this figure and the boundary 

of the unit cell is highlighted. The structure is analyzed for different fractions of void 

cylinders to Si by changing the radius of the void cylinders with respect to the lattice 

constant, a, and the existence of the complete PnBGs is studied.  

 

Figure 10. Cross section of a unit cell of a square lattice PnC structure made of infinite 

void cylinders embedded in a crystalline Si substrate. a represents the lattice constant of 

the square lattice. 

 

Among the results, large PnBG regions for both in-plane and out-of-plane bulk modes are 

obtained for normalized radii of r/a > 0.4, where r and a are the radius of the cylinders 

and the lattice constant, respectively. For example, for r/a = 0.4, a PnBG is obtained for 

the normalized frequency of 2800 < f × a < 3500. Since a large PnBG exists for the in-

plane-propagating bulk waves in this range of frequencies, we expect a band gap also 
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exists for SAWs in a half space with a similar configuration. Therefore, we have also 

simulated a unit cell of such a PnC SAW structure. The structure of the unit cell of this 

PnC SAW structure is shown in Figure 11. This 3D unit cell is composed of 24 FDTD 

cells in each of the x and z directions (as the case for the 2D unit cell) and has 90 FDTD 

cells in the y direction to cover most of the energy of the surface waves in the frequency 

range of interest. The free surface, which hosts the highest energy concentration of the 

SAWs, is emulated by the free surface boundary condition discussed in Section  2.4.3, 

while a 10-cell PML is placed at the opposite side to absorb any incoming waves, 

emulating an infinite half space. Periodic boundary condition is applied to the faces 

parallel to the xy and zy planes to obtain the band structure.  

 

 

Figure 11. Unit cell of a square-lattice PnC SAW made of an array of cylindrical holes 

embedded in a silicon half space. The axes of the cylinders are aligned to the surface 

normal of the half space. Free-surface boundary condition is applied to the free surface 

and to the inner walls of the embedded hole. Each side of the unit cell in the xz plane and 

in the y direction is made of 24 and 80 FDTD cells, respectively. A 10-cell PML is at the 

bottom of the holes to emulate an infinite half space. Periodic boundary condition is 

applied to the xy and zy planes.  
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The first Brillouin zone [76] in the reciprocal lattice of the square-lattice PnC is shown in 

Figure 12(a). The irreducible part of the zone is shaded in this figure. The propagating 

modes on the borders of the irreducible Brillouin zone for both the bulk waves in the 2D 

PnC and for the surface waves in the 3D PnC half space are calculated. The calculations 

are based on order-N spectral technique [66]. Since the exterma of the bands will be on 

the borders of this zone, this calculation would be enough for detection and finding the 

extent of the PnBGs in the crystals. The phononic band structures of the crystals, are 

therefore derived and shown in Figure 12(b). Since elastic wave equations are scalable 

(i.e., there is an inverse linear relation between the frequency of operation and the scale 

of the structure) an exact scale is not required and the frequencies of the modes will be 

normalized to the lattice constant of the PnC.  

 

Figure 12. (a) First Brillouin zone of the square-lattice PnC. The irreducible part of the 

zone is shaded. (b) The band structure of the bulk and SAWs for the 2D lattice and for 

the PnC structure with embedded holes in a half space, respectively. The band structures 

are calculated for the normalized radius of the holes (r/a) of 0.4 in the crystal. 
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As can be seen in Figure 12(b), there is a PnBG for the bulk waves, as well as for 

SAWs that overlap as expected. However, as can be seen in this figure, unlike the bulk 

branches, SAW branches are not continuous though the whole wave vector range and 

usually end up on the branches of the in-plane-propagating bulk waves shown in Figure 

12(b). We will discuss this phenomenon and its effects later in more detail in Section 

 3.1.3.  

3.1.2 Experimental and Theoretical Study of Propagation of SAWs through the 

SAW PnC Structure 

To experimentally evaluate the PnBG of the PnC structure for SAWs, PnC SAWs 

discussed and simulated in Section  3.1.2 are fabricated on a Si substrate. A set of 

excitation and detection IDTs are fabricated on each side of the PnC structure to 

efficiently excite and detect Rayleigh surface waves (which are one of the most widely 

used SAWs) on the surface of the structure. The IDTs are composed of a set of inter-

digital electrodes patterned on top of a layer of piezoelectric ZnO on the Si substrate. A 

schematic of the test structure is shown in Figure 13. To cover the whole range of the 

PnBG, a set of 19 devices with the same PnC structure and geometry, but with different 

IDTs are fabricated. The lattice constant in the fabricated structure is 18 µm, and the 

normalized radius is approximately r/a = 0.4. The depth of the holes is about 60 µm to 

cover almost all of the energy of the Rayleigh waves in the depth of the structure 

(Rayleigh waves have most of their energy within one of their wavelength from the free 

surface [1]). The crystal axes of Si are aligned to the x, y, and z directions in Figure 13.  
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Figure 13. A schematic of the test structure for experimental characterization of SAWs 

propagating in the PnC SAW structure in Si is demonstrated. 

 

To fabricate the structures, a 3-mask process is developed. The steps for this fabrication 

process are demonstrated in Figure 14. The fabrication starts with a Si substrate. PnC 

holes are fabricated using optical lithography and deep plasma etching using Bosch 

process [77] [Figure 14(a)]. A 1-µm piezoelectric ZnO layer is deposited on top of the 

structures using  RF sputtering. This layer is a means to convert electrical field to the 

mechanical stress and vice versa [Figure 14 (b)]. Inter-digitated electrodes are fabricated 

using a lift-off process as shown in Figure 14 (c)-(e) to deliver the electrical signals. 

Finally, ZnO is removed from the PnC structure to complete the fabrication process. An 

SEM image of a sample structure is shown in Figure 15. A cross section of the PnC SAW 

structure of a cleaved device is also shown in the inset of this figure.  
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Figure 14. Schematic of the fabrication process steps for SAW PnC structures. (a) PnC 

holes are etched through the substrate using plasma etching. (b) A thin layer of ZnO is 

deposited using RF sputtering on top of the structures. (c) Photoresist is spinned and 

patterned on top of the structures to form the inter-digitated electrodes. (d) Al is 

evaporated on top of the structure. (e) The IDTs are formed using a lift-off process, and 

(f) finally, ZnO is removed from the top of the PnC structures to complete the fabrication 

process.  

 

 

Figure 15. SEM image of a PnC SAW device fabricated on a Si substrate to characterize 

the propagation of SAWs through the PnC structure. A cross section of a device that is 

cleaved across the PnC structure in the [110] direction is shown in the inset. 
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A set of 19 devices such as the one shown in Figure 15 is fabricated and the transmission 

through the PnC structure is measured for each. In this set, all the PnC structures are of 

the same structure and geometrical parameters (i.e., r/a = 0.4, a = 18 µm, and depth of the 

holes ~ 80 µm). The IDTs, however, are different and together cover the whole frequency 

range of interest. To normalize the frequency characteristics of the waves propagating 

through the PnC structure, a similar set, but without the PnC structure is also fabricated 

and the frequency characteristics of the IDTs are measured. The transmission profiles of 

the IDT pairs are shown in Figure 16. As can be seen in this figure, the frequencies cover 

the whole frequency range of interest including the calculated PnBG. 

 

Figure 16. Frequency response of the 19 IDT pairs that cover the whole frequency range 

of interest. 

 

To compare with the experimental results, a FDTD model of the structure was also 

set up to investigate the propagation of elastic waves through the PnC structure. A 

schematic of the developed model is shown in Figure 17. A wide-band perturbation on 

the surface of the structure is applied to excite Rayleigh SAWs. As the time of the 
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simulation advances, generated SAWs propagate through a few layers of the PnC 

structure and are detected on the other side of the crystal to characterize the transmission 

of SAWs through the PnC SAW structure. Each PnC unit cell in the structure is 

discretized similar to the discretization scheme of Figure 11. PMLs are placed on each 

side of the simulation domain except for the free surface, which uses the free-surface 

boundary condition. As can be deduced, the simulation domain is quite large and needs a 

great amount of memory and computation power to be completed. Therefore, the MPI 

parallelization algorithm discussed in Chapter 2 is used and the simulation region is 

divided between the nodes of a computer cluster. In this scheme, each node will 

communicate with its neighboring node(s) to transfer data using the MPI protocol, as 

shown in Figure 17. 

 

 

Figure 17. FDTD model for calculating of the transmission of Rayleigh SAWs through s 

PnC SAW structure. The simulation domain is divided into subdomains to be simulated 

on a parallel computer cluster. Each node in the cluster communicates with its 

neighboring nodes(s) through the MPI protocol. 
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Fourier transform of the transmitted waves through the PnC structure is then 

computed to evaluate the transmission characteristics of the surface waves passing 

through the PnC SAW structure. In addition, the transmission is measured using the same 

procedure for a structure similar to the one in Figure 17 but without the PnC structure to 

be used as references. 

The results of both experimental characterization and FDTD simulation of the 

propagation of SAWs through the PnC SAW structure are shown in Figure 18. The SAW 

PnBG shown in Figure 12 is also shaded for comparison. 

 

 

Figure 18. The transmission profile of Rayleigh SAWs through the PnC SAW structure 

found by experimental characterization and FDTD simulation. The PnBG region 

calculated using the band structure of the PnC is shaded for reference. 
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As can be seen in this figure, the experimental and theoretical results are in a good 

agreement, although some deviations exist. These discrepancies are mostly due to the 

inherent discretization errors in the FDTD code and fabrication imperfections. As can be 

seen in the transmission profile, the frequency range of low transmission in the 

transmission profile is different from the shaded PnBG region. To find the reason of this 

discrepancy, it would be beneficial to plot the mode shapes of the modes that limit the 

PnBG in the band structure and in the ГX direction. For instance, the mode shapes of the 

two bands that limit the PnBG in this direction, which is the direction of measured 

transmission are plotted in Figure 19. 

 

Figure 19. Mode profiles of two of the modes that limit the PnBG in the ГX direction. 

The displacement vectors for the modes are shown by cones. 

 

As can be seen in Figure 19, the two indicated modes have their displacement vectors 

parallel to the free surface of the PnC SAW. This shows that these modes are shear 

horizontal (SH) modes. Therefore, since the mode shape of Rayleigh modes is very 
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different from the SH modes, the excited Rayleigh modes would not couple to the SH 

modes in the PnC structure. As a result, the spectrum of the low-transmission region is 

wider than the actual PnBG as observed. 

3.1.3 Problem of Leaky SAWs in PnC Structures 

As was observed in our FDTD simulations of the band structures (e.g., Figure 12), SAW 

branches usually end up on the branches of the in-plane bulk acoustic waves in the 2D 

structure and are not continuous over the borders of the irreducible Brillouin zone. Also 

in the transmission profile of the Rayleigh SAWs, we observed that in many of our 

experiments that the transmission of SAWs drops at the PnBG, but does not recover at 

frequencies higher than the PnBG region [78]. This means SAWs are lossy at such 

instances and may not be effectively extracted using methods such as order-N spectral 

technique. The problem of excessive loss of SAWs in PnC SAW structures has also been 

observed in a few publications from other groups [51, 52]. The mechanism of coupling of 

SAWs to bulk modes because of the periodic structure of PnCs is demonstrated in Figure 

20. 

 

Figure 20. (Left) A schematic of SAWs propagating through a PnC SAW structure. 

(Right) A wave vector representation of how the periodic structure of the PnC can result 

in the coupling of SAWs to the bulk modes  
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It can be seen from Figure 20 that SAWs can couple to the bulk waves in the presence 

of a periodic structure. The reason of this phenomenon can be explained using the 

properties of wave vectors and the coupling requirements.  

SAWs can propagate on the surface of a substrate when their wave vector is larger 

(phase velocity is smaller) than any bulk wave vector in the substrate. Therefore, the 

phase-matching condition between SAW wave vectors and bulk wave vectors cannot be 

satisfied and no coupling to the bulk modes can occur in the absence of a PnC structure 

(of course it should be noted that in certain directions of propagation in anisotropic 

crystals SAWs may inherently be lossy even without the presence of PnCs). However, as 

can be seen in Figure 20, in the presence of a PnC structure, the PnC structure may cause 

SAWs to be phase matched with bulk waves propagating toward the depth of the 

substrate. This can also explain the termination of SAWs on the branches of the in-plane 

bulk waves, which is caused by folding of the SAW branches to the regions that are 

above the in-plane bulk mode branches in the band structure. This folding effect can 

cause SAWs to couple to the continuum of bulk mode branches that have a wave vector 

component toward the depth of the substrate. 

This type of loss for SAWs makes the use of PnC structures for controlling SAWs 

very limited. As can be seen in the following Chapter, the use of PnC slabs and slab 

modes mitigates this problem and efficient PnC structures with very low loss can 

therefore, be obtained. A schematic of such a PnC slab is shown in Figure 21. 
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Figure 21. Schematic of the side view of a PnC slab in which elastic modes are decoupled 

from the substrate modes. 

3.2 Design and Development of PnC Slab Structures with Complete PnBGs 

As discussed in Section  3.1, PnC SAW structures may not be the most efficient structures 

due to excessive loss that may occur for SAWs propagating in PnC SAWs. In this 

section, a more efficient PnC structure is introduced that bears merits such as simplicity, 

compatibility of fabrication with CMOS and standard MEMS technology, versatility, and 

low loss. This PnC structure is made of an array of cylindrical void holes embedded in a 

solid slab rather than a solid half space. Although the fabrication of such a structure is 

more complicated than that of SAWs, its merits and the provision of having better control 

over the propagation of elastic vibrations make PnC slabs advantageous over PnC SAW 

configurations.  

In Section  3.2.1, practical PnC slab structures are designed to provide large complete 

PnBGs. Different arrangement of holes, different radii of the holes, and different 

thicknesses of the slabs are analyzed and the advantageous configurations and geometries 

are introduced to provide larger PnBGs. 

In Section  3.2.2, an efficient fabrication procedure is developed to realize the designed 

PnC structures with appropriate excitation and detection transducers. A set of PnC 
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structures with large complete PnBGs is fabricated and characterized using integrated 

transducers. Evidence of the existence of complete PnBGs with very good agreement 

with theoretical predictions is presented. The results obtained in Section  3.2 of this 

chapter open a new dimension in the design of high-frequency MM structures for 

communication and sensing applications. 

3.2.1 Design of High-frequency Si PnC Slab Structures with Complete PnBGs 

To realize efficient PnC-based MM resonators and devices, the fundamental requirement 

is to obtain a large complete PnBG in micro/nano-fabricated structures. While partial 

PnBGs (PnBGs with some propagation directions of some types of waves) have some 

especial applications, complete PnBGs are of a greater interest as they provide full 

control over the propagation of all types of waves and in all propagation directions. 

