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 Abstract—Photolithography is the bottleneck for quality 
improvement in semiconductor manufacturing processes. The 
decreasing critical dimensions of the semiconductor product 
require more effective run-to-run control technology. Currently, 
Exponential Weighted Moving Average (EWMA) control scheme 
is widely used in the overlay control of lithography processes. In 
this article, we address three shortcomings of the current EWMA 
run-to-run control scheme: (i) the weight parameter λ used in the 
EWMA control scheme is set as a fixed value instead of adjusted 
adaptively according to the process changes; (ii) the conventional 
EWMA control scheme fails to take the model and parameter 
uncertainties into consideration; and (iii) the adjustable range of 
the control variables is not considered in the conventional EWMA 
control scheme. To meet tighter overlay specifications, we propose 
a new adaptive run-to-run control scheme to address these three 
limitations. The effectiveness of the new controller is validated 
through simulation studies. 
 

Index Terms— Overlay, run-to-run control, cautious control, 
adaptive control 
 

I. INTRODUCTION 
ITHOGRAPHY has been a major bottleneck of quality 
improvement in semiconductor manufacturing [1][2][3]. A 

key challenge of the lithography process is controlling the 
overlay error, which is the positional error between the patterns 
of the photo-resist material in two neighboring layers [4][5]. As 
the critical dimension of the semiconductor product keeps 
decreasing, the requirement of overlay control becomes 
increasingly important to maintain high precision and high 
yield to reduce the per-die cost. For example, the overlay needs 
to be controlled within 10nm for a critical layer in a 40nm 
process node. Improving the overlay control performance is 
critical for meeting the fab requirements and lower the cost of 
machine ownership [6].  

Currently, run-to-run controllers are applied to reduce 
overlay error during the manufacturing process [7]. Run-to-run 
control uses the in-line data to update the settings of the 
automatic controller after each production run, and hence 
compensates the process drift and shift, and reduces process 
variability. In current lithography processes, the control of the 
overlay error is typically achieved in the following way. First,  
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the overlay error is decomposed into three components: the 
error associated with the entire wafer, the common error across 
all fields, and the individual error of each field. The overlay 
error along the x-axis and the y-axis from each component 
above are then further represented by polynomials whose 
coefficients are adjusted by individual EWMA controllers. In 
literature [9], the wafer-level component and the common error 
across all fields are represented by third-order polynomials, and 
the control through their coefficients is referred to as a higher-
order process control (HOPC). The individual errors of each 
field along x- and y-axes are represented by linear functions and 
the control is referred to as a field-by-field control (FxFc). The 
combination of HOPC and FxFc is widely applied in overlay 
error correction.  

Although HOPC and FxFc offer accurate adjustments to 
reduce the overlay error across the entire wafer, there are three 
shortcomings of the current algorithm implemented in the 
overlay control.   

When implementing an EWMA controller, the weight 
parameter λ significantly influences the estimation phase of the 
EWMA controller, and hence it impacts the performance of the 
EWMA controller [10] (See Section II-C for a brief 
introduction of the EWMA algorithm). In current practice, the 
value of λ is set as a fixed value according to the properties of 
the disturbance patterns. However, due to the dynamic nature 
of the disturbance, the prescribed value of λ may not lead to the 
optimal performance of the controller. Therefore, we need to 
monitor the change of the system and adjust our tuning 
parameter λ accordingly.  

The implementation of the run-to-run controller for each 
coefficient relies on the parameter of the process gain, which is 
estimated from the offline testing data and thus is subject to 
estimation errors [7]. However, there is no consideration of 
those estimation errors in the conventional EWMA controller 
[11], which makes the controller sensitive to the noise and 
estimation uncertainties in the control phase. 

In practice, the adjustable ranges of the coefficients are 
bounded. If some adjustment values specified by an EWMA 
controller are beyond the specified range of adjustment, ad-hoc 
methods are often used to revise the adjustment value via some 
prescribed transfer rules after the control recipes are calculated 
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from all EWMA controllers. However, such ad-hoc methods 
may not yield optimal control performances. 

In this paper, we address those three limitations of the 
EWMA controller by proposing an adaptive, cautious, and 
regularized EWMA controller, which learns the λ value 
sequentially from the historical data, considers the uncertainties 
of the process gain, and incorporates the constraints for the 
control parameters’ range. The improvements are achieved by 
implementing and integrating three algorithms: the adaptive 
algorithm, the cautious control algorithm, and the regularization 
algorithm upon the estimation phase and control phase of the 
original EWMA controller (see Fig. 1). The effectiveness of our 
proposed method will be demonstrated in a series of simulation 
studies designed from real system setups.  

The rest of the paper is organized as follows. In Section 2, 
we provide a review of the data structure of the overlay data and 
the current EWMA control strategies for overlay errors. The 
newly developed adaptive, cautious, and regularized EWMA 
controller is presented in section 3. Section 4 discusses the 
simulation settings and results. Finally, Section 5 concludes the 
article. 
 

II. LITERATURE REVIEW 
In this section, we provide a brief review of the lithography 

process, the data structure of the overlay measurements, and 
the existing high order polynomial control (HOPC) and field-
by-field control (FxFc) schemes. 

A. Lithography process and overlay measurements 
Lithography is a process that generates 2-D patterns on wafer 

surfaces during a semiconductor manufacturing process. In this 
process, an optical system projects the patterns on a mask to a 

thin layer of photoresist material on the wafer. As the 
photoresist material is exposed to the light, it quickly solidifies 
and cannot be washed away from the wafer surface, while the 
unexposed photoresist material can be washed away. Therefore, 
the patterns on the mask are transplanted to the photoresist 
layer, which determines the region on the wafer that will be 
removed in the subsequent etching process. For the process we 
consider, the entire wafer is comprised of m identical 
rectangular fields, and one chip is fabricated on each of them. 
In one lithography process, the wafer is processed through m 
times of exposures, one field at a time. After each exposure, the 
wafer moves horizontally to enable another time of exposure.  

The major quality measurement for the lithography process 
is the overlay error, which represents the alignment inaccuracy 
between the photoresist material and the pattern of a previous 
layer. The measurements of overlay error are in the form of 2D 
vectors, denoting the relative locational difference between the 
pattern on the previous layer and the photoresist material. In the 
contemporary lithography process, the overlay measurements 
are taken at multiple sites within every field of the wafer to fully 
characterize the alignment error across the wafer. For example, 
the measurements on one sample wafer are shown in Fig. 2 [6]. 
In Fig. 2, the grids represent the boundaries of the cells; and the 
vectors are the measurement 2D vector, whose value on each 
axis denotes the overlay error on the corresponding axis. The 
collection of all overlay measurements gives a sketch of the 
entire overlay vector field of the wafer. 

B. Overlay error modeling 
In order to introduce the third-order polynomial model, we 

first introduce two different coordinate systems: the wafer-level 
coordinate system and the field-level coordinate system. As 
shown in Fig. 3, we define a wafer-level coordinate system 
(𝑋𝑋,𝑌𝑌) whose origin is at the center of the wafer and the X-axis 
is parallel to the flat edge of a wafer, and thus parallel to one 
edge of the die. Within every field, we also define a field-level 
coordinate (𝑥𝑥,𝑦𝑦), whose origin is the center of each field, and 
the x-axis is aligned with the X-axis in the wafer-level 
coordinate system.  

During 𝑚𝑚 times of exposures, the overlay error can be 
decomposed into three major sources [6]:  

• The wafer-level errors. This error source affects the 
overlay error across the entire wafer, such as the stage control 
error, the wafer distortion, etc. It can be represented by a 

mapping from ℝ2 to ℝ2, �𝐹𝐹𝑥𝑥(𝑋𝑋, 𝑌𝑌),𝐹𝐹𝑦𝑦(𝑋𝑋, 𝑌𝑌)�
𝑇𝑇
, where (𝑋𝑋,𝑌𝑌) 

 
Fig. 1.  The proposed adaptive, cautious regularized control algorithm  

 
 
Fig. 2.  The overlay measurements  Fig. 3.  Illustration of the wafer 
on a wafer [17] coordinate system and the field 

coordinate system 
  

 
Fig. 4.  The flowchart of adaptive cautious regularized controller 
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denotes a wafer-level coordinate of a measurement on the 
wafer, and 𝐹𝐹𝑥𝑥(𝑋𝑋,𝑌𝑌), 𝐹𝐹𝑦𝑦(𝑋𝑋,𝑌𝑌) represent the wafer-level error 
along the 𝑥𝑥 and 𝑦𝑦 axes at this location.  

• The common field-level errors. They represent the sources 
that simultaneously affect each individual field on a wafer, such 
as the error associated with the exposure system. The common 
field errors lead to the same overlay error pattern within each 

field and thus can be represented by �𝑓𝑓𝑥𝑥(𝑥𝑥 ,𝑦𝑦), 𝑓𝑓𝑦𝑦(𝑥𝑥, 𝑦𝑦)�
𝑇𝑇
, 

where (𝑥𝑥, 𝑦𝑦) is the field-level coordinate of the location.  
• The individual field-level errors. Individual field errors are 

caused by the sources that individually affect the overlay of 
each field. For field 𝑖𝑖, the individual field level error is 

represented by �𝑓𝑓𝑖𝑖,𝑥𝑥(𝑥𝑥 ,𝑦𝑦),𝑓𝑓𝑖𝑖,𝑦𝑦(𝑥𝑥 ,𝑦𝑦)�
𝑇𝑇
.  

