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Abstract—Heterogeneous but complementary sources of 

data provide an unprecedented opportunity for developing 

accurate statistical models of systems. Although the existing 

methods have shown promising results, they are mostly 

applicable to situations where the system output is 

measured in its complete form. In reality, however, it may 

not be feasible to obtain the complete output measurement 

of a system, which results in observations that contain 

missing values. This paper introduces a general framework 

that integrates tensor regression with tensor completion and 

proposes an efficient optimization framework that 

alternates between two steps for parameter estimation. 

Through multiple simulations and a case study, we evaluate 

the performance of the proposed method. The results 

indicate the superiority of the proposed method in 

comparison to a benchmark. 
 
Note to Practitioners—The proposed method aims to obtain 

an accurate estimation of the regression model when certain 

entries of the response are inaccessible. By considering both 

the information from multiple inputs and the structure of 

the response, our proposed method can achieve more 

accurate estimation of the output tensor. In order to apply 

the proposed method in practice, two assumptions should 

hold: First, the response tensor should be low-rank, 

meaning that fewer variation patterns should exist in the 

response than its dimensions. Second, the relationship 

between the input tensors and the response should be linear 

or approximately linear. The presented method in this 

paper uses tensor decomposition techniques to exploit the 

correlation structures of the high-dimensional data and 

prevent overfitting. Another benefit of our integrated 

framework is that the rank of the response tensor converges 

automatically, which can be used directly in the parameter 

estimation.   
 

Index Terms— Tensor regression, missing values, Tucker 

decomposition, ALS-ADMM. 
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Lower- or upper-

case boldface letter 

A vector or a matrix, e.g., 𝐰 or 𝐖. 

Euler script letters  A tensor, e.g., 𝒲. 

𝒳𝑗 Input tensor 𝑗  for the regression model,  

𝒳𝑗 ∈ ℝ
𝐼×𝑃𝑗1×⋯×𝑃𝑗𝑙𝑗  with the sample dimension 

𝐼 and other dimensions 𝑃𝑗𝑘,  𝑗 = 1, ⋯ , 𝑝. 

𝒴 Output tensor for the regression model, 𝒴𝑖 ∈
ℝ𝐼×𝑄1×𝑄2×⋯×𝑄𝑑. 

ℬ𝑗 Coefficient tensor 𝑗  for the regression model 

with respect to 𝒳𝑗. 

𝒞𝑗 Core tensor of Tucker decomposition to ℬ𝑗. 

𝑊(𝑘) Mode-𝑘 matricization of tensor 𝒲. 

Ω Index set to define the missing values of the 

response. 

𝒫Ω Orthogonal projection based on the index set Ω. 

rank(∙) Rank function of a tensor. 

𝒴0 Response with missing values. 

𝐔𝑗∙  Bases that spans the space of the input tensor 𝑗. 

𝐕∙  Bases that spans the space of the response. 

ℳ𝑖 The 𝑖𝑡ℎ local copy of tensor 𝒴. 

𝐌(𝑖) Mode-𝑖 matricization of ℳ𝑖. 

𝚯𝑖 Dual variable. 

𝜆 Tuning parameter. 

I. INTRODUCTION 

HE rapid development of sensing and computing 

technology has accelerated the collection of heterogeneous 

sets of data, which may include a combination of scalars and 

high-dimensional (HD) data points such as profiles, images, 

and point clouds. Many applications, including multistage 

manufacturing [1], aircraft prognostics [2], and medical 

imaging [3] can benefit from such heterogeneous and high-

dimensional data. For example, by integrating a set of 

heterogeneous data, including machine settings and sensor 

readings, a more accurate and reliable prediction of an output 

of a manufacturing process can be achieved. Such a predictive 
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model can then be used for process monitoring and 

optimization. As reported in Table I, many techniques have 

been developed for modeling systems based on HD and 

heterogeneous data.   

Traditional dimensionality reduction approaches, including 

principal component regression (PCR) [4] and partial least 

square (PLS) [5] have been used for regression modeling with 

limited predictive power as they cannot exploit the complex 

correlation structures of HD data points. Functional regression 

models are proposed to capture the nonlinear correlation 

structures of data. Although these methods perform well in 

cases with profile data, efficient extensions of these approaches 

to data sets with higher dimensions (e.g., images) are very 

difficult, if not impossible  [6], [7]. In recent years, tensor 

algebra has shown promising results in many applications, from 

network analysis to process modeling and monitoring [8], [9]. 

Among those, some studies have focused on tensor regression 

analysis. For example, Zhao, et al. [10] extended PLS approach 

to tensor data by using Tucker decomposition. Li, et al. [11] 

proposed a generalized linear model with input tensors based 

on Tucker decomposition. Yan, et al. [12] proposed to link 

structured point clouds to scalar process variables with tensor 

regression. To consider a more general case, Lock [13] 

proposed a regression model that estimates an output tensor 

based on an input tensor (tensor-on-tensor regression [TOT]), 

using CP decomposition imposed on the tensors of model 

parameters. However, the TOT method is limited due to the 

inherent limitations of CP decomposition and can only include 

a single input tensor. Recently, Gahrooei, et al. [14] extended 

TOT to multiple tensor-on-tensor regression (MTOT) by 

leveraging Tucker operations.  

Although these existing approaches provide effective ways 

to model processes using HD data, they assume the available 

output tensor is structured and complete. However, in many 

applications, these assumptions are not valid, and the 

measurements may contain missing values for reasons such as 

the failure of the sensors or excessive cost of full measurement. 

For example, in lithography process of semiconductor 

manufacturing, overlay (OV) errors (i.e., the misalignment 

between different layers), which are highly dependent on the 

lithography machine settings (e.g., the alignments of the lens 

and the location of the wafer stage), are only measured at a 

limited number of marked locations over the wafer (see Fig. 1). 

Therefore, obtaining a full picture of OV errors requires 

developing models that link the overlays to machine settings 

based on partially observed OV errors on wafers.  

Another example is the battery system of the Tesla Model S, 

with more than 7000 cells [15], where a limited number of 

sensors monitors the temperature of a few of these cells. As a 

result, the temperature data obtained from these batteries is 

structured but contains missing observations. To effectively 

monitor the battery condition, a modeling framework that uses 

this data to estimate the temperature of all cells based on the 

observed measurements and covariates such as the speed and 

temperature of coolant flow in the battery pack is essential.    

In these situations, where the output contains missing values, 

an effective estimation of the model parameters is challenging 

due to the absence of several observations in high-dimensional 

outputs, which renders the exploitation of the complex 

correlation structure of the output even more difficult. A naïve 

approach of addressing this challenge is to first complete the 

HD outputs, using matrix [16] or tensor completion approaches 

[17], and then construct a prediction model based on the 

completed data using existing HD regression methods (e.g., 

[14]). Many methods are developed for the tensor completion 

problem, which attempt to build the relationship between the 

known entries and the missing values of a matrix or a tensor. 

These methods rely on the low-rank assumption of the tensor 

and either design decomposition of the tensor [18], [19], or 

perform rank minimization [17], [20], as reported in Table Ⅱ. 

Nevertheless, these approaches do not consider other 

potentially relevant and available data when performing the 

tensor completion task. In many applications, however, the 

incomplete tensor is related to other variables (e.g., the inputs 

of a process) that can provide further information in the 

completion procedure.  

To fully exploit the available information, we propose an 

augmented tensor regression framework that simultaneously 

estimates the model parameters and completes the response 

tensor. Fig. 2 illustrates an overview of our procedure. In this 

figure, 𝒳𝑗 , 𝑗 = 1, ⋯ , 𝑝  represent the available inputs that are 

complete, and 𝒴  denotes an incomplete output of a process. 

Please note that in the situations where 𝒳𝑗 , 𝑗 = 1, ⋯ , 𝑝 contain 

missing values, one can complete them using tensor completion 

approaches as they are independent variables. The goal is to 

estimate the model parameters ℬ , given the inputs and 

incomplete output. After learning the model parameters, a 

TABLE I REGRESSION METHODS 

Methods Literature Characteristics 

Principle component 

regression (PCR) or 

partial least square (PLS)  

[4], [5] -Fail to exploit the ordering or spatial 

structure of profiles or images. 

