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Abstract—The thermal and thermomechanical reliability anal-
ysis of a package is often performed under cyclic loading
conditions. An enhanced finite element method to efficiently solve
for the steady-state temperature and stress responses arising out
of such analysis is presented in this paper. It belongs to and
extends the harmonic balance finite element method (HBFEM)
technique for the case of a periodic switched linear (PSL) system.
The method captures the periodic time-varying nature in the
spectral domain. By relying on the time-invariant basis, the
method addresses the time-scale and coupling challenges that
exist with the traditional time-domain methods for the multi-
physics modeling and analysis of the electronic packages. Its
computational efficiency is verified on the power-cyclic thermal
and thermomechanical analysis of a panel-embedded package.

Keywords—Finite element method, Multiphysics modeling,
thermomechanical reliability, heterogeneous integration.

I. INTRODUCTION

Heterogeneous integration is becoming a trend in high-
performance computing systems design. Traditionally, active
components like Si devices and passive components like
inductors are discretely packaged and placed far apart on
the board. The heterogeneous integration aims to bring these
components closer to a single packaging platform. The benefits
of the integration include system-scaling and the ability to
reach beyond Moore’s law era electrical performance.

But the dense functional integration comes with multi-
physics design challenges [1]. As we make the components
compact and closer in proximity, their electrical resistance,
and thermal coupling increase. The self-heating or Joule
heating of the components increases with their resistance. The
Joule heating and thermal coupling can feed into each other,
forming a positive feedback loop and causing over-heating. To
tackle the thermal instability or runway challenges with the
heterogeneous integration architectures, the design engineers
often need to implement dynamic performance throttling fea-
tures like temperature-aware thermal gating [2]. So when the
system temperatures go above a certain threshold temperature,
overheating is sensed and the hot components are cooled by

This work was supported in part by ASCENT, one of six centers in JUMP, a
Semiconductor Research Corporation (SRC) program sponsored by DARPA.

thermal gating or power cycling them. In the design stage, to
determine how long such an architecture can be continuously
run before it overheats, one needs to perform the steady-
state thermal analysis [2] [3] under the periodic power cycling
loading condition.

The heterogeneous integration also accentuates the thermo-
mechanical design challenges. Differences in the coefficients
of thermal expansion (CTE) of the heterogeneous materials
cause thermomechanical strains at the material interfaces. Such
thermally induced strains and deformations, if constrained,
resulting in thermal stress. When materials with high young’s
modulus undergo such stresses repeatedly, the fatigue or
failure of the material like Si die cracking or Copper delam-
ination happens. The Coffin-Manson [4] model can be used
to predict the fatigue life. But the prediction model requires
the inputs of the amplitude and mean of the stress and strain
responses under the cyclic fatigue loading condition [5]. So the
package design engineers often perform the thermomechanical
analysis by fatigue loading the given package with either the
power cycling or the thermal cycling condition and obtain the
corresponding thermal stress responses.

In the design stage modeling and analysis of a package,
finite element method (FEM) based computational methods
are widely used. The major benefit of the FEM lies in its
ability to compute for arbitrary geometry shapes. But the
traditional FEM methods can be inefficient for the cyclic
or harmonic class of computational problems. The harmonic
class of computational problems has inherent periodic time-
varying excitation. The aforementioned thermal and thermo-
mechanical analyses involve cyclic load and therefore belong
to the harmonic class of computational problems. For the
thermal analysis, one needs to find the temperature response
distribution arising out of the power-cycled loading condition.
The traditional FEM relies on time-domain methods like
time-stepping or march-in-time to calculate the temperature
responses. But these methods have an upper time step limit
[6] to ensure stability and can suffer long computational time
issues. The power-cycled thermomechanical analysis calls for
the coupling between the thermal and mechanical domains.



So the temperature response needs to be solved first in the
thermal domain and passed on to the mechanical domain,
at each time instant of the temporal domain of the analysis,
across the whole computational spatial domain. This generally
requires significant computational resources. Because of this
complexity with the coupling, package designers generally
resort to the simpler uncoupled thermomechanical modeling
methodology [7] under the thermal or temperature cycling
loading condition instead of the more accurate and realistic
coupled thermomechanical model loaded under the power
cycling condition.