The total overlay error is represented as the summation of the 
errors from these three sources. Therefore, the overlay vector 
�Δ𝑥𝑥, Δ𝑦𝑦� measured at a location in field 𝑗𝑗, whose wafer-level 
coordinate is (𝑋𝑋, 𝑌𝑌) and the field coordinate is (𝑥𝑥 ,𝑦𝑦), can be 
represented by   
Δ𝑥𝑥(𝑋𝑋, 𝑌𝑌, 𝑥𝑥, 𝑦𝑦, 𝑗𝑗) = 𝐹𝐹𝑥𝑥(𝑋𝑋,𝑌𝑌) + 𝑓𝑓𝑥𝑥(𝑥𝑥 ,𝑦𝑦) + 𝑓𝑓𝑗𝑗,𝑥𝑥(𝑥𝑥 ,𝑦𝑦), (1a)  
Δ𝑦𝑦(𝑋𝑋,𝑌𝑌,𝑥𝑥 ,𝑦𝑦, 𝑗𝑗) = 𝐹𝐹𝑦𝑦(𝑋𝑋,𝑌𝑌) + 𝑓𝑓𝑦𝑦(𝑥𝑥, 𝑦𝑦) + 𝑓𝑓𝑗𝑗,𝑦𝑦(𝑥𝑥 ,𝑦𝑦). (1b) 
With this representation, the entire overlay error field on a 

wafer is specified by 𝐹𝐹𝑥𝑥(𝑋𝑋,𝑌𝑌),𝐹𝐹𝑦𝑦(𝑋𝑋, 𝑌𝑌);𝑓𝑓𝑥𝑥(𝑥𝑥, 𝑦𝑦),𝑓𝑓𝑦𝑦(𝑥𝑥 ,𝑦𝑦); and 
�𝑓𝑓𝑗𝑗,𝑥𝑥(𝑥𝑥 ,𝑦𝑦),𝑓𝑓𝑗𝑗 ,𝑦𝑦(𝑥𝑥, 𝑦𝑦)�

𝑗𝑗=1,…,𝑛𝑛
. Here 𝑛𝑛 represents the total number 

of fields. 
The state-of-art lithography machines are equipped with 

HOPC and dynamic FxFc functionalities [6]. The wafer-level 
components and the common field-level components can be 
represented through the third-order polynomial models as 
shown in (2) and (3). These components are adjusted through 
the knobs that separately control the coefficients 𝐾𝐾1, … ,𝐾𝐾20 and 
𝑘𝑘1, … , 𝑘𝑘20. On the other hand, field-by-field control is 
implemented to decrease the individual field-level components 
that are represented in linear models (4). Every coefficient 𝑘𝑘𝑗𝑗,𝑖𝑖

′  
is controlled through an FxFc knob.  

⎩
⎪
⎨

⎪
⎧ 𝐹𝐹𝑥𝑥  (𝑋𝑋, 𝑌𝑌) = 𝐾𝐾1 +𝐾𝐾3𝑋𝑋+ 𝐾𝐾5𝑌𝑌 +𝐾𝐾7𝑋𝑋2 +𝐾𝐾9𝑋𝑋𝑌𝑌 + 𝐾𝐾11𝑌𝑌2

            +𝐾𝐾13𝑋𝑋3 + 𝐾𝐾15𝑋𝑋2𝑌𝑌 +𝐾𝐾17𝑋𝑋𝑌𝑌2 +𝐾𝐾19𝑌𝑌3
𝐹𝐹𝑦𝑦(𝑋𝑋,𝑌𝑌) = 𝐾𝐾2 +𝐾𝐾4𝑋𝑋 + 𝐾𝐾6𝑌𝑌 +𝐾𝐾8𝑋𝑋2 +𝐾𝐾10𝑋𝑋𝑌𝑌  +𝐾𝐾12𝑌𝑌2

             +𝐾𝐾14𝑋𝑋3 +𝐾𝐾16𝑋𝑋2𝑌𝑌 + 𝐾𝐾18𝑋𝑋 𝑌𝑌2 +𝐾𝐾20𝑌𝑌3

 ; (2) 

⎩
⎪
⎨

⎪
⎧ 𝑓𝑓𝑥𝑥(𝑥𝑥 ,𝑦𝑦) = 𝑘𝑘1 + 𝑘𝑘3𝑥𝑥 + 𝑘𝑘5𝑦𝑦 + 𝑘𝑘7𝑥𝑥2 + 𝑘𝑘9𝑥𝑥𝑦𝑦+ 𝑘𝑘11𝑦𝑦2

            +𝑘𝑘13𝑥𝑥3 + 𝑘𝑘15𝑥𝑥2𝑦𝑦+ 𝑘𝑘17𝑥𝑥𝑦𝑦2 + 𝑘𝑘19𝑦𝑦3
𝑓𝑓𝑦𝑦(𝑥𝑥 ,𝑦𝑦) = 𝑘𝑘2 + 𝑘𝑘4𝑥𝑥 + 𝑘𝑘6𝑦𝑦 + 𝑘𝑘8𝑥𝑥2 + 𝑘𝑘10𝑥𝑥𝑦𝑦+ 𝑘𝑘12𝑦𝑦2

            +𝑘𝑘14𝑥𝑥3 + 𝑘𝑘16𝑥𝑥2𝑦𝑦 + 𝑘𝑘18𝑥𝑥𝑦𝑦2 + 𝑘𝑘20𝑦𝑦3

; (3) 

�
𝑓𝑓𝑗𝑗,𝑥𝑥(𝑥𝑥 ,𝑦𝑦) = 𝑘𝑘𝑗𝑗,1

′ + 𝑘𝑘𝑗𝑗 ,2
′ 𝑥𝑥 + 𝑘𝑘𝑗𝑗,3

′ 𝑦𝑦
𝑓𝑓𝑗𝑗,𝑦𝑦(𝑥𝑥 ,𝑦𝑦) = 𝑘𝑘𝑗𝑗 ,4

′ + 𝑘𝑘𝑗𝑗,5
′ 𝑥𝑥 + 𝑘𝑘𝑗𝑗,6

′ 𝑦𝑦. (4) 

In summary, the coefficients 𝐾𝐾𝑖𝑖 ,𝑘𝑘𝑖𝑖, 𝑖𝑖 = 1, … ,20 and 𝑘𝑘𝑗𝑗,𝑖𝑖′
′ , 𝑗𝑗 =

1, … ,𝑛𝑛, 𝑖𝑖′ = 1, … ,6 denote the coefficients of the wafer-level 
variation patterns, the common field-level variation patterns, 
and the individual-field variation patterns. These coefficients 

jointly characterize the overlay patterns on the wafer and are 
adjusted individually on lithography equipment.  

C. Run-to-run control for overlay data 
The current practice of HOPC and FxFc is to apply individual 

run-to-run control schemes to adjust all control coefficients 𝐾𝐾𝑖𝑖 , 
𝑘𝑘𝑖𝑖 and 𝑘𝑘𝑗𝑗 ,𝑖𝑖

′  between production runs. Here we first review the 
run-to-run control schemes and then review how it is 
implemented in overlay control.  

A run-to-run control scheme consists of three key 
components: a process model that specifies the relationship 
between the control parameter 𝑢𝑢𝑡𝑡  and the output 𝑦𝑦𝑡𝑡 , a control 
objective function, and control law. A widely-used run-to-run 
controller in the lithography process is the EWMA controller, 
which is known for its simplicity and stability [1]. 
Conventionally, the EWMA controller is aimed at controlling a 
scalar output using a scalar control variable. Its process model 
is specified as 

𝑦𝑦𝑡𝑡 = 𝛽𝛽𝑢𝑢𝑡𝑡 + 𝑑𝑑𝑡𝑡. (5) 

Here {𝑑𝑑𝑡𝑡} is the process disturbance, and 𝛽𝛽 is referred to the 
process gain. The control objective is to minimize the mean 
squared error 𝔼𝔼[𝑦𝑦𝑡𝑡 − 𝑇𝑇]2, where 𝑇𝑇 is the target. To achieve it, 
the control law of an EWMA controller consists of the 
following two phases  

• The estimation phase - the disturbance is estimated at time 
𝑡𝑡 using the recursive EWMA scheme  

�̂�𝑑𝑡𝑡 = (1 − 𝜆𝜆)�̂�𝑑𝑡𝑡−1 + 𝜆𝜆(𝑦𝑦𝑡𝑡−1 − 𝛽𝛽𝑢𝑢𝑡𝑡−1). (6)  

• The control phase - with the estimated disturbance, the 
control variable is selected to minimize the control objective 
function  

𝑢𝑢𝑡𝑡 =
𝑦𝑦𝑡𝑡 − �̂�𝑑𝑡𝑡
𝛽𝛽 . 

(7) 

In an EWMA controller, the weight 𝜆𝜆 plays an important role 
to ensure control performance [12]. The weight 𝜆𝜆 should be 
selected according to the dynamics of the disturbance 
process {𝑑𝑑𝑡𝑡} . In particular, when a disturbance follows an 
Integrated Moving Average (IMA) model of order (1, 1), an 
EWMA controller is optimal when the weight 𝜆𝜆 is the same as 
the IMA (1, 1) parameter. 

In the current lithography process, run-to-run control is 
implemented for minimizing multidimensional overlay error. 
This is achieved by transforming the observed overlay error 
field to the coefficients of {𝐾𝐾𝑖𝑖}1≤𝑖𝑖≤20, {𝑘𝑘𝑖𝑖}1≤𝑖𝑖≤20 and 
�𝑘𝑘𝑗𝑗,𝑖𝑖

′ �
1≤𝑗𝑗≤𝑚𝑚;1≤𝑖𝑖≤6

 using the regression technique. Then, based on 

the calculated coefficients, the control actions for each 
coefficient can be derived using individual EWMA controllers. 
As every controller minimizes the variation of an individual 
coefficient, the total overlay error of the entire wafer can be 
reduced effectively when the knobs are adjusted according to 
the control law.  The current control scheme is summarized in 
the following procedure. 

1. Solve the regression model to obtain the wafer-level 
coefficients 𝐾𝐾1, … ,𝐾𝐾20, common field-level coefficients 
𝑘𝑘1, … , 𝑘𝑘20, and individual field-level coefficients 𝑘𝑘𝑗𝑗 ,1

′ , … , 𝑘𝑘𝑗𝑗,6
′ ; 

𝑗𝑗 = 1, … ,𝑚𝑚. 
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2. Apply the EWMA control law to wafer-level coefficients 
𝐾𝐾1, … ,𝐾𝐾20, common field-level coefficients 𝑘𝑘1, … , 𝑘𝑘20, and 
individual field-level coefficients 𝑘𝑘𝑗𝑗,1

′ , … ,𝑘𝑘𝑗𝑗,6
′ ; 𝑗𝑗 = 1, … ,𝑚𝑚 

respectively. 
 

III. ADAPTIVE CAUTIOUS REGULARIZED RUN-TO-RUN 
CONTROLLER 

In this section, we will propose a new run-to-run controller 
that (1) is able to adjust the tuning parameter 𝜆𝜆 adaptively 
during the run-to-run control process, (2) takes the uncertainty 
of process gain into consideration, and (3) performs the run-to-
run control effectively when the adjustable range of the knobs 
are bounded. We will discuss each of those three capabilities in 
the subsections below, and then integrates these capabilities in 
our proposed controller.  