Functional regression [6], [7] -Mostly on profile data. 

-Difficult to extend to higher 

dimensions. 

Tensor regression (TOT, 

MTOT) 

[12], [13], 

[14] 

-Tensor inputs and tensor output. 

-Assumes complete data. 

TABLE II TENSOR COMPLETION METHODS 

Methods Literature Characteristics 

Decomposition 

based methods 

CP[18], Tucker [19]  

decompositions 

-With tensor decomposition 

methods. 

-Rank specified. 

Rank minimization 

based methods 

CP [17], Tucker [20]  

rank 

-Automatic rank estimation 

 

 

Fig. 1. Illustration of overlay measurements in the lithography process. 
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complete output can be estimated based on a given set of new 

inputs. As it is shown in Fig. 2, our procedure completes the 

output and learns the model parameters iteratively. Specifically, 

the completion of the response 𝒴 takes advantage of both the 

information of the inputs via the estimated parameters ℬ and 

the structural information of the incomplete response 𝒴0. By 

considering the information from inputs, the completion of 

response is expected to be more accurate than a completion 

procedure that only uses the structural information of 𝒴0. 
Furthermore, a more accurate completion of the response can 

benefit the estimation of the model parameters ℬ. Therefore, all 

available information from both inputs and output are fully and 

iteratively exploited, resulting in more accurate model 

estimation and improved performance of prediction.   

Mathematically, the model parameters are learned by 

minimizing an integrated objective function that includes a 

mean square error term and a tensor rank penalty on the 

response 𝒴 for global exploitation of the relationship between 

the observed and missing entries. To avoid overfitting, a 

decomposition operation is applied on the model parameters ℬ 

by considering the correlation structures within the inputs and 

output spaces. The optimization problem is then solved through 

a novel and efficient algorithm with two block coordinate 

descent (BCD) steps. The proposed optimization framework 

iteratively completes the output tensor and learns the model 

parameters until convergence.  

The rest of the article is organized as follows: In Section II, 

we propose an integrated framework for augmented tensor 

regression with missing values and elaborate on the algorithms 

for estimating the missing values of the response as well as the 

model parameters. Section III carries out two simulation 

studies. The first one implements a curve-on-curve simulation 

with missing entries in the profile output. The second 

simulation study generates images and profiles for the inputs 

and the output. Based on those two simulations, the proposed 

method is evaluated in comparison to a benchmark method. In 

Section IV, we conduct a case study to estimate the incomplete 

overlay errors in the semiconductor lithographic process. 

Finally, we conclude the paper in Section V. 

II. FORMULATION OF TENSOR REGRESSION WITH 

INCOMPLETE RESPONSE 

In this section, we propose an approach that augments tensor-

on-tensor regression with tensor completion for a more accurate 

estimation of model parameters and the high-dimensional 

process output with missing values. First, we introduce the 

notations and concepts of tensor algebra used in this paper. 

A. Tensor Notation and Multilinear Algebra 

In this paper, we use Euler script letters to denote a tensor. 

For instance, 𝒳 ∈ ℝ𝑃1×𝑃2×⋯×𝑃𝑛  denotes a tensor of order 𝑛 , 

where 𝑃𝑖 indicates the dimension of the mode 𝑖 of the tensor 𝒳. 

The 𝑚𝑜𝑑𝑒-𝑖 matricization and the vectorization of a tensor 𝒳 

are denoted by 𝐗(𝑖) ∈ ℝ𝑃𝑖×𝑃−𝑖  ( 𝑃−𝑖 = 𝑃1 × 𝑃2 × ⋯ × 𝑃𝑖−1 ×

𝑃𝑖+1 × ⋯ × 𝑃𝑛) and vec(𝒳), respectively. A tensor 𝒳 can be 

obtained by folding any of its matricizations, which is denoted 

as 𝒳 = fold(𝐗(𝑖)) , 𝑖 ∈ {1, … , 𝑛} . The 𝑚𝑜𝑑𝑒 -𝑘  product of a 

tensor 𝒳  with a matrix 𝐔 ∈ ℝ𝐾×𝑃𝑘  is denoted by 𝒳 ×𝑘 𝐔 ∈
ℝ𝑃1×𝑃2×⋯×𝑃𝑘−1×𝐾×𝑃𝑘+1×⋯×𝑃𝑛 , where the 𝑝1 ⋯ 𝑝𝑘−1𝑘𝑝𝑘+1 ⋯ 𝑝𝑛 

entry of the product is given by, (𝒳 ×𝑘 𝐔)𝑝1⋯𝑝𝑘−1𝑘𝑝𝑘+1⋯𝑝𝑛
=

∑ 𝑥𝑝1⋯𝑝𝑛
𝑢𝑗𝑝𝑘

𝑃𝑘
𝑝𝑘=1 . 

The Frobenius norm of a tensor 𝒳  is defined as the 

Frobenius norm of its matricization along any mode, e.g., 

‖𝒳‖𝐹
2 = ‖𝐗(𝑖)‖

F

2
. The contraction product of two tensors ℬ ∈

ℝ𝑃1×𝑃2×⋯×𝑃𝑛×𝑄1×⋯×𝑄𝑑  and 𝒳 ∈ ℝ𝑃1×𝑃2×⋯×𝑃𝑛  is denoted by 

ℬ ∗ 𝒳 ∈ ℝ𝑄1×⋯×𝑄𝑑 ,  where (ℬ ∗ 𝒳)𝑞1⋯𝑞𝑑
=

∑ 𝒳𝑝1⋯𝑝𝑙
ℬ𝑝1⋯𝑝𝑙𝑞1⋯𝑞𝑑𝑝1⋯𝑝𝑙

. 

We use ‖𝐗‖∗ = ∑ 𝜆𝑖(𝐗)𝑖  to denote the nuclear norm of the 

matrix 𝐗, where 𝜆𝑖(𝐗) is the 𝑖𝑡ℎ  largest singular value of the 

matrix. The nuclear norm of a tensor 𝒳, denoted by ‖𝒳‖∗, is 

defined as the weighted average of nuclear norms of its 

matricizations along each mode [17], i.e.,  ‖𝒳‖∗ =

∑ 𝛼𝑖‖𝐗(𝑖)‖
∗

𝑑
𝑖=1 , where 𝛼𝑖 > 0 and ∑ 𝛼𝑖𝑖 = 1. We let Ω denote 

an index set, and 𝒫Ω(𝒳) represent an orthogonal projection that 

copies the tensor entries of 𝒳  with indices in Ω and sets the 

entries with indices outside Ω to be 0. The Tucker rank of tensor 

𝒳  is defined as the combination of the column ranks of its 

matricizations. That is, rank(𝒳) = (𝑅1, 𝑅2, ⋯ , 𝑅𝑛), where 𝑅𝑖 

is the column rank of  𝐗(𝑖) [21].  

B. Problem Formulation 

Let 𝑚 denote the number of available samples in the training 

set, 𝒴0𝑖 ∈ ℝ𝑄1×𝑄2×⋯×𝑄𝑑  (𝑖 = 1, ⋯ , 𝑚) be the response tensor 

in the 𝑖𝑡ℎ  sample that contains missing values, and 𝒳𝑗𝑖 ∈

ℝ
𝑃𝑗1×𝑃𝑗2×⋯×𝑃𝑗𝑙𝑗  (𝑖 = 1, ⋯ , 𝑚; 𝑗 = 1, ⋯ , 𝑝 )  represents the 𝑗𝑡ℎ 

input tensor (predictor) within the 𝑖𝑡ℎ sample. Let us denote by 

Ω𝑖 the set of indices at which entries of 𝒴0𝑖 are observed. Then, 

we characterize the relationship between the inputs and the 

output by,  

𝒫Ω𝑖
(𝒴0𝑖) = 𝒫Ω𝑖

(∑ 𝒳𝑗𝑖 ∗ ℬ𝑗

𝑝

𝑗=1

) + 𝒫Ω𝑖
(ℰ𝑖), 𝑖 = 1, ⋯ , 𝑚, (1) 

where ℬ𝑗 ∈ ℝ
𝑃𝑗1×𝑃𝑗2×⋯×𝑃𝑗𝑙𝑗

×𝑄1×𝑄2×⋯×𝑄𝑑  is the tensor of 

Fig. 2. The proposed framework of the augmented regression modeling with 

an incomplete response, which includes two iterative steps, i.e., 𝒴 imputation 

and ℬ estimation. The first step attempts to complete 𝒴 given 𝒳 and ℬ, while 

the second step tries to estimate ℬ given 𝒴 and 𝒳. The solid lines represent 

the transmission of available information from the inputs and the response, 

while the dotted lines indicate the transmission of the information generated 

by each step. 