To circumvent the above complexities with the traditional
time-domain FEM methods for harmonic problems, this paper
presents a novel linear frequency-domain method called the
augmented finite element method (AFEM). The proposed
method combines the conventional finite element method [6]
with the augmented spectral equivalent [8] representation
available for the periodic switched linear (PSL) [9] systems.
The AFEM is particularly beneficial to cyclic thermal and
thermomechanical modeling. It solves the augmented global
stiffness matrix once and directly computes the periodic time-
domain thermal and stress responses. Also, the augmented
representation allows seam-less coupling between the thermal
and mechanical domains. Another benefit of the AFEM is that
its stability is guaranteed, as it employs Toeplitz matrix type
representations for its elements. The AFEM is analogous to
and extends the harmonic balance FEM [10] technique for
the case of periodic linear time-varying (PLTV) elements.
While the HBFEM is a complex technique for nonlinear
analysis, the AFEM is a simpler alternative for linear analysis
and additionally supports native modeling of the time-varying
behavioral materials like the thermal switch [11].

The rest of the paper is organized as follows. Section II
presents the formulation of the augmented FEM (AFEM) and
its application to the cyclic thermal and thermomechanical
analysis problems. Section III validates the method and verifies
its performance by computationally evaluating an architectural
test case, panel-embedded package. Discussion of the results
and conclusions follow in sections IV and V, respectively.

II. FORMULATION OF THE AFEM

The linear cyclic class of computational problems with
periodic excitation is amenable to the AFEM. A periodically
toggling heat source or a thermal switch, for example, can
provide such excitation. In the AFEM framework, the time-
varying variables and elements of such problems are re-
placed by their augmented spectral equivalent representations.
The solved unknowns are in spectral-domain and need to
be converted to the time-domain as a post-processing step.
This section covers the augmented basis, development of the
augmented thermal and thermomechanical element models,
assembly of the global matrices, and the time-domain steady-
state response extraction. A one-dimensional domain with
a linear interpolation function based finite element model
is considered in this section for ease of illustration. The
formulation can be extended to the higher dimensional 2D/3D

domain based finite elements with polynomial interpolation
functions.

A. Augmented spectral basis

For the linear systems, the responses arising out of the
cyclic loading condition are periodic. For example, if the heat
source in a thermal computational problem is switching at a
frequency, fs, then any variable, X(t), of the domain is also
periodic and can be expanded as the Fourier series as follows.

X(t) =

+N∑
n=−N

Xne
−jnωst (1)

where ωs is the radian frequency of the cyclic excitation or
load of the computational domain, ωs = 2πfs and Xn ∈ C
are the Fourier coefficients of X(t) with X−n = X∗n. Here
X∗n denotes the complex conjugate of Xn. N is the number
of positive harmonics, related to the Fourier series expansion
order, D, as D = 2N + 1.

The AFEM framework operates in the frequency-domain
and interprets the periodically time-varying variables using
their augmented spectral equivalents. In the augmented spec-
tral basis, the vector consisting of the Fourier coefficients, X̃ ,
as given below, represents the waveform, X(t).

X̃ =



X−N
.
.
X0

.

.
XN


(2)

Similarly, materials with time-varying property, can be
replaced by their augmented equivalents representation [8] in
the Toeplitz square matrix form of size D×D. For example,
augmented representation of an element with periodic time-
varying thermal conductivity, ksw(t), is given in Table. I. Here
Kn are the Fourier coefficients of ksw(t).

B. Augmented thermal finite element model

For the heat transfer problems, the primary unknown is
the temperature distribution. The governing heat equation is
derived from the energy conservation principle. Considering
a one-dimensional control volume, energy generated balances
the energy stored within and flowing out through the boundary
of the domain. In equation form, the governing heat equation
is given below.

ρcp
∂T (X, t)

∂t
+∇.(−k∇T (X, t)) = Q (3)

where the dependent variable T is temperature and the inde-
pendent variables t and X are time and position inside the
control volume. Q is the heat generated and ρ, cp, and k, are
respectively the density, specific heat capacity, and thermal
conductivity of the material of the control volume.