A. Adaptive control strategy 
In the existing EWMA controller, the parameter λ is typically 

set as a fixed value, which does not follow the change of process 
dynamics over time. To address this issue, we develop an 
adaptive control strategy by automatically adjusting parameter 
λ through learning its value from the historical data [13]. The 
idea is to minimize the prediction error over the last 𝑁𝑁 data 
points within a moving window by setting the value of 𝜆𝜆𝑡𝑡  
appropriately. In order to do so, we solve the optimization 
problem 

𝜆𝜆𝑡𝑡 = arg min
λ

��𝑑𝑑𝑡𝑡−𝑖𝑖 − �̂�𝑑𝑡𝑡−𝑖𝑖(𝜆𝜆)�
2

𝑁𝑁

𝑖𝑖=1

, (8) 

where �̂�𝑑𝑡𝑡−𝑖𝑖(𝜆𝜆)  is recursively calculated with  
�̂�𝑑𝑡𝑡−𝑖𝑖(𝜆𝜆) = 𝜆𝜆𝑑𝑑𝑡𝑡−𝑖𝑖−1 + (1 − 𝜆𝜆)�̂�𝑑𝑡𝑡−𝑖𝑖−1(𝜆𝜆); �̂�𝑑1(𝜆𝜆) = 0, 

and 𝑑𝑑𝑗𝑗 = 𝑦𝑦𝑗𝑗 − 𝛽𝛽𝑢𝑢𝑗𝑗 for all 𝑗𝑗 = 1, … , 𝑡𝑡 − 1. The minimization 
problem (8) is solved numerically after each production run. 
With this online adjustment strategy, the procedure for 
implementing the adaptive control strategy involves three steps: 

1. Fix a prescribed 𝜆𝜆0, and employ the conventional EWMA 
controller for the first 𝑁𝑁 wafers.  

2. At time 𝑡𝑡 > 𝑁𝑁, we use the data points obtained at time 𝑡𝑡 −
1, … , 𝑡𝑡 − 𝑁𝑁 to calculate 𝜆𝜆𝑡𝑡 , according to (8).  

3. After obtaining 𝜆𝜆𝑡𝑡 , it is applied to the EWMA controller 
and the control law 𝑢𝑢𝑡𝑡  is calculated from (6) and (7) using 𝜆𝜆 =
𝜆𝜆𝑡𝑡 . 

The parameter of the EWMA controller has a significant 
influence on the steady-state MSE when the disturbance 
follows the IMA process. When there are impulses and step 
disturbances, however, the change in the EWMA parameter 
does not influence the steady-state MSE. Therefore, the 
adaptive control strategy does not outperform the traditional 
EWMA controller. 

B. Cautious control strategy 
In an EWMA controller, the relationship among the control 

action 𝑢𝑢𝑡𝑡 , disturbance 𝑑𝑑𝑡𝑡 and the response 𝑦𝑦𝑡𝑡  is specified as 
𝑦𝑦𝑡𝑡 = 𝛽𝛽𝑢𝑢𝑡𝑡 + 𝑑𝑑𝑡𝑡. 

The coefficient 𝛽𝛽 is the process gain that represents the effect 
of the control variable 𝑢𝑢𝑡𝑡  on the response 𝑦𝑦𝑡𝑡+1. Conventionally, 
𝛽𝛽 is assumed to be a known and fixed value. However, in 
practice, the value of 𝛽𝛽 is unknown and thus must be estimated 
from a calibration process before the controller is set up. 
Therefore, the estimation of �̂�𝛽 is typically different from the 
true process gain 𝛽𝛽. Due to the nature of the calibration process, 
we may assume that the posterior distribution of the true 
process gain 𝛽𝛽|�̂�𝛽 given the estimated process gain �̂�𝛽 follows a 
Normal distribution 𝑁𝑁�0,𝜎𝜎𝛽𝛽2�, and the variance 𝜎𝜎𝛽𝛽2 is obtained 
from the calibration procedure [14][15]. Based on this, the 
cautious control concept [14][15] can be implemented for the 
run-to-run control process. In particular, the control variable 𝑢𝑢𝑡𝑡  
that minimizes 𝐽𝐽(𝑢𝑢𝑡𝑡) = 𝔼𝔼[(𝑦𝑦𝑡𝑡 − 𝑇𝑇)2] can be obtained as  

𝑢𝑢𝑡𝑡 =
�̂�𝛽�𝑇𝑇 − �̂�𝑑𝑡𝑡�
�̂�𝛽2 + 𝜎𝜎𝛽𝛽2

. (9) 

   The derivation (9) is given in Appendix A. 
As can be seen from (9), the control law 𝑢𝑢𝑡𝑡  is not only a 

function of the estimation value of the gain 𝛽𝛽 but also a function 
of the variance of the estimation 𝜎𝜎𝛽𝛽2.  When the estimation error 
is small, the value 𝜎𝜎𝛽𝛽2  is small and the control law 𝑢𝑢𝑡𝑡  is similar 
to the conventional EWMA control.  However, when the 
estimation error is large, the cautious control law in (9) will lead 
to a smaller control value, thus improve the robustness of the 
control to the estimation error.  The cautious control method 
can be directly applied to adjust the parameters 
𝐾𝐾1, … ,𝐾𝐾20;  𝑘𝑘1, … ,𝑘𝑘20; and 𝑘𝑘𝑗𝑗 ,1

′ , … , 𝑘𝑘𝑗𝑗,6
′  for 𝑗𝑗 = 1, … ,𝑚𝑚 

respectively.   

C. Regularized control strategy 
In this section, we propose a strategy that improves the 

existing control method when the range of the control variable 
is bounded by the machine specifications.  

Let the control variables associated with 𝐾𝐾𝑖𝑖, 𝑘𝑘𝑖𝑖 and 𝑘𝑘𝑗𝑗,𝑖𝑖
′  be 𝑈𝑈𝑖𝑖 , 

𝑢𝑢𝑖𝑖  and 𝑢𝑢𝑗𝑗,𝑖𝑖
′  respectively for all 𝑖𝑖 and 𝑗𝑗 properly defined, and let 

the corresponding adjustable ranges be 
�𝐿𝐿(𝑈𝑈𝑖𝑖),𝐿𝐿(𝑈𝑈𝑖𝑖)�, �𝐿𝐿(𝑢𝑢𝑖𝑖), 𝐿𝐿(𝑢𝑢𝑖𝑖)� and �𝐿𝐿�𝑢𝑢𝑗𝑗 ,𝑖𝑖

′ �, 𝐿𝐿�𝑢𝑢𝑗𝑗,𝑖𝑖
′ ��. Let the 𝑖𝑖th  

wafer-level and the field-level coefficients at time 𝑡𝑡 be 𝐾𝐾𝑖𝑖 ,𝑡𝑡 and 
𝑘𝑘𝑖𝑖,𝑡𝑡 , and the corresponding disturbance terms are 𝐷𝐷𝑖𝑖,𝑡𝑡, 𝑑𝑑𝑖𝑖,𝑡𝑡 for 
the wafer-level and the common field-level respectively. From 
the process model, the control coefficients at time 𝑡𝑡 + 1 can be 
represented as  

𝐾𝐾𝑖𝑖 ,𝑡𝑡+1 = 𝑈𝑈𝑖𝑖 ,𝑡𝑡 +𝐷𝐷𝑖𝑖,𝑡𝑡, 𝑖𝑖 = 1, … ,20; (10a) 

𝑘𝑘𝑖𝑖 ,𝑡𝑡+1 = 𝑢𝑢𝑖𝑖 ,𝑡𝑡 + 𝑑𝑑𝑖𝑖,𝑡𝑡 , 𝑖𝑖 = 1, … ,20. (10b) 
At each time 𝑡𝑡, these control variables should be set to the 

values specified by their individual controllers. However, this 
requirement cannot be achieved if these values are out of the 
adjustable range. In such a case, a simple way is to make the 
adjustment to the value within the range and closest to the value 
specified by the control law. However, such a method does not 
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achieve the best control performance in minimizing the overlay 
error, as the effect of an out-of-range coefficient sometimes can 
be carried over to another adjustable coefficient within the 
range. For example, if 𝑘𝑘3, the coefficient that corresponds to the 
𝑥𝑥 term, is already at the upper limit 𝐿𝐿(𝑢𝑢3) and needs to be 
further increased, we can resort to increasing 𝑘𝑘13 (i.e. the 
coefficient of the 𝑥𝑥3 term) if possible, as it has a similar effect 
to that of 𝑘𝑘3. Hence, compared with using an individual 
univariate EWMA controller to calculate each control variable 
individually and independently, adjusting multiple control 
variables jointly using a multivariate controller may achieve 
better performance. Therefore, we propose a regularization 
strategy which determines the control variables by minimizing 
the magnitude of the overlay error. Here the word 
“regularization” means to constrain all controllable coefficients 
within their individual ranges when solving the minimization 
problem.  

 First, we represent the total overlay magnitudes by a 
function of the coefficients. Recall that in (1), the total error is 
decomposed into wafer-level, common field-level, and 
independent field-level errors. Among them, the wafer-level 
and the common field-level components are adjusted by knobs 
and are affected by the limited adjustment range. As there is no 
bound for the individual field-level error, we set all the 
individual field-level errors to zero for simplicity. Therefore, 
the total overlay error is simplified to only consist of the wafer-
level and the common field-level components. In the control 
law derivation, we represent the wafer-level and the common 
field-level overlay error components into a matrix form with a 
high order polynomial basis: 

In (11a), 𝐅𝐅𝑥𝑥  and 𝐅𝐅𝑦𝑦  represent the wafer-level overlay error on 
the 𝑥𝑥-axis and the 𝑦𝑦-axis respectively. Each of them is a vector 
of dimension 𝑛𝑛 = ∑ 𝑛𝑛𝑖𝑖𝑚𝑚

𝑖𝑖=1 , where 𝑛𝑛 is the number of overlay 
measurement sites on the wafer. Here 𝐊𝐊𝑥𝑥 = (𝐾𝐾1,𝐾𝐾3 … ,𝐾𝐾19)′ 
and 𝐊𝐊𝑦𝑦 = (𝐾𝐾2,𝐾𝐾4 … ,𝐾𝐾20)′ are the coefficient vectors, and  

𝐖𝐖𝐹𝐹 =

⎣
⎢
⎢
⎢
⎡ 1 𝑋𝑋1

1 𝑋𝑋2
⋯ 𝑋𝑋1𝑌𝑌12 𝑌𝑌13

𝑋𝑋2𝑌𝑌22 𝑌𝑌23
⋮ ⋱ ⋮

1 𝑋𝑋𝑛𝑛−1
1 𝑋𝑋𝑛𝑛

⋯ 𝑋𝑋𝑛𝑛−1𝑌𝑌𝑛𝑛−12 𝑌𝑌𝑛𝑛−13

𝑋𝑋𝑛𝑛𝑌𝑌𝑛𝑛2 𝑌𝑌𝑛𝑛3 ⎦
⎥
⎥
⎥
⎤

 

is the regressor matrix, where (𝑋𝑋𝑖𝑖 ,𝑌𝑌𝑖𝑖) represents the wafer 
coordinates of the measurement site 𝑖𝑖. In (11b), �𝐟𝐟𝑥𝑥 , 𝐟𝐟𝑦𝑦�

′
 

represents the common field-level overlay components at all 
sites on the wafer, and 𝐤𝐤𝑥𝑥 ,𝐤𝐤𝑦𝑦 represents the corresponding 
field-level coefficients. The matrix 𝐖𝐖𝑓𝑓  corresponds to 𝐖𝐖𝐹𝐹, 
through replacing the wafer coordinates (𝑋𝑋, 𝑌𝑌) of every 
measurement site with its field coordinates (𝑥𝑥 ,𝑦𝑦).  

