Lower Bounds on the Size of General Branch-and-Bound Trees by santanu s. Dey, Yatharth Dubey, Marco Molinaro

The Problem and Main Result
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Does there exist a small branch-and-bound tree solving this problem?

NO for Packing, Set Cover, Cross-polytope, Cross-polytope + noise, TSP
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Abstract Branch-and-Bound Trees

Consider a branch-and-bound tree as an operator applied to a polytope
Let 7 beabranch-and-bound tree formed using disjunctions of the form
Tz<mVaTz>m+1

Denote 7(P) the union of the atoms of the leaves of the tree 7~ appliedto P

T solves max,. p(o,1)" ¢’z if forall leaf nodes v, at least one of the following
conditions hold:
The atom of v is empty
- Theatomof v has anintegral optimal solution
- Theatomof o has optimal value worse than the best integer pointin P

‘ BBhardness(P) = max,cz+ (min{|77 : T solves max,cpno1y* cfz}) |

From Packing to Set Cover

PpA—{:z:E[Ol]" Zzt_2foraJlSC[n]|S| g 1}

i€S
fl@)=1-z

€S

n

= s 5 2 C =
Tsc {ye[O "3y > 1forall § C [n],|8] = 5 1}
Turns out BBrank is conserved through this kind of reduction!
Iffisa 7 i 1 affine function such that

f(P)CT and TNZ™ C f(PNZ")
then BBrank(T) > BBrank(P)

Previous Work

(Jeroslow 1974) and (Chvatal 1980) show simple instances that have exponential lower bounds
for variable branching

Can be solved with polynomial size trees using general branching
(Cook et al. 1990) show an exponential lower bound for TSP instances, still using variable
branching
(Basu et al. 2020) show that CG proofs are at least as strong as variable BB proofs for 0-1
problems
(Basu et al. 2020) show that the sparsity of the disjunctions used can have a large impact on the
size of the tree
(Beame et al. 2018) ask as an open question whether there are superpolynomial lower bounds
for general BB proofs
(Dadush et al. 2020) answer this question in the affirmative by showing the Cross Polytope
requires a general BB proof of infeasibility of size 2"/n
(Fleming et al. 2021) present a relationship between general BB proofs and CG proofs

Notions of Hardness

‘ BBhardness(P) = max cg- (min{|7 : 7 solves max;c pryo,1)* I z}) |

BBdepth(z, P) = size of the smallest 7 such that z ¢ conv(T(P))

BBrank(P) = max BBdepth(z, P)

BBhardness(P) > BBrank(P) ‘

Cross Polytope (Cropped Cube)

i€t g

Pu= {16[0 1 ZI,+Z(1—Z,)>—fora.llJC[n]}

‘BBhudnss(P,.):Z"“—l‘ ‘ BBdepth(%l,P,.)zT‘/’ ‘

Q,.:{ze[[),l]":z'yz.-+z(l—'yz;)2 % fora.ll.]g[n]}

i€ ig]

where y ~ 1+ N (O 202)

‘ BBhardness(Q,,) = 2% (w.h.p.) ‘

Comparison with Previous Work

(Fleming et al. 2021) give the following result:
Let P C [0,1]" be an integer infeasible polytope such that
any CG proof of infeasibility of P has length at least L.
Then, any general BB proof of infeasibility of P

with fficient ¢ has size at least LT+os(em,

1) New problems with exponential lower bounds

2) Improved quality of bounds
(Fleming et al. 2021): 2 1oz e )
(Dey, Dubey, Molinaro 2021): 2ﬂ(n)

3) i on maxi fficient size of disj

A BB Hard Packing Polytope

Ppp = {ze [0,1)": Zz,_ 3 for all S C [n],|S| = 1}

i€S

Generalized Dadush-Tiwari Lemma:

Integer-infeasible polytope that requires an exponential number
of its constraints to remain integer-infeasible

= Exponential size BB proof of infeasibility

'z>OPTyp+1 BBhardness(Q) > 2%") —s BBrank(Ppy) > 2%

(using a technical lemma of (Dash, Gunluk, Molinaro 2015))

From Cross Polytope to TSP

Trsp, = {z € [0,1]"" : 2(6(v)) =2 Ww eV, -
z(6(W))>2 VYW CV,W # 0} Polytope
there exists an integral affine function f such that f(P,/s|) C Trsp,

and f(%l) is not in the integer hull of Trsp,,

(by areduction from (Cook, Dash 2001))

1 1
BBrank(Trsp,,) > BBdepﬁh(f(Ql)|TTsp,.) 2 BBdepth(31, Pnsg)) 2 2ln/16]
s

By Cross Polytope result

By Defn We show this as part of the
reduction framework