Accurate low-cost fabrication of these structures using a CMOS-compatible fabrication 

technology is desirable. The possibility of extending the frequency range of operation of 

such devices to the frequencies appropriate for wireless communication and sensing 

applications is also an important requirement. In this section, the results of my theoretical 

investigations, mainly based on the PWE and FE techniques, to obtain complete PnBGs 

in 2D Si PnC slabs with possible CMOS-compatible realization, is reported. 

The intended structure is made by embedding an array of air/vacuum cylindrical holes in 

a Si slab with a finite thickness. Si is chosen because of its good mechanical properties 

[79], low price, the availability of fabrication tools for efficient processing of Si, and 

possible integration of PnC structures with electronic and photonic functionalities on the 

same chip. The effect of thickness of the slab on the existence and width of the complete 

PnBG will also be addressed. As different arrangement of holes of the PnC may be 
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important in opening, closure, and size of the complete PnBG, different arrangements of 

PnC holes are examined to obtain large complete PnBG with appropriate geometries.  

Probably the most basic 2D arrangement of holes in a PnC is the square-lattice 

arrangement; therefore, we first examine the PnC slab structure with a square-lattice 

arrangement of holes in Si. A schematic of a 2D PnC slab with square-lattice 

arrangement of cylindrical holes in a Si slab is shown in Figure 22(a), in which the main 

crystalline axes of Si are aligned with x, y, and z directions. The structure may easily be 

fabricated on a Si-on-insulator (SOI) wafer by etching holes through the slab using 

standard dry etching techniques, and then removing the underlying insulator by wet or 

dry etching. The actual fabrication procedure is discussed in Section  3.2.2. As shown in 

Figure 22(a), a is the spacing between the adjacent holes (or the lattice constant), d is the 

thickness of the slab, and r is the radius of the holes.  

To calculate the 2D band structure of the PnCs, I used the PWE technique discussed 

in Section  2.5, with 441 plane wave components (found through extensive simulations to 

provide enough accuracy for the structures studied in this section). To assure the accuracy 

of the PWE method, I also compared the results with the band structures calculated using 

the FE method as discussed in Section  2.6 and a very good agreement was observed in all 

the studied cases.  

A complete PnBG can be found in the square-lattice PnC slab by carefully choosing 

the thickness of the slab and the radius of the holes. As can be seen from Figure 22(b), a 

complete PnBG for the structure with r/a = 0.45 and d/a = 0.5 is obtained and the 

complete PnBG covers the normalized frequency (f × a) range of 3000 m/s < f × a < 

3261 m/s, which corresponds to a gap to midgap ratio of 8.3%.  
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Figure 22. (a) Schematic of the PnC slab structure with square-lattice of air holes in a 

solid slab (e.g., Si). a stands for the lattice constant, r is the radius of the holes, and d is 

the slab thickness. (b) Band structure of elastic waves associated with the structure shown 

in (a) with r/a = 0.45 and d/a = 0.5. A complete PnBG with 8.1% band gap to midgap 

ratio is indicated in this figure. The band structure is calculated using the PWE method. 

 

Finding this promising complete PnBG, I investigated the dependence of the 

complete PnBG width and position on the thickness of the slab and radius of the holes. 

The dependence of the complete PnBG on the normalized PnC hole radius (r/a), for a 

constant slab thickness (d/a = 0.5) was studied and a complete PnBG map was generated 

as shown in Figure 23(a). It is seen from Figure 23(a) that the complete PnBG opens up 

at around r/a = 0.43, and its width constantly increases by increasing r/a. In Figure 23(b), 

the extent of the complete PnBG of the square-lattice PnC as a function of the normalized 

slab thickness (d/a) for a constant normalized radius (r/a = 0.45) is shown. It can be seen 

in the figure that the complete PnBG opens up at d/a ≈ 0.4, reaches its maximum width at 

d/a ≈ 0.55, and closes again at d/a ≈ 0.7.  
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Figure 23. complete PnBG extent for square-lattice PnC structure shown in Figure 22(a) 

as a function of (a) normalized holes radius (r/a) for a constant normalized thickness of 

d/a = 0.5 and (b) normalized thickness (d/a) for a constant normalized radius of r/a = 

0.45. 

 

The results shown in Figure 23 clearly illustrate the importance of the PnC geometry 

on the extent of the complete PnBG. It is also seen that a square-lattice PnC has a limited 

complete PnBG unless r/a reaches close to its maximum (i.e., r/a = 0.5), for which severe 

fabrication limitations and mechanical stability issues for the PnC slab exist.  

As an alternative PnC structure, we also investigated PnCs with hexagonal lattice 

shown in Figure 24(a). Again the main crystalline axes of Si are aligned with x, y, and z 

directions. The band structure of a hexagonal-lattice PnC with r/a = 0.45 and d/a = 1 is 

shown in Figure 24(b), and the associated complete PnBG maps of the PnC structure are 

shown in Figure 25. These figures clearly show the advantages of the hexagonal-lattice 

PnCs over the square-lattice PnCs including larger complete PnBG size and less 

susceptibility to the variations in the slab thickness.  
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Figure 24. (a) Schematic of a hexagonal (honeycomb) PnC made by embedding a 

hexagonal array of holes in a solid slab (e.g., Si). In this figure, a is the spacing between 

the closest holes, r is the radius of the holes, and d is the thickness of the slab. x, y, and z 

denote the main crystalline directions of the crystal. (b) Normalized band structure of 

elastic waves propagating through the PnC shown in Figure 24(a) for r/a = 0.45 and d/a = 

1. As can be seen in this figure, a complete PnBG exists for this structure, in which no 

mechanical energy is allowed to propagate. The band gap to midgap ratio of this 

complete PnBG is 35%. 

 

For example, as shown in Figure 25, a hexagonal lattice with r/a = 0.45, and d/a = 1 

has a complete PnBG extent of 1608 < f × a < 2298, which corresponds to a gap to 

midgap ratio of 35%, which is large enough for all practical applications. Furthermore, 

the complete PnBG for the hexagonal-lattice PnC opens up at r/a ≈ 0.37 and a reasonable 

complete PnBG with gap to midgap ratio of 18% can be achieved with r/a = 0.4, and d/a 

= 1. This example shows that such PnC parameters impose considerably less fabrication 

limitations and mechanical-stability issues than those for a square-lattice PnC. Finally, 

another interesting feature of the hexagonal-lattice PnC is the existence of more than one 

complete PnBG for a wide range of PnC geometries (i.e., d/a, and r/a) as can be found 

from Figure 25(b).  
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Figure 25. Complete PnBG maps of the PnC structure shown in Figure 24(a) as a 

function of (a) normalized radius for a constant normalized thickness of d/a = 1, and (b) 

normalized thickness with a constant normalized radius of r/a = 0.45. 

 

I showed in this Section that with appropriate choices of geometrical features, 

complete PnBGs can be obtained in PnCs formed by etching square- or hexagonal-lattice 

air holes in a Si slab. I also showed that reasonably large complete PnBGs (with gap to 

midgap ratio of 18% - 35%) can be obtained in hexagonal-lattice PnC slabs with 

practically achievable PnC geometries (r/a = 0.4 - 0.45 and d/a = 1), which can be 

fabricated using a CMOS-compatible fabrication process. Thus, we conclude that PnCs 

and preferably hexagonal-lattice PnCs made of etched holes in a Si slab provide the 

possibility of integrating complete PnBG functionalities with electronic and optical 

devices on Si.  

It is shown that thickness plays a very important role in opening, closure, and size of 

the complete PnBG. By comparing the complete PnBG maps for square- and hexagonal-

lattice PnCs, we find that the hexagonal-lattice PnC slab has several advantages over the 

square-lattice one, and supports several wide complete PnBGs that can be used in a 



 

66 

variety of applications. More details of this study can be found in my published work in 

Electronics Letters Journal [80].  

3.2.2 Fabrication and Characterization of Si PnC Slab Structures 

The reported theoretical studies of Section  3.2.1 on the existence of complete PnBGs in 

PnC slabs inspire the experimental verification of these results and observation of their 

actual properties. At low frequencies (i.e., less than 5 MHz), experimental evidence for 

partial PnBGs (i.e., for certain type of modes, and for certain directions of propagation) 

[81], [82], and complete PnBGs (for all types of modes and all propagation directions) 

[83] have been recently reported. While partial PnBGs have some special applications, 

complete PnBGs are of primary interest as they allow the complete engineering of the 

propagation of elastic waves in the PnC structure. Recently, a complete PnBG was 

experimentally verified for spherical steel beads placed in a slab made of epoxy; a wave 

guide was also created by introducing a line defect in the PnC structure [83]. However, 

the complete PnBGs reported for such epoxy-based structures, are in the 228-344 KHz 

frequency range, and their extension to the high frequency range (100’s of MHz to a few 

GHz) is not trivial. Such high frequency PnC structures are of considerable interest for 

compact wireless and sensing devices. As discussed in the previous subsection, among 

several material systems proposed for the fabrication of PnC slabs, Si is of a great interest 

because of its wide usage in electronic and photonic devices (for eventual integration of 

electronic, photonic, and phononic functionalities), low cost, the availability of CMOS 

fabrication tools that allow accurate and economical fabrication of Si structures with very 

small (even 10’s of nm) feature sizes, and proper mechanical properties that are required 

for high frequency applications. In the previous sections theoretical evidence for the 
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existence of a sizable complete PnBG in the PnC of air cylinders in a Si membrane with 

both square and hexagonal (or honeycomb) lattice geometries was provided. It was 

particularly shown that hexagonal PnC slabs with practical holes sizes can be designed to 

have large complete PnBGs.  

In this section, the first experimental evidence for the existence of large complete 

PnBGs in a PnC slab with air holes embedded in a solid slab is presented. This 

demonstration is also the first experimental evidence that shows the possibility of the 

existence of complete PnBGs at high frequencies appropriate for wireless communication 

and sensing applications. The results presented in this section have been published [84] in 

Applied Physics Letters. The structure is made by etching a hexagonal lattice of 

cylindrical holes through a freestanding slab of single-crystalline Si. We show that such 

devices are realizable by the use of a CMOS-compatible fabrication process and can be 

used for high frequency applications.  

To experimentally verify the theoretical predictions found in the previous subsection, 

we chose appropriate geometrical features that can be fabricated accurately using optical 

lithography and dry etching and provide a large complete PnBG at the very high 

frequency (VHF) range. The chosen distance between the centers of the nearest holes and 

the hole radius are a = 15 µm and r = 6.4 µm, respectively. The thickness of the Si layer 

is d = 15 µm. To calculate the PnC band structure of this PnC, I used PWE as in the 

previous section. The resulted CPnGB extends in the range of 117 MHz < f < 151 MHz. 

This corresponds to a gap to midgap frequency ratio of about 25%, which is large enough 

for all practical applications envisioned for PnCs.  
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To experimentally investigate the complete PnBG properties of the PnC slab in Si, I 

developed a 14-step fabrication process, which includes metal deposition (for electrical 

transducers to excite the acoustic modes of the structure), zinc oxide (ZnO) sputtering 

(for adding the piezoelectric effect to the structure for electrically exciting the elastic 

waves), lithography (for various patterning purposes), and deep plasma etching (for 

forming the PnC holes and for removing the substrate and the oxide layer underneath the 

Si slab). Five masks were used for pattering the PnC membrane and the transducer 

electrodes that are used for the excitation and detection of the acoustic waves; these 

fabrication steps are shown in Figure 26(a) - Figure 26(f).  

 

 

Figure 26. Fabrication steps for Si PnC slab structures: (a) the original SOI substrate. (b) 

Lower electrode is deposited and patterned. (c) ZnO layer is sputtered and patterned. (d) 

Top metal electrode is deposited and patterned. (e) PnC holes are etched through the 

device layer, and (f) the handle Si substrate and the insulator layers are etched away using 

plasma etching to form the final structure. 

 

 

The process starts with a SOI substrate as shown in Figure 26(a) with the Si device 

layer thickness being 15 µm. A thin layer of gold (~100 nm) is evaporated and patterned 

on the Si layer (to form the lower electrode of the transducers) in a lift off process [Figure 
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26(b)]. Gold is chosen as it provides an appropriate platform for deposition of a 

piezoelectric zinc oxide (ZnO) layer. A thin (~1µm) layer of piezoelectric ZnO is 

deposited and patterned using radio frequency (RF) sputtering and wet etching [Figure 

26(c)]. A second layer of metal [i.e., Aluminum (Al)] is then patterned to form the second 

set of electrodes for the transducers [Figure 26(d)]. The fabrication continues by 

patterning and etching the PnC holes through the Si layer using optical lithography 

followed by deep plasma etching [Figure 26(e)]. Finally, the lowest substrate (i.e., Si) and 

the insulator (i.e., the oxide) layers are etched away after backside lithography and 

etching of the SOI wafer to form the PnC membrane and the appropriate transducers on 

its two sides [Figure 26(f)]. All the mentioned fabrication steps are performed at low 

temperatures and can be implemented as post-CMOS processes. SEM images of the top 

view and the cross sectional view of a typical fabricated device are shown in Figure 27(a) 

and Figure 27(b), respectively.  

To characterize the band gap properties of the fabricated PnCs, we monitored the 

transmission in the ΓK direction through a structure with at least eight PnC periods to 

allow the band gap to appear as a large dip in the transmission spectrum. We used a 

network analyzer to excite the structure by applying a high-frequency electrical signal 

between the first and the second layer of metals producing an electric field across the 

ZnO layer.  
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Figure 27. (a) Top view of one of the fabricated devices with the hexagonal-lattice PnC 

structure in the middle and the transducer electrodes on each side, and (b) cross sectional 

view of the same structure. 

 

The ZnO layer was sputtered by setting the deposition parameters to give highly 

oriented crystalline nanograins to show proper piezoelectric properties for efficient 

excitation and detection of elastic energy in the structure. To cover the large frequency 

range of interest (at least from 50 MHz to 250 MHz to assure the appropriate 

characterization of the complete PnBG), I designed a large set of electrodes with 

appropriate spacing (i.e., pitch). A large number of devices (18) with the same PnC 

structure but with different electrode spacings were fabricated to cover the entire 

frequency range of interest by different slab modes. For each set of electrodes, I also 

fabricated a flat slab (without any holes) with the same total propagation length as the 

PnC structure to form the reference. As a result, the first three slab modes all covering the 

entire frequency range of interest were excited and their corresponding transmission 
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spectrum through the PnC and the flat slab were measured separately. The transmission 

coefficients through the PnC structures were then summed up and divided by the 

corresponding sum of the coefficients measured through the flat-slab structure to get the 

normalized average transmission coefficient of all the excited modes. The normalized 

average transmission response is shown in Figure 28(left) along with the theoretical 

calculation of the band structure using PWE in Figure 28(right), both for the ΓK 

direction. Figure 28(left) shows a window of low transmission (with more than 30 dB 

reduction in transmission) in the frequency range of 119 MHz < f < 150 MHz (i.e., a 23% 

band gap to midgap frequency ratio). This frequency range is in excellent agreement with 

the theoretical predictions shown in Figure 28(right). 