 4 

coefficients related to input 𝑗 and ℰ𝑖 is a tensor of errors whose 

entries follow a random process. For a more compact 

representation, we can fold tensors 𝒴𝑖 , 𝒳𝑗𝑖 , and ℰ𝑖 (𝑖 =

1, ⋯ , 𝑚)  along the sample mode to obtain tensors 𝒴0 ∈

ℝ𝑚×𝑄1×𝑄2×⋯×𝑄𝑑 , 𝒳𝑗 ∈ ℝ
𝑚×𝑃𝑗1×𝑃𝑗2×⋯×𝑃𝑗𝑙𝑗 (𝑗 = 1, ⋯ , 𝑝) , and 

ℰ ∈ ℝ𝑚×𝑄1×𝑄2×⋯×𝑄𝑑 . Then, the model can be written as,  

𝒫Ω(𝒴0) = 𝒫Ω (∑ 𝒳𝑗 ∗ ℬ𝑗

𝑝

𝑗=1

) + 𝒫Ω(ℰ). (2) 

where, Ω = {(𝑖, 𝑞1, ⋯ , 𝑞𝑑) ∈  ℝ𝑚×𝑄1×𝑄2×⋯×𝑄𝑑}  is a set of 

indices at which entries of 𝒴0 are observed. Upon estimation of 

ℬ𝑗, the complete output can be estimated by ∑ 𝒳𝑗 ∗ ℬ𝑗
𝑝
𝑗=1 , as 

illustrated in Fig. 3. Because the output contains missing values, 

existing approaches that assume complete tensors are not 

applicable for estimating the parameters. Fortunately, due to the 

potential correlation structure within high-dimensional data 

points, including profiles and images, the output tensor 

generally has a low-rank structure. This low-rank structure is 

key in designing an approach for estimating the model 

parameters in the presence of incomplete output tensor. The 

goal of our work is to build a regression model between the 

input tensors 𝒳𝑗 , (𝑗 = 1, ⋯ , 𝑝)  and the incomplete output 

tensor 𝒴0 . It can be achieved by integrating the low-rank 

structure of the response into the least square loss 𝐿𝑟 as follows,  

min
𝒴,ℬ1,⋯,ℬ𝑝

𝜆 rank(𝒴) +
1

2
‖𝒴 − ∑ 𝒳𝑗 ∗ ℬ𝑗

𝑝

𝑗=1

‖

F

2

 

Subject to: 𝒫Ω(𝒴) = 𝒫Ω(𝒴0). 

(3) 

The first term, 𝜆 rank(𝒴), in the objective function, exploits 

the low-rank structure of the output tensor, where 𝜆 > 0. Note 

that the assumption of this problem is that the output is low-

rank, which is common in high dimensional spaces and can be 

validated based on the domain knowledge. 𝜆 is a user-specified 

tuning parameter that should be selected based on the procedure 

discussed in Section II.E. Unfortunately, Problem (3) is NP-

hard due to the nonconvexity of rank(𝒴). To address this issue, 

we employ a convex relaxation of the rank(𝒴)  term. 

Specifically, we employ the tensor’s nuclear norm to 

approximate the rank penalty, leading to the following tractable 

problem,  

min
𝒴,ℬ1,⋯,ℬ𝑝

𝜆‖𝒴‖∗ +
1

2
‖𝒴 − ∑ 𝒳𝑗 ∗ ℬ𝑗

𝑝

𝑗=1

‖

F

2

 

Subject to: 𝒫Ω(𝒴) = 𝒫Ω(𝒴0), 

(4) 

where ‖𝒴‖∗ = ∑ 𝛼𝑖‖𝐘(𝑖)‖
∗

𝑑
𝑖=1  as it is defined in Section II.A. 

Solving this problem without imposing any constraint over the 

parameters ℬ𝑗 will result in severe overfitting as the number of 

parameters are extremely large. To avoid this issue, we 

decompose ℬ𝑗 , ( 𝑗 = 1, ⋯ , 𝑝) by using a Tucker operation and 

write,     ℬ𝑗 =  𝒞𝑗 ×1 𝐔𝑗1 ×2 ⋯ ×𝑙𝑗
𝐔𝑗𝑙𝑗

×𝑙𝑗+1 𝐕1 ×𝑙𝑗+2 ⋯ ×𝑙𝑗+𝑑 𝐕𝑑 . 

Here, 𝒞𝑗 ∈ ℝ(�̃�𝑗1×⋯×�̃�𝑗1×�̃�1×⋯×�̃�𝑑) is a core tensor with �̃�𝑗𝑖 ≪

𝑃𝑗𝑖 (𝑗 = 1, ⋯ , 𝑝; 𝑖 = 1, ⋯ , 𝑙𝑗)  and �̃�𝑖 ≪ 𝑄𝑖 (𝑖 = 1, ⋯ , 𝑑); 

{𝐔𝑗𝑖: 𝑗 = 1, ⋯ , 𝑝; 𝑖 = 1, ⋯ , 𝑙𝑗} is a set of bases that spans the 

𝑗𝑡ℎ input space; and {𝐕𝑖: 𝑖 = 1, ⋯ , 𝑑} is a set of bases that spans 

the output space. Therefore, we aim to solve, 

min
𝒴,ℬ1,⋯,ℬ𝑝

𝜆‖𝒴‖∗ +
1

2
‖𝒴 − ∑ 𝒳𝑗 ∗ ℬ𝑗

𝑝

𝑗=1

‖

F

2

, 

Subject to: 𝒫Ω(𝒴) = 𝒫Ω(𝒴0);    ℬ𝑗 = 𝒞𝑗 ×1 𝐔𝑗1 ×2 … 

×𝑙𝑗
𝐔𝑗𝑙𝑗

×𝑙𝑗+1 𝐕1 ×𝑙𝑗+2 ⋯ ×𝑙𝑗+𝑑 𝐕𝑑 , 𝑗 = 1, … , 𝑝. 

(5) 

To estimate the model parameters, we design an algorithm 

with the following two steps (see Algorithm 1) as follows: 

Step 1 (𝒴-update): This step optimizes the following sub-

problem assuming that the model parameters ℬ𝑗
𝑘 (𝑗 = 1, ⋯ , 𝑝) 

are given at the (𝑘 + 1)𝑡ℎ iteration of the algorithm, 

𝒴𝑘+1 = argmin𝒴 𝜆‖𝒴‖∗ +
1

2
‖𝒴 − ∑ 𝒳𝑗 ∗ ℬ𝑗

𝑘

𝑝

𝑗=1

‖

F

2

 

Subject to: 𝒫Ω(𝒴) = 𝒫Ω(𝒴0). 

(6) 

Let 𝒜𝑘 = ∑ 𝒳𝑗 ∗ ℬ𝑗
𝑘𝑝

𝑗=1 ; then the problem can be rewritten as, 

𝒴𝑘+1 = argmin𝒴 𝜆‖𝒴‖∗ +
1

2
‖𝒴 − 𝒜𝑘‖F

2 

Subject to: 𝒫Ω(𝒴) = 𝒫Ω(𝒴0). 

