
Impedance Response Extrapolation of Power Delivery
Networks using Recurrent Neural Networks

Osama Waqar Bhatti
School of Electrical and Computer Engineering
3D Systems Packaging Research Center (PRC)

Georgia Institute of Technology
Atlanta, GA, USA

obhatti3@gatech.edu

Madhavan Swaminathan
School of Electrical and Computer Engineering
3D Systems Packaging Research Center (PRC)

Georgia Institute of Technology
Atlanta, GA, USA

madhavan.swaminathan@gatech.edu

Abstract—Often times the impedance response of a power
delivery network needs to be extrapolated to determine if any
resonances occur in the vicinity or outside of the band-limited
response provided. If the circuit models are unavailable, this
can become a cumbersome exercise. We propose a machine
learning aided method using long short term memory recurrent
neural networks to extrapolate the response in frequency thereby
avoiding extensive simulations and saving computational time as
opposed to EM solvers. Results show that the accuracy in the
prediction is good with a mean square error of 0.008.

Index Terms—Power delivery network (PDN), Recurrent neu-
ral network (RNN), Long Short term memory (LSTM), gradient
vanishing

I. INTRODUCTION

Impedance response of a power delivery network (PDN) is
a function of frequency. At a given frequency, it is desirable
that the value for impedance stays below the target impedance
(Ztarget). Therefore, tracking the impedance over frequency
range of interest is crucial to the design of the PDN. Typi-
cally, designers develop the PDN comprising voltage regulator
module (VRM), power ground plane (P/G), C4 bumps, micro-
bumps, through silicon vias (TSV) and decoupling capacitors
as illustrated in Fig. 1. The impedance response depends on the
number, density and the placement location within the package
containing the PDN. Before fabrication, the PDN is simulated
using a CAD tool to check for various design strategies.
Analytical techniques have been developed to inspect and
improve the design of PDN. The impedance response for
power ground planes is derived in [1]. A segmentation method
is used to estimate the impedance properties of the PDN
in [2]. We characterize a PDN with various parameters as
shown in table I. Since the PDN typically contains various
different inductive and capacitive elements, one would expect
the impedance response to have multiple resonant peaks and
dips with sharp transitions.

The concept of frequency extrapolation is to predict accu-
rately the response beyond the frequency range over which the
PDN has been simulated. In the past, genetic algorithm based
methods have been used to model the frequency response as
sum of orthogonal polynomials and damped sinusoids [3].
However, such a method fails to track the impedance of
the PDN because of complex stackup and various resonant
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Fig. 1: A typical power distribution network containing VRM, P/G
planes, capacitor, C4 bumps, TSVs

peaks. Extrapolation in frequency for interconnect structures
has been performed using the Hilbert transform [4]. To deal
with sharp transitions, the response is smoothed out using Han-
ning windowing. Previously, derivative of frequency samples,
employing the Cauchy method, have been used to extrapolate
narrow band responses [5]. Such a method, however, deals
with responses with few resonant frequencies over a limited
band. In this paper, we rely on the frequency samples being
correlated in frequency space. This is expected since any PDN
can be represented as a distributed array of transmission lines
connected to passive elements. This means that knowing the
value of the impedance at one resonant frequency determines
implicitly the value at another frequency point. Using the
information embedded in band-limited space, we are able
to predict the poles and transitions at higher frequency by
treating the response as a set of sequenced data. This provides
motivation to use recurrent neural nets (RNN) in this paper.

II. LONG SHORT TERM MEMORY THEORY
RNNs can form connections among inputs at different

indices to predict the future sample value. Using inputs’ state,
they give rise to a hidden state which is a function of hidden
state at a previous index and the current input. This recursive
nature allows the network to capture dependencies in the input
samples in a rather short-term memory.

ht = tanh(Whhht−1 + Whxxt) (1)
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Fig. 2: A typical structure of a LSTM cell

yt = ς(C + Whyht) (2)

where xt is the current input, ht−1 is the hidden state at the
previous index, ht is the current hidden state to be computed,
and Wpq is the weight matrix of size pxq mapping it from the
p layer to the q. ς(x) = exi/Σje

xj is the softmax activation
function i.e. the normalized exponential function. This type
of network shares the parameters that makes it able to learn
sequences and patterns.

A. LSTM cell

To capture longer dependencies, more layers are added
to the network. However, this gives rise to the diminishing
gradients that vanish with time or either blow up leading to a
flat response. As opposed to this Recurrent Back propagation
through time (BPTT) algorithm, specialized recurrent long
short-term memory (LSTM) cells have been developed which
deal with the disappearing gradients [6]. An LSTM cell, shown
in Fig. 2 consists of (i) an input gate it, (ii) a forget gate ft,
(iii) cell gate gt and an (iv) output gate ot. Mathematically,

ft = σ(Wfixt + Whfht−1 + bf ) (3)

it = σ(Wiixt + Whiht−1 + bi) (4)

gt = tanh(Wigxt + Whght−1 + bg) (5)

ot = σ(Wioxt + Whoht−1 + bo) (6)

where ct is the cell state or memory and σ(r) = 1
1+e−r

is the sigmoid function that scales the input in a non-linear
fashion between 0 and 1. The W s are the weight matrices
and b is the bias. These parameters are learnt by the network
during the forward and backward passes. LSTMs remember
information for longer duration efficiently, controlling the flow
of information, knowing what to forget and what to retain
during the training process. This powerful capability enables
the user to work with input samples that have correlations but
in longer past sequences.