 

Figure 28. (Left) Normalized average transmission of elastic waves propagating through 

the PnC structure in ΓK direction. More than 30 dB attenuation is observed in the range 

of 119 MHz < f < 151 MHz, which is very well matched with the theoretical calculations 

using PWE method shown on the right. 

 

The results presented in this section are the first experimental evidence for the 

possibility of achieving large complete PnBGs in PnC structures formed by etching holes 
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in a solid slab. By using crystalline Si as the solid material, it was shown that using a 

CMOS-compatible fabrication process, PnCs with large complete PnBGs can be achieved 

at high frequencies with appropriate geometries. This property is a main advantage of this 

PnC structure in contrast to previously reported results for complete PnBGs. With the 

possibility of extending the complete PnBG to even higher frequencies (using smaller 

feature sizes) and the possibility of integrating these structures with photonic and 

electronic functionalities using a CMOS-compatible process, we expect PnC membranes 

in Si to open a new dimension in the design and implementation of acoustic devices for 

wireless communication and sensing applications.  
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CHAPTER 4 

MM RESONATORS BASED ON PNBG STRUCTURES  

 

As was discussed in the previous chapters, because of the possibility of confining and 

guiding of mechanical energy with low loss using PnC slabs with PnBGs, PnC slabs are 

excellent candidates for the implementation of chip-scale integrated wireless devices, 

especially for high frequency applications, in which PnC feature sizes are small; resulting 

in compact structures. The availability of CMOS-compatible fabrication facilities makes 

SOI substrate a natural choice for such PnC slabs. However, to implement functionalities 

needed for integrated wireless applications, reliable frequency-selective structures must 

be realized. Such structures are usually formed using resonators with high Qs [28]. Thus, 

the development of high-Q resonators operating at high resonance frequencies in PnC 

slabs is a fundamental step for the deployment of PnC-based integrated wireless and 

sensing systems. However, up to now there had been only very limited theoretical studies 

[85] on PnC slab resonators.  

In this chapter, the first demonstration of PnC slab resonators at high frequencies is 

presented. High-Q PnC resonators are designed, analyzed, and fabricated using the 

complete PnBGs of the PnCs structures developed in Section  3.2. Two different methods 

of interrogation for the resonators are discussed in Sections  4.1 and  4.2 and the merits of 

each are discussed. The Qs reported in this chapter for the PnC slab resonators are among 

the highest values reported for MM resonators operating at VHF ranges.  
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4.1 Design and Characterization of a High-Q PnC Slab MM Resonator  

In this section, we report the design, analysis, fabrication, and characterization of high-

frequency Si MM resonators with high Qs using the complete PnBG of the designed PnC 

slab structure. The resonance profiles of the PnC resonators are characterized using 

resonant tunneling effect. We show that mechanical energy can be efficiently confined 

using only a few periods of such PnC slab structures. We believe that the results 

presented in this section (which are also reported in Applied Physics Letters [86]) can 

lead to more efficient MM devices that can be used in wireless communications and 

sensing systems.  

 

4.1.1 Design of the PnC Resonator 

The PnC used to develop the MM resonator is made by embedding a honeycomb array of 

cylindrical holes in a thin Si slab with similar parameters as discussed in Section  3.2.2. 

As shown in the previous sections, this PnC slab provides a large complete PnBG with 

frequency extent of 119 MHz < f < 150 MHz allowing for confining mechanical 

vibrations in a wide frequency range. The basic PnC resonator presented in this section is 

formed by removing a period (four rows) of PnC holes from the PnC structure and hence 

forming a PnC cavity, as demonstrated in Figure 29. This cavity is surrounded by three 

periods (twelve rows) of holes on each side in the x direction and is considered very large 

compared to the wavelength in the y direction.  
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Figure 29. Structure of the PnC resonator designed by eliminating one period (four rows) 

of holes from the honeycomb-lattice PnC-slab structure in Si. x, y, and z are aligned with 

the main crystalline directions of Si, a is the spacing between nearest holes, and d is the 

thickness of the slab. 

 

The reason to choose a 1D structure is to remove any possible interference from the 

other directions to study specifically the effectiveness of the PnC structure in confining 

acoustic energy in this direction.  

4.1.2 Simulation 

We analyzed the PnC resonator structure using the developed 3D FE tool discussed in 

Section  2.6. As the previous analyses, Si is considered to be fully crystalline with its main 

symmetry axes aligned to the x, y, and z directions. Since the structure is large and has 

translational symmetry in the y direction, periodic boundary conditions are used to limit 

the simulation to only one period in this direction. Three periods of PnC holes are placed 

on each side of the PnC cavity to provide enough confinement for the trapped modes in 

the complete PnBG. The structure is terminated by the stress-free boundary condition in 

the x and z directions. Our simulations show that the PnC slab resonator supports two 
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symmetric SH, a dilatational, and two flexural slab modes. Because of the ease of 

excitation using IDTs and good frequency distinction from other slab modes excited by 

IDTs, which facilitate the fabrication and characterization of the PnC resonator, we only 

consider the two flexural modes in the remainder of this section. The profiles of the three 

components of the displacement vector of these two modes along with their frequencies 

of resonance are shown in Figure 30(a) and Figure 30(b).  

 

Figure 30. Mode profiles of the displacement vector components on the structure 

boundaries and the frequency of resonance of (a) the first and (b) the second studied 

mode in the PnC cavity. u1, u2, and u3 denote the displacement vector components in x, y 

and z directions, respectively. The color bar indicates the amplitude of each field 

component in an arbitrary unit (A.U.). 

 

The resonance frequency of the first mode is approximately in the middle of the 

complete PnBG at 126 MHz, while the resonance frequency of the second mode is at 

149.5 MHz, which is very close to the upper limit of the complete PnBG. Since the 

resonance frequency of the first mode has enough frequency separation from the edges of 

the complete PnBG, we expect a better confinement of this mode (and thus, a higher Q) 

compared to the second resonant mode.  
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4.1.3 Fabrication and Characterization 

To experimentally characterize the designed PnC slab resonator, we fabricated it on a 

SOI wafer with two transducers on its two sides as illustrated in Figure 31(a) to measure 

the transmission of the flexural slab waves through the PnC resonator as a function of 

frequency. The fabrication procedure of the device is similar to what discussed in Section 

 3.2.2 and is not repeated again for the sake of brevity. An SEM image of the fabricated 

structure is shown in Figure 31(b). The size of the device in the y direction is 1.2 mm, 

which is pretty large compared to the wavelength of the studied waves (~50 µm) 

satisfying the translational symmetry condition used in the simulation. The structure is 

connected to the substrate at its two ends in the y direction. 

 

 

Figure 31. (a) Schematic of the PnC slab resonator structure with excitation and detection 

transducers on its two sides. In this schematic, the cavity region is surrounded by four 

rows of holes (one period of the PnC) on each side. (b) Top SEM image of a fabricated 

PnC slab resonator with the transducer electrodes on each side. The cavity region is 

surrounded by twelve rows (three periods) of holes on each side. 

 

 



 

78 

Utilizing the piezoelectric properties of the ZnO layer (for details please refer to 

Appendix A), flexural acoustic waves are launched toward the PnC resonator structure. 

The transmission through the PnC structures is then measured using the second 

transducer on the other side of the PnC structure. Similar to resonant tunneling effect in 

semiconductors [87], we expect peaks in the transmission of acoustic waves through this 

structure at the frequencies of resonance of the cavity. The measured transmission is then 

normalized to compensate for the frequency response of the transducers using a similar 

procedure as discussed in Sections  3.1.2 and  3.2.2.  

The normalized transmission profiles at frequencies around the resonance frequencies 

of these two modes are shown in Figure 32(a) and Figure 32(b). As expected, two peaks 

whicha are associated with the two flexural resonant modes of the cavity appear in the 

transmission spectrum of the flexural waves passing through the PnC structure. A peak in 

the transmission profile is centered at 126.52 MHz, which is in a very good agreement 

with the predicted resonance frequency of 126.0 MHz of the first studied mode found 

using FE method. The Q of the transmission profile (and hence the first resonant mode) is 

6300, resulting in a frequency by Q product (FQP) of 0.8×10
12
 Hz, which is among the 

highest FQPs (a common figure of merit for MM resonators) reported to date for Si MM 

resonators operating at atmospheric pressure [14].  

The measured frequency of the second peak in the transmission is 149.1 MHz, which 

is again in excellent agreement with the theoretical value of 149.5 MHz found using FE 

method. The Q of the second resonant mode is measured to be 2128, which is nearly one 

third of that of the first mode. This reduction in the value of Q is an expected result as the 
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resonance frequency of the second mode is much closer to the edge of the complete 

PnBG compared to the first mode.  

 

Figure 32. Normalized transmission through the PnC slab cavity structure for (a) first, (b) 

second studied flexural mode of the structure with three periods (twelve rows) of PnC 

holes on each side of the cavity, (c) first , and (d) second studied mode for the structure 

with only two periods (eight rows) of PnC holes on each side of the cavity. The peak 

frequency (f), quality factor (Q), and insertion loss (IL) are given in each figure. 

 

To evaluate the effect of the number of PnC layers on the Q of the resonant modes of 

the PnC resonator, we also fabricated the structure with only two periods (eight layers) of 

holes on each side of the cavity and measured the transmission throughout the complete 

PnBG with the same procedure discussed above. The corresponding normalized 

transmission profiles of the two studied modes are shown in Figure 32(c) and Figure 

32(d). As can be seen in Figure 32, the Q of first and second modes are dropped to 1270 
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and 680 (as compared to 6300 and 2128 for the previous structure). As expected, 

reducing the number of PnC layers results in higher coupling of the PnC cavity modes to 

propagating modes of the Si slab and consequently much lower Qs and lower insertion 

loss.  

4.1.4 Conclusion 

The FQP of the PnC resonator reported here, although one of the highest FQPs reported 

for Si resonators in atmospheric pressure, is still an order of magnitude less than the 

material-limited FQP and the highest reported FQP in MM resonators [14]. However, 

based on the very promising results presented, we believe much higher Qs can be 

obtained by enclosing the cavity structure in y direction as well as x direction and by 

increasing the number of PnC layers around the cavity in both x and y directions. Further, 

air damping plays an important role in the cavity loss in this frequency range [14] and 

operation at lower pressures can lead to considerably higher Q values. Because of the 

possibility of obtaining support loss-free structure of these PnC slab resonators, we 

expect the material loss to be the main limit on the achievable Q using PnC structures. 

More discussions on this topic will be presented in Chapter 5. 

4.2 MM PnC Slab Resonators with Direct Piezoelectric Excitation 

Optimal usage of the capabilities of PnC slabs in confining elastic vibrations can lead to 

MM resonators with improved characteristics. In addition, lateral vibration modes (with 

the standing wave in the plane of the slab) are advantageous over the thickness modes in 

slab resonators as they provide more flexibility in tuning their frequencies of resonance 

by engineering the resonator pattern (i.e. geometry). PnC resonators with resonant 

tunneling excitation confining flexural lateral vibrations with high Qs were shown in the 
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previous section. In such resonators, excitation and detection of acoustic waves is 

accomplished using IDTs fabricated outside of the resonator. This excitation technique 

puts a limitation on the number of PnC periods that can be used on the sides of the 

resonator due to evanescent coupling to the resonator. Such evanescent coupling will 

cause large insertion losses as the number of layers around the cavity increase and limits 

the larger Qs in such resonators. Therefore, new approaches for the excitation and 

detection of acoustic modes in high-Q PnC resonators are desired. Addressing this 

challenge in PnC resonators using direct excitation of the resonant modes is a major goal 

of the current section. 

Compared with electrostatic excitation [ 88 ], piezoelectric excitation of micro-

machined resonators, can yield lower motional impedances and provide better 

electromechanical coupling to vibrating modes. It also avoids the need for small 

capacitive gaps, high DC polarization voltages, and vacuum packaging [89]. However, 

piezoelectric films typically used in micro-machined structures suffer from excessive loss 

at high frequencies resulting in low Qs for resonant vibration modes. As an alternative 

solution, new resonator devices based on fabricating a thin piezoelectric transducer on 

top of a low-loss substrate (such as SCS) can simultaneously provide high values of Q 

and low motional impedance [36, 90].  

In this section we present the design, fabrication, and characterization of a SCS PnC 

slab resonator with direct thin-film piezoelectric excitation of both a flexural and an 

extensional lateral resonance. A thin piezoelectric transducer is fabricated on top of the 

SCS PnC resonator and the motional impedance and the Q of the two resonances are 

extracted from the measurements and compared. We show that especially the extensional 
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mode shows a very high Q, which is among the highest values reported for MM 

resonators with a similar structure. Further, the obtained Q is the highest value reported 

for PnC resonators reported to date. This shows the effectiveness of the SCS PnC in 

confining both flexural and extensional vibrations within the complete PnBG of the PnC. 

This excitation configuration also mitigates the limitation on the number of PnC periods 

that can be placed around the cavity and can lead to improvements in size and Q, and IL 

of the PnC resonators compared to the previously reported ones [86].  

4.2.1 Design and Fabrication Process 

The PnC slab resonator studied in this section, similar to the resonator in Section  4.1, is 

made by creating a line-defect cavity in the structure of a PnC slab as depicted in Figure 

33(a). The PnC structure is formed by embedding a hexagonal (honeycomb) 2D array of 

void cylinders in a slab of SCS. This PnC slab configuration is chosen due to the 

possibility of obtaining large complete PnBGs with appropriate geometric parameters 

[80]. Large PnBGs allow for better confinement of acoustic waves and provide more 

flexibility for frequency engineering of the resonant modes. The main geometrical 

parameters of the PnC slab are the thickness of the slab, d, the spacing between the 

centers of the nearest holes, a, and the radius of the holes, r, as shown in Figure 33(a). 