To derive the objective function, we represent the sum-of-
squares overlay error caused by wafer-level and the common-
field level components using control variables. With the 
notations introduced above, the sum-of-squares overlay error 
equals to (𝐅𝐅𝑥𝑥 + 𝐟𝐟𝑥𝑥)𝑇𝑇(𝐅𝐅𝑥𝑥 + 𝐟𝐟𝑥𝑥 ) + �𝐅𝐅𝑦𝑦 + 𝐟𝐟𝑦𝑦�

𝑇𝑇
�𝐅𝐅𝑦𝑦 + 𝐟𝐟𝑦𝑦�.We use 

the residual of wafer-level regression as the response variable 
of field-level regression. Therefore, the field-level components 
𝐟𝐟𝑥𝑥 , 𝐟𝐟𝑦𝑦  are approximately orthogonal to 𝐅𝐅𝑥𝑥  and 𝐅𝐅𝑦𝑦. We have 
𝐟𝐟𝑥𝑥𝑇𝑇𝐅𝐅𝑥𝑥 ≈ 0 and 𝐟𝐟𝑦𝑦𝑇𝑇𝐅𝐅𝑦𝑦 ≈ 0 so that this representation is equivalent 
with  

minimize {𝐅𝐅𝑥𝑥𝑇𝑇𝐅𝐅𝑥𝑥 + 𝐅𝐅𝑦𝑦𝑻𝑻𝐅𝐅𝑦𝑦 + 𝐟𝐟𝑥𝑥𝑇𝑇𝐟𝐟𝑥𝑥 + 𝐟𝐟𝑦𝑦𝑇𝑇𝐟𝐟𝑦𝑦}. (12) 
Substitute (11) into (12), it is transformed to  

minimize {𝐊𝐊𝑥𝑥
𝑇𝑇𝐖𝐖𝐹𝐹

𝑇𝑇𝐖𝐖𝐹𝐹𝐊𝐊𝑥𝑥 + 𝐊𝐊𝑦𝑦
𝑇𝑇𝐖𝐖𝐹𝐹

𝑇𝑇𝐖𝐖𝐹𝐹𝐊𝐊𝑦𝑦 
+𝐤𝐤𝑥𝑥𝑇𝑇𝐖𝐖𝑓𝑓

𝑇𝑇𝐖𝐖𝑓𝑓𝐤𝐤𝑥𝑥 + 𝐤𝐤𝑦𝑦𝑇𝑇𝐖𝐖𝑓𝑓
𝑇𝑇𝐖𝐖𝑓𝑓𝐤𝐤𝑦𝑦}. 

(13) 

     After obtaining the prediction of the disturbances 
corresponding to the coefficients, �𝑈𝑈𝑖𝑖,𝑡𝑡�, �𝑢𝑢𝑖𝑖,𝑡𝑡� can be calculated 
to minimize the objective function in problem 13 
 

with each parameter in its respective adjustable range. Here 
�̂�𝐝𝑥𝑥,𝑡𝑡 , �̂�𝐝𝑦𝑦 ,𝑡𝑡,𝐃𝐃�𝑥𝑥,𝑡𝑡,𝐃𝐃�𝑦𝑦,𝑡𝑡  and 𝐮𝐮𝑥𝑥,𝑡𝑡 ,𝐮𝐮𝑦𝑦 ,𝑡𝑡,𝐔𝐔𝑥𝑥,𝑡𝑡,𝐔𝐔𝑦𝑦,𝑡𝑡  are vectors 
comprised of the predicted disturbances and control variables, 
similar to the coefficient matrices 𝐤𝐤𝑥𝑥, 𝐤𝐤𝑦𝑦,𝐊𝐊𝑥𝑥,𝐊𝐊𝑦𝑦.  

 Observing Problem 13, we find that it can be separated into 
four individual optimization problems, whose objective 
functions are the four parts, and whose control variables are 
𝐔𝐔𝑥𝑥,𝑡𝑡 ,𝐔𝐔𝑦𝑦,𝑡𝑡, 𝐮𝐮𝑥𝑥,𝑡𝑡 and 𝐮𝐮𝑦𝑦 ,𝑡𝑡 respectively. For example, the solution 
to the problem associated with 𝐔𝐔𝑥𝑥,𝑡𝑡 is  

𝐅𝐅𝑥𝑥 = 𝐖𝐖𝐹𝐹𝐊𝐊𝑥𝑥,𝐅𝐅𝑦𝑦 = 𝐖𝐖𝐹𝐹𝐊𝐊𝑦𝑦; (11a) 

𝐟𝐟𝑥𝑥 = 𝐖𝐖𝑓𝑓𝐤𝐤𝑥𝑥 , 𝐟𝐟𝑦𝑦 = 𝐖𝐖𝑓𝑓𝐤𝐤𝑦𝑦; (11b) 

minimize �𝐔𝐔𝑥𝑥,𝑡𝑡
𝑇𝑇 +𝐃𝐃�𝑥𝑥,𝑡𝑡

𝑇𝑇 �𝐖𝐖𝐹𝐹
𝑇𝑇𝐖𝐖𝐹𝐹�𝐔𝐔𝑥𝑥,𝑡𝑡 + 𝐃𝐃�𝑥𝑥,𝑡𝑡� 

                      +�𝐔𝐔𝑦𝑦,𝑡𝑡
𝑇𝑇 +𝐃𝐃�𝑦𝑦,𝑡𝑡

𝑇𝑇 �𝐖𝐖𝐹𝐹
𝑇𝑇𝐖𝐖𝐹𝐹�𝐔𝐔𝑦𝑦,𝑡𝑡 +𝐃𝐃�𝑦𝑦,𝑡𝑡� 

                   +�𝐮𝐮𝑥𝑥,𝑡𝑡
𝑇𝑇 + �̂�𝐝𝑥𝑥,𝑡𝑡

𝑇𝑇 �𝐖𝐖𝑓𝑓
𝑇𝑇𝐖𝐖𝑓𝑓�𝐮𝐮𝑥𝑥,𝑡𝑡 + �̂�𝐝𝑥𝑥,𝑡𝑡� 

                    +�𝐮𝐮𝑦𝑦 ,𝑡𝑡
𝑇𝑇 + �̂�𝐝𝑦𝑦,𝑡𝑡

𝑇𝑇 �𝐖𝐖𝑓𝑓
𝑇𝑇𝐖𝐖𝑓𝑓�𝐮𝐮𝑦𝑦,𝑡𝑡 + �̂�𝐝𝑦𝑦,𝑡𝑡�, 

(14) 

 

 
Fig. 5.  The comparison of cautious controller and EWMA controller. 

 
Fig. 6. The percentage of improvement with different sigma/mean of intercept. 
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and the other three problems have similar forms. Problem 15 is 
a bounded quadratic programming problem, which can be 
solved effectively by the alternating direction method of 
multiplier (ADMM) [16]. A detailed procedure of the algorithm 
is given in Appendix B. After the parameters 
𝐮𝐮𝑥𝑥,𝑡𝑡, 𝐮𝐮𝑦𝑦,𝑡𝑡,𝐔𝐔𝑥𝑥,𝑡𝑡,𝐔𝐔𝑦𝑦,𝑡𝑡 are solved, the control laws subject to the 
restrictions can be obtained. In summary, the overall procedure 
to implement the regularized controller include: 

1. Obtain the estimation of the disturbance term with the 
EWMA scheme 𝐷𝐷�1:10(𝑡𝑡), 𝐷𝐷�11:20(𝑡𝑡), �̂�𝑑1:10(𝑡𝑡) and �̂�𝑑11:20(𝑡𝑡). For 
example, 𝐷𝐷�1:10(𝑡𝑡) is calculated from  

𝐷𝐷�1:10(𝑡𝑡) = 𝜆𝜆�𝐾𝐾1:10(𝑡𝑡) − 𝑈𝑈1:10(𝑡𝑡 − 1)� 
+(1 − 𝜆𝜆)𝐷𝐷�1:10(𝑡𝑡 − 1). 

2. Solve four bounded quadratic programming problems that 
are in the form of Problem 15 using the ADMM algorithm in 
Appendix B, to obtain the new control law 
𝑈𝑈1:10(𝑡𝑡), 𝑈𝑈11:20(𝑡𝑡),𝑢𝑢1:10(𝑡𝑡), and 𝑢𝑢11:20(𝑡𝑡) respectively. 
  Finally, we note that the adjustable range of some control 
variables in the lithography systems may rely on the previous 
value of the control variable. For example, some systems may 
specify that the magnitude of the difference of 𝑘𝑘3 between two 
times of adjustments be smaller than a prescribed limit. 
However, this setting can be considered follow the same 
optimization procedure by setting the upper and lower bound of 
𝑘𝑘3,𝑡𝑡, the value of 𝑘𝑘3 at time 𝑡𝑡 through the constraint 𝑘𝑘3,𝑡𝑡−1 −
Δ𝑘𝑘3 ≤ 𝑘𝑘3,𝑡𝑡 ≤ 𝑘𝑘3 ,𝑡𝑡−1 + Δ𝑘𝑘3 , where 𝑘𝑘3,𝑡𝑡−1 represents the value of 
𝑘𝑘3 at time 𝑡𝑡 − 1 and Δ𝑘𝑘3  stands for the largest magnitude we 
can change for 𝑘𝑘3. Then, the ADMM algorithm can be 
employed to solve the optimization problems. 

