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Abstract—An enhanced PEEC model for periodic steady-state
analysis is presented. It interprets a dynamical domain as a
network of linear and switching elements and represents them
with their augmented spectral equivalents. Its computational
efficiency is verified on the thermal and power delivery analysis
of integrated voltage regulator architectures.
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I. INTRODUCTION

Heterogeneous integration has become an avenue to reach
beyond-Moore’s law performance. But the performance comes
at a cost of multi-physics challenges. Integrated voltage reg-
ulator (IVR), for example, has disparate components like
embedded passives and fast-switching GaN devices [1] in
close proximity. In implementing such a functionally dense
architecture, its multi-physics time-domain characterization
is necessary. For example, steady-state temperature response
[2] under periodic power cycle loading condition indicates
how long the architecture can be run continuously at its
peak performance before being overheated and subsequently
thermal gated [2]. Similarly, voltage droop response [3] of
a power delivery network (PDN) under a switching circuit’s
step load current determines the power integrity of the system-
on-chip (SOC). But in obtaining such time-domain responses,
traditional transient time-domain methods are prone to long
computation time, instability [4], and integration errors [5].

To circumvent such limitations, an enhanced PEEC model
capable of periodic steady-state time-domain analysis is pre-
sented in this paper. It combines the PEEC method [5] with
the augmented spectral equivalent circuit technique [6]. The
augmented PEEC method is particularly advantageous for
the aforementioned power and thermal computational prob-
lems. For the dynamical thermal domain, it directly solves
the steady-state temperature response, while the traditional
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transient methods suffer from long computation time due to
their time-stepping nature and large thermal time-constant of
the domain. On the other hand, for the dynamic power delivery
analysis, the augmented PEEC method can model the PDN
end-to-end as a single black-box, including its DC voltage
source, passive interconnects and load switching circuits of
SOC, and directly solve the voltage droop response in a single-
step, while the traditional methods need separate black-box
models, S-parameter model for the interconnects and piece-
wise linear (PWL) model for the load switching circuits. Also,
the augmented PEEC model is stable, as the model’s system
stiffness matrix is sparse, full rank and guaranteed to have an
inverse due to the Toeplitz nature of its building blocks.

II. FORMULATION

Extending the traditional PEEC method’s linear time-
invariant (LTI) circuit interpretation, the augmented PEEC
method considers a given dynamical computational domain
as a periodic switched linear (PSL) system. Such a sys-
tem can be characterized by a Fourier series [7] based bi-
frequency transfer function [8]. So we use the Fourier series
based augmented spectral equivalent [6] representation for
each partial element/variable of the computational domain,
assemble the global stiffness matrix from the mesh data of the
computational problem, and solve it to determine the unknown
periodic steady-state responses of the domain. For the dy-
namical power and thermal domains considered in this paper,
their equivalent PSL systems are DC or ’0’ frequency excited,
which simplifies their augmented representations. Note that the
simplified framework given below is analogous to and extends
[9] the harmonic balance method for the class of PSL systems.

A. Augmented PEEC computational framework

The augmented framework uses a complex exponential
basis set. For a dynamical computational domain or PSL
system, the switching frequency of its switch or time-varying
source, ωs, is used as the fundamental frequency of the basis.
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The number of positive harmonics of the fundamental, N ,
determine the fidelity of the steady-state response. For a time-
varying variable or switching element of the PSL system,
the coefficients of the basis are the Fourier coefficients of its
respective time-varying characteristic. The basis expansion for
such a variable and switch is given in eqs. 1 and 2 respectively.

X(t) =

+N∑
n=−N

Xne
−jnωst (1)

where X(t) ∈ R and Xn ∈ C are its Fourier coefficients.

Ysw(t) =

+N∑
n=−N

Yne
−jnωst (2)

where Ysw(t) ∈ R is the switch’s time-varying periodic
conductance profile, and Yn ∈ C are its Fourier coefficients.

Based on the basis above, the augmented spectral equiva-
lents for the variables, elements and excitation sources of a
dynamical domain are listed in Table I. Classic LTI elements-
resistors, conductance, capacitors and inductors- become di-
agonal matrices, while time-varying switches become Toeplitz
matrices. Similarly, the time-varying variables and sources of
the domain, like voltages and currents, become vectors.

TABLE I
AUGMENTED BLACKBOX REPRESENTATIONS a

Element/variable Augmented spectral equivalent representation
Laplace, s s̃ = jωs.diag(

[
−N, . . . , 0, . . . , N

]
) ∈ RD×D

Voltage, V Ṽ =
[
V−N , . . . , V0, . . . , VN

]T ∈ RD×1

Temperature, T T̃ =
[
T−N , . . . , T0, . . . , TN

]T ∈ RD×1

Current, I Ĩ =
[
I−N , . . . , I0, . . . , IN

]T ∈ RD×1

Heat flux, Qsw Q̃sw =
[
Q−N , . . . , Q0, . . . , QN

]T ∈ RD×1

DC source, EDC ẼDC =
[
0, . . . , EDC , . . . , 0

]T ∈ RD×1

Scalar, k k̃ = k.diag(
[
1, . . . , 1, . . . , 1

]
) ∈ RD×D

Resistor, R R̃ = R.diag(
[
1, . . . , 1, . . . , 1

]
) ∈ RD×D

Inductor, L L̃ = L.diag(
[
1, . . . , 1, . . . , 1

]
) ∈ RD×D

Capacitor, C C̃ = C.diag(
[
1, . . . , 1, . . . , 1

]
) ∈ RD×D

Conductance, G G̃ = G.diag(
[
1, . . . , 1, . . . , 1

]
) ∈ RD×D

Switch
S

Ỹsw =


Y0 Y−1 . . . Y−2N

Y1 Y0 . . . Y−2N+1

...
...