The main crystal axes of the SCS slab are aligned to x, y, and z directions. The choice of 

d = a = 15 µm, and r = 6.4 µm ensures a large complete PnBG of 117 MHz < f × a < 151 

MHz, with f being the acoustic frequency. The line defect is created by eliminating one 

period (4 rows) of holes in the x (ГK direction of the PnC) direction as shown in Figure 

33(a). Based on our full 3D FE method simulations, this cavity supports two shear-

horizontal, an extensional, and two flexural resonant modes (all with respect to 
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propagation in the x direction) within the complete PnBG of the PnC. A thin piezoelectric 

zinc oxide (ZnO) with its c-axis orientation aligned to z direction is sandwiched between 

two metallic electrodes to form the interrogating transducer of the resonator as depicted 

in Figure 33(b).  

 

Figure 33. (a) A partial schematic of the designed PnC resonator structure made by a 

removing one period (i.e., 4 rows) of PnC holes in the x direction to make a line defect. 

Geometrical parameters including the slab thickness, d, and the spacing between the 

centers of the nearest holes, a, are shown in this figure. (b) A schematic of the cross 

section of the transducer stack placed on top of the PnC cavity. (c) Top-view SEM image 

of the piezoelectric on Si PnC slab resonator after fabrication. The distance between the 

centers of the nearest holes is a = 15 µm, while the diameter of the holes is approximately 

12.8 µm. A thin layer (~100 nm) of gold covers the top of the Si slab. Approximately 1 

µm of piezoelectric ZnO layer is deposited and patterned on the cavity region. A single-

finger Al electrode is patterned on top of the ZnO layer. An electrical signal is applied 

between the Al electrode and the gold layer to excite the resonant modes of the cavity.  

 

The fabrication process of the device is similar to the one addressed in Section  3.2.2. 

The resonant region is surrounded by two sections of PnC structures each with 10 periods 

in the x direction (ГK direction of the PnC) to ensure enough acoustic isolation from the 

surroundings in this direction. The structure extends for ~1200 µm (45 periods) in the y 
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direction (ГY direction of the PnC) and therefore is very large compared to the 

wavelength of the modes in the complete PnBG. While the gold layer entirely covers the 

surface of the slab, the width of the top Al electrode and the ZnO layer in the x direction 

are 20 and 40 µm, respectively. The top electrode and the ZnO regions are fabricated 

approximately at the center of the cavity and uniformly cover the whole cavity length in 

the y direction.  

The long cavity region provides enough transduction area to better couple electrical 

energy into the acoustic modes of the resonator. The whole PnC resonator structure is 

released from the substrate by backside optical lithography and deep plasma etching of 

the handle and the buried oxide layers of the SOI wafer. A top-view SEM image of the 

fabricated structure is shown in Figure 33(c). This PnC configuration and its associated 

fabrication process have several merits. Direct excitation of the resonant modes enables 

more compact devices as the high Q of the resonator leads to a reduced level of motional 

impedance and the need for large number of IDTs is eliminated. Also, with direct 

excitation, the number of PnC periods placed around the resonant region can be increased 

to provide enough isolation from the surroundings. This can eliminate the reduction in the 

Q due to the coupling loss to the surroundings as compared to the resonant tunneling 

excitation-based resonators [86].  

4.2.2 Simulation 

Although the designed cavity also supports other types of modes, in this work the shape 

and the position of the piezoelectric transducer is designed and fabricated to excite only a 

flexural and an extensional lateral mode, which resonate near the center of the complete 

PnBG. Having the resonant modes far from the complete PnBG edges allows for higher 



 

85 

values of Q and better confinement [86] in the cavity region. Since the structure has many 

periods of PnC and translational symmetry in the y direction, instead of the entire 

resonator, a unit cell of the resonator can be simulated to obtain the resonant modes of the 

structure. The results of the simulation of a unit cell of the resonator are shown in Figure 

34. The displacement profiles of the flexural resonant mode are shown in Figure 34(a), 

while Figure 34(b) shows the displacement profiles for the extensional mode. u1, u2, and 

u3 denote the displacement components of the resonant modes in the x, y, and z 

directions, respectively. As can be noted in Figure 34(a) and Figure 34(b), for the flexural 

mode, which shows a resonant frequency of f = 126.0 MHz [Figure 34(a)], the intensity 

of the elastic field is almost equally divided between u1 and u3 components, while most of 

the intensity is in the u1 component for the extensional mode, which has a resonant 

frequency of 135.8 MHz [Figure 34(b)]. In addition, it is worth noting that the profiles of 

both modes are relatively uniform in the y direction, providing the possibility of 

efficiently exciting them with a transducer that is uniform in the y direction as shown in 

Figure 34(c).  
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Figure 34. Profiles of the displacement components in x, y, and z directions (u1, u2, and 

u3, respectively) are shown for (a) the flexural resonant mode and (b) the extensional 

resonant mode. The frequencies of resonance of both modes (126.0 MHz and 135.8 

MHz) are displayed in the figures. The amplitude distribution of different displacement 

components in each figure are demonstrated by color intensity with arbitrary units (A.U.). 

4.2.3 Characterization 

A vector network analyzer is used to obtain the frequency characteristics of the 

fabricated one-port resonator. The admittance of the fabricated resonator is measured for 

110 MHz < f < 155 MHz frequency range, which covers the whole range of the complete 

PnBG of the PnC structure. The real part (conductance) and the imaginary part 

(susceptance) of the measured admittance are shown in Figure 35(a) for the frequency 

range of interest, which includes the complete PnBG of the PnC. The two resonant modes 

supported by this structure appear in the admittance versus frequency curve as shown in 

Figure 35(a). The first mode is centered at 122.802 MHz and the second mode at 129.772 

MHz, which are both less than 5% off from the resonant frequencies calculated using the 

FE simulations. This minor difference in the resonance frequencies is believed to be 

mainly due to the effect of the transducer stack (which is not considered in the 
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simulations), the finite width and length of the simulated structure, and the non idealities 

in the fabricated structure.  

To obtain the Q and the impedance characteristics of the resonant modes of the 

cavity, we fit a Butterworth-Van Dyke (BVD) electrical equivalent circuit [91, 92] to the 

admittance profile of the structure. The equivalent circuit of the one-port resonator with 

two resonant modes is shown in Figure 33(b). A parallel resistor (R0) is further 

incorporated in the BVD model to account for the current leakage through the 

piezoelectric layer. The BVD model is fit to the frequency response of the resonator for 

both resonant modes; the Qs and the motional impedances (shown by Rm’s) are 

subsequently extracted.  

 

Figure 35. (a) Conductance (top) and susceptance (bottom) parts of the admittance of the 

MM resonator shown in Figure 33(c). The shaded region denotes the complete PnBG 

range of the PnC. The flexural and extensional vibration modes are highlighted in this 

figure. (b) Butterworth-Van Dyke (BVD) equivalent circuit model for a MM resonator 

with two resonant modes. A parallel resistance is added to the model to account for the 

current leakage through the piezoelectric film. 
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The results of fitting the BVD model to the admittance profiles are shown in Figure 

36(a) and Figure 36(b) for the flexural and extensional modes, respectively. As can be 

seen in Figure 36, the model is matched very well with the experimentally-measured 

frequency profile of the admittance. The Q of the flexural resonant mode is 3,600 with a 

motional resistance, capacitance, and inductance of Rm1 = 1,200 Ω, Cm1 = 0.3 fF, and Lm1 

= 5.6 mH, respectively, while the extensional mode proves a much higher Q of 10,000 

with Rm2 = 5,000 Ω, Cm2 = 24.5 aF, and Lm2 = 61.3 mH, respectively. The fit value for the 

parallel capacitance and resistance are C0 = 4.54 pF, and R0 = 4 KΩ, respectively. 

  

Figure 36. The BVD-model and the measured conductance (top) and susceptance 

(buttom) frequency characteristics for (a) the flexural and (b) the extensional resonant 

mode of the resonator in Figure 33(c) after removing the effects of the parallel 

capacitance and resistance in the model. The resonance frequency, quality factor, and the 

motional resistance are indicated in each figure. 

 

The Qs obtained in this PnC-based lateral-mode resonator, especially for the 

extensional mode, are among the highest Qs reported for thin film piezoelectric lateral 

mode acoustic resonators operating in air at this range of frequencies [36, 89, 90]. The Q 

of the 10,000 obtained here is also the highest value reported for PnC resonators. 

Although the Qs achievable in such resonators highly depend on the quality and the 
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proportion of the materials used and their inherent losses, such high Qs show the 

effectiveness of PnC structures in reflecting and confining different types of vibrations in 

the plane of periodicity. In addition, in this PnC resonator, the extensional mode shows a 

significantly higher Q as compared to the flexural mode. 

4.2.4 Discussions and Conclusions  

In Section  4.1 it was shown that a Q of more than 6,300 can be obtained using only three 

layers of PnC on each side of the cavity for the main flexural resonant mode. In that 

structure, the resonator was made on SCS and no transducer was fabricated on the cavity. 

The structure we report here has a similar structure despite the fact that there are more 

PnC layers surrounding the cavity, we observe approximately 40% drop in the Q of the 

resonance of the flexural mode. Since other than the number of PnC layers, the only 

difference between the two structures is the presence of the transducer stack on the 

structure we report here, we conclude that a major source of loss is due to internal and 

friction losses in the transducer stack. The higher Q of the extensional mode compared to 

the flexural mode can also be mainly attributed to the lower material and friction losses 

of the extensional vibrations and partially to the better confinement of the extensional 

mode within the cavity region. 

It should also be noted that the resonator reported here, can be considerably improved 

in several aspects. The Q of the resonant modes can be significantly improved by 

confining a cavity entirely by the PnC structures. In the structure reported here [see 

Figure 33(c)], no reflectors are fabricated to confine the acoustic modes in the y direction. 

By completely enclosing the cavity by the PnC structures with complete PnBGs (or in a 

combination with other types of reflectors), high-Q and compact MM resonators should 
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be obtained. In such a scheme, the resonant region can be completely isolated from the 

substrate at the frequencies of resonance due to the complete PnBG of the PnC. The 

mechanical support and electrical signal to the cavity would be provided through the 

structure of the PnC surrounding the cavity. Therefore, MM resonators free of support 

loss [93] can be obtained using PnC structures with complete PnBGs. Further, by using 

materials with higher inherent Qs for the electrodes and the piezoelectric layer such as 

aluminum nitride (AlN) and tungsten, the overall Q can be further improved. The 

motional resistance of the device also can be improved by appropriate shaping and 

positioning electrodes on the resonator and also by using higher order modes of the 

resonance [36]. It should be noted that multi-port resonators can readily be realized by 

appropriate positioning of additional electrodes on the resonator.  

In summary, we discussed the design, fabrication, and characterization of a PnC slab 

micromechanical resonator with direct piezoelectric excitation to efficiently confine 

lateral flexural and extensional vibrations at very high frequencies (~130 MHz). The 

modes are excited by fabricating a transducer stack directly on the resonator. We showed 

that very high Qs for both flexural and extensional types of vibrations can be obtained. 

The reported Qs are among the highest values reported for piezoelectrically-excited 

lateral-mode acoustic resonators operating at atmospheric pressures at this range of 

frequencies. Further, the Q of the extensional mode is the highest for any previously-

reported PnC resonators. This shows the effectiveness of the PnC structures in confining 

different types of vibrations. Furthermore, the use of direct piezoelectric excitation in 

MM resonators with PnCs can eliminate the support loss, which leads to resonators with 

higher Qs and lower motional impedances. Based on the results presented in this chapter, 
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it can be inferred that PnC structures can play an important role in developing MM 

resonators with improved characteristics for wireless communications and sensing 

applications.  
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CHAPTER 5 

SUPPORT LOSS SUPRESSION OF MM RESONATORS USING 

PNBG STRUCTURES AND PNBG WAVEGUIDES 

 

As mentioned in the previous chapters, MM resonators operating at high frequencies are 

of great interest in the area of communications and sensing due to their unique 

characteristics (such as high Qs) that are not efficiently obtainable using electronic 

components. High-Q MM resonators are the main building blocks of several types of 

MM systems that are widely used in wireless communication and sensing systems. Often 

a higher Q can provide a better performance for such MM systems; for instance, a 

resonator with higher Q can lead to radio frequency filters with sharper transition bands 

and lower insertion loss and sensors with better sensitivity. Therefore, although the Q is 

not the only important parameter in performance measures of a MM resonator, it is 

indeed one of the most important ones. Therefore, there has been much effort in 

developing MM resonators with high Qs. 

As discussed in the previous chapter, MM resonators that are excited using piezoelectric 

materials and in the lateral vibration modes are of great interest due to their unique 

advantages. It was demonstrated in the previous chapter that efficient piezoelectric 

excitation and confinement of elastic waves is possible using PnC slab structures in one-

dimensionally confined PnC slab structures. In this chapter, I will first introduce support 

loss, which is an important source of loss in the state of the art MM resonators and will 

then address how PnC structures may be used to suppress this source of loss in MM 
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resonators. By comparing a conventional MM resonator with supporting structures, with 

a PnC-based support loss-free resonator, we show that PnC resonators can efficiently 

reduce support loss, which results in higher Qs.  

5.1 Support Loss in MM Resonators  

High-Q MM resonators are often made by suspending a resonating mass surrounded by 

air or vacuum in all directions except for some anchor (or supporting) structures that 

provide mechanical support to the resonating mass as shown in Figure 37. Due to the 

large impedance mismatch between the solid structure and air or vacuum, most of the 

energy is stored within the resonating structure except an important portion of energy 

which is lost through the anchors. Internal loss mechanisms, such as material loss, are 

examples of the other sources of loss of mechanical energy in resonators. The loss of 

mechanical energy through the anchors or support structures is called the support loss 

[93], which is an important factor in determining the Q of the resonators, especially at 

high frequencies. Therefore, suppression of support loss is an important step toward MM 

resonators with higher Qs and better performance.  

 

Figure 37. An illustration of a typical MM resonator made by suspending a resonating 

structure to obtain high Q resonances. The structure is suspended via some supporting 

structures that mechanically hold the structure. 
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Although efforts have been constantly made to reduce the support loss from the MM 

resonators by techniques such as placement of the support structures in the nodes of the 

resonance, such techniques cannot completely suppress the support loss and the few 

number of support structures in such schemes results in lower levels of mechanical 

support to the structure. As we will address, the use of appropriate PnC structures with 

complete PnBGs can result in MM resonators that can be inherently support loss-free 

while being adequately mechanically supported.  