III. PROPOSED APPROACH

A. Power Delivery Network Setup

We simulate the PDN using analytically derived formulae to
compute the impedance response using analysis tools available
online [7]. Since the PDN consists of (i) interposer P/G grid

(ii) PCB P/G plane (iii) C4/µ-bump array (iv) TSV array and
(v) via array, the impedance from each component is calculated
and then put together to give the PDN impedance (ZPDN ).
We take two different stackups to prove the robustness of
our model. These two PDNs have differences in impedance
responses.

TABLE I: PDN characterization parameters

Parameters PDN I PDN II
Conductivity (σ) 9.27 x 107 S/m 6.5 x 107 S/m

Metal height (tmetal) 0.757 µm 0.981 µm
Grid width (Wgrid) 27 µm 10 µm

Grid spacing (wgrid) 168 µm 239 µm
TSV radius (rTSV ) 7.93 µm 24 µm
TSV pitch (pTSV ) 23.9 µm 71 µm

C4 radius (rC4) 240 µm 118 µm
C4 pitch (pC4) 0.72 mm 0.36 mm

µ-bump radius (rµ) 12.125 µm 15 µm
µ-bump pitch (pU ) 45 µm 50 µm

Substrate thickness (himd) 0.81 µm 0.75 µm

B. LSTM Network Architecture

Since, the mean and variance of absolute values for
impedance response are increasing with higher frequencies,
we first ’stationarize’ the response in order to apply time-
series forecasting techniques. Otherwise, the RNN fails to
learn the curve because it tries to predict the values it has
never seen before. We split the response in various windows
having fixed frequency samples and apply MinMax scaling
to convert the absolute impedance values in the range of 0
and 1. This normalizes the impedance response avoiding the
changing mean and variance problem. The network can now
learn input patterns where the output lies in a fixed range.
We predict the value in this scale for frequency beyond the
training range and do an inverse transformation with estimated
mean and variance values to get back the predicted value at
the particular frequency. We use a dynamic adaptive learning
rate to optimize the training time. We use the specialized RNN
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Fig. 3: Long Short-term memory recurrent net



comprised of LSTM cells or nodes as shown in Fig. 3. The
input of the network is the frequency point and the target is
the impedance value at that frequency. The output at current
index is also fed to the next unrolled cell in contrast to the
generic architecture. This ensures the correlation of impedance
values as well as the hidden states within the network. The
response is processes in windows of frequency samples. The
network output is sensitive to the window size as well as the
number of samples the networks predicts at each iteration. It
then utilizes the predicted window and the past windows to
predict the next one and so on. We use 3 hidden layers having
200, 200 and 150 nodes respectively. The model is trained
using tensorflow where the weights and biases are learnt. For
our application, we use the frequency ranging from 1 MHz to
12 GHz consisting of 600 linearly spaced frequency samples.

IV. RESULTS

Our goal is to accurately extrapolate the impedance response
beyond the training range of frequency. Fig. 4 shows the
comparison of the predicted impedance response and the one
derived from analytical methods for PDN I and II. Here,
we set the cuttoff frequency as 12GHz beyond which is the
extrapolated space. The predicted values follow the correct
trend. We can see that PDN II has more poles in the training
sequence, so the MSE is reduced to 0.005. Since, the LSTM-
RNN is trained, the network learns which past values are
important and retains them to estimate the next value of
impedance. This means that poles have spatial correlation.
A future pole can be predicted from the past pole values
without knowing the structure of the network explicitly. All
this information is embedded in the impedance response given
to the system for training. We achieve a 66% extension in
bandwidth with an MSE of 8x10−3. The trained network
knows the spatial correlations among various frequency points
We use vector fitting to find out the poles for our impedance
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Fig. 4: Impedance response comparison for (a)PDN I & (b)PDN II
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Fig. 5: Vector-fitted poles comparison for PDN I

response to yield an interesting comparison. Horizontal line in
the Fig. 5 shows the cut-off point on wcj axis. We observe
that the predicted poles occur at locations spatially near and
sometimes exact to the poles fitted from the actual response.

V. CONCLUSION

We show that frequency response samples are correlated in
frequency space. We treat the frequency response of a power
delivery network as sequenced data and employ recurrent
neural networks to extrapolate the impedance response over
frequency. Our method provides 66% bandwidth extension
within an MSE error of 8x10−3. Future work includes develop-
ing methods for further extrapolation and defining a confidence
bound for the error.
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