D. The adaptive cautious regularized EWMA controller 
In this section, we unify the control strategies discussed in the 
previous three subsections and propose an adaptive cautious 
regularized EWMA control scheme. First, we combine the 
EWMA cautious strategy discussed in Section III-B with the 
regularized EWMA control strategy in Section III-C as follows. 
As shown in Appendix A, the cautious control strategy of 
univariate controller calculates the control law by minimizing 
𝐽𝐽(𝑢𝑢𝑡𝑡), the expected squared error subject to the uncertainty of 
the process gain. By applying the idea of cautious control to the 
regularized control, we change our objective function from the 
summation of squared prediction error in Problem 15 to the 
expected sum of squared prediction error:  

minimize  
𝔼𝔼{��𝐈𝐈 + 𝐁𝐁�𝑋𝑋  �𝐔𝐔𝑥𝑥,𝑡𝑡

𝑇𝑇 + 𝐃𝐃�𝑥𝑥,𝑡𝑡
𝑇𝑇 �𝐖𝐖𝐹𝐹

𝑇𝑇𝐖𝐖𝐹𝐹 ��𝐈𝐈+ 𝐁𝐁�𝑋𝑋�𝐔𝐔𝑥𝑥,𝑡𝑡 + 𝐃𝐃�𝑥𝑥,𝑡𝑡� 

+ ��𝐈𝐈 + 𝐁𝐁�𝑌𝑌�𝐔𝐔𝑦𝑦,𝑡𝑡
𝑇𝑇 +𝐃𝐃�𝑦𝑦,𝑡𝑡

𝑇𝑇 �𝐖𝐖𝐹𝐹
𝑇𝑇𝐖𝐖𝐹𝐹 ��𝐈𝐈+ 𝐁𝐁�𝑌𝑌�𝐔𝐔𝑦𝑦,𝑡𝑡 + 𝐃𝐃�𝑦𝑦,𝑡𝑡� 

+ ��𝐈𝐈 + 𝐁𝐁�𝑥𝑥�𝐮𝐮𝑥𝑥,𝑡𝑡
𝑇𝑇 + �̂�𝐝𝑥𝑥,𝑡𝑡

𝑇𝑇 �𝐖𝐖𝑓𝑓
𝑇𝑇𝐖𝐖𝑓𝑓 ��𝐈𝐈+ 𝐁𝐁�𝑥𝑥�𝐮𝐮𝑥𝑥,𝑡𝑡 + �̂�𝐝𝑥𝑥,𝑡𝑡� 

+ ��𝐈𝐈+ 𝐁𝐁�𝑦𝑦�𝐮𝐮𝑦𝑦,𝑡𝑡
𝑇𝑇 + �̂�𝐝𝑦𝑦,𝑡𝑡

𝑇𝑇 �𝐖𝐖𝑓𝑓
𝑇𝑇𝐖𝐖𝑓𝑓 ��𝐈𝐈+ 𝐁𝐁�𝑦𝑦�𝐮𝐮𝑦𝑦 ,𝑡𝑡 + �̂�𝐝𝑦𝑦,𝑡𝑡�}, 

 (16)  

which can be further decomposed into four optimization 
problems. Here 𝐁𝐁�𝑋𝑋 ,𝐁𝐁�𝑌𝑌 ,𝐁𝐁�𝑥𝑥  and 𝐁𝐁�𝑦𝑦 are 10 × 10 diagonal 

matrices, whose (𝑖𝑖, 𝑖𝑖) the element represents the error of the 
process gain for the corresponding coefficient in 𝐾𝐾𝑥𝑥,𝐾𝐾𝑦𝑦, 𝑘𝑘𝑥𝑥  and 
𝑘𝑘𝑦𝑦, following Normal distributions. The term related to 𝐔𝐔𝑥𝑥,𝑡𝑡  
then changes from Problem 15 to the following Problem 17: 

minimize 𝔼𝔼{��𝐈𝐈+ 𝐁𝐁�𝑋𝑋�𝐔𝐔𝑥𝑥,𝑡𝑡
𝑇𝑇 + 𝐃𝐃�𝑥𝑥,𝑡𝑡

𝑇𝑇 �𝐖𝐖𝐹𝐹
𝑇𝑇𝐖𝐖𝐹𝐹  

��𝐈𝐈 + 𝐁𝐁�𝑋𝑋�𝐔𝐔𝑥𝑥,𝑡𝑡 +𝐃𝐃�𝑥𝑥,𝑡𝑡�} 
subject to 𝐋𝐋(𝐔𝐔𝑥𝑥) ≤ 𝐔𝐔𝑥𝑥,𝑡𝑡 ≤ 𝐋𝐋(𝐔𝐔𝑥𝑥), 

(17) 

After the mathematical transformation shown in Appendix C, 
the following final objective function can be obtained, as shown 
in (18) 

minimize {𝐔𝐔𝑥𝑥,𝑡𝑡
𝑇𝑇 �𝐖𝐖𝐹𝐹

𝑇𝑇𝐖𝐖𝐹𝐹 + 𝔼𝔼�𝐁𝐁�𝑋𝑋𝐖𝐖𝐹𝐹
𝑇𝑇𝐖𝐖𝐹𝐹𝐁𝐁�𝑋𝑋��𝐔𝐔𝑥𝑥,𝑡𝑡 

+𝟐𝟐𝐃𝐃�𝑥𝑥𝑇𝑇𝐖𝐖𝐹𝐹
𝑇𝑇𝐖𝐖𝐹𝐹𝐔𝐔𝑥𝑥,𝑡𝑡}. 

(18) 

After the cautious control strategy and the regularized control 
strategy are combined, the adaptive control strategy can then be 
applied on top of this combined controller. The general 
framework is shown in Fig. 4. After obtaining the new 
measurement data, we first use the adaptive EWMA algorithm 
to calculate 𝜆𝜆𝑡𝑡 , the best EWMA parameter based on the past 
observations. Then, the cautious regularized controller can be 
applied to calculate the control law based on the optimized 𝜆𝜆𝑡𝑡. 

The overall adaptive cautious regularized controller is shown 
in Fig. 4.  In Fig. 4, 𝚫𝚫𝑡𝑡  represents all overlay vectors obtained 
from the wafer 𝑡𝑡; and 𝝀𝝀𝑡𝑡  represents the vector contains all 
tuning parameter 𝜆𝜆1, … , 𝜆𝜆40. Here, 𝜆𝜆1,𝑡𝑡, … ,𝜆𝜆10,𝑡𝑡  are the tuning 
parameters for the wafer-level error on the 𝑋𝑋-axis at time t; 
𝜆𝜆11,𝑡𝑡, … , 𝜆𝜆20,𝑡𝑡 are the tuning parameters for the wafer-level error 
on 𝑌𝑌-axis at time t. Similarly, 𝜆𝜆21 ,𝑡𝑡, . . , 𝜆𝜆30,𝑡𝑡 and 𝜆𝜆31,𝑡𝑡, … , 𝜆𝜆40,𝑡𝑡  
represent the tuning parameters for common field-level on the 
𝑥𝑥-axis and the 𝑦𝑦-axis respectively.  By following the framework 
shown in Fig. 4, the three strategies proposed in Section III-A, 
B, C are combined for controlling a lithography system. As a 
result, the developed adaptive cautious regularized control 
scheme is able to learn 𝜆𝜆 adaptively and takes both the model 
uncertainty and adjustable range of the control variables into 
consideration. The effectiveness of this framework will be 
demonstrated in the simulation study in the next section. 

We choose absolute bounds over the rate-of-change or drift 
limits per the request of our sponsor at a semi-conductor 
company. Currently, the company uses absolute bounds as the 
standard approach in their run-to-run control. Our proposed 
optimization model results in the optimal control performance 
in the absolute bound setting. However, the rate-of-change and 
drift limits can also be formulated using the proposed constraint 
quadratic optimization by adjusting the constraints accordingly. 
In this situation, the constraint in optimization should be 
changed, and therefore, the control law will also change 
correspondingly.  

Our method always performs no worse than the traditional 
control method with absolute bounds since our method results 
in the optimized control law in terms of MSE with given 
constraints. Therefore, our method always provides superior 
control performance since the minimizer of the optimization 
problem will always lead to a smaller objective function than 
other arbitrary values. 

 

minimize �𝐔𝐔𝑥𝑥,𝑡𝑡
𝑇𝑇 + 𝐃𝐃�𝑥𝑥,𝑡𝑡

𝑇𝑇 �𝐖𝐖𝐹𝐹
𝑇𝑇𝐖𝐖𝐹𝐹�𝐔𝐔𝑥𝑥,𝑡𝑡 +𝐃𝐃�𝑥𝑥,𝑡𝑡� 

subject to 𝐋𝐋(𝐔𝐔𝑥𝑥) ≤ 𝐔𝐔𝑥𝑥,𝑡𝑡 ≤ 𝐋𝐋(𝐔𝐔𝑥𝑥), 
(15)  
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IV. SIMULATION STUDY  
In this simulation study, we first demonstrate the 

effectiveness of the cautious control strategy, the adaptive 
control strategy, and the regularized control strategy 
respectively by comparing each of them with the conventional 
EWMA control scheme (Section IV-A). In Section IV-B, we 
demonstrate the effectiveness of the controller when these three 
strategies are combined: we first validate the effectiveness of 
the adaptive cautious controller when adaptive control strategy 
and the cautious control strategy are integrated, and then 
validate the effectiveness of the adaptive cautious regularized 
controller when all three strategies are integrated. 

A. Illustration and validation of the newly proposed 
individual control strategies 

A.1. Cautious control strategy 
We first compare the cautious control strategy with the 

conventional EWMA control. First, we assume that the process 
gain 𝜎𝜎𝛽𝛽2 is a positive constant and compare the control 
performance of the cautious controller with the conventional 
EWMA controller, when 𝜆𝜆 is set to certain fixed values. Then, 
we fix 𝜆𝜆 to the optimal value according to the temporal 
correlation of the process and investigate how 𝜎𝜎𝛽𝛽2, the measure 
of the uncertainty for the process gain 𝛽𝛽, affects the control 
performance.  

Case I. The comparison between the cautious controller and 
conventional EWMA controller under different values of 𝜆𝜆.  