5.2 Design and Fabrication of a MM Resonator with Support 

To obtain the characteristics and the possibility of suppressing support loss in MM 

resonators, I designed a typical two-port MM resonator [90]. Figure 38(a) shows the 

layout of this MM resonator which shows the device layer etched regions, the supporting 

structures, the two metallic electrodes, and the backside release regions. The width of the 

supporting structures are chosen small enough to reduce the loss. The dimension of the 

device is chosen so that the first order resonant modes in the x direction falls in the 100-

130 MHz frequency range. The dimension in the y direction is chosen large compared to 

the support structures to increase the Q and also to reduce the insertion loss. Figure 38(b) 

shows a cross section of the structure cut normal to the y direction. The released 15 µm Si 

device layer, the ~1 µm ZnO layer and the 100 nm lower gold and upper aluminum (Al) 

electrodes are shown in Figure 38(b). 
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Figure 38. (a) Layout of the designed MM resonator with 4 µm supporting structures. (b) 

cross section of the designed MM resonator with Si device layer, the ~1µm ZnO layer 

and the 100 nm lower gold and upper Al electrodes.  

 

To characterize the performance of this MM resonator, I fabricated the structure using 

a CMOS-compatible fabrication process similar to the one discussed in Section  3.2.2. 

The process starts with a Si on insulator (SOI) wafer with a device layer of 15 µm, buried 

oxide layer of 2 µm, and a 400 µm handle layer. The main resonant structure is formed 

first by etching the device layer of the SOI wafer using inductively-coupled plasma 

(ICP). Then, in order to fabricate the thin transducer stack, a 100 nm layer of gold is 

deposited on top of the PnC cavity structure to form the first electrode of the transducer. 

Approximately 1 µm of piezoelectric ZnO is sputtered and patterned on the resonant 

region with its c-axis aligned to the z direction. Finally, a 100 nm Al electrode is 

patterned using a lift off process to complete the transducer fabrication. The top Al 

electrode and the ZnO regions uniformly cover the whole resonator length in the y 

direction. The long cavity region provides enough transduction area to better couple 

electrical energy into the acoustic modes of the resonator.  
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A top-view scanning electron microscope (SEM) image of the fabricated structure is 

shown in Figure 39(a). In order to de-couple the PnC slab from the substrate, the SOI 

wafer is patterned on the back using optical lithography and deep plasma etching.  

 

 

Figure 39. (a) Scanning electron microscope (SEM) image of the designed conventional 

MM resonator. (b) The transmission spectrum between the two ports of the resonator in 

the range of interest. (c) High-resolution graph of the characteristics of the flexural 

resonant mode. (d) Hgh-resolution graph of the characteristics of the longitudinal mode 

 

To characterize this structure, I used a vector network analyzer and measured the 

transmission profile of the resonator in the range of interest, i.e., 100 MHz to 160 MHz. 

Figure 39(b) shows the transmission profile of the device, where two resonant peaks 

appear in the transmission spectrum at ~106.3 MHz, and 122.4 MHz. FE simulations 

show that these two modes are associated with a flexural and an extensional vibration 

mode, respectively. To obtain the Qs of these two modes, higher frequency resolutions of 
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these modes are also measured [Figure 39(c) and Figure 39(d)] and Qs of 870 and 1,200 

are obtained for the flexural and longitudinal modes, respectively. The Qs are obtained by 

measuring the full width at half maximum of the resonant peaks in the spectrum.  

5.3 Design and Fabrication of a Support Loss-free PnC Resonator 

To characterize the role of the supporting structures in determining the Q of the 

resonator, I also designed and fabricated a similar resonant structure but with PnC 

structures to provide the mechanical support. The layout of the designed PnC resonator is 

shown in Figure 40.  

 

Figure 40. Layout of a virtually support loss-free PnC resonator. 

 

The designed PnC structure in this figure, is made of a hexagonal (honeycomb) array 

of circular inclusions with radius of r = 6.4 µm, and the distance between the centers of 

the two nearest holes of a= 15 µm. With a thickness of d =15 µm, this structure would 

show a large complete PnBG of 117 MHz < f × a < 151 MHz, with f being the acoustic 

frequency. The line defect is created by eliminating one period (4 rows) of holes in the x 

(ГK direction of the PnC) direction as shown in Figure 40. The distances between the 
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centers of the nearest holes in the x and y directions across the cavity are 60 µm and 600 

µm, respectively. This complies with the structure of the conventional MM resonator 

discussed in Section  5.2 to perform a relative comparison.  

This structure is fabricated on the same chip and underwent the same fabrication 

process as the structure in Figure 39. With direct piezoelectric excitation of the resonator, 

the number of PnC periods placed around the resonant region can be increased to provide 

enough isolation from the surroundings. This can eliminate the reduction in the Q due to 

the support (coupling) loss to the surroundings as compared to the resonant tunneling 

excitation method [86].  

Figure 41(a) shows a SEM image of the fabricated PnC resonator. The transmission 

profiles of the modes propagating from one port to the other are shown in Figure 41(b) 

and Figure 41(c) for the flexural and longitudinal vibrations, respectively. As can be seen 

in this figure, the resonant modes show an increased Q of approximately 6,000 which is 

approximately six times the Q of the modes of the fabricated conventional MM resonator. 

To ensure the accuracy of the Q calculations a BVD model was fit to the admittance of 

one of the ports. Although the Q has been greatly improved, as can be seen in Figure 

41(b) and Figure 41(c), multiple resonant modes are supported by the structure in each 

frequency region. It can be deduced that this is mainly owing to the size of the resonator 

in the y direction, which is multiple times the wavelength of the resonant mode. This kind 

of behavior is not observed in the conventional MM resonator. I believe this is because 

the Fabry-Perot reflectors are not corrugated as for the case of the PnC resonator. As such 

spurious modes are not usually desirable for communications and sensing applications, a 
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different method of fully confining the resonator with PnCs should be utilized. Such an 

approach will be discussed in detail in Section  5.4. 

 

 

Figure 41. (a) SEM image of the fabricated PnC-surrounded resonator structure. (b) Frst-

order flexural resonant modes of the structure in the x direction. Multiple modes are 

excited because of the corrugated PnC structure. (c) First-order extensional modes 

present in the PnC structure. 

 

5.4 PnC Waveguides and Waveguide-based Resonators 

As discussed, the support-loss-free MM resonators developed in Section  5.3 suffer from 

multiple resonant modes with their frequency in the vicinity of that of the principal 

resonant modes. A hypothesis discussed in that section suggested that the resonant area 

surrounded by the PnC structure supports multiple modes that have their standing waves 

both in the width and length directions of the cavity. The differences in the patterns of 

resonance of these modes cause them to have different frequencies of resonance. This is 
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often not a desirable phenomenon and structures with single-resonance characteristics 

with a larger spurious-free spectral range are more desirable for the envisioned 

applications in both communications and sensing. In this section, the methodology of 

developing support-loss free PnC resonators with such characteristics is discussed and 

resonators with high-Qs and large spurious-free spectral range are designed, fabricated, 

and characterized. As discussed in the following section, such resonators can be 

developed based on the waveguiding capabilities of the PnC structures.  

5.4.1 PnC Slab Waveguides 

Waveguiding is one of the most fundamental functionalities of the envisioned PnC-based 

integrated devices. By creating line defects in the PnC structure, elastic waves can be 

confined in and guided along the line defect. Defects can be created by locally modifying 

the PnC structure (e.g., by changing the shape, size, or position of the holes). To assess 

the possibility and quality of waveguiding in PnC structures, I designed and fabricated a 

simple waveguide by creating a line defect in the hexagonal PnC slab structures studied 

in the previous sections. As shown in Figure 42, four rows of holes are removed from the 

hexagonal-lattice PnC structure studied in the previous sections (the structure in this 

figure was partially broken after the measurement to obtain the quality of fabrication). 

Flexural waves are excited using IDTs that are patterned on a thin layer (~1 µm thick) of 

piezoelectric ZnO. A similar set of electrodes are placed on the other side of the PnC 

waveguide to sense the transmitted elastic waves. In this structure, the geometrical 

parameters of the PnC slab are a = 15 µm, r = 6.7 µm, and d = 15 µm.  
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Figure 42. SEM image of the fabricated PnC slab waveguide structure with the excitation 

and detection IDTs. The structure is broken to assess the quality of fabrication after the 

measurements are done. 

 

The transmission spectrum through the PnC with the waveguide is shown in Figure 

43. The expected PnBG region is shaded in this figure; it can be seen that the 

transmission drops at the edge of the expected PnBG and goes back up on the other edge 

of the predicted PnBG as expected. However, unlike the measured transmission through 

the perfect PnC structure, there are frequency regions within the PnBG that show good 

transmission through the PnC slab structure with waveguide. These regions correspond to 

the modes of the PnC waveguide. As can be seen from Figure 50, there is about 5 – 10 

dB loss observed in the transmission of waveguide modes through the PnC slab 

waveguide structure. A large portion of this loss can be associated to the inefficient 

coupling of the elastic waves to the modes of the PnC waveguide. This is partially due to 

the fact that the excitation transducer launches elastic waves as plane wave fronts towards 

the PnC structure and a large part of the acoustic energy does not couple to the 

waveguide structure and is reflected back by the PnC structure forming the waveguide. 
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Considering this large loss due to coupling, very small loss can correspond to the loss of 

the waveguide itself. This shows that the propagation loss of the waveguide is rather 

small and the PnC waveguide structure is effective in transmitting elastic energy. 

 

Figure 43. The transmission spectrum of flexural elastic waves passing through the 

structure shown in Figure 42. The shaded region is the calculated PnBG for flexural 

waves in the perfect PnC structure. The regions with high transmission within the PnBG 

are associated with the modes of the PnC slab waveguide shown in Figure 42. 

 

The dispersion curve of this PnC waveguide is calculated and shown in Figure 44. As can 

be seen from this figure, multiple guided modes are present in the PnBG region of the 

PnC structure. There might be cross coupling between the modes of close proximity at 

the operating points and this could be a source of loss for the waveguide and is often not 

desirable. It would be more beneficial to have waveguides that are single-mode in a wide 

range of frequencies and wavevectors so that minimum coupling to other modes would 

take place. Such waveguides can find more applications compared to multi-mode 

waveguides presented in Figure 42.  
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Figure 44. Dispersion diagram of the PnC waveguide shown in Figure 42 in the 

propagation direction. 

 

5.4.2 High-Q Waveguide-based PnC Resonators 

One reason for the multi-mode operation of the waveguide of Figure 42 is that the width 

of this waveguide is rather large and this allows multiple propagating modes to be present 

through the waveguide. To alleviate this problem, a narrower guiding region should be 

utilized; therefore, an improved waveguide configuration is proposed in this section. As 

will be shown in Section  5.4.2.2, this waveguide can be used for realizing support-loss- 

free MM resonators with large free spectral ranges. 

5.4.2.1 An Efficient PnC Slab Waveguide 

An efficient PnC slab waveguide is designed to reduce the number of guided modes 

within the waveguide. A schematic of this PnC waveguide is shown in Figure 45. In this 

configuration, instead of removing one period (four rows) of holes from the PnC 

structure, the radii of only two rows of holes are  reduced. This allows elastic waves to be 

effectively guided through the created line defect. It is also worth noting that the 

waveguide is designed for guiding operation in ΓK rather than ΓY direction. This is 

because of the more appropriate mode profiles that can be obtained in this direction in 
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terms of communication with other PnC structures and transducers. In the defect-free part 

of the structure, the normalized radius of the holes in the PnC structure is r/a = 0.43 and 

the normalized thickness of the slab is d/a = 1, where a is the distance between the 

centers of the closest holes. The normalized radius of the two rows of the holes forming 

the defect is designed to be r1/a = 0.2 to accommodate a close-to single-mode operation 

for the PnC waveguide. The dispersion curve associated with this PnC waveguide is 

shown in Figure 46.  

 

Figure 45. Schematic of a PnC waveguide made by reducing the radii of two rows of 

holes to allow the reduction of the number and extent of the modes within the PnBG of 

the PnC structure. The normalized radius of the PnC holes is r/a = 0.43 while the 

normalized radius of the two rows of holes forming the line defect is r1/a = 0.2. 

 

As can be seen in this figure, the number of guided modes in the band structure is 

significantly reduced compared to the ones shown in Figure 44. The guided modes are 

numbered from 1 to 5 on Point K of the irreducible Brillouin zone. The top views of the 

profiles of modes 1 through 5 at Point K of the band structure are demonstrated in Figure 

47(a) to Figure 47(e), respectively. The cones at each point in these figures indicate the 

amplitude and direction of the displacements. As can be seen in these figures, modes 1 
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and 2 are mostly of extensional nature, while modes 3 and 5 are of the flexural type, and 

mode 4 is mostly of the SH type. 

 

Figure 46. Dispersion diagram of the PnC waveguide shown in Figure 45 with the five 

guided modes numbered from 1 to 5. 

 

 

 

Figure 47. Mode profiles of the guided modes in the PnC waveguide shown in Figure 45 

are depicted in this figure. (a)-(e) represent the profiles of the modes 1 to 5 numbered in 

Figure 46 as they propagate at point K of the Brillouin zone. The cones indicate the 

direction and the relative amplitude of the particle displacement at each point.  
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Due to the advantageous properties of the extensional modes, such as ease of 

excitation, relative independence of the thickness of the slab, and higher Qs, modes 1 and 

2 are chosen for the design of the waveguide-based PnC resonator.  

5.4.2.2 Design of a High-Q PnC Resonator Based on a PnC Waveguide 

To form an efficient resonator, a few periods of the waveguide in the guiding direction 

are chosen and the two ends of a waveguide are closed by the PnC structure so that the 

guided modes can be completely confined within the formed cavity. To interrogate the 

resonator modes, direct piezoelectric transduction is utilized. 

Figure 48 shows the layout and SEM image of the designed waveguide-based 

resonator. The resonator is composed of 10 periods of the PnC waveguide and operates at 

the second mode indicated in Figure 44. The transducer electrodes are placed on the 

cavity region in a configuration to generate the maximum coupling to the intended mode. 

As can be seen from Figure 44, near the K poing in the reciprocal lattice, the dispersion 

bands are nearly flat. This indicates that the propagating waves are of low group velocity 

and the waves are similar to standing waves and are appropriate for developing 

resonance. Further, the resonant mode can be easily adjusted to any phase matching 

condition by simply moving the operation point to an adjacent wave vector with a small 

change in the operation frequency.  
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Figure 48. (a) Layout and (b) SEM image of the fabricated waveguide-based MM resonator. 

 

 

5.4.2.3 Fabrication and Characterization of the Designed PnC Slab  Waveguide-

based Resonator 

The structure is fabricated using the same procedure and on the same wafer as the devices 

reported in Sections  5.2 and  5.3 for a fair comparison. Different samples of the resonator 

are fabricated with the line defect aligned to the [100] and [110] crystalline directions of 

the Si device layer. A SEM image of one of the devices can be seen in Figure 48(b). 