(7) 

Step 2 (ℬ𝑗-update): Given the estimated 𝒴𝑘 and remaining ℬ𝑖
𝑘 

(𝑖 = 1, ⋯ , 𝑝,  𝑖 ≠ 𝑗), this step attempts to solve, 

ℬ𝑗
𝑘+1 = argminℬ𝑗

‖𝒲𝑗
𝑘 − 𝒳𝑗 ∗ ℬ𝑗‖

F

2
, Subject to:   

ℬ𝑗 = 𝒞𝑗 ×1 𝐔𝑗1 ×2 ⋯ ×𝑙𝑗
𝐔𝑗𝑙𝑗

×𝑙𝑗+1 𝐕1 ×𝑙𝑗+2 ⋯ ×𝑙𝑗+𝑑 𝐕𝑑. 
(8) 

where 𝒲𝑗
𝑘 = 𝒴𝑘 − ∑ 𝒳𝑖 ∗ ℬ𝑖

𝑘𝑝
𝑖≠𝑗 . 

The stopping criterion of Algorithm 1 is defined by the 

squared norm of the difference between objective values 

computed at the (𝑘 − 1)𝑡ℎ  and 𝑘𝑡ℎ  iterations, i.e., 𝑒𝑘 =

‖𝑤𝑘+1 − 𝑤𝑘‖2
2 , where 𝑤𝑘 = 𝜆‖𝒴𝑘‖∗ +

1

2
‖𝒴𝑘 − ∑ 𝒳𝑗 ∗

𝑝
𝑗=1

 

Algorithm 1: BCD algorithm for solving problem (5)  

1: 
Inputs: 𝒳1, … , 𝒳𝑝, 𝒴0 and Ω. 

Initiate ℬ1
0, … , ℬ𝑝

0 randomly and let 𝒴0 = 𝒴0. 

2: Loop 

3:  𝒴𝑘+1  𝒴-update step: update  𝒴𝑘  to  𝒴𝑘+1 by solving Problem (7) 

given ℬ𝑗
𝑘 (𝑗 = 1, ⋯ , 𝑝) 

4:  Let 𝒴𝑘 = 𝒴𝑘+1 

5:  for  𝑗 = 1, ⋯ , 𝑝 do: 

6:  ℬ𝑗
𝑘+1 ℬ𝑗 -update step: update ℬ𝑗

𝑘  to ℬ𝑗
𝑘+1  by solving Problem (8) 

given 𝒴𝑘 and the remaining ℬ𝑖
𝑘for 𝑖 = 1, ⋯ , 𝑝,  𝑖 ≠ 𝑗. 

7:  Let ℬ𝑗
𝑘 = ℬ𝑗

𝑘+1  

8  end 

9: until convergence. 

 

Fig. 3. Illustration of the regression model for heterogeneous sets of data. 
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ℬ𝑗
𝑘‖

F

2
, 𝑘 = 1,2,3, …. By setting a convergence tolerance 𝜖𝐵𝐶𝐷, 

the algorithm stops when 𝑒𝑘 < 𝜖𝐵𝐶𝐷. Practically, the number of 

iterations can be capped at a pre-specified number to avoid long 

training time.  

C. Solution to 𝒴-update  

The problem of 𝒴 -update (i.e., Problem (7)) can be 

transformed to, 

min
𝒴

∑ 𝛼𝑖 {𝜆‖𝐘(𝑖)‖
∗

+
1

2
‖𝐘(𝑖) − 𝐀(𝑖)‖

F

2
}

𝑑

𝑖=1

 

Subject to: 𝒫Ω(𝒴) = 𝒫Ω(𝒴0) 

(9) 

The details of this transformation are provided in 

APPENDIX A. The default values of parameter 𝛼𝑖 , 𝑖 = 1, … , 𝑑 

are set to 
1

𝑑
. That is, we assign equal weights to each of the 

tensor modes in the nuclear norm.  

Since this problem is the same at each iteration, we use the 

general notation 𝒴 and 𝒜 by ignoring the iteration index 𝑘 for 

simplicity. Solving the above problem is challenging due to the 

interdependent nuclear norm terms. That is, the entries of the 

matricizations of the output tensor in the nuclear norm are 

shared and therefore, cannot be treated independently while 

minimizing the objective function. To tackle this issue, we 

define several auxiliary variables to split these interdependent 

terms. Specifically, we introduce additional local matrices 

𝐌(1), ⋯ , 𝐌(𝑑) , which represent the mode-i matricizations of 

local tensors ℳ1, ⋯ , ℳ𝑑 , 𝑖 = 1,2, … , 𝑑 , separately. Then, we 

have the following problem, 

min
𝐌(1),⋯,𝐌(𝑑),𝒴

∑ 𝛼𝑖 {𝜆‖𝐌(𝑖)‖
∗

+
1

2
‖𝐌(𝑖) − 𝐀(𝑖)‖

F

2
}

𝑑

𝑖=1

 

Subject to: 𝒫Ω(𝒴) = 𝒫Ω(𝒴0) and 𝒴 = ℳ𝑖 , 𝑖 = 1, ⋯ , 𝑑. 

(10) 

Here, 𝒴 can be treated as a global variable, and the problem 

becomes a global consensus problem. By introducing 𝑑 local 

variables, problem (10) becomes separable since they are 

independent of each other. To solve (10), we first address the 

equality constraints 𝐌(𝑖) =  𝐘(𝑖) (𝑖 = 1, ⋯ , 𝑑) by defining the 

augmented Lagrangian as follows, 

𝐿𝜌(𝐌(1), ⋯ , 𝐌(𝑑), 𝒴, Θ1, ⋯ , Θ𝑑) 

= ∑ {
𝜆𝛼𝑖‖𝐌(𝑖)‖

∗
+

𝛼𝑖

2
‖𝐌(𝑖) − 𝐴(𝑖)‖

F

2
+

〈Θ𝑖 , 𝒴 − ℳ𝑖〉 +
𝜌

2
‖𝒴 − ℳ𝑖‖F

2
}

𝑑

𝑖=1

, 
(11) 

where 〈Θ𝑖 , 𝒴 − ℳ𝑖〉 represents inner product of tensors Θ𝑖 and 

𝒴 − ℳ𝑖; Θ𝑖 (𝑖 = 1, . . , 𝑑) denote the tensors of dual variables; 

and 𝜌 is the step size. Then, the problem is represented as, 

min
𝐌(1),⋯,𝐌(𝑑),𝒴,Θ1,⋯,Θ𝑑

 𝐿𝜌(𝐌(1), ⋯ , 𝐌(𝑑), 𝒴, Θ1, ⋯ , Θ𝑑) 

Subject to: 𝒫Ω(𝒴) = 𝒫Ω(𝒴0) 

(12) 

The resulting ADMM algorithm for this problem is 

summarized in Algorithm 2, which includes three iterative 

steps: local variable update, global variable update, and dual 

variable update. The convergence proof of Algorithm 2 is 

provided in APPENDIX B. For local variable update, we try to 

solve the following unconstrained problem, 

min
𝐌(𝑖)

 𝑓𝑖(𝐌(𝑖)), (13) 

where 𝑓𝑖(𝐌(𝑖)) = {
𝜆𝛼𝑖‖𝐌(𝑖)‖

∗
+

𝛼𝑖

2
‖𝐌(𝑖) − 𝐀(𝑖)‖

𝐹

2
+

〈Θ𝑖 , 𝒴 − ℳ𝑖〉 +
𝜌

2
‖𝒴 − ℳ𝑖‖𝐹

2
}.  

This problem is equivalent to, 

min
𝐌(𝑖)

 𝜆𝑖‖𝐌(𝑖)‖
∗

+
1

2
‖𝐌(𝑖) − 𝐂(𝑖)‖

F

2
 (14) 

where 𝜆𝑖 =
𝜆𝛼𝑖

𝛼𝑖+𝜌
 and 𝐂(𝑖) =

𝛼𝑖𝐀(𝑖)+𝜌𝐘(𝑖)+𝚯(𝑖)

𝛼𝑖+𝜌
. 