. . .
...

Y2N Y2N−1 . . . Y0


D×D

a augmented basis dimension, D = 2N + 1 for N positive harmonics

B. Augmented Thermal PEEC

Representing the finite-difference method’s (FDM) [10]
thermal cells using the augmented matrix forms from Table
I and applying Kirchhoff’s current law (KCL), the following
augmented circuit eq. 3 can be written.[

s̃C̃ + G̃
] [
T̃
]

=
[
Q̃sw

]
(3)

where Q̃sw is the time-varying heat flux load. C̃ and G̃ are
the augmented capacitance and conductance.

The solved nodal temperature, T̃ , of eq. 3 can then be
converted to time-domain profiles, T(t), using eq. 1.

C. Augmented PDN PEEC
The dynamical PDN can be modeled as an equivalent circuit

consisting of RLCG elements [11], DC source and a switching
load. Using the augmented matrix representation from Table
I and applying KCL and Kirchhoff’s voltage law (KVL), the
following augmented circuit eq. 4 can be written.[

s̃C̃ + G̃ + Ỹsw Ã

ÃT −(R̃ + s̃L̃)

] [
Ṽ

Ĩ

]
=

[
ĨS = ~0

ẼDC

]
(4)

where Ã is augmented incidence matrix, Ỹsw is switching load
device, ĨS is current source, a null vector for our case, ẼDC is
DC excitation voltage source and Ĩ is unknown current profile.

The solved nodal voltage, Ṽ , of eq. 4 can then be converted
to time-domain voltage droop profile, V(t), using eq. 1.

III. RESULTS

IVR architectures, shown in Fig. 1, are used as test cases to
validate the proposed method and evaluate their performance.
For thermal validation, a 500 quad element 2D mesh of
the 2D IVR case is run in both the Wolfram Mathematica
FEM package having 561 nodal unknowns and the proposed
augmented PEEC method having 500×21 or 10500 unknowns
with the boundary and loading conditions shown in Figs.1a
and 2a. Similarly, for the power domain, 3D IVR package
PDN is modeled with Ansys HFSS and is run in Keysight
ADS based transient under the 1A current step loading and
equivalent circuit conditions shown in Figs. 3a and 3b. 3D
IVR’s PDN include via and c4 arrays, while the 2d IVR
additionally include parallel planes. SOC die is modeled as
Cdie of 50nF with parasitic resistances of 2mΩ. The validation
study results are shown in Figs. 2b, 3c, and Table II, while
the evaluation study results are in Figs. 2c, 3d and Table III.

IV. DISCUSSION

The validation results, in Figs. 2b and 3c, show perfect
match and thus validate the proposed method. Table II shows
that it is 2500x faster. On the other hand, typical PDN’s
time constant is much smaller, so its steady-state response is
identical to the transient right from the start, as shown in Fig.
3c. So the method addresses the time-scale challenges in multi-
physics. Also, multiple tools like ADS and HFSS were needed
to generate the transient, while the augmented PEEC did it
seamlessly in a single-step. Multi-physics evaluation results
in Table III show that the 3D IVR performs better in power
delivery but is thermally-limited. Short and direct current path,
as highlighted in Fig. 1b, results in lower voltage droop for
the 3D IVR, while the lateral power planes in the 2D IVR,
as in Fig. 1a, cause additional loop inductance, resulting in
its higher voltage droop. Also, comparing temperature maps,
in Figs. 2d and 2e, indicate that the 3D IVR’s embedded in-
ductors are in the hotspot, therefore needing advanced thermal
management solutions. As part of future work, Numerical in-
verse Laplace transform (NILT) [9] technique can be explored
to capture the initial transient response from 0 to 20s in Fig.
2b. Joule heating caused by electro-thermal coupling can also
be explored for a more accurate temperature profile.
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Fig. 1. Heterogeneously integrated voltage regulator (IVR) architectures
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Fig. 2. Augmented PEEC based thermal analysis

TABLE II
STEADY-STATE RESPONSE COMPUTATION TIME COMPARISONa

Test case Wolfram FEM Augmented PEEC with N=10
2D IVR 173s 0.07s
arun on Intel Core i7 system with 16GB RAM.

TABLE III
IVR ARCHITECTURE EVALUATION USING THE AUGMENTED PEEC a

Test case Voltage droop (mV) Tinductor(°Tinductor(°Tinductor(°C)
2D IVR 22 70
3D IVR 3.25 107
awith number of positive harmonics, N=10 for thermal and 20 for PDN.
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Fig. 3. Augmented PEEC based power delivery analysis

V. CONCLUSION

An extended PEEC model capable of direct time-periodic
steady-state analysis is presented. From the test cases involving
power and thermal evaluation of heterogeneously integrated
voltage regulators, this paper shows that the proposed method
is seamless and agile for dynamic multi-physics modeling.
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