The resonators are characterized using a calibrated network analyzer by measuring 

the transmission spectrum from one port of the resonator to the other. In addition, a 

similar BVD model as the one shown in Figure 36 is fit to the admittance measured from 

each port of the resonators to confirm the accuracy of the characterization results. The 

amplitude of the admittance of the BVD model of one of the ports of the resonator, for 

the [100]-directed device is shown in Figure 49. This figure also shows the frequency of 

the resonance, the Q, the motional resistance, and the parallel capacitor and resistor in the 

BVD model in Figure 36. As can be seen in Figure 49, unlike the profile of the modes in 
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the Fabry-Perot-based resonator of Figure 41, all the range of interest (which covers the 

PnBG) is free of the spurious modes. In addition, the Q of the resonance is higher 

compared to the conventional MM resonator and the Fabry-Perot-resonator fabricated on 

the same chip by more than 700% and 16%, respectively. The resonance frequency of the 

device is, however, slightly shifted downwards compared to the FE calculations of Figure 

46 (with a = 15 µm), where the frequency of resonance is calculated to be 133.33 MHz. 

We believe this reduction in the frequency in experiments compared to theory is mostly 

because of the layer of ZnO, which slows down the phase velocity of the phonons 

compared to Si.  

 

 

Figure 49. The amplitude of the admittance of the waveguide-based resonator structure of 

Figure 48 with its line defect aligned to [100] crystalline direction of Si. The admittance 

is found after removing the effects of the parallel capacitor and the parallel resistor in the 

model. The profile shows almost spurious-free operation for the main resonant mode 

within the PnBG. The accurately computed values for the resonance frequency, the Q, 

and other parameters in the BVD model are given in the figure. 

 

The transmission profile of the [110]-aligned resonator is plotted in Figure 50 for 

comparison. As can be seen, one large and one small resonant peak appear in the 
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transmission spectrum within the calculated PnBG of the PnC structure. The frequency of 

resonance of the structure is 131.02 MHz, which is equal to the normalized frequency of 

131.02 MHz × 15 µm = 1,965 m/s and is very well matched with the frequency of the 

designed mode at normalized frequency of 2,000 m/s at the K point in the reciprocal 

space. The better match between the calculations shown in Figure 47, and the 

experiments for the devices fabricated in [110] direction compared to the ones fabricated 

in [100] direction is that the phase velocity of extensional modes in the [110] direction is 

larger than that of for the [100] direction. This faster velocity will partially compensate 

for the slower phase velocity of the waves in ZnO. Hence, the effects would compensate 

for each other and the theoretical results obtained for the [100] direction is matched. 

In both of the structures fabricated in [100] and [110] directions, the shape of the 

excitation electrode does not match with modes 1, 4, and 5 of Figure 47, but it partially 

matches the profile of mode 3 and therefore can excite it. As can be seen in Figure 50, a 

much smaller resonant peak appears at ~125.0 MHz, which associates with the 

normalized frequency of 125 MHz × 15 µm = 1,875 m/s, which is again in excellent 

agreement with the calculated value of the frequency of mode 3 in  Figure 47. However, 

this mode is far enough from our preferred resonant mode, both in terms of frequency and 

insertion loss. Therefore, it hardly makes any trouble for any envisioned applications. 

The excitation of this unwanted resonant mode is almost negligible for the [100]-directed 

structure as shown in Figure 49. 

The fantastic characteristics of this type of MM resonator can also be the basis for 

implementing other functionalities for on-chip phononic signal processing devices. Part 

of the results presented in this chapter have been the subject of an invited talk in 
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Photonics West 2010 and some other parts have been accepted for presentation and have 

been recognized as an outstanding work in the 2010 IEEE Frequency Control 

Symposium. 

 

Figure 50. Transmission profile of the PnC waveguide-based MM resonator shown in 

Figure 48. The resonance frequency, the Q, and the insertion loss (IL) of the device are 

given in the figure. 

 

The result shown in Figure 50 is also very interesting as it shows there are not any 

spurious modes present in the PnBG region and the main mode has a large spurious-free 

spectral range (SFSR). Although the IL of the mode is rather large, it can be greatly 

improved by using materials of better quality (e.g., crystalline ZnO or materials with 

higher electromechanical coupling) and thinner substrates.  
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CHAPTER 6 

SIMULTANEOUS 2D BAND GAPS FOR PHOTONS AND PHONONS 

IN AN OPTO-MECHANICAL CRYSTAL SLAB STRUCTURE 

 

6.1 Introduction and Background  

Simultaneous PnBG and PtBGs in optically and elastically-periodic structures, dubbed 

opto-mechanical or phoxonic crystals (PxCs), can lead to great enhancements in opto-

mechanical [94], [95] and acousto-optic [96], [97] interactions withing defects in such 

crystals. 

Because of the possibility of low-cost fabrication using the lithography-based 

fabrication technology, Planar PnC and PtC structures in Si are of great interest. 

Especially, lattices with PnC and PtC lattices with 2D periodicity are interesting as they 

can provide efficient localization of optical or acoustic waves in such crystals.  

As discussed in this thesis, among planar PnC structures, PnC slabs have unique 

advantages for realization of fundamental building blocks of micro/nano-mechanical 

signal processing components such as waveguides, resonators, 

multiplexers/demultiplexers, and filters. Interest in PnC slab structures is mainly due to 

their low loss as the energy can be well confined within the thickness of the slab.  

In addition, PtC slabs with PtBGs can be used to effectively localize and control the 

propagation of photons. Efficient and compact PtC devices such as waveguides and 

resonators are instances of a wide range of applications of PtC slabs.  
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Among possible architectures, PnC and PtC slab structures with void inclusions in a 

solid background [18], [98], [84], [86] have advantages over the ones with composite 

lattices [49], [99] due to the lower cost of fabrication and the possibility of using single-

crystalline solids for realizing these devices (that will eventually translate to lower 

mechanical and photonic losses).  

Simultaneous 2D PnBGs and PtBGs have been recently shown to exist for modes 

propagating in the plane of periodicity (or in-plane modes) for PxCs of infinitely-long 

void cylindrical inclusions in Si [100]. Both square and triangular arrangements of holes 

were considered. It was also theoretically shown that in the case of the presence of a 

defect, photonic and elastic energies can be simultaneously localized in such structures 

[101]. Also, band gap maps of simultaneous PnBGs and PtBGs for a similar structure in 

LiNbO3 with optimization of the size of the gaps have been recently reported [102]. 

However, all of the considered structures were assumed to be infinite (or very large 

compared to the wavelength) in the third dimension, and the analyzed waves were 

assumed to be plane waves propagating in the plane of periodicity. Such structures are 

challenging to fabricate and usually are not compatible with planar fabrication 

technology. Contrarily, PxC slabs, with finite thickness, are practical structures that can 

be fabricated using CMOS-compatible planar technology and may support simultaneous 

2D PnBG/PtBGs.  

In this chapter, I show that simultaneous 2D PtBGs and complete PnBGs can be 

obtained in PxCs made of void cylindrical holes (filled with air or vacuum) embedded in 

a solid slab. I show that the band structure and PnBGs and PtBGs of such PxCs slabs can 
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be drastically different compared to that of the in-plane waves in PxCs of the same 

structure but with infinite thickness.  

I also show the possibility of engineering and optimizing this simultaneous band gap 

by using the geometrical parameters (e.g., hole radius and slab thickness) of the PxC slab 

structure. While the results of this study can be applicable to many solid materials, this 

study will be limited to Si for definiteness and for its unique advantages. Si is of great 

interest as it provides the possibility of integration of all electronic, mechanical, and 

photonic functionalities in a system-on-a-chip (SOC) platform. Good mechanical and 

optical properties of Si, the availability of low-cost fabrication technologies for 

fabrication of Si-based devices, and low-cost and abundance of Si substrates are among 

the other advantages of this material. It is expected that by finding simultaneous 2D 

PnBGs and PtBGs in PxC slab structures with 2D periodicity, higher Qs, better control 

over the mode profiles and propagation of the waves, and more compact structures can be 

obtained  

6.2 Method of Simulation and Simulation Assumptions 

I have used PWE technique to calculate the photonic and phononic band structure of the 

PxC Slabs. I performed 3D and 2D simulations for structures with finite and infinite 

thicknesses, respectively. Also throughout this chapter, Si is assumed to be fully 

crystalline and anisotropic with its main symmetry axes aligned to x, y, and z directions. 

The material parameters of Si are assumed to be ε = 12.25, c11=16.7×10
10
 N/m

2
, c12= 

6.39×10
10
 N/m

2
, c44 = 7.956×10

10
 N/m

2
, and ρ = 2332 kg/m

3
.; where ε is the relative 

permittivity.  
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6.3 Comparison of the band structures of 2D PxCs and PxC slabs 

Figure 51(a) shows the band structure of elastic waves propagating in the plane of 

periodicity (or in-plane waves) in a 2D square-lattice array of infinitely long void 

cylinders in a Si background calculated using 2D PWE. A schematic of the cross section 

of such a PxC is shown in the inset of Figure 51(a). a is the spacing between the centers 

of the nearest cylinders (or the lattice constant) and r is the radius of the cylinders. The 

normalized radius of the holes is r/a = 0.45. As can be seen in Figure 51(a), a PnBG 

covers the range of 2430 m/s < f × a < 3619 m/s in this PxC. Figure 51(b) shows the band 

structure of elastic waves in a square-lattice Si PxC slab calculated using 3D PWE. A 

schematic of the structure is shown in the inset of Figure 51(b), where a is the lattice 

constant, r is the radius of the holes, and d is the thickness of the slab. The normalized 

radius of the holes in the structure is the same as that of the structure in Figure 51(a) (i.e., 

r/a = 0.45), and the normalized thickness of the structure is d/a = 0.5 rather than infinite. 

The PnBG for this structure extends in the normalized frequency range of 3000 m/s < f × 

a < 3260 m/s. As can be seen, the phononic band structure and the PnBG of the structure 

with a finite thickness [shown in Figure 51(b)] are considerably different from those of 

the structure with infinite thickness [shown in Figure 51(a)].  
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Figure 51. (a) Phononic band structure of in-plane elastic waves propagating in a PxC of 

a 2D square-lattice of infinitely-long void holes in Si. A schematic of the cross section of 

such a structure is shown in the inset. In this figure, a is the lattice constant (or distance 

between the centers of the nearest holes) and r is the radius of the holes. The band 

structure associates to a structure with r/a = 0.45. (b) Band structure of elastic waves for 

square lattice of holes in a Si slab with a finite thickness. A schematic of the structures is 

shown in the inset, where a is the lattice constant, r is the radius of the holes, and d is the 

slab thickness. The band structure is calculated for r/a =0.45 and d/a = 0.5. (c), (d) Band 

structure of TE and TM in-plane-propagating optical modes in the 2D PxC explained in 

(a) and (b), respectively. The lossy optical modes above the light line are not depicted in 

(d). 

 

6.4 PtBGs of in-plane waves in 2D PxC Lattices vs. PtBGs of the PxC Slabs 

I performed a similar analysis for photonic waves in the same square lattice PxCs of 

Figure 51(a) and Figure 51(b) by calculating their photonic band structure. The 2D 
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photonic band structure of the in-plane transverse electric (TE) modes (electric field in 

the plane of propagation) and the transverse magnetic (TM) modes (magnetic field in the 

plane of propagation) for the structure of Figure 51(a) are shown in Figure 51(c). The 

normalized radius of the cylinders is r/a = 0.45 as in the case of Figure 51(a). As can be 

seen in Figure 51(c), there are both TE and TM PtBGs present in the photonic band 

structure. The photonic band structure for the more practical PxC slab structure of Figure 

51(b) for TE-like and TM-like modes is shown in Figure 51(d). The normalized radius of 

the holes and the slab thickness are r/a = 0.45, and d/a = 0.5, respectively [as in the case 

of Figure 51(b)]. Since the modes of the structure are lossy above the light line, only the 

guided modes, which reside below the light line, are considered [103]. By comparing 

Figure 51(c) and Figure 51(d), it can be seen that similar to the phononic case, the 

photonic bands and therefore, the location and width of the PtBGs, are different for the 

two cases. By considering Figure 51(b) and Figure 51(d) it can be seen that a PnBG and a 

TE-like and a TM-like PtBGs simultaneously exist for the square-lattice PxC slab shown 

in the inset of Figure 51(b).  

6.5 Simulatenous PtBGs and PnBGs in Square-lattice PxC Slabs 

The existence of this simultaneous band gap inspires a more detailed analysis to assess 

the possibility of the existence and the quality of the simultaneous PtBGs/PnBGs in PxC 

slabs. PnBG and PtBG maps for the square-lattice PxC slab with varying normalized hole 

radii (r/a) and a fixed normalized thickness of d/a = 0.5 [shown in Figure 52(a, c)] and 

for varying normalized thickness (d/a) and a constant normalized cylinder radii of r/a = 

0.45 [shown in Figure 52(b, d)] are calculated using the 3D PWE code. Such band gap 
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maps are beneficial for designing PxCs with simultaneous PnBG/PtBGs for different 

applications and conditions.  

As shown in Figure 52(a) for a constant thickness of d/a = 0.5, the PnBG in the 

square-lattice PnC slab opens up at approximately r/a = 0.43 at normalized frequency of f 

× a = 3,150 m/s, and widens up as the normalized radius increases. At normalized radius 

of r/a = 0.49, the PnBG extends to the frequency range of 2,170 m/s < f × a < 3,380 m/s. 

PnBG map of the square lattice of holes in a Si PxC slab for constant normalized radius 

of r/a = 0.45 and a varying slab thickness is shown in Figure 52(b). The PnBGs, opens up 

at d/a ~ 0.4 at the normalized frequency of 3750 m/s; by increasing the thickness, the 

PnBG widens up to 2,970 m/s < f × a < 3,400 m/s at d/a = 0.55 and closes at d/a =  0.7 at 

f × a ~ 2,800 m/s.  
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Figure 52. PnBG maps of the square-lattice PxC slab structure with (a) a constant 

normalized thickness of d/a = 0.5 as a function of the normalized radius (r/a), and (b) a 

constant normalized radius of r/a = 0.45 and variable normalized thickness (d/a). (c), (d) 

PtBG maps of the PxC structure for TE-like and TM-like optical modes for the same 

structures as in (a) and (b), respectively; the numbers near each PtBG region show the 

band numbers between which the PtBGs appear. The schematic of the associated PxC 

slab structure is shown in the inset of (a) for reference. 