The detailed derivation of this problem is provided in 

APPENDIX C. It turns out that the minimization problem in 

Problem (14) can be solved by first computing the singular 

value decomposition (SVD) of 𝐂(𝑖) and then applying a soft-

thresholding operator on the singular values. This result is 

proved by [16] and presented in the following proposition. 

Proposition 1. Let 𝐂 ∈ ℝm×n and let 𝐂 = 𝐔𝚺𝐕T be the SVD 

of 𝐂 , where 𝐔 ∈ ℝ𝑚×𝑚  and 𝐕 = ℝ𝑛×𝑛  are orthonormal 

matrices, 𝚺 ∈ ℝ𝑚×𝑛  is a diagonal matrix, and 𝑟 = rank(𝐂) . 

Then,  �̂� ≡ argmin𝐌 {𝜆‖𝐌‖∗ +
1

2
‖𝐌 − 𝐂‖F

2} is optimized by 

�̂� = 𝐔𝑟𝚺λ𝐕𝑟
T , where 𝚺λ  is diagonal with (𝚺λ)𝑖𝑖 =

max(0, 𝚺𝑖𝑖 − 𝜆), 𝐔𝑟 and 𝐕𝑟 are the first 𝑟 columns of 𝐔 and 𝐕.  

In order to update the global variable, we attempt to solve the 

following constrained optimization problem, 

min
𝒴

 𝑔(𝒴),       Subject to: 𝒫Ω(𝒴) = 𝒫Ω(𝒴0), (15) 

where 𝑔(𝒴) = ∑ {〈𝛩𝑖 , 𝒴 − ℳ𝑖〉 +
𝜌

2
‖𝒴 − ℳ𝑖‖𝐹

2 }𝑑
𝑖=1 . 

First, we compute its Lagrangian as follows, 

𝐿𝑦(𝒴, Φ) = ∑ {〈Θ𝑖 , 𝒴 − ℳ𝑖〉 +
𝜌

2
‖𝒴 − ℳ𝑖‖F

2}

𝑑

𝑖=1

+ 〈Φ, 𝒫Ω(𝒴 − 𝒴0)〉, 

(16) 

where Φ is the tensor of the dual variable in this sub-problem.  

Then, a closed-form solution for this sub-problem is derived 

based on the optimality condition, 

𝒴 = {

𝒴0, if (𝑗, 𝑞1, ⋯ , 𝑞𝑑) ∈ Ω

1

𝑑
∑ (ℳ𝑖 −

1

𝜌
Θ𝑖)

𝑑

𝑖=1

, otherwise
 (17) 

 

Algorithm 2 ADMM algorithm for problem (12) 

Inputs: 𝒳1, … , 𝒳𝑝, the estimated ℬ̂𝑝
𝑘−1, … , ℬ̂𝑝

𝑘−1, 𝒴0 and Ω.  

Loop:  

For 𝑖 = 1, … , 𝑑:  

              𝐌(𝑖)
𝑘 ← arg min

𝐌(𝑖)

𝑓𝑖(𝐌(𝑖)) 

ℳ𝑖
𝑘 ← fold(𝐌(𝑖)

𝑘 )                                           (Local variable) 

𝒴𝑘 ← arg min
{𝒴: 𝒫𝛺(𝒴)=𝒫𝛺(𝒴0)}

𝑔(𝒴)                            (Global variable) 

For 𝑖 = 1, … , 𝑑:  

Θ𝑖
𝑘 ← Θ𝑖

𝑘−1 + 𝜌( 𝒴𝑘 − ℳ𝑖
𝑘)                            (Dual variable) 

Until convergence.  
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The detailed derivations are provided in APPENDIX D. 

Finally, the dual variables Θ𝑖 are updated separately according 

to, 

Θ𝑖 ← Θ𝑖 + 𝜌( 𝒴 − ℳ𝑖) (18) 

The stopping criteria for Algorithm 2 are defined by both 

primal residuals ℛ𝑘 = (ℳ1
𝑘 − 𝒴𝑘, … , ℳ𝑑

𝑘 − 𝒴𝑘)  and dual 

residuals 𝒮𝑘 = −𝜌(𝒴𝑘 − 𝒴𝑘−1, … , 𝒴𝑘 − 𝒴𝑘−1) . When 

‖ℛ𝑘‖F ≤ 𝜖𝑝𝑟𝑖 and ‖𝒮𝑘‖F ≤ 𝜖𝑑𝑢𝑎𝑙, the algorithm terminates. In 

addition, we can also set a maximum number of iterations to 

avoid long running time of Algorithm 2. 

D. Solution to ℬ-update 

After the estimation of the response 𝒴 in each iteration of 

Algorithm 1, we then estimate the tensor of coefficients ℬ𝑗. For 

this problem, the key is to learn the core tensor 𝒞𝑗 and the bases 

𝐕𝑖  and 𝐔𝑗𝑖 . Motivated by [14], we learn 𝐔𝑗𝑖  directly from the 

input spaces by performing Tucker decomposition on the input 

tensors. After the estimation of 𝐔𝑗𝑖, the problem of learning ℬ𝑗 

becomes the following optimization problem, 

{𝒞𝑗 , 𝐕1, ⋯ , 𝐕𝑑} = argminℬ𝑗
‖𝐖𝑗(1) − 𝐗(1)𝐁𝑗‖

𝐹

2
 

Subject to:   ℬ𝑗 =

𝒞𝑗 ×1 𝐔𝑗1 ×2 ⋯ ×𝑙𝑗
𝐔𝑗𝑙𝑗

×𝑙𝑗+1 𝐕1 ×𝑙𝑗+2 ⋯ ×𝑙𝑗+𝑑 𝐕𝑑 , 

𝐕𝑖
T𝐕𝑖 = 𝐈�̃�𝑖

(𝑖 = 1, ⋯ , 𝑑), 

(19) 

where 𝐖𝑗(1) and 𝐗(1) are mode-1 matricizations of 𝒲𝑗 and 𝒳𝑗, 

respectively. 𝐁𝑗 ∈ ℝ𝑃𝑗×𝑄 is the matricization of tensor ℬ𝑗 with 

𝑃𝑗 = ∏ 𝑃𝑗𝑘
𝑙𝑗

𝑘=1
 and 𝑄 = ∏ 𝑄𝑘

𝑑
𝑘=1 . 𝐈�̃�𝑖

∈ ℝ�̃�𝑖×�̃�𝑖  is an identity 

matrix. The problem (19) can be solved by using the ALS-BCD 

as in [14]. 

One requirement of ALS-BCD algorithm is to know the rank 

of the response 𝒴. Since 𝒴 is estimated during the 𝒴-update 

step in Algorithm 1, we use high-order SVD (HOSVD) to 

estimate its rank, which is the column rank of 𝐘(𝑛)  for 𝑛 =

1, ⋯ , 𝑑 . More specifically, we use the truncated SVD to 

estimate the rank of mode-n matricization 𝐘(𝑛) by specifying a 

ratio, by which the data variability is explained. Then, the ranks 

of the matricizations of 𝒴 along all modes are estimated, which 

are then combined into the Tucker rank of tensor 𝒴 for ALS-

BCD algorithm. 

E. Selection of Hyper-parameters 

In the proposed method, the global hyper-parameter 𝜆 and 

local hyper-parameters �̃�𝑗𝑖 (𝑗 = 1,2, ⋯ , 𝑝; 𝑖 = 1,2, ⋯ , 𝑙𝑗) 

should be identified. 𝜆 is designed to balance the rank penalty 

and the least square error in the objective function. Based on 

our experiments, the proposed method is robust to a wide range 

of values of 𝜆 . In this paper, we set 𝜆 = 1 by default. This 

parameter can also be determined by cross-validation.  

Similar to the procedure for estimating the rank of 𝒴  in 

Section II.D, the Tucker rank of input tensors 𝒳𝑗 can also be 

estimated using the truncated HOSVD. Based on the estimated 

rank of input tensors, the parameters �̃�𝑗𝑖 (𝑗 = 1,2, ⋯ , 𝑝; 𝑖 =

1,2, ⋯ , 𝑙𝑗) are determined.  