In the conventional finite element modeling methodology,
the governing partial differential equation above becomes the
element-level algebraic equation, as given below.

[ke]{T}+ [me]{Ṫ} = {rq} (4)

where {rq} is the vector consisting of the nodal body forces
corresponding to the heat source, [ke] is the element stiffness
thermal conductivity matrix and [me] is the lumped thermal
mass matrix. {T} is the vector consisting of the unknown
nodal temperatures of the element.

For a linear 1-D heat transfer analysis problem [6], the
above element-level algebraic equation becomes the following
matrix-based equation.

Aeke
le

[
1 −1
−1 1

] [
T e1
T e2

]
+
me

2

[
1 0
0 1

] [
Ṫ e1
Ṫ e2

]
=
ve
2

[
Qe
Qe

]
(5)

where Ae, ke,me, le, T
e
1 , T

e
2 , Q

e
1 and Qe2 are respectively the

cross sectional area, thermal conductivity, thermal mass,
length, nodal temperatures, and nodal heat transfer rates of
the 1D element. Here thermal mass, me = ρecpeve, where
ρe, cpe are the material properties, the density and specific heat
of the element respectively and ve is volume of the element,
ve = Aele.

The time derivative term in eq.5 above makes its solution
time-dependent. Note also that the degrees of freedom per
node for the above case of the conventional FEM method,
given in eq. 5 is one. With one degree of freedom per node,
we can only obtain the nodal temperature response at one
instant of time. So the traditional FEM methods need to do the
time-stepping or marching-in-time procedure to solve for the
transient and steady-state time-domain temperature waveforms
or profiles.

To avoid the time-dependency, the augmented FEM method
uses a governing equation that is in the frequency domain and
independent of time. Applying Laplace transform on eq. 3, we
get the following time-harmonic form of the heat equation. We
consider the initial condition, temperature T(x,t=0)=0, for the
given computational domain.

ρcpsT (X, s) +∇.(−k∇T (X, s)) = Q (6)

where s is the independent variable in the Laplace domain,
expressed in radian frequency, ω as s = jω. The radian
frequency is related to linear frequency, f, as ω = 2πf .

The element-level algebraic equation corresponding to the
above governing equation is as follows.

{rq} = [ke]{T}+ s[me]{T} (7)

Note that the above algebraic eq. 7 is in the frequency-
domain and there is no time-dependent term. That allows us
to combine the augmented spectral basis with the conventional
finite element methodology. In the resulting augmented FEM
methodology, we use the augmented matrix representation for
each of the primary and secondary variables of the finite
elements, assemble the augmented element matrices into the

global matrices, do the augmented matrix inversion to solve
for the Fourier coefficients of the unknown temperature. The
augmented representations for the variables, stiffness, and
force matrices for modeling the 1D finite elements are shown
in Table. I. In the table, ωs corresponds to the fundamental
periodic switching activity present in the computational do-
main. For example, in the power cycled thermal analysis, ωs
is the periodic angular frequency of the switching heat flux or
source.

In the augmented spectral basis, the degree of freedom per
node is increased to N + 1. With the augmented degrees-
of-freedom, the time-marching is avoided. However, it needs
an extra post-processing step, as the solution is also on
the augmented basis. So the frequency-domain solution is
converted to the time-domain response as a post-processing
step, as in section. II-E. The following examples illustrate such
additional degrees of freedom for the T e1 and Qe1.