 

 

The PtBG map of the square-lattice PxC slab for TE-like and TM-like modes as 

functions of normalized radius and a constant normalized thickness of d/a = 0.5 is shown 

in Figure 52(c). The PtBG maps are calculated considering the band structure of the PtC 

under the light line of the slab. PtBG regions of smaller than 5% of the center frequency 

and higher than the 6
th
 band are not considered since such gaps have limitations for 

realizing practical devices. The band numbers between which each PtBG occurs is shown 

near each region. As can be seen in Figure 52(c), three TE-like PtBGs are present in this 
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PtBG map. The first TE-like PtBG is between the 1
st
 and 2

nd
 bands and starts expanding 

at r/a = 0.33 at the normalized frequency of f × a / c = 0.295, where c is the phase 

velocity of optical waves in vacuum. This TE-like PtBG expands to a PtBG to mid gap 

ratio (or PtBG ratio) of more than 10% and closes at r/a = 0.47. The second TE-like 

PtBG occurs between the 2
nd
 and 3

rd
 TE-like bands and opens up at r/a = 0.22 and closes 

at r/a ~ 0.36 with a relatively small bandwidth (less than 7% PtBG ratio). Finally, the 

third TE-like PtBG occurs between the 4
th
 and the 5

th
 bands. It starts at r/a ~ 0.33 at f × a 

/ c = 0.465 and expands up to 0.57 < f × a / c < 0.66 at r/a = 0.49 with a maximum PtBG 

ratio of approximately 15% at this point. The only present TM-like PtBG region starts at 

r/a = 0.3 between the 3
rd
 and 4

th
 TM-like bands at f × a / c = 0.42 and expands as the 

normalized radius increases to r/a = 0.49 to 0.51 < f × a / c < 0.67 with a PtBG ratio of 

27% at this point. It is instructive to note that if there are no imperfections in the slab 

structure, TE-like and TM-like modes are decoupled from each other and can be 

separately excited and detected; therefore, several large simultaneous (TE-like or TM-

like) PtBGs and PnBGs can be obtained in this type of PxC and can be used in the 

envisioned applications.  

It is also interesting to note that a PtBG for both TE-like and TM-like modes also 

exists in the band structure shown in Figure 52(c) starting at r/a = 0.44, where f × a / c = 

0.52 and expands to 0.57 < f × a / c < 0.66 as the normalized radius is increased to r/a = 

0.49. Interestingly, this simultaneous TE-like/TM-like PtBG overlaps with the PnBG of 

the PxC at this range of geometrical parameters. This makes this structure capable of 

supporting simultaneous band gaps for all guided optical modes and all elastic waves. As 

an example, for d/a = 0.5 and r/a > 0.45, a PnBG, and PtBGs for both TE-like and TM-
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like modes exist. For a PtBG ratio of more than 8% for both TE-like and TM-like PtBGs, 

an r/a of 0.47 or larger is required. For r/a = 0.47, to have the center of the PtBG at λ = 

1.55 µm (i.e., the most desired optical communication wavelength), a and r are calculated 

to be 890 nm and 418.3 nm, respectively. The spacing between the perimeters of the 

holes, which is a major parameter dictating the fabrication limitations, is 53.4 nm. Such 

features are readily achievable using the advanced fabrication techniques such as electron 

beam lithography and plasma etching. These geometrical parameters correspond to a 

PnBG in the frequency range of 2700 m/s < f × a < 3300 m/s or 3 GHz < f < 3.7 GHz (a 

PnBG ratio of 21%), and PtBG ratios of 19% and 13% for the individual TE-like and 

TM-like PtBGs, respectively. 

The PtBG maps of this structure for a constant normalized radius of r/a =0.45 and 

variable d/a are also shown in Figure 52(d) confirming the existence of the simultaneous 

PtBGs and PnBG.  

6.6 Simulatenous PtBGs and PnBGs in Hexagonal PxC Slabs 

Comparing with the square-lattice PxC slab structures, hexagonal lattice structures are 

more desirable for phononic applications as they provide larger PnBGs with more relaxed 

fabrication requirements [80]. In addition, the triangular-lattice structures are preferred in 

photonic applications as they provide large PtBGs [103]. As will be shown in the 

following, simultaneous PnBGs and PtBGs for both TE-like and TM-like modes can also 

be obtained in the hexagonal lattice; however, the triangular lattice fails to support a 

sizable PnBG in Si PxC slabs according to our extensive calculations.  

The PnBG and PtBG maps for the hexagonal-lattice PxC slab structure are shown in 

Figure 53(a)-(d). A shematic of the analyzed hexagonal-lattice PxC slab structure is 
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shown in the inset of Figure 53(a). In this schematic, a is the distance between the centers 

of the nearest cylinders, d is the thickness of the slab, and r is the radius of the cylinders. 

The PnBG map for varying radius of the holes with a constant thickness of d/a = 1, and 

for variable thickness and a constant normalized radius of r/a = 0.45 are shown in Figure 

53(a) and (b), respectively. These values for the normalized radius and thickness are 

chosen as they lead to large PnBGs. The PnBG for this PxC slab structure of d/a = 1, 

opens up at r/a = 0.36 and expands as the normalized radius increases. As shown in 

Figure 53(b), four different regions of PnBGs exist in the PnBG map. The range of 

geometrical parameters of the hexagonal-lattice PxC required for achieving PnBGs 

corresponds to more practical values compared to the square-lattice PxCs from the 

structure stability and fabrication points of view. 

I also analyzed the photonic band structure of the hexagonal-lattice PxC slab shown 

in Figure 53(a) using 3D PWE. In this calculations, PtBGs that occur at frequencies 

higher than the 7
th
 band in the band structures are not considered due to practical 

considerations. Figure 53(c) and (d) show the PtBG of the hexagonal lattice for the same 

range of geometrical parameters associated with Figure 53(a) and (b), respectively. 

Similar to the case of the square-lattice PxC, the band numbers between which each 

PtBG occurs are shown next to each PtBG. As can be seen from Figure 53(c), both TE-

like and a TM-like PtBGs are supported in this structure in the analyzed range of 

geometrical parameters. These two PtBG regions also overlap over the normalized radius 

range of 0.29 < r/a < 0.42. However, the PtBG ratio of this overlapping PtBGs is limited 

to about 5% , which may not be sufficient for some applications; rather, the PtBG of the 

TM-like modes can be made large enough by increasing the normalized radius and can be 
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used for many of the envisioned applications. As an example, a TM-like PtBG ratio of 

12% (0.226 < f×a/c < 0.254) can be obtained for r/a = 0.42 and d/a = 1, at which the 

PnBG is obtained in the normalized frequency range of 1780 m/s < f × a < 2249 m/s 

(~23%), which is appropriate for wide bandwidth applications of PxC structures. For λ = 

1.55 µm, the value of a needs to be 371.2 nm. This corresponds to a center mechanical 

frequency of 5.4 GHz. Other parameters of this structure are calculated as r = 155.9 nm 

and d = 371.2 nm. Therefore, the spacing between the perimeters of the inclusions will be 

59.4 nm, which falls into practical fabrication conditions. Such geometrical parameters 

impose similar fabrication limitations compared to the square-lattice PxCs, however, due 

to a smaller volume ratio of void over Si, the hexagonal lattice can have a better 

mechanical stability compared to the square lattice.  

Figure 53(d) shows the PtBG maps as a function of thickness of the slab for the 

constant normalized radius of r/a = 0.45. There are four regions (two TM-like and two 

TE-like) of PtBG in Figure 53(d). The band numbers between which the PtBGs are 

formed are also indicated in this figure. As can be seen by comparing Figure 53(b) and 

Figure 53(d), simultaneous PnBGs and either TE-like or TM-like PtBGs exist for several 

values of d/a. Therefore, based on the intended applications any of such simultaneous 

band gaps can be utilized. There are two regions where a PtBG exists for both TE-like 

and TM-like modes but with a PtBG ratio of less than 5%, which may be too small for 

wideband applications.  

These results show that both square and hexagonal lattice PxC structures of void 

holes embedded in a solid slab are appropriate for achieving simultaneous band gaps for 

all acoustic waves and for optical waves with a fixed (TE-like or TM-like) polarization. 
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As can be inferred from the two given examples, for a certain optical wavelength, both 

lattice types impose similar fabrication limitations while the hexagonal lattice may 

benefit from a better mechanical stability. If the PtBG is required to exist for both TE-like 

and TM-like polarizations simultaneously with PnBGs, then square lattice PxCs are 

preferred.  

 

 

Figure 53. PnBG maps of the hexagonal-lattice PxC slab structure with (a) a constant 

normalized thickness of d/a = 1 as a function of the normalized radius (r/a) and (b) a 

constant normalized radius of r/a = 0.45 and variable normalized thickness (d/a). (c), (d) 

PtBG maps of the PxC slab structure for TE-like and TM-like optical modes for the same 

geometrical parameters as in (a) and (b), respectively. The numbers near each PtBG 

region show the band numbers between which the PtBGs appear. The schematic of the 

hexagonal PxC structure is shown in the inset of (a) for reference. 
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6.7 Concluding Remarks 

In this chapter, phoxonic crystal (PxC) slab structures that can provide simultaneous 

photonic and phononic band gaps at optical communication wavelengths and acoustic 

frequencies of a few GHz are theoretically demonstrated for the first time. PxCs made of 

the most highly used (square, hexagonal, and triangular) 2D arrays of void holes in a Si 

slab are analyzed and it is discussed that large simultaneous PnBGs/PtBGs can be 

obtained for both square and hexagonal-lattice arrangement of holes but not for the 

triangular-lattice arrangement. It is shown that the PtBGs and PnBGs in PxC slabs 

(calculated using 3D simulations) are different compared to the PtBG and PnBGs of the 

previously-reported 2D PxCs with infinite thickness (calculated using 2D simulations). 

For a certain optical wavelength and similar band gap ratios, we showed that both square 

and hexagonal-lattice PxC slab structures impose similar fabrication limitations while the 

hexagonal lattice can provide better mechanical stability. It is further shown that 

simultaneous PnBGs and PtBGs for both TM-like and TE-like modes can be obtained in 

both hexagonal and square-lattice PxC slab structures while the square-lattice PxC is 

advantageous in such case. The results of this chapter are published in Optics Express 

[104] and the reader is referred to the published reference for more detailed information. 

The results presented in this chapter should lead to structures that can greatly enhance 

opto-mechanical and acousto-opitc interactions that require simultaneous localization of 

photonic and elastic waves. 
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CHAPTER 7 

CONCLUSIONS AND FUTURE WORK 

 

In this work a new type of micro/nano-mechanical structures based on periodic arrays of 

inclusions are introduced. It is shown that similar to the periodic structures of 

semiconductors that lead to an EBG, a phononic (or acoustic) band gap (PnBG) can be 

obtained in an integrated planar platform. The structures can be fabricated and tailored 

using standard micro/nano-fabrication processes based on lithography and etching. It is 

demonstrated that this platform can be used to realize fundamental devices such as 

waveguides and resonators with outstanding characteristics and can improve key 

characteristics of such devices. A list of the main contributions made during the course of 

this work is given in the next section. 

7.1 Contributions 

1. Three efficient simulation tools are developed and utilized for the 3D analysis of 

PnC structures of different architectures. These include a 3D FDTD tool, a 3D 

PWE tool, and a 3D FE analysis tool. The FDTD and PWE tools are developed 

completely in house and the FE tool is developed by slightly modifying a 

commercial tool (i.e., COMSOL 3.4). Each of the tools has been used based on 

the simulation and analysis needs. The simulation results obtained using these 

codes show very good agreement with each other in several test cases and show 

very good agreement with the experimental data. In the development of these 
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tools, several challenges have been successfully overcome to analyze the PnC 

structures efficiently and accurately.  

2. PnC SAW structures made of void holes in Si have been analyzed, fabricated, and 

tested as an important platform for utilizing the unique properties of the PnC 

structures. However, the studies suggest that although PnBGs can be obtained in 

PnC SAW structures, they cannot be used to efficiently confine and control the 

propagation of SAWs. This is mainly a result of excessive loss of SAWs to the 

substrate as they encounter the periodic PnC structure.   

3. An efficient platform for utilizing the unique properties of PnC structures is 

introduced. The structure is made of a 2D array of cylindrical void inclusions 

embedded in a solid slab with a finite thickness. The structures are designed to be 

compatible with planar micro/nano-fabrication technology. The arrangement of 

the inclusions in the array and the geometrical parameters of the resultant 

structures are properly designed so that the structures support complete PnBGs. 

Full 3D simulations using the developed tools are conducted on these PnC slabs 

to analyze the PnBGs for various array configurations and geometries, and 

optimal structures are chosen. It is shown that these PnC slab structures can 

adiabatically control the flow of elastic waves and do not cause excessive losses 

to the waves as for the case of PnC SAW structures. 

4. By developing and utilizing advanced fabrication processes and characterization 

methods, the existence of large (more than 25% PnBG to mid gap ratio) of 

complete PnBGs in PnCs of void cylinders in a Si slab are experimentally 

verified. Excellent agreement between the experimental and the theoretical 
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predictions is observed. More than 30 dB attenuation is achieved in the 

transmission of elastic waves within the PnBG through only a few layers of the 

PnC structure; confirming the effectiveness of the PnBG in stopping the 

propagation of elastic waves. This was (to our knowledge), the first experimental 

demonstration of PnBGs in PnC slabs at such high frequencies (VHF range).  

5. The first PnC resonators at frequency ranges appropriate for communications and 

sensing applications are designed, fabricated, and demonstrated. These resonators 

are made by surrounding a small region of Si slab (i.e. a cavity) with the 

developed PnC structures. It is shown that very good confinement can be 

achieved, and high-Q resonant modes are supported within the PnBG of PnC 

structures. Again, excellent agreement of the simulations and experiments is 

obtained. A comparison of the modes in the middle of the PnBG and near the 

edges of the PnBG is made, and it is shown that the mode closer to the middle of 

the PnBG is confined more efficiently. Qs of more than 6300 are obtained for the 

flexural modes using only three layers of the PnC structure on each side of the 

cavity. This shows the effectiveness of the developed PnC structures in confining 

mechanical energy and hence opens a variety of applications for such PnC 

structures with PnBGs. 

6. Two different methods of interrogation of the PnC resonators are developed and 

utilized for the characterization of different resonant modes of the PnC resonators. 

The resonant tunneling excitation, which is based on the unique characteristics of 

the PnC structures, and direct piezoelectric excitation are used to characterize 

different modes of the developed resonators. While resonant tunneling excitation 
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method has its own applications and advantages, it is shown that by using direct 

piezoelectric excitation there is no fundamental limitation on the number of PnC 

layers surrounding a cavity and therefore, higher Qs and better confinement of the 

vibrations can be obtained. A modified Buttherworth Van Dyke (BVD) model is 

fit to accurately characterize the directly excited PnC resonators. Qs of more than 

10,000 in air are obtained for extensional modes confined in the PnC resonator. 

This Q is among the highest values reported for resonators of a similar structure.  