F. Limitations of the Proposed Method 

The proposed method involves BCD algorithm for a non-

convex problem, which converges to the local optima when 

estimating the core tensor 𝒞𝑗  and the bases 𝐔𝑗∙, 𝐕∙  in Tucker 

decomposition. Lock and Eric [22] discusses the identifiability 

issue in tensor regression. Because the main purpose of this 

article is to estimate the model parameter ℬ𝑗  and predict the 

output, we do not discuss the identifiability issue here. 

Additionally, it is not hard to show that the parameter tensor ℬ𝑗 

is unique provided that 𝐗𝑗(1)
T 𝐗𝑗(1)  is nonsingular, where 𝐗𝑗(1) 

is the 𝑚𝑜𝑑𝑒-1 matricization of input 𝒳𝑗. 

Both the ranks and number of missing entries influence the 

performance of the benchmark and the proposed method. 

Candès and Recht [23] provided theoretical analysis and a 

condition for perfectly recovering the missing entries of a 

matrix. The proposed condition gives a lower bound on the 

number of sampled (observed) entries, which depends on the 

matrix rank and size. To the best of our knowledge, such a 

theoretical lower-bound is not available for tensors in the 

literature. Although neither TRMV nor TC-MTOT can 

complete the missing values perfectly when such condition is 

not satisfied, TRMV can improve the performance of parameter 

estimation and prediction significantly.  

III. SIMULATION STUDY 

In this section, several sets of simulation studies are carried 

out to evaluate the performance of our proposed method, herein 

referred to as the tensor regression with missing values (called 

TRMV). We attempt to address two major questions: (i) How 

does the consideration of information from inputs and the 

output improve the performance of model estimation and output 

imputation? (ii) How robustly does TRMV perform in 

parameter estimation and prediction under different settings of 

output ranks, missing values, and noise levels? To this end, a 

benchmark method, named TC-MTOT, is used for comparison, 

where the completion of output tensor (TC) is first conducted 

with the rank minimization method [16], [17] and then the 

regression model between the inputs and the completed 

response is constructed using MTOT [14]. The estimated 

models by TRMV and TC-MTOT are used to predict the output 

given a new set of inputs. Finally, both the estimation error of 

model parameters and prediction error are calculated for 

quantitative comparison, where the standardized prediction 

error (SPE) is used to evaluate the performance of the proposed 

model and is defined as 𝑆𝑃𝐸 =
‖𝒴−�̂�‖

F

‖𝒴‖F
. For better illustration, 

TABLE III FACTORS AND PERFORMANCE MEASURES USED IN THE 

DESIGN OF THE SIMULATION STUDY 

Types of Variables Descriptions 

Factors  Rank and dimension of the response. 

 Levels of noise in the response. 

 Degrees of missing values in the response. 

Performance measures  Performance of response completion. 

 Errors of the parameter estimation. 

 Prediction errors (PE) in testing sets 
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we transform SPE by taking the negative inverse of its 

logarithm, i.e., −
1

𝑙𝑜𝑔(𝑆𝑃𝐸)
, called transformed SPE (TSPE). In 

addition, we investigate the performance of vanilla MTOT 

trained based on complete samples to provide the lower bounds 

of the proposed and benchmark methods. Notably, in order to 

display the error distribution of parameter estimation, we regard 

the parameters associated with the 𝑘𝑡ℎ point of the vectorized 

response as the 𝑘𝑡ℎ  group. For example, the 𝑘𝑡ℎ  group of 

parameters linking 𝐲(𝑘)  is {𝐁𝑗(: , 𝑘), 𝑗 = 1, … , 𝑝} , where 𝐲 =

vec(𝒴) and 𝐁𝑗  is the matricization of ℬ𝑗 . For each group of 

parameters, the SPE of the estimation error can be calculated 

as, 𝑆𝑃𝐸(𝑘) =
‖𝐁(:,𝑘)−�̂�(:,𝑘)‖

2

‖𝐁(:,𝑘)‖2
, 𝑘 = 1, … , 𝑄 , where 𝐁 =

[𝐁1; … ; 𝐁𝑝] ∈ ℝ and �̂� = [�̂�1; … ; �̂�𝑝], 𝐁𝑗 , �̂�𝑗 ∈ ℝ𝑃𝑗×𝑄  are the 

matricizations of ℬ𝑗 and ℬ̂𝑗 respectively.  

The complexity of data structure (rank), the amount of 

available information, and the noise level of output are the main 

factors that influence the imputation of output tensors, the 

estimation of regression model parameters, and finally 

predictive performance of the model when it is applied to the 

testing sets. Therefore, these factors are considered as the main 

variables in the design of simulation studies as shown in Table 

III. Also, three measures are used to investigate the 

performance of the methods in completing the output tensor, 

estimating the model parameters, and predicting the outputs.  

In this study, two sets of simulations, i.e., curve-on-curve 

regression and waveform surface simulation, are designed for 

comprehensive validation. In what follows, we first discuss the 

overall procedure for data generation and then discuss the 

simulation results in detail. 

A. Data Generation Process 

In this subsection, we introduce the overall procedure of data 

generation, which is summarized in Experiment 1. First, the 

configurations of the experiment are specified, including the 

dimensions and ranks of input tensors, the dimension of the 

output tensor, a set of ranks for the output tensor, a set of noise 

levels, a set of ratios of missing values, the sample size, and 

training sample size. Given the configurations, the dataset is 

generated based on the following four steps: (i) Generate input 

tensors given their dimensions and ranks (lines 2-6). In this 

step, each input 𝑗 is generated by first producing a set of bases 

{𝐔𝑗𝑘} and a core tensor 𝒟𝑗, and then calculating their product. 

(ii) Generate the coefficient tensor of the regression model 

given the dimension and rank of the response (lines 8-12) and 

calculate the response (line 13). We first generate a set of bases 

{𝐕𝑘
𝑖 } that spans the output space. Based on {𝐕𝑘

𝑖 } and {𝐔𝑗𝑘}, each 

coefficient tensor ℬ𝑗
𝑖 is produced accordingly. (iii) Add noise to 

the generated response tensor according to the specified noise 

levels (lines 14-16). (iv) Divide the generated dataset into a 

training set and a testing set (line 17); Then, mimic missing 

values by projecting the training responses onto an index tensor 

set Ω𝑙 (lines 18-20).  

The major difference between two simulation cases (curve-

on-curve regression case and waveform surface case) involves 

the methods for basis generation. Specifically, for the first 

simulation study that investigates curve-on-curve regression, 

we generate the bases 𝐔𝑗1 (𝑗 = 1, ⋯ , 𝑝) and the bases 𝐕𝑘 (𝑘 =

1) using one dimensional B-spline function. The dimension of 

𝐕𝑘 depends on the specified ranks. For the second simulation 

study that generates waveform surfaces, Fourier basis functions 

are used to generate the bases that spans the input space and 

output space. First, the bases of input space can be produced by 

defining 𝑥𝑘𝑚𝑗 =
𝑗

𝑃𝑘𝑚
 (𝑘 = 1,2; 𝑚 = 1, ⋯ , 𝑙𝑘;  𝑗 = 1, ⋯ , 𝑃𝑘𝑚) 

and setting 𝐔𝑘𝑚 = [𝑢𝑘𝑚1, 𝑢𝑘𝑚2, ⋯ , 𝑢𝑘𝑚𝑅𝑘
] (𝑘 =

1, 2, … , 𝑝; 𝑚 = 1, ⋯ , 𝑙𝑘), where  

𝑢𝑘𝑚𝑡 =  {
[cos(2𝜋𝑡𝑥𝑘𝑚1) , ⋯ , cos (2𝜋𝑡𝑥𝑘𝑚𝑃𝑘𝑚

)]
𝑇

, if 𝑡 is odd

[sin(2𝜋𝑡𝑥𝑘𝑚1) , ⋯ , sin (2𝜋𝑡𝑥𝑘𝑚𝑃𝑘𝑚
)]

𝑇
, if 𝑡 is even.