TABLE I
1D THERMAL AND THERMOMECHANICAL AFEM FRAMEWORK a

Variable Augmented representation
Temperature, T T̃ =

[
T−N , . . . , T0, . . . , TN

]T ∈ CD×1

Displacement, D D̃ =
[
D−N , . . . , D0, . . . , DN

]T ∈ CD×1

Heat flux, Q Q̃ =
[
Q−N , . . . , Q0, . . . , QN

]T ∈ CD×1

Laplace, s s̃ = jωs.diag(
[
−N, . . . , 0, . . . , N

]
) ∈ CD×D

Thermal domain Augmented element stiffness and force matrices
Conduction

1 2

ke k̃e = Aeke
le

[
1̃ −1̃
−1̃ 1̃

]
2D×2D

Capacitance

1 2

me m̃e = me
2

[
s̃ 0̃
0̃ s̃

]
2D×2D

Convection

1 2

T∞

hc

ke k̃e = Aehc

[
0̃ 0̃
0̃ 1̃

]
2D×2D

Thermal switch

1 2

kswe k̃e = Ae
le

[
K̃sw −K̃sw
−K̃sw K̃sw

]
2D×2D

Heat source

1 2

Qe r̃q = ve
2

[
Q̃e
Q̃e

]
2D×1

Thermomechanical Augmented element stiffness and force matrices
Elastic bar

1 2

Ee k̃e = AeEe
le

[
1̃ −1̃
−1̃ 1̃

]
2D×2D

Thermal strain

1 2

αe ,Te fT2fT1 r̃ε = AeEeαe

[
−(T̃e − ˜T∞)

(T̃e − ˜T∞)

]
2D×1

Others Augmented representation
Constant, c ∈ R c̃ = c.diag(

[
1, . . . , 1, . . . , 1

]
) ∈ RD×D

Ambient, T∞ ˜T∞ =
[
0, . . . , T∞, . . . , 0

]T ∈ RD×1

Periodically
time-varying
material
property

ksw

˜Ksw =


K0 K−1 . . . K−2N

K1 K0 . . . K−2N+1

...
...

. . .
...

K2N K2N−1 . . . K0


D×D

a augmented basis dimension, D = 2N + 1 for N positive harmonics.



T̃ ei =



T ei,−N
.
.
T ei,0
.
.

T ei,N


(8)

Q̃ei =



Qei,−N
.
.

Qei,0
.
.

Qei,N


(9)

With the higher degrees of freedom in the spectral-domain,
the traditional finite element model eq. 5 becomes the aug-
mented finite element model as follows.

Aeke
le

[
1̃ −1̃
−1̃ 1̃

] [
T̃ e1
T̃ e2

]
+
me

2

[
s̃ 0̃
0̃ s̃

] [
T̃ e1
T̃ e2

]
=
ve
2

[
Q̃e
Q̃e

]
(10)

where 1̃ and 0̃ are the identity and null matrices of size
(2N +1)× (2N +1) respectively. s̃ is the augmented Laplace
variable as given in Table. I.

The nodal temperatures, T̃ ei , are the primary unknowns in
the equation above. From the nodal temperatures, T̃ ei , the
element temperature can be obtained based on the interpolation
function used. For the 1D linear element case, the element
temperature at its center is the mean of nodal temperatures, as
follows.

T̃e =
T̃ e1 + T̃ 2

2

2
(11)

C. Augmented thermomechanical finite element model

The governing equation for the structural analysis of linear
elastic solids can be derived from two fundamental rela-
tions: Hooke’s law of stress-strain relation and the strain-
displacement relation. For the thermomechanical analysis,
where the thermal strains are the mechanical loads, the fol-
lowing finite element algebraic equation [6] can be obtained.

{rε} = [ke]{d} (12)

where {d} is the vector containing the nodal displacements
of the element, [ke] is the stiffness matrix of the element, and
{rε} is the vector containing the equivalent nodal loads due
to change in the element’s temperature.

For a 1D element, under the linear elastic stress-strain
model, the stiffness matrix of a bar element is given as follows.

[ke] =
AeEe
le

[
1 −1
−1 1

]
(13)

where Ee is the Young’s modulus of the element.
Similarly, the equivalent load vector from initial strains due

to temperature change is given below.

{rε} = AeEeαe

[
−(Te − T∞)
(Te − T∞)

]
(14)

where αe, Te and T∞ are the CTE, body temperature and
ambient temperature of the element respectively.

Substituting eqs. 13 and 14 in eq. 12, we get the following
finite element equation for a 1D FEM model.