We consider a case in which both the control input and the 
process output are univariate. The mean of 𝛽𝛽 is set as 2, and 𝜎𝜎𝛽𝛽2 
is set to 0.5. The performance of the cautious controller and the 
conventional EWMA controller when 𝜆𝜆 takes different values 
between 0.05 and 1 is illustrated in Fig. 5. Here, the vertical axis 
denotes the mean-squared error and the horizontal axis denotes 
the value of 𝜆𝜆 that we used in the controller. From this Figure, 
we can observe that the mean-squared error of the cautious 
controller (denoted by the dark curve) is always smaller than 
the mean-squared error of the conventional EWMA controller 
(denoted by the light curve), regardless of the value of 𝜆𝜆. An 
improvement rate of approximately 5% is achieved. 

Case II. The comparison between the cautious controller and 
conventional controller under different values of 𝜎𝜎𝛽𝛽2.  

We then evaluate the performance of the cautious controller 
when the level of model uncertainty varies. Here, we simulate 
the disturbance from an IMA model with parameter 𝜆𝜆 =0.3 and 
set the parameter of the EWMA controller with the same value. 
We adjust the standard deviation of the process gain 𝜎𝜎𝛽𝛽 from 
0.05�̂�𝛽 to 0.5�̂�𝛽, where �̂�𝛽 is 1, denoting that the mean of the 
posterior of 𝛽𝛽 is 1. The improvement rate of the control 
performance is defined as the percentage decreasing of the 
mean squared error of the new controller (𝑀𝑀𝑀𝑀𝐸𝐸1) from that of 
the conventional EWMA controller (𝑀𝑀𝑀𝑀𝐸𝐸0),  

Improvement rate = �1−
𝑀𝑀𝑀𝑀𝐸𝐸1
𝑀𝑀𝑀𝑀𝐸𝐸0

�. 

In Fig. 6, the horizontal axis denotes the value of 𝜎𝜎𝛽𝛽/𝛽𝛽 and 
the vertical axis denotes the improvement rate. We can find that 
the improvement rate becomes larger as 𝜎𝜎𝛽𝛽 increases, and that 
there is always an improvement of performance when 𝜎𝜎𝛽𝛽 > 0. 
Furthermore, the improvement rate becomes larger as 𝜎𝜎𝛽𝛽 
increases. The improvement of the control rate is not significant 
when 𝜎𝜎𝛽𝛽 is negligible compared with �̂�𝛽, but the improvement 
becomes significant when 𝜎𝜎𝛽𝛽 is greater than 0.25�̂�𝛽. We can see 
that as the normalized standard deviation goes to zero, the 
improvement rate will tend to zero. This is because the cautious 
control law states that 𝑢𝑢𝑡𝑡 = 𝛽𝛽��𝑇𝑇−𝑑𝑑�𝑡𝑡�

𝛽𝛽�2+𝜎𝜎𝛽𝛽
2 . As the 𝜎𝜎𝛽𝛽2 goes to zero, the 

control law will tend to 𝑢𝑢𝑡𝑡 = 𝛽𝛽��𝑇𝑇−𝑑𝑑�𝑡𝑡�
𝛽𝛽�2

, which is exactly the same 
as the conventional EWMA control law. 
 

A.2. Adaptive control strategy 
In this study, we compare the controller implementing the 

adaptive control strategy with the conventional EWMA 
controller for a univariate response. We first simulate the 
disturbance of a univariate response from an IMA (1, 1) series, 

𝑑𝑑𝑡𝑡 = 𝑑𝑑𝑡𝑡−1 + 𝜖𝜖𝑡𝑡 − (1 − 𝜃𝜃)𝜖𝜖𝑡𝑡−1  
  𝜖𝜖𝑡𝑡~𝑁𝑁(0, 𝜎𝜎𝜖𝜖2), 𝜃𝜃 ∈ [0,1]. (19) 

and compare the performance of EWMA controllers with or 
without the application of adaptive EWMA strategy. Then, we 
simulate the disturbance from an IMA model whose parameter 
𝜃𝜃 is not constant and repeat the comparison procedure.  

Case 1. When the dynamics of the disturbance do not change.  
We generate the disturbance from an IMA model according 

to (19), where 𝜃𝜃 stays at 0.3 during 3000 runs. The mean of 
MSE of the new controller is 1.6% larger than the conventional 

 
(a)Without bound                         (b) Tight bound          (c) Very-tight bound 

Fig. 7.  The Improvement rate of adaptive cautious regularized controller under different conditions. 
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EWMA controller and the variance of the MSE is 1.7% smaller 
than the conventional EWMA controller.  

Case 2. The temporal correlation of the disturbance changes 
over time.  

In this study, we change the value of 𝜃𝜃 to reflect the variation 
of the process’s temporal correlation when the controller is 
applied. In particular, we generate the disturbance by setting 
𝜃𝜃 = 0.3 when 1 ≤ 𝑡𝑡 ≤ 1000, 𝜃𝜃 = 0.6 when 1001 ≤ 𝑡𝑡 ≤
2000, and 𝜃𝜃 = 0.3 when 2001 ≤ 𝑡𝑡 ≤ 3000. The mean of MSE 
of the responses corresponding to the adaptive controller is 
1.6% less than that of the conventional EWMA controller.  

In summary, when the parameter of the IMA process is 
known and do not change, the conventional EWMA controller 
is the optimal controller in terms of MSE, when the value of 𝜆𝜆 
matches the parameter of the IMA process. However, in 
practice, we do not know the parameter of the IMA process. In 
this case, our proposed controller performs only slightly worse 
than the conventional EWMA controller, as shown in Case 1. 
Furthermore, Case 2 shows that for a non-stationary IMA 
process, our adaptive controller can be dynamically adjusted 
according to the change of the IMA process, and it outperforms 
the conventional EWMA controller.  

A.3. Regularized control strategy 

Finally, we compare the controller with the regularization 
strategy with the conventional EWMA controller, when they 
are applied to reduce the overlay error measured from the entire 
wafer. We assume that there are 113 fields on a wafer, and the 
location of the measurements is illustrated in Fig. 2. The 
overlay vector field of the entire wafer is generated from a 
simulator endorsed by our industrial collaborator.  

In our comparison study, we test the performance of the 
conventional EWMA controller and the one with the 
regularized strategy under three settings:  

(a) All 𝐾𝐾1, … ,𝐾𝐾20 and 𝑘𝑘1, … , 𝑘𝑘20 need to be greater than -
10,000 and smaller than 10,000;  

(b) All 𝐾𝐾1, … ,𝐾𝐾20 and 𝑘𝑘1, … , 𝑘𝑘20 need to be greater than -10 
and smaller than 10;  

(c) All 𝐾𝐾1, … ,𝐾𝐾20 and 𝑘𝑘1, … , 𝑘𝑘20 need to be greater than -1 
and smaller than 1.  

    When the conventional EWMA controller is used and a 
calculated control recipe is out of the specified bound, we 
simply set that recipe to the closest boundary value without 
changing the recipes for other controllers.  

The simulation was performed for three times. For each time, 
3000 wafers are generated from the simulator. The 
improvement rates of the controllers with a regularized strategy 
over the conventional EWMA controller are summarized in 
Table I. 

 

TABLE I 
THE IMPROVEMENT RATE OF THE CONTROLLER WITH 

REGULARIZED STRATEGY 
Improvement rate (%) Setting (a) Setting (b) Setting (c) 

1st replication 0 20.92 13 
2nd replication 0 10.01 27.31 
3rd replication 0 2.12 13.56 

Mean  0 11.02 17.96 
 

From the results in setting (a), we can see that the bounds of 
control variables are sufficiently wide so that they have no 
effects in limiting the control recipes. In such a setting, the 
regularized controller performs the same as the conventional 
EWMA controller. When the range limits of control variables 
are added, the controller with the regularization strategy will 
always perform better than the conventional EWMA controller. 
Under setting (b), the mean improvement rate is 11.02%; and 
under setting (c), the mean improvement rate increase to 
17.96%. It shows that when the bounds become tighter, a higher 
improvement rate will be obtained. 

When there is no bound of control variables, our method 
performs exactly the same as the conventional EWMA control 
law. When the bound becomes tighter, our method gives 
optimal control performance within given limits or constraints. 
However, compared to the unconstraint control problem, the 
MSE after control will increase. When the product 
specifications and bounds are given, we can solve this 
constraint optimization problem using the ADMM algorithm. If 
the final optimized MSE still greater than the required product 
specification, it is not possible to find a control law that meets 
the product specifications. 

 

B. Validation of the controllers combining three control 
strategies 
In this subsection, we first demonstrate the effectiveness of 

the adaptive cautious controller, which integrates the adaptive 
control strategy and the cautious control strategy. This 
controller is used when the bounds of the control parameters are 
very wide. Then, we demonstrate the effectiveness of the 
adaptive cautious regularized controller. When the bounds of 
the control parameters are narrow, the adaptive cautious 
regularized controller should be applied.   

B.1. The effectiveness of the adaptive cautious controller 
In this section, we compare the effectiveness of the adaptive 

cautious controller with the conventional EWMA controller 
when they are used for overlay control. The overlay data sets 
are generated from using the same simulator as we validate the 
regularized control strategy in Section IV-A-3. For both the 
conventional EWMA controller and the cautious controller, the 
value of the parameter 𝜆𝜆 is set to 0.3.  The value of 𝜆𝜆 for the 
adaptive EWMA controller and the adaptive cautious 
controller, instead, are learned from the historical data.  

  

Authorized licensed use limited to: Georgia Institute of Technology. Downloaded on August 03,2021 at 02:19:28 UTC from IEEE Xplore.  Restrictions apply. 



0894-6507 (c) 2021 IEEE. Personal use is permitted, but republication/redistribution requires IEEE permission. See http://www.ieee.org/publications_standards/publications/rights/index.html for more information.

This article has been accepted for publication in a future issue of this journal, but has not been fully edited. Content may change prior to final publication. Citation information: DOI 10.1109/TSM.2021.3096787, IEEE
Transactions on Semiconductor Manufacturing

TSM-21-0084.R1  9 

In this comparison study, we calculate 𝜇𝜇 (the average length 
of the overlay vectors) and 𝜎𝜎 (the standard deviation of all 
overlay vectors’ lengths) from the overlay measurements on 
each wafer. Then, we use 𝜇𝜇 + 3 𝜎𝜎 to represent the performance 
of the controller. We compare the performance of four schemes 
under the following situations:   

(a) The process gain has a certain level of uncertainty. In 
particular, we assume that the process gain 𝛽𝛽~𝑁𝑁(1,0.01). 

