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Georgia & Decomposition Methods for Global Solutions of MILPs

An Overview AUSAL for AL Dual Function Evaluation First Algorithm: ALM Empowered by AUSAL Second Algorithm: An ADMM Variant (Cont.)
= Problem: two-block mixed-integer linear program (MILP) * Goal: given (X, p) and e > 0, ind (z, z) such that * Penalty Method: a single call of AUSAL with proper (A, p). = An ADMM Variant: use AL cuts to approximate the dependency on z.
pf=min{c +g 2| A+ Bz =0, r€ X,z € Z}: L(z,z,\, p) < d(X, p) +e. - If (>x,p> Suppccl)rtz exact penalizah’on, then AUSAL returns an e-solution of the - :z: € Argmin,.¢ x c x4 (uF, Az + B2k~ 1> + 6’“\|Ax + Bz
| | T MILP in O(p®/e®) iterations. - 2F € Argmin,e ;7 ¢ z+mau><]E {r(z; 22~ wl, B9}

- X and Z are compact and mixed-integer representable = Our Approach: decompose the minimization into two stages: - Fix any X and choose p = O(1/¢€) + || \|| 0o, then AUSAL returns an e-solution - flexible update on (i it 5k+1)

Goal: dgcomp$5|honTalgor|t*hms with global optimality guarantees. ng(HSEZL(x 2 p) = Hém@ + B\ 2) + ;;m)%( c+ A"\ z)+ p||Azx + Bz||; . of the MILP in O(1/¢e*%) iterations. - Assumptions: Let p > 0 be a finite penalty that supports exact penalization,

-e-solution: ¢ z+g 2z <p*+e |[Av+ Bz||; <e ’ ~ 4 = ALM: inexact subgradient updates on (A, p). N k ok

: —R(2) , , N Suppose the sequence {(u", %) }Len are chosen such that

= Two Algorithms: | - d(\, p) is concave and upper-semicontinuous. —li* ]l > p for large enough k € N:

- a framework based on the augmented Lagrangian method (ALM); * Lemma: R(z) is piece-wise linear and K-Lipschitz continuous where - If (x, 2) = AUSAL(X, p, €), then . Nk =L 5 5 ’

- a variant of the alternating direction method of multipliers (ADMM). K = p||B|1. Ar 4 B» - B+ H”. loc S p forall k € N. |
= Features: » Reverse Norm Cut: — [HAx N BzHJ € Oc(—d)(\, p). = Geometric Intuition: prevents loose and slim AL cuts.

) .bOth glgomthms CONVErse to globally ophmal.soluhons; . r(z;z) = R(z) — K||z — 2||1; - Inexact subgradient ascent: with proper choices of a;, | |

- iteration complexity upper bounds to e-solutions are derived; S | - | - -

- when A is block-angular, subproblems can be updated in parallel: - lower approxm_@oni ?f I T(f7 ?2) < R(2) Vz € Z; (z%, 2%) =AUSAL(A", p*, €);

- applicable to multi-block settings (with reformulation): - locally tight at z: 7(2; 2) = R(2).

ARFL )P Oék(AZL‘k + sz); 1 {_ R(z)

3t AL Cut
[ TN . P =p" + oyl Ax® + B2|1. |
min < ZCZ- ZT; | ZA@SCZ <bx;, € X; Vi€ [p] : 1 ! {— R(z)
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Second Algorithm: An ADMM Variant ; a : - b ; ; : é

Augmented Lagrangian Duality for MILPs = Convergence of the ADMM Variant:

i E—ree ] MAOEI[\\//Ia.h?jn fET A|DMM:_ - The ADMM variant subsequentially converges to an optimal solution of the
: : [ r(z; 4) ) s double-looped. e | two-block MILP problem
= /1-Augmented Lagrangian Function: ' - histori ' '
1-AUg grang i T : é é é historical reverse nc?rm .cuts C:armot be reused efficiently. “The ADMM variant finds an e-<olution of the two-block MILP in
L(x,z,\,p) =c x+¢g z+ (N, Ax+ Bz) + p||Az + Bz||x. * Solve the AL Relaxation in Variable z: O((7 + p)?/e?) iterations, where Z C R
= Augmented Lagrangian Relaxaﬁon: " P0|nt'W|Se MaXimum Of a CO”eCtIOI"I Of Reverse NOI‘m CUtSZ - deﬁne . N
. N =1 ... R(z) := mi Az + Bz||;.
A, p) = miniL(z, 2,4, p) [ 7 € X, 2 € Z}. el =L ek Oy wreldeeBe ] Comparison with Primal/Dual Decomposition
= Augmented Lagrangian Dual Problem: - a better approximation as the number of trial points increases. P(z, i, B) = min ¢'w+ (i, Az + Bz) + S| Az + Bz||;.
maxd(A, p) =max  min Lz, 2, A, p) < p*.  [Weak Duality] 1[— 2(22;)4)\/ - a strong duality in * Multi-block problem:
] . . ) . A= rz5) max P(Z, 1, /5) = R(2), - 10 linear constraints couple 100 blocks;
eyl et Adioniiidmrii e 1OENG) - each block has local constraints: X; = {z € {0, 60} x 60, 60]| Eyz < f,}
° YA g 1t where A(p) .= {(u, 8) : 6 > 0,]||i]loo + B < p}; = Compare to primal (Camisa et al. 18) and dual (Vujanic et al. 16) Decomposition.
| . p s J |1 pt;
Argmin{ L(x, z, \", p") |2 € X z € Z} « Augmented Lagrangian Cuts (AL Cuts): pick (11, 8) € A(p), define - ALM and ADMM find optimal solutions and are faster in most cases;
:Argmin{cT:E + gTz | Ax+ B2 =0, v € X,z € Z}; of __ - _ o - may fail to find feasible solution due to subproblem slow-down;
i r(z: 2,0, 0) = P(2, b, 2) + (1, B2 = BZ) — || Bz — Bz||s; - need better strategy to manage nonconvex cuts.
consequently,
. § | : i ! ; - lower approximation of R(2): 7(z; 2z, i1, B) < R(2) Vz € Z;
maxd(A, p) = d(A, p7) = p7. - [Strong Duality] : - not necessarily tight; ALM ADMM Primal Dual
= Alternating Update Scheme for the Sharp Augmented Lagrangian (AUSAL): - allows rotation and a smaller Lipschitz constant (fatter in shape). b Gag(ggTierl(sQ) Gag(gg Tirgeéi %35(%1) BTfISméel(Séz Gfﬁ(ggﬂmzeég
] ] ] - decide the next trial point and update LowerBound I 000 216 000 179 148190 32801 905 540
Challenges in Algorithm Design KL e Argmin (g+ BTN, 2) + max{r(z:2)) |i=1, -, k}; 1200e  *5.97 MAX 001 51.35 13421119583 10.79 2.56
2eZ il 0.00 208 0.00 222 11517 76254 463 247
. - : :  iecing- _ k+1 . 0.00 245 0.00 4.16 13581 98231 1646 249
Fhclent evaluation of the A-cua function dl., p) 1s missing evaluate R(=""") and update UpperBound: | 000 214 000 253 16258 619.04 12.97 290
- GXIStlﬂg WOI'. S assume sucn an (mexact) oracie |1s avdl .a c, | - SJ[Op if UpperBound — LowerBound < €. 6 57 MAX 00216013 14429 42062 2402 253
- block coordinate descent (BCD) does not converge with ¢; coupling. « Convergence of AUSAL: 1 . 1000e 000 208 000 260 12271 32078 25143 099
" Itis attempting to use ADMM, but: - AUSAL subsequentially converges to an optimal solution of the AL relaxation. [_ A(LZ)cm 888 %g’% 888 %2% %(1)8%% 9292% 1%59 %%é
- ADMM may converge to local solutions or diverge; - Given € > 0, AUSAL terminates with an e-optimal solution of the AL | | | . s ' ' ° ' - - '
v ctati nt X food tructured brobl T P , p 0 : 4 : : 4.82 MAX 0.00233.12 136.3/7 948./3 36.94 2.95
- only stationary point can pe guaranteed on structured probliems. relaxation in O(p®/e®) iterations, where Z C R 7 *5.95 MAX  0.00 10.76 126.77 778.19 10.28 2.12

800e  0.00 214 0.00 262 144.481046.39 8.54 294
0.00 230 0.00 1.90 161.4111/3.69 63.09 2./71
0.00 214 0.00 244 13591 689.21 412 244
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