 

Next, the basis of output space 𝐕𝑚 =
[𝑣𝑚1, 𝑣𝑚2, ⋯ , 𝑣𝑚𝑅] (𝑚 = 1, ⋯ , 𝑑) is generated as,  

Experiment 1: Procedure of data generation for the simulation study 

Setting 

 

Number of input tensors 𝑝. 

Dimensions (𝑃𝑗1, 𝑃𝑗2, ⋯ , 𝑃𝑗𝑙𝑗
)  and ranks (�̃�𝑗1, �̃�𝑗2, ⋯ , �̃�𝑗𝑙𝑗

)  for input 

tensors 𝑗 = 1, … , 𝑝 

Dimension (𝑄1, 𝑄2, ⋯ , 𝑄𝑑) and a set of ranks ℜ for the output tensor, 

where (�̃�1, ⋯ , �̃�𝑑) = (𝑅𝑖 , … , 𝑅𝑖) and 𝑅𝑖 ∈ ℜ.  

A set of noise levels ℵ = {𝜎𝑘}. 

A set of missing value ratios 𝔐 = {𝑟𝑙} and a set of randomly generated 

index tensors ℑ = {Ω𝑙}. 

Sample size 𝑚 and training size 𝑚𝑡𝑟. 

1: Start: 

2:  For 𝑗 = 1, … , 𝑝 do:  

3:   {𝐔𝑗𝑘} ← Generate a set of bases {𝐔𝑗𝑘 ∈ ℝ𝑃𝑗𝑘×�̃�𝑗𝑘} for input tensor 𝑗, 

𝑘 = 1, … , 𝑙𝑗 

4:   𝒟𝑗 ←  Generate a core tensor 𝒟𝑗 ∈ ℝ
𝑚×�̃�𝑗1×…×�̃�𝑗𝑙𝑗  randomly from 

standard normal distribution. 

5:   𝒳𝑗 ← Compute the input tensors 𝒳𝑗 = 𝒟𝑗 ×1 𝐔𝑗1 ×2 ⋯ ×𝑙𝑗
𝐔𝑗𝑙𝑗

 

6:  End 

7:  For 𝑅𝑖 ∈ ℜ do: 

8:   {𝐕𝑘
𝑖 } ← Generate a set of bases {𝐕𝑘

𝑖 ∈ ℝ𝑄𝑘×�̃�𝑘} for the output tensor, 

𝑘 = 1, … , 𝑑. 

9:   For 𝑗 = 1, … , 𝑝 do:  

10:    𝒞𝑗
𝑖 ←  Generate a core tensor for coefficient 𝒞𝑗

𝑖 ∈

ℝ�̃�𝑗1×⋯×�̃�𝑗1×𝑅𝑖×⋯×𝑅𝑖  randomly from standard normal 

distribution. 

11:    ℬ𝑗
𝑖 ←  Compute the coefficient ℬ𝑗

𝑖 =

𝒞𝑗
𝑖 ×1 𝐔𝑗1 ×2 ⋯ ×𝑙𝑗

𝐔𝑗𝑙𝑗
×𝑙𝑗+1 𝐕1

𝑖 ×𝑙𝑗+2 ⋯ ×𝑙𝑗+𝑑 𝐕𝑑
𝑖 . 

12:   End 

13:   𝒴𝑚𝑒𝑎𝑛
𝑖  ← Generate the mean response 𝒴𝑚𝑒𝑎𝑛

𝑖 = ∑ 𝒳𝑗 ∗ ℬ𝑗
𝑖𝑝

𝑗=1 . 

14:   For 𝜎𝑘 ∈ ℵ do:  

15:    ℰ𝑖,𝑘 ←  Generate the noise term ℰ𝑖,𝑘 ∈ ℝ𝑚×𝑄1×⋯×𝑄𝑑 

randomly based on 𝜎𝑘. 

16:    𝒴𝑖,𝑘 ← Calculate the output tensor 𝒴𝑖,𝑘 = 𝒴𝑚𝑒𝑎𝑛
𝑖 + ℰ𝑖,𝑘 . 

17:    (𝒳𝑡𝑟 , 𝒴𝑖,𝑘,𝑡𝑟) 

(𝒳𝑡𝑠, 𝒴𝑖,𝑘,𝑡𝑠) 

←  Separate the dataset (𝒳, 𝒴𝑖,𝑘)  into training set 

(𝒳𝑡𝑟 , 𝒴𝑖,𝑘,𝑡𝑟)  and testing set (𝒳𝑡𝑠, 𝒴𝑖,𝑘,𝑡𝑠)  given the 

size of training size 𝑚𝑡𝑟. 

18:    For 𝑟𝑙 ∈ 𝔐 do: 

19:     𝒴0
𝑖,𝑘,𝑙,𝑡𝑟

 ←  Project the training response 𝒴𝑖,𝑘,𝑡𝑟  onto Ω𝑙 , i.e., 

𝒫Ω𝑙
(𝒴𝑖,𝑘,𝑡𝑟) 

20:    End 

21:   End 

22:  End 

23: End 
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𝑣𝑚𝑡 = {
[cos(2𝜋𝑡𝑦𝑚1) , ⋯ , cos(2𝜋𝑡𝑦𝑚𝑄𝑚

)]
𝑇

, if 𝑡 is odd

[sin(2𝜋𝑡𝑦𝑚1) , ⋯ , sin(2𝜋𝑡𝑦𝑚𝑄𝑚
)]

𝑇
, if 𝑡 is even

. 

where  𝑦𝑚𝑗 =
𝑗

𝑄𝑚
. To mimic the scenario of missing values, an 

index tensor Ω𝑙 is generated given a specified ratio 𝑟𝑙 ∈ 𝔐 by 

randomly selecting certain entries of each sample as the ones 

that can be observed.  

The simulations are conducted mainly with three main 

purposes as follows: (i) to illustrate the performance of TRMV 

in completing missing values and the process of rank estimation 

under different levels of missing values; (ii) to evaluate the 

performance of TRMV in comparison with TC-MTOT under 

different levels of ranks; (iii) to evaluate the performance of 

TRMV under different levels of noise. For (ii) and (iii), both the 

parameter estimation and the prediction performance are 

numerically quantified.  

B. Curve-on-curve Regression 

Based on the procedure of Experiment 1, we generate two 

datasets to investigate how the level of missing values 

influences the performance of the proposed method and the 

benchmark under different ranks and noise levels of the output. 

The first dataset is generated given a set of ranks ℜ = {𝑅𝑖} =
{3,4, … ,12}  and levels of missing values (LMV) 𝔐 =
{0, 0.6,0.7,0.8,0.9} by fixing the noise level at zero. The second 

dataset is generated given a set of noise levels ℵ =

{0, 10−8, 10−7, 10−6, 10−5, 10−4, 10−3, 3 × 10−3, 5 × 10−3, 7 ×

10−3, 10−2, 3 × 10−2, 5 × 10−2}  and LMVs 𝔐 =
{0,0.6,0.7,0.8,0.9} by controlling the rank to be 𝑅 = 3.  

Other settings for data simulations are shared between the 

two datasets. In particular, the sample size of each dataset is set 

to be 𝑚 = 200 , which is divided into 𝑚𝑡𝑟 = 100  training 

samples for model training and hyper-parameter estimations, 

and 𝑚𝑡𝑠 = 100  testing samples for performance evaluation. 

The number of input profiles is set to be 𝑝 = 4 , and the 

dimensions are set as 𝒳1 ∈ ℝ𝑚×40 with rank of 4, 𝒳2 ∈ ℝ𝑚×60 

with rank of 6, 𝒳3 ∈ ℝ𝑚×80 with rank of 8, and 𝒳4 ∈ ℝ𝑚×100 

with rank of 8. The dimension of the output profile is set to be 

𝒴 ∈ ℝ𝑚×100.  

Next, we train the regression models using the proposed and 

benchmark methods based on the training datasets under 

different settings. By comparing to the ground truth, the errors 

of model estimations are computed and compared in terms of 

TSPEs. Furthermore, the estimated models are applied to the 

testing sets to predict responses given testing inputs, and the 

prediction error are evaluated and compared.  