(b) The temporal correlation of the processes varies over 
time. In particular, we assume that the disturbance terms for 
parameter 𝐾𝐾1, … ,𝐾𝐾20; 𝑘𝑘1, … , 𝑘𝑘20; and 𝑘𝑘𝑗𝑗,1

′ , … ,𝑘𝑘𝑗𝑗 ,20
′  always 

follow an IMA (1, 1) model, and the change of the dynamics of 
the process is reflected by the parameter 𝜃𝜃. Denote the 
coefficient of the IMA model for parameter 𝐾𝐾𝑖𝑖  at time 𝑡𝑡 by 𝜃𝜃𝐾𝐾𝑖𝑖 ,𝑡𝑡 , 
and we generate 𝜃𝜃𝐾𝐾𝑖𝑖 ,𝑡𝑡 from the following model (which is the 
same for the 𝜃𝜃𝑘𝑘𝑖𝑖 ,𝑡𝑡 and 𝜃𝜃𝑘𝑘𝑖𝑖,𝑗𝑗′ ,𝑡𝑡):  

𝜃𝜃𝐾𝐾𝑖𝑖 ,𝑡𝑡 = frac�𝜃𝜃𝐾𝐾𝑖𝑖 + 𝑐𝑐𝑡𝑡 + 𝑎𝑎𝜀𝜀𝐾𝐾𝑖𝑖 ,𝑡𝑡�. 
Here, 𝜃𝜃𝐾𝐾𝑖𝑖 + 𝑐𝑐𝑡𝑡 denotes the mean value of 𝜃𝜃𝐾𝐾𝑖𝑖 ,𝑡𝑡 during the 

process, where 𝜃𝜃𝐾𝐾𝑖𝑖  is a randomly selected number between 0 
and 1. The parameter 𝑐𝑐 denotes the slope of the change of 𝜃𝜃, 
and 𝜖𝜖𝐾𝐾𝑖𝑖 ,𝑡𝑡~𝑁𝑁(0, 𝜎𝜎𝑘𝑘2) denotes a random variation. frac(⋅) 
represents the fractional part of 𝜃𝜃𝐾𝐾𝑖𝑖 + 𝑐𝑐𝑡𝑡 + 𝑎𝑎𝜀𝜀𝐾𝐾𝑖𝑖 ,𝑡𝑡, which avoids 
the IMA parameter exceeding 1.  

 In our simulation study, the parameter (𝑎𝑎, 𝑐𝑐) are selected 
from four combinations: (1) 𝑎𝑎 = 0.01, 𝑐𝑐 = 0; (2) 𝑎𝑎 = 0.01, 𝑐𝑐 =
0.01; (3) 𝑎𝑎 = 0.5, 𝑐𝑐 = 0; and (4) 𝑎𝑎 = 0.5, 𝑐𝑐 = 0.01. In cases 
(1) and (3), there is no drift of the temporal correlation within 
the process. In cases (2) and (4), 𝜃𝜃 drifts periodically. In cases 
(1) and (2), the uncertainty of 𝜃𝜃 is small, whereas in cases (3) 
and (4) the uncertainty of 𝜃𝜃 is large. 

 
TABLE II 

THE COMPARISON OF FOUR TYPES OF CONTROLLER 

Cases 
Convention
al EWMA 
controller 

Cautious 
controller 

Adaptive 
controller 

Adaptive 
cautious 
controller 

(1) No 
drifting, 

small 
variance  

of 𝜆𝜆 

0 2.03% 10.56% 11.75% 

(2) Drifting 
exists, small 
variance of 𝜆𝜆 

0 2.04% 6.38% 8.15% 

(3) No 
drifting, 

large 
variance of 𝜆𝜆 

0 1.90% 3.63% 5.20% 

(4) Drifting 
exists, large 

variance of 𝜆𝜆 
0 2.11% 8.00% 9.77% 

 
From the table, we can see that the adaptive cautious EWMA 

controller always has the best performance, as it demonstrates 
the largest amount of improvement within four controllers 
under all four simulation settings.  

Reference [18] shows that there are some uncertainties in the 
process model. We admit that the estimation of gain uncertainty 

is quite accurate in practice. When the magnitude of gain 
uncertainty is high, our methodology can help significantly 
improve control performance. As gain uncertainty gets smaller 
the improvement obtained by our methodology decreases. 
However, a small degree of improvement may lead to a big 
profit given the size of the market. 

 

B.2. Simulation of adaptive cautious regularized controller 
In this section, we validate the effectiveness of the adaptive 

cautious regularized controller comparing with the 
conventional EWMA controller. Like the simulation study in 
Section IV-A-3, we test our methods concerning three different 
widths of the coefficient bounds, as specified in cases (a), (b) 
and (c) in Section IV-A-3. In the meantime, we also test our 
methods under five levels of the process gain uncertainties. In 
particular, the standard deviations of the process gain are 0.1, 
0.2, 0.3, 0.4, and 0.5 respectively. Our simulation has been 
replicated for five times, and the improvement rates of the 
adaptive cautious regularized controller over the conventional 
multiple EWMA controller are summarized in Table III.  

 
TABLE III. 

THE IMPROVEMENT RATES OF THE ADAPTIVE CAUTIOUS 
REGULARIZED EWMA CONTROLLER FOR DIFFERENT WIDTHS 

OF THE BOUNDS AND DIFFERENT UNCERTAINTIES OF THE 
PROCESS GAIN  

 
From the table, we can see that when there is no bounds and 

when the bounds are moderately tight, the improvement rate 
becomes larger as the uncertainty of the process gain increases. 
However, when the bounds are very tight, the improvement rate 
decreases as the model uncertainty of the process gain 
increases. The result is summarized in Fig. 7. For Fig. 7 (a), (b), 
and (c), the 𝑥𝑥-axis denotes the duplication, the 𝑦𝑦-axis denotes 
the improvement rate. The row labels (a), (b), and (c) represent 
three different conditions: without bound, tight bound, and 
very-tight bound condition. In Fig. 7(c), the drop in the 
improvement rate could be due to the fact that the process 
variation is too large compared with the tight specification 
bounds. This makes the process adjustment not as effective 
leading to the deterioration of the improvement rate. 

Bounds 𝜎𝜎𝛽𝛽� 
0.1 0.2 0.3 0.4 0.5 

1st 
repli-
cation 

(a) 0.0049 0.0329 0.0749 0.1026 0.1761 
(b) -0.006 0.0365 0.0705 0.1082 0.1975 
(c) 0.1325 0.1881 0.3795 0.0939 0.0519 

2nd 

repli-
cation 

(a) 0.0049 0.0213 0.1329 0.1457 0.2585 
(b) 0.2441 0.0404 0.0377 0.3237 0.1741 
(c) 0.2321 0.3638 0.1337 0.3925 0.0386 

3rd 

repli-
cation 

(a) 0 0.0366 0.1152 0.1898 0.3139 
(b) 0.0216 0.0443 0.0105 0.1908 0.2831 
(c) 0.3989 0.1568 0.0530 0.0904 0.0980 

4th 
repli-
cation 

(a) 0.0091 0.0422 0.1027 0.1336 0.2356 
(b) 0.0470 0.1193 0.1033 0.1745 0.2337 
(c) 0.2840 0.1563 0.0609 0.2271 0.0639 

5th 
repli-
cation 

(a) 0 0.0280 0.1070 0.1938 0.3127 
(b) 0.0201 0.1364 0.0780 0.1326 0.2994 
(c) 0.1380 0.0946 0.2539 0.2710 0.1725 
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When there is no uncertainty, the performance of the 
adaptive cautious regularized controller will be exactly the 
same as that of the adaptive regularized controller. This is 
because the objective function of the adaptive cautious  
regularized controller is                     
𝐔𝐔𝑥𝑥,𝑡𝑡
𝑇𝑇 �𝐖𝐖𝐹𝐹

𝑇𝑇𝐖𝐖𝐹𝐹 + 𝔼𝔼�𝐁𝐁�𝑋𝑋𝐖𝐖𝐹𝐹
𝑇𝑇𝐖𝐖𝐹𝐹𝐁𝐁�𝑋𝑋��𝐔𝐔𝑥𝑥,𝑡𝑡 + 2𝐃𝐃�𝑥𝑥𝑇𝑇𝐖𝐖𝐹𝐹

𝑇𝑇𝐖𝐖𝐹𝐹𝐔𝐔𝑥𝑥,𝑡𝑡 . 
As the uncertainty goes to zero, 𝔼𝔼�𝐁𝐁�𝑋𝑋𝐖𝐖𝐹𝐹

𝑇𝑇𝐖𝐖𝐹𝐹𝐁𝐁�𝑋𝑋� tends to be 
zero as well, and the objective function will become 
𝐔𝐔𝑥𝑥,𝑡𝑡
𝑇𝑇 (𝐖𝐖𝐹𝐹

𝑇𝑇𝐖𝐖𝐹𝐹)𝐔𝐔𝑥𝑥,𝑡𝑡 + 𝟐𝟐𝐃𝐃�𝑥𝑥𝑇𝑇𝐖𝐖𝐹𝐹
𝑇𝑇𝐖𝐖𝐹𝐹𝐔𝐔𝑥𝑥,𝑡𝑡 , which is mathematically 

equivalent to the objective function in (15). Therefore, the 
cautious control scheme will produce exactly the same result as 
the non-cautious scheme when the uncertainty goes to zero. 

We set 𝜎𝜎𝛽𝛽� = 0.2 under the tight bound condition. Then, we 
select window size varying from [10, 20, 50, 100, 200]. The 
relationship between improvement rate and window size is 
shown in Fig. 8. In the figure, the x-axis represents the window 
size 𝑁𝑁, while the y axis represents the improvement rate. From 
the figure, we know positive improvement rates are achieved 
when the window size is equal to 50 and 100, while we have 
negative improvement rates when the window is 10,20, or 200. 
This is because, too small window sizes lead to large 
fluctuations of 𝜆𝜆, which results in poor control performance. 
However, when the window size is too large, our controller is 
insensitive to the system change, which in turn deteriorates the 
control performance. Thus, in practice, it is critical to select an 
appropriate window size to achieve good control performance. 
This can be done by performing cross-validation (CV) on 
historical data to find a window size resulting in the minimum 
CV score. 