AeEe
le

[
1 −1
−1 1

] [
De

1

De
2

]
= AeEeαe

[
−(Te − T∞)
(Te − T∞)

]
(15)

Similar to the thermal model above, where the traditional
finite element equation form in eq. 5 transformed to the aug-
mented form in eq. 10, the above linear stress-strain model of
the 1D element can be transformed to the following augmented
form:

AeEe
le

[
1̃ −1̃
−1̃ 1̃

] [
D̃e

1

D̃e
2

]
= AeEeαe

[
−(T̃e − T̃∞)

(T̃e − T̃∞)

]
(16)

where T̃e is the element temperature. T̃e acts as the coupling
link between the thermal and mechanical domains. It is
obtained from the eq. 11 at the end of solving the augmented
thermal model.

D. Assembly and solution

Based on the element connectivity information, we assemble
all the augmented element matrices into a global stiffness
matrix. Post-assembly, we get a global stiffness or conductance
matrix, K̃. Since the augmented element matrices are shown
in Table. I are in Toeplitz matrix form, matrix inverse of
the K̃ exists. So, solutions to eqs. 17 and eq. 18 below are
guaranteed. For the thermal domain, solving the linear eq. 17,
we get the vector of nodal temperatures at all the nodes of the
spatial domain, T̃i.

Q̃ = ˜KThT̃i

T̃i = ˜KTh

−1

Q̃ (17)

where Q̃ is the excitation term equivalent of the thermal
load or heat flux and ˜KTh is the global stiffness matrix of the
thermal domain.

For the coupled thermomechanical analysis, we use the
nodal temperature, T̃i, to compute the temperature of the
elements, T̃e, using eq. 11. From the element temperatures,
the force equivalent of the thermal strains, R̃ε , are computed.
Then, solving the linear eq. 18, we get the values for the nodal
displacement vector, D̃i.

R̃ε = ˜KTM D̃i

D̃i = ˜KTM

−1

R̃ε (18)

where R̃ε = α∆T̃e is the forcing function equivalent to the
thermal strain and KTM is the global stiffness matrix for the
thermomechanical domain.



E. Post-processing

Post matrix inversion of the global stiffness matrices of
the thermal and thermomechanical domains, KTh and KTM ,
the obtained solutions of the eqs. 17 and 18 are in the
frequency-domain. The obtained frequency-domain solutions
are complex numbers, Ti,n and Di,n ∈ C, and are converted
to the nodal time-domain waveforms, Di(t) and Ti(t) ∈ R,
using eqs. 19 and 20 below. From the nodal displacements
waveforms, Di(t) , Von-Mises stress waveforms can be com-
puted.

Ti(t) =

+N∑
n=−N

Ti,ne
−jnωst (19)

Di(t) =

+N∑
n=−N

Di,ne
−jnωst (20)

III. RESULTS

An embedded die package [12], as shown in Fig. 1, is taken
as a test case to verify the augmented FEM method given in
section II. The Si device is embedded in the substrate core,
with the the RDL layer providing top-side electrical connectiv-
ity, while the bottom side of the die is used for the heat removal
through the thermal interface material (TIM) and heat spreader
to the ambient. The thermal and thermomechanical material
proprieties are in Tables. II and III respectively. 2D AFEM
based thermal and thermomechanical analysis is performed
on the package architecture. First, the problem domain shown
in Fig. 1 is discretized as a mesh of 100 2D triangular
elements with 150 nodes. Next, thermal analysis is performed
to compute the unknown nodal temperature profiles across the
whole domain. For the thermal analysis, power cycling loading
conditions of 1s period under boundary conditions, as shown
in Figs. 1 and 2a, are applied. To validate the AFEM, the
temperature response of the package at the Si die location is
compared with that of an independent tool, Wolfram FEM,
using the same mesh. Their computation times are compared
against each other and the results are in Table. IV. The
validation results are in Fig. 2b. Now, with the temperature
distribution known across the domain, the thermal strain
equivalent loads can be computed and the thermomechanical
analysis can be performed. For the thermomechanical stress
analysis, the 2D domain can be modeled as either the plane-
strain or plane-stress problem. Compared to the plane-stress
model, the plane-strain model is more apt for the architecture-
level cross-sectional analysis of electronics packages [13], as
the out-of-plane dimension or z-direction depth is generally
much larger compared to the in-plane dimensions of the cross-
sectional view of the package. So, the plane-strain model
is chosen for the thermomechanical analysis. The coupled
analysis is performed with the boundary condition of fixed
support on the left side of the package and thermal being the
only loading condition. The thermomechanical results are in
Fig. 3.