7. By entirely confining a Si slab region using PnC structures with complete PnBGs, 

it is shown that support loss, a major source of loss in MM resonators, can be 

effectively suppressed. These entirely PnC-enclosed resonators are fabricated and 

compared with conventional suspended MM resonators supported by anchors. It 

is shown that the PnC resonators make a larger Q by a factor of six, which is a 

proof of effective support loss suppression in MM resonators using PnC 

structures.  

8. PnC waveguides are designed, analyzed, and demonstrated by modifying line-

defects within the PnC structure. Two different waveguide configurations are 

designed; one with a few rows of inclusions removed from the PnC structure, and 

the other with only reducing the radius of two rows of the inclusions. It is shown 

that the latter can provide nearly single-mode operation and is more appropriate 

for integrated PnC system design. The performances of both types of waveguides 

are experimentally attained, and it is shown that the elastic waves can be guided 

with low-loss characteristics in both waveguide types. 
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9. Using the designed PnC waveguides, a waveguide-based MM PnC resonator is 

designed, fabricated, and tested. The resonator is made by utilizing the low-group 

velocity modes of the waveguide and closing the two ends of the waveguide by 

the PnC structure. It is shown that this resonator not only suppresses support loss 

in MM resonators and supports high Q resonant modes, but also can provide a 

large spurious-free spectral range. Instances of this resonator are fabricated 

aligned to both [100] and [110] directions of Si and show similar characteristics, 

although with slightly better performance for the [100]-direction.  

10. For the first time, it is shown that 2D photonic and phononic band gaps can be 

simultaneously obtained in realistic nano-structures. By extensively calculating 

photonic and phononic band structures of the developed PnC slab structures, it is 

shown that large simultaneous band gaps can be obtained in two major crystal 

lattices (i.e., square and hexagonal-lattice). The dependence of the simultaneous 

band gaps over a large range of geometrical parameters is assessed and a 

comparison between different lattices types is made to realize the advantages of 

each depending on the application. The results of this exploration can lead to 

devices with enhance opto-mechanical and acousto-optic interactions in an 

integrated platform. 

A list of selected publications and presentations resulting from this work is given in the 

following subsections. 
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7.1.1 Journal Publications 

S. Mohammadi, A.A. Eftekhar, and A. Adibi, “Simultaneous two-dimensional phononic 

and photonic band gaps in opto-mechanical crystal slabs,” Accepted for publications in 

Optics Express. 

S. Mohammadi, A. A. Eftekhar, W. D. Hunt, and A. Adibi, “High-Q micro-mechanical 

resonators in a two-dimensional phononic crystal slab,” Appl. Phys. Lett., 94, 051906, 

Jan. 2009. (Also selected by AIP and APS for publication in the Virtual Journal of 

Nanoscale Science & Technology). 

S. Mohammadi, A.A. Eftekhar, A. Khelif, W. D. Hunt, and A. Adibi, “Evidence of large 

high-frequency complete phononic band gaps in silicon phononic crystal plates,” Appl. 

Phys. Lett. 92, 221905-1-3, Jun. 2008. 

S. Mohammadi, A. A. Eftekhar, A. Khelif, H. Moubchir, R. Westafer, W. D. Hunt, and 

A. Adibi, “Complete phononic bandgaps and bandgap maps in two-dimensional silicon 

phononic crystal plates,” Electron. Lett. v 43, n 16, p 898-9, Aug. 2007. 

A. Khelif, B. Aoubiza, S. Mohammadi, A. Adibi, and V. Laude, “Complete band gaps in 

two-dimensional phononic crystal slabs,” Phys. Rev. E 74, 046610, Oct. 2006.  

Momeni, B. J.Huang, M. Soltani, M. Askari, S. Mohammadi, M. Rakhshandehroo, and 

A. Adibi, “Compact wavelength demultiplexing using focusing negative index photonic 

crystal superprisms,” Optics Express, v 14, n 6, March 2006. 

 

S.Mohammadi, A.A. Eftekhar, and A. Adibi, “High-Q confinement of flexural and 

extensional lateral vibrations In a piezoelectrically-excited silicon phononic crystal slab 

resonator,” Submitted. 

A. Khelif, S. Mohammadi, A. Adibi, “Coupled resonator acoustic waveguides (CRAW) 

based on phononic crystal plates,” Submitted. 

 

7.1.2 Conference Papers and Presentations 

S. Mohammadi, A. A. Eftekhar, and A. Adibi, “Support loss-free micromechanical 

resonators using phononic crystal slabs,” Accepted for presentation in 2010 IEEE 

Frequency Control Symposium, (Best Paper Finalist). 

S. Mohammadi, A.A. Eftekhar, W.D. Hunt, and A. Adibi, “Piezoelectric on substrate 

phononic band gap high-Q micromechanical resonators,” Proceedings of the ASME 

International Mechanical Engineering Congress & Exposition (IMECE), Nov. 2009, 

Lake Buena Vista, Florida, USA.  
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R. Westafer, S. Mohammadi, A. Adibi, W.D. Hunt, “Computing Surface Acoustics 

Wave Dispersion and Band Gaps,”Proceedings of the COMSOL Conference, Oct. 2009, 

Boston, MA (Best Poster Award). 

S. Mohammadi, A.A. Eftekhar, A. Khelif, and A. Adibi, “A high-quality factor 

piezoelectric-on-substrate phononic crystal micromechanical resonator,” Proceedings of 

the IEEE Ultrasonic Symposium, Sep 2009, Roma, Italy. 

S. Mohammadi, A.A. Eftekhar, W.D. Hunt, and A. Adibi, “Acoustic band gap-enabled 

high-Q micro-mechanical resonators,” Proceedings of the 15
th
 International Conference 

on Solid-State Sensors, Actuators and Microsystems (Transducers), Jun. 2009, Denver, 

Colorado.  

S. Mohammadi, A.A. Eftekhar, A. Khelif, W. D. Hunt, and A. Adibi, “Demonstration of 

high-performance functional devices in micro-fabricated phononic crystal slabs with 

complete phononic band gap,” The 8
th
 Photonic and Electromagentic Crystal 

Symposium (PECS VIII), April 2009, Sydney, Australia.  

S. Mohammadi, A. A. Eftekhar, A. Khelif, W. D. Hunt, and A. Adibi, “Two-

dimensional phononic crystal slab defect-mode micromechanical resonators,” 

Proceedings of the SPIE Photonics West, v 7223, p. 72230H-72230H-8, Jan. 2009, San 

Jose, CA., USA. 

S. Mohammadi, A.A. Eftekhar, A. Khelif, W. D. Hunt, and A. Adibi, “Experimental 

demonstration of phononic band gaps in hexagonal phononic crystal plates”, 

Proceedings of ASME International Mechanical Engineering Congress and Exposition 

(IMECE), Oct. 2008, Boston, MA., USA.  

S. Mohammadi, A.A. Eftekhar, W. D. Hunt, A. Adibi, “Demonstration of large 

complete phononic band gaps and waveguiding in high-frequency silicon phononic 

crystal plates,” Proceedings of the IEEE Frequency Control Symposium, Jun. 2008, 

Honolulu, HI., USA (Best Paper Award). 

S. Mohammadi, A.A. Eftekhar, A. Khelif, W. D. Hunt, and A. Adibi, “Evidence of the 

existence of complete phononic band gaps in phononic crystal plates,” Proceedings of 

Nanotech 2008, Jun.2008 Boston, MA., USA. 

S. Mohammadi, A.A. Eftekhar, and A. Adibi, “Large simultaneous band gaps for 

photonic and phononic crystal slabs,” Proceedings of the Conference on Lasers and 

Electro Optics (CLEO), May 2008, San Jose, CA., USA.  

S. Mohammadi, A.A. Eftekhar, W.D. Hunt, and A. Adibi, “Simultaneous photonic and 

phononic bandgaps in silicon”, The 7
th
 Photonic and Electromagnetic Crystal 

Symposium (PECS VII), May 2007, Monterey, CA, USA. 

S. Mohammadi, A.Kheilif, W.D. Hunt, and A. Adibi, “Full bandgap silicon PnCs for 

surface and bulk acoustic waves,” Proceedings of ASME International Mechanical 

Engineering Congress and Exposition (IMECE), Oct. 2006, Chicago, IL, USA. 
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S. Mohammadi, A. Khelif, R. Westafer, W.D. Hunt and A. Adibi, “Frequency Band 

Gaps in Silicon Based Surface Acoustic Wave Phononic Crystals,” IEEE Ultrasonic 

Symposium, Sep. 2006, Vancouver, Canada.  

S. Mohammadi and A. Adibi, “Development of an accurate simulation tool for the 

analysis and design of phononic crystal structures,” SPIE - The International Society for 

Optical Engineering, Optics in the South East (OISE), Oct. 2005, Atlanta, GA.  

 

7.1.3 Invited Talks 

“Compact high-Q phononic crystal resonators for wireless communications and sensing 

applications,” META 10, 2
nd
 International Conference on Metamaterials, Photonic 

Crystals, and Plasmonics, Feb. 2010, Cairo, Egypt. 

“Compact high-Q phononic crystal resonators for wireless communications and sensing 

applications,” SPIE Photonics West, Jan. 2010, San Francisco, CA, USA. 

“High-Q phononic crystal slab resonators and devices,” First International Workshop on 

Phononic Crystals, Jun. 2009, Nice, France.  

“Phononic bandgap micro/nano-mechanical structures for wireless communications and 

sensing,” Cornell University, Aug. 2009, Ithaca, NY, USA. 

“Silicon Phononic Crystals,” Georgia Tech Lorrane, Jun. 2008, Metz, France. 

 

Over all, the results and contributions made through the course of this work are only 

the beginning of the new generation of PnC-based MM devices and systems. There is a 

plethora of future directions that can be followed in the path to perfection of the PnC-

based MM structures. In the next section, a few of these directions are suggested.  

7.2 Suggested Future Directions  

1- Further development of the FDTD, PWE, and FE tools to cover a wider range of 

material systems, structures, and analysis types for the analysis of PnCs is a major 

path to meaningful contributions in this field. Analysis of the propagation loss in 

PnC structures, the quality factor in MM resonators with different number of 
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layers surrounding the cavity and considering other sources of loss (e.g., material 

loss) would be an asset in designing MM resonators with better quality.  

2- Analysis and development of other configurations of high-efficiency micro/nano-

fabricated PnBG structures can be beneficial as it may lead to obtaining large 

PnBGs with lower fabrication limitations. Moreover, different types of PnC 

structures may fit best to different applications; therefore, the diversity of 

introducing periodicity to these structures can be beneficial.  

3- Use of higher quality materials for interrogation of the devices can lead to higher 

Qs and better quality of the devices. As an example using commercially sputtered 

AlN layer as the piezoelectric materials can be advantageous compared to the 

relatively low-quality sputtered ZnO deposited in our cleanroom facility. 

Furthermore, using stiffer materials such as molybdenum and tantalum instead of 

gold can lead to devices with better characteristics. Moreover, such materials have 

better compatibility with CMOS technology compared to ZnO and gold. 

4- Many of the applications of MM structures require accurate frequency control. 

The frequencies of operation of such structures should not be drastically altered 

by the environmental variables such as temperature, moisture, and dust. 

Therefore, designing PnC structures in more complex structures (such as 

multilayer structures) that can lead to temperature stability would be of great 

benefit. Further, hermetically packaging of these structures can protect them from 

many other environmental adverse effects. This type of packaging can also lead to 

higher quality factors and devices with better characteristics if vacuum packaging 

is used. 
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5- As many of the applications in communications and sensing are in higher and 

lower ranges of frequencies, scaling and reconfiguration of these structures can 

make highly efficient devices in other ranges of frequencies possible. It is 

expected that similar to the VHF frequencies demonstrated here, the great 

potentials of PnC structures can be benefited from in the ranges of frequencies 

from a few MHz to several GHz. In addition, extending the ranges of frequencies 

towards THz regime, as the technology advances, can lead to structures that can 

control the propagation of thermal phonons, which would be an asset for thermal 

and energy management.  

6- The basic components demonstrated in this work (i.e., resonators and 

waveguides) can serve as building blocks of larger integrated phononic systems. 

Complex wireless communication devices such as filters, multiplexer, and 

demultiplexers can be realized by proper coupling of these fundamental devices. 

In addition, integration of the resultant devices on the same chip with the 

electronic circuitry can lead to microchips that can be used in commercially 

available devices. Therefore, building systems out of such PnC devices would be 

an important contribution considering the high-performance characteristics of the 

PnC structures.  

7-  It is also beneficial to optimize the PnC structures for sensing applications. 

Besides gaseous environments, liquid environments are very desirable for sensing 

applications. Therefore, design and analysis of structures that can sense the 

targeted species in a liquid environment would be of great interest. The loss 
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according to attenuation in liquids can be minimized by using the appropriate 

modes of the structure. 

8- Periodic structures are not useful only for their band gap properties. Since such 

structures greatly modify the dispersion characteristics of the propagating waves, 

they can be used to obtain effects such as negative refraction, efficient lensing 

effects, and cloaking. Although such effects may not have yet an immediate 

application in the area of communications and sensing, soon such applications 

might be revealed.  

 

As mentioned in the previous section, these are only a few of the applications of the 

PnC and PnBG structures, and these devices can find their niche uses in different 

areas of micro/nano-mechanical systems. 
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APPENDIX A 

MECHANICAL PROPERTIES OF SI AND ZNO 

 

A.1 Si Mechanical Parameters 

If the main crystalline axes of Si are aligned with the x, y, and z direction of the 

coordinate system, the stiffness tensor of Si has the form of 
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, which is typical of the cubic system because of its symmetry. This means that the 

stiffness matrix of Si can be represented by three independent parameters c11, c12, and c44.  

Since Si is not a piezoelectric material, matrix e goes to zero and no interaction with 

electric field in the material occurs; therefore, defining the density (ρ) completes the 

(linear) governing acoustic wave equation for Si.  

The stiffness tensor constants and the density of Si are c11 = 167 GPa, c12 = 63.9 GPa, 

c44 = 79.56 GPa, and ρ = 2332 kg/m
3
 (1 Pa = 1 N/m

2
). 
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A.2 ZnO Mechanical Parameters 

ZnO is a piezoelectric material with hexagonal 6mm symmetry; therefore, its stiffness 

tensor when the crystalline axes are aligned with the axis in the chosen coordinate system 

is of the form 
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The associated parameters and the density are as shown below.  
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The piezoelectric stress matrix is of the form  
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, and the associated constants are ez1 = -0.573 C/m
2
, ez3 = 1.32 C/m

2
, and ex5 = -0.48 C/m

2
.  

For more details, please refer to Reference [56]. 
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