 
Fig. 8.  The Improvement rate of the adaptive cautious bound controller under different 
window size 

 

V. CONCLUSION 
In this paper, we identified three deficiencies of the existing 

run-to-run control algorithm for the HOPC and FxFc systems. 
Addressing these deficiencies, we proposed three control 
strategies: (1) an adaptive control strategy that adjusts the 
EWMA parameters based on the historical measurement and 
thereby adapts to the change of temporal correlation; (2) a 
cautious control strategy that takes the uncertainty of the 
process gain into consideration; and (3) a regularized control 
strategy that is able to find the best control recipes when they 
are restricted to bounded values. These strategies are then 
combined into a unified framework as an adaptive cautious 

regularized control scheme. The simulation study demonstrates 
the effectiveness of each control strategy and validates that the 
adaptive cautious regularized control method significantly 
improves the conventional EWMA control strategy in terms of 
the 𝜇𝜇 + 3𝜎𝜎 performance index, which is widely used in the 
semiconductor industry.  

APPENDIX 
APPENDIX A. 

CAUTIOUS CONTROL LAW DERIVATION 
To derive the cautious control law, we substitute the process 

model 5 into the loss function 𝐽𝐽(𝑢𝑢𝑡𝑡) = 𝔼𝔼[(𝑦𝑦𝑡𝑡 − 𝑇𝑇)2], and derive 
𝐽𝐽(𝑢𝑢𝑡𝑡) = 𝔼𝔼[(𝛽𝛽𝑢𝑢𝑡𝑡 + 𝑑𝑑𝑡𝑡 − 𝑇𝑇)2]. 

Our objective is to minimize the function 𝐽𝐽(𝑢𝑢𝑡𝑡). Recall that 
after the calibration process, the posterior distribution of 𝛽𝛽 is 
𝛽𝛽~𝑁𝑁(�̂�𝛽, 𝜎𝜎𝛽𝛽2). Let 𝛽𝛽� = 𝛽𝛽 − �̂�𝛽, we have  

𝐽𝐽(𝑢𝑢𝑡𝑡) = 𝔼𝔼���̂�𝛽 + 𝛽𝛽��𝑢𝑢𝑡𝑡 + 𝑑𝑑𝑡𝑡 − 𝑇𝑇�
2

. 
Taking the derivative of 𝐽𝐽(𝑢𝑢𝑡𝑡) to 𝑢𝑢𝑡𝑡and set it to 0, we have 
𝑑𝑑𝐽𝐽(𝑢𝑢𝑡𝑡)
𝑑𝑑𝑢𝑢 = 2𝔼𝔼 ���̂�𝛽 + 𝛽𝛽��

2
�𝑢𝑢𝑡𝑡 + 2𝔼𝔼���̂�𝛽 + 𝛽𝛽��(𝑑𝑑𝑡𝑡 − 𝑇𝑇)� 

= 2𝔼𝔼��̂�𝛽2 + 2�̂�𝛽𝛽𝛽� + 𝛽𝛽�2�𝑢𝑢𝑡𝑡 + 2𝔼𝔼���̂�𝛽 + 𝛽𝛽��(𝑑𝑑𝑡𝑡 − 𝑇𝑇)� = 0. 
Since 𝔼𝔼�𝛽𝛽�� = 0,𝔼𝔼�𝛽𝛽�2� = 𝜎𝜎𝛽𝛽2, 𝑢𝑢𝑡𝑡  can be solved as 

𝑢𝑢𝑡𝑡 =
�̂�𝛽�𝑇𝑇 − �̂�𝑑𝑡𝑡�
�̂�𝛽2 + 𝜎𝜎𝛽𝛽2

. 

APPENDIX B. 
PROCEDURE FOR SOLVING THE OPTIMIZATION PROBLEM 15 

The optimization problem in (15) can be reformulated as the 
following standard bounded quadratic programming problem,   

min
𝐱𝐱
𝐱𝐱𝑇𝑇𝐀𝐀𝐱𝐱+ 2𝐛𝐛𝑇𝑇𝐱𝐱 (20) 

subject to 𝐦𝐦 ≼ 𝐱𝐱 ≼ 𝐌𝐌, where 𝐱𝐱 = 𝐔𝐔𝑥𝑥,𝑡𝑡, 𝐛𝐛 = 𝐃𝐃�𝑥𝑥𝑇𝑇𝐖𝐖𝐹𝐹
𝑇𝑇𝐖𝐖𝐹𝐹 , 𝐀𝐀 =

𝐖𝐖𝐹𝐹
𝑇𝑇𝐖𝐖𝐹𝐹 , 𝐦𝐦 = 𝐋𝐋(𝐔𝐔𝑥𝑥) and 𝐌𝐌 = 𝐋𝐋(𝐔𝐔𝑥𝑥). The operator ≼ 

represents that the left-hand side vector is element-wisely 
smaller than the right-hand side vector.  

ADMM method can be used to solve this optimization 
problem with an acceptable computational cost. The procedure 
is given in the following Algorithm. 

 
Algorithm: ADMM for solving the bounded quadratic 

programming problem  
Initiate 𝐳𝐳 = 𝐮𝐮 = 0. Select 𝜉𝜉 > 0. 
Do:  
1. 𝐱𝐱 ← (𝐈𝐈 + 𝜉𝜉𝐀𝐀)−1(𝐳𝐳 − 𝐮𝐮− 𝜉𝜉𝐛𝐛) 
2. 𝐳𝐳 ← Π𝐶𝐶 (𝐱𝐱 + 𝐮𝐮) = min�max�𝐱𝐱,𝐋𝐋�,𝐋𝐋�, where 𝐶𝐶 is the 

rectangle 𝐋𝐋 ≼ 𝐱𝐱 ≼ 𝐋𝐋, and Π is the projection Π𝐴𝐴(𝑥𝑥) =
arg min

𝐳𝐳∈𝐴𝐴
|𝐱𝐱 − 𝐳𝐳|  

3. 𝐮𝐮 ← 𝐮𝐮 + 𝐱𝐱 − 𝐳𝐳 
Until converge 

 
 Here, the parameter 𝜉𝜉 > 0 controls the step size. After this 

parameter is selected, we shall calculate the Cholesky 
factorization of the matrix 𝐈𝐈 + 𝜉𝜉𝐀𝐀 beforehand and obtain the 
upper triangular matrix 𝐓𝐓 such that 𝐓𝐓𝑇𝑇𝐓𝐓 = 𝐈𝐈 + 𝜉𝜉𝐀𝐀. In such a 
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way, Step 1 is achieved by solving two linear systems 𝐓𝐓𝑇𝑇𝐲𝐲 =
𝐳𝐳 − 𝐮𝐮− 𝜉𝜉𝐛𝐛 and then 𝐓𝐓𝐱𝐱 = 𝐲𝐲.  

The above ADMM algorithm is quite efficient in finding a 
solution. In this algorithm, the major computational burden in 
every iteration comes from solving two triangular linear 
systems with 10 variables. We suggest running the algorithm 
for a fixed number, such as 10 steps, to restrict the control time. 
Hence, if we apply our bound algorithm on the APC system, 
this modification increases the very little amount of 
computational cost.  

APPENDIX C. 
DERIVATION OF THE REGULARIZED CONTROL LAW 

The derivation of control law: 
𝐅𝐅𝑥𝑥𝑇𝑇𝐅𝐅𝑥𝑥 = 𝔼𝔼�𝐖𝐖𝐹𝐹𝐊𝐊𝑥𝑥,𝑡𝑡�

𝑇𝑇
�𝐖𝐖𝐹𝐹𝐊𝐊𝑥𝑥,𝑡𝑡� 

= 𝔼𝔼��𝐔𝐔𝑥𝑥,𝑡𝑡
𝑇𝑇 �𝐈𝐈 + 𝐁𝐁�𝑋𝑋�+ 𝐃𝐃�𝑥𝑥𝑇𝑇�𝐖𝐖𝐹𝐹

𝑇𝑇𝐖𝐖𝐹𝐹��𝐈𝐈+ 𝐁𝐁�𝑋𝑋�𝐔𝐔𝑥𝑥,𝑡𝑡 +𝐃𝐃�𝑥𝑥�� 
= 𝔼𝔼�𝐔𝐔𝑥𝑥,𝑡𝑡

𝑇𝑇 �𝐈𝐈+ 𝐁𝐁�𝑋𝑋�𝐖𝐖𝐹𝐹
𝑇𝑇𝐖𝐖𝐹𝐹�𝐈𝐈 + 𝐁𝐁�𝑋𝑋�𝐔𝐔𝑥𝑥,𝑡𝑡 + 2𝐃𝐃�𝑥𝑥𝑇𝑇𝐖𝐖𝐹𝐹

𝑇𝑇𝐖𝐖𝐹𝐹�𝐈𝐈 +
𝐁𝐁�𝑋𝑋�𝐔𝐔𝑥𝑥,𝑡𝑡�   

= 𝐔𝐔𝑥𝑥,𝑡𝑡
𝑇𝑇 �𝐖𝐖𝐹𝐹

𝑇𝑇𝐖𝐖𝐹𝐹 + 𝔼𝔼�𝐁𝐁�𝑋𝑋𝐖𝐖𝐹𝐹
𝑇𝑇𝐖𝐖𝐹𝐹𝐁𝐁�𝑋𝑋��𝐔𝐔𝑥𝑥,𝑡𝑡 +

2𝐃𝐃�𝑥𝑥𝑇𝑇𝐖𝐖𝐹𝐹
𝑇𝑇𝐖𝐖𝐹𝐹𝐔𝐔𝑥𝑥,𝑡𝑡. 

Here, we used the fact that 𝔼𝔼�𝐁𝐁�𝑋𝑋� = 0. Setting the matrix  
𝐖𝐖𝐹𝐹

𝑇𝑇𝐖𝐖𝐹𝐹 + 𝔼𝔼�𝐁𝐁�𝑋𝑋𝐖𝐖𝐹𝐹
𝑇𝑇𝐖𝐖𝐹𝐹𝐁𝐁�𝑋𝑋� as 𝐀𝐀 and the vector 𝐖𝐖𝐹𝐹

𝑇𝑇𝐖𝐖𝐹𝐹𝐃𝐃�𝑥𝑥 as 𝐛𝐛, 
the optimization problem for the cautious regularized controller 
is transformed to the following bounded quadratic optimization 
problem. 

min
𝑈𝑈

𝐔𝐔𝑥𝑥,𝑡𝑡
𝑇𝑇 𝐀𝐀𝐔𝐔𝑥𝑥,𝑡𝑡 + 2𝐛𝐛𝑇𝑇𝐔𝐔𝑥𝑥,𝑡𝑡 

subject to 𝐋𝐋(𝐔𝐔𝑥𝑥) ≼ 𝐔𝐔𝑥𝑥,𝑡𝑡 ≼ 𝐋𝐋(𝐔𝐔𝑥𝑥). 
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