TABLE II
THERMAL MATERIAL PROPERTIES a

Component k (W/m-K) ρ (kg/m3) cp (J/kgoC)
Heat spreader 400 8940 390

TIM 5 1600 1320
Silicon device 148 2533 750

Dielectric 1.5 1040 1110
Substrate 1 2200 768

a k, ρ, and cp are thermal conductivity, density, and specific heat.

TABLE III
THERMOMECHANICAL MATERIAL PROPERTIES a

Component E (GPa) α (ppm/oC) ν
Heat spreader 121 17.3 0.3

TIM 20 19.6 0.36
Silicon device 140 2.6 0.28

Dielectric 8 18 0.35
Substrate 74 3.8 0.23

a E, α, and ν are Young’s modulus, CTE, and Poisson’s ratio.

IV. DISCUSSION

The results of Fig. 2b successfully validate the steady-
state computation of the proposed augmented FEM method.
Table. IV shows that the proposed method is around 233 times
faster than the traditional FEM method. This is because of the
large time constant of the thermal systems in general and the
time-stepping nature of the traditional FEM methods. While
the augmented FEM performs the matrix inversion only once
in the frequency domain, the traditional FEM methods like
Wolfram perform matrix inversion at every time step of their
time-marching procedure. The large thermal time constant
also inhibit the time-stepping methods from reaching steady-
state quickly. In the example, shown in Fig. 2b, the transient
nature can be seen for the first 5s. So the traditional methods
have to additionally compute the 5s before the steady-state
is reached. The results show that the proposed method is
agnostic to the time-scales or time-constant of the system,
while the traditional methods are adversely impacted by the
large thermal time-constants. The temperature field maps in
Figs. 2c and 2d show that the Si device is the hot spot and
reaches temperatures of 74oC and 62oC respectively, which
match with the peaks and valleys of its steady-state response
in Fig. 2b.

The coupled thermomechanical results in Fig. 3 show the
stresses and horizontal displacements along the x-axis in the
system due to the power-cycling loading condition. The von
Mises stress in Fig. 3b shows that the average stress value
is around 10 Mpa and the amplitude of the alternating stress
profile is around 6 MPa. These values are below the yield
strength of the Glass substrate and indicate that there is enough
safety factor for operation. The peak horizontal displacement
at the device/substrate interface is around 13.7 µm, which is
quite small, compared to the other length dimensions which
are in mm. Fig. 3c shows the displacement field across the
system and highlights that the displacement is higher at the
right edges, as it is further away from the fixed support.



10 mm

20 mm

1 mm

20 μm

20 μm

100 μmGlass 
substrate core

Redistribution layer

Heat spreader

TIM

Si device

40oC hc=100W/m2K

hc=2500W/m2K

Dielectric

Fixed support

x

y

Fig. 1. Panel-embedded package architecture

Finally, Fig. 3d shows the overlap of the coarse mesh of
the initial system (solid) at room ambient temperature and
its 10x scaled thermal deformation (dashed). This shows that
at the peak of the power cycled thermal loading conditions,
the deformed system moves upward and away from the initial
system at the room temperature. The AFEM is a linear method,
so materials with linear and isotropic properties are considered
in this work. As part of the future work, the extension of the
method to the non-linear behavioral geometry and materials
like plasticity, temperature dependency, and time-varying [11]
nature can be studied.

TABLE IV
COMPARISON OF COMPUTATION TIME FOR STEADY-STATE ANALYSIS a

Analysis Wolfram FEM Augmented FEM with N=10
Thermal 14s 0.06s
arun on Intel Core i7 system with 16GB RAM.

V. CONCLUSION

An enhanced finite element method capable of direct time-
periodic linear steady-state analysis is presented. From the test
case involving thermal and thermomechanical analysis of a
panel-embedded package, this paper shows that the proposed
method is seamless and agile for the dynamic coupled multi-
physics modeling and analysis of the heterogeneously inte-
grated architectures.
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