First, we illustrate the completion performance of the 

proposed method when it is applied to profiles with the rank of 

8 and 80% missing values. Fig. 4 shows three randomly 

selected profiles from the first dataset. The unfilled points and 

the stars plotted in Fig. 4 (a) represent the ground truth and 20% 

available measurements respectively. The filled points in Fig. 4 

(b) indicate the estimations using TRMV. The result shows that 

most points in the curve are estimated correctly by TRMV.  

Fig. 5 shows the process of rank estimation. As it is 

illustrated, when the proportion of missing values is relatively 

small, our algorithm converges to the true rank with a very few 

iterations. For example, less than 30 iterations are sufficient to 

find the true rank for 60% missing values. In contrast, it takes 

about 400 iterations to converge to the true rank when 90% of 

entries are missing.  

 Secondly, we evaluate the performance of TRMV in 

comparison with TC-MTOT under different levels of ranks and 

missing values using the first simulated dataset. To provide 

lower bounds of the errors for the proposed and benchmark 

methods, we include the parameter estimation and output 

prediction errors of vanilla MTOT trained based on complete 

samples.  

Table IV reports the errors of parameter estimation 

obtained by each method under different scenarios. Table V 

reports the prediction errors of the estimated models when 

applied to the testing sets under different settings. As it is 

reported in the tables, the parameter estimations and predictions 

are consistent. That is, smaller errors in parameter estimation 

coincide with smaller prediction errors. For example, under 

setting (𝑅, 𝐿𝑀𝑉) = (4,70%) , the mean error of parameter 

estimation by TRMV is 0.1254, which is smaller than that 

resulted by TC-MTOT, i.e., 0.2796. Correspondingly, the mean 

of prediction error resulted by TRMV is 0.1260, which is also 

smaller than that obtained by TC-MTOT, i.e., 0.2804. 

Therefore, we only use the prediction errors to analyze the 

performance of each method.  

           

                              (a)                                                            (b) 

Fig. 4 Illustration of the completion performance of TRMV when it is applied 

to profiles with rank of 8. The profiles with unfilled points in graph (a) are 

randomly selected from the original ones and the stars are 20% observed 

measurements, while the profiles with filled points in graph (b) are the 

estimated ones. 

 

                
                                 (a) 60%                                               (b) 70%  

                  
                                 (c)  80%                                                (d) 90% 

Fig. 5. Process of rank estimation for the response at different levels of 

missing values. 

 

3

40

60

10 30 50

20

R
an

k

Iteration
20 60 100

R
an

k

3

40

60

20

Iteration

40 120 200

R
an

k

3

40

60

20

Iteration
200 600400

R
an

k

3

40

60

20

Iteration



 9 

As reported in Table V, TRMV achieves smaller TSPEs than 

TC-MTOT under most settings, except for those where 

(𝑅𝑎𝑛𝑘, 𝐿𝑀𝑉) = {(3,60%), (3,70%), (4,60%)} . Under these 

settings the mean and standard deviation of prediction errors 

obtained by two methods are very similar and comparable to 

those obtained by MTOT. This is because the available 

measurements are sufficient for completing the output profiles 

under small ranks (i.e., 3 or 4). When the rank or 𝐿𝑀𝑉 

increases, the performances of both approaches deteriorate. 

However, TRMV outperforms TC-MTOT when the response is 

more complicated (of higher rank), or the measurements are 

heavily unavailable. For example, when (𝑅, 𝐿𝑀𝑉) = (5,70%), 

the mean (standard deviation) of TSPE is 0.2391 (0.2327) for 

TRMV in comparison to 0.5834 (0.5405) obtained by TC-

MTOT.  Such outperformance is due to the systematic and 

simultaneous regression modeling and missing value 

imputation.  

Thirdly, we evaluate the performance of TRMV under 

different levels of noise and missing values based on the second 

dataset. Like the above analysis, we also investigate the 

parameter estimation and the prediction errors of the proposed 

method and the benchmark, as shown in Table VI and Table VII 

respectively. Since the parameter estimation and the prediction 

errors are consistent, we only analyze the prediction errors in 

Table VII. As it is reported in almost every setting, TRMV 

outperforms TC-MTOT in terms of the mean and standard 

deviation of prediction errors, which further validates that 

TRMV is more robust than TC-MTOT against noise and 

missing values.  

C.  Simulation Study for Image Outputs 

In this simulation study, we evaluate the performance of the 

proposed method when multiple forms of data are available and 

aim to: (i) illustrate the performance of TRMV in completing 

the response and the processes of rank estimation by TRMV; 

(ii) investigate the performance of TRMV under different 

ranks; (iii) evaluate the robustness of TRMV under different 

levels of noise. First, we generate 𝑝 = 2 inputs with 𝑙1 = 1 and 

𝑙2 = 2, i.e., a profile 𝒳1𝑖 ∈ ℝ60 and an image 𝒳2𝑖 ∈ ℝ50×50 of 

rank 3. Then, the response tensors 𝒴𝑖 ∈ ℝ60×40 are generated 

with rank 5. Thus, the core tensors of model parameters have 

dimensions 𝒞1 ∈ ℝ3×5×5  and 𝒞2 ∈ ℝ3×3×5×5 . Here, 200 

samples are first generated under 𝜎 = 0 , with 100 training 

samples and 100 testing samples. Then, we randomly remove 

certain proportions of entries, such as 𝐿𝑀𝑉 = 80% and 90% 

entries from the training responses. In this study, we also use 

TSPE to evaluate the performance of the proposed method.   

 For each level of missing values, we train models using 

TRMV and TC-MTOT based on the training set. Then, we 

evaluate and compare the estimated models in terms of their 

TSPEs, calculated based on the testing set. Fig. 6 illustrates an 

example of the ground truth surface, the surface with 90% 

TABLE IV PARAMETER ESTIMATION ERRORS BETWEEN TRMV AND TC-MTOT UNDER DIFFERENT RANKS FOR PROFILES. NOTABLY, WHEN THE 

VALUE OF SPE IS LARGER THAN 1, THE VALUES OF TSPE IS NEGATIVE. 

LMV 0 60% 70% 80% 90% 

Rank MTOT TRMV TC-MTOT TRMV TC-MTOT TRMV TC-MTOT TRMV TC-MTOT 

3 0.0824 (0.0798) 0.0824 (0.0798) 0.0824 (0.0798) 0.0824 (0.0798) 0.0824 (0.0798) 0.1156 (0.1127) 0.1340 (0.1474) 0.4161 (0.5149) 2.5363 (1.9188) 

4 0.0828 (0.0787) 0.0828 (0.0787) 0.0828 (0.0787) 0.1254 (0.1254) 0.2796 (0.2945) 0.2599 (0.3044) 0.7039 (0.8164) 0.6626 (1.2602) 4.6774 (2.8890) 

5 0.0816 (0.0787) 0.1069 (0.1090) 0.1328 (0.1355) 0.2113 (0.2395) 0.5110 (0.5909) 0.2752 (0.2852) 1.0107 (0.9874) 0.8022 (1.3923) 15.1496 (3.4123) 

6 0.0817 (0.0781) 0.1382 (0.1353) 0.1588 (0.1644) 0.2354 (0.2495) 0.6319 (0.7455) 0.3220 (0.3244) 1.5185 (1.2062) 0.9232 (1.5087) -10.0329 (6.2799) 

7 0.0816 (0.0786) 0.1780 (0.1885) 0.4345 (0.4874) 0.2677 (0.2779) 0.9473 (1.0235) 0.3764 (0.3792) 2.5943 (1.8405) 1.1729 (1.5515) -9.3258 (3.4187) 

8 0.0814 (0.0784) 0.2334 (0.2640) 0.5418 (0.6626) 0.2913 (0.3130) 0.9466 (1.0999) 0.4031 (0.4107) 2.9573 (1.4649) 1.7797 (2.5488) -5.7360 (7.6589) 

9 0.0816 (0.0776) 0.2254 (0.2446) 0.5655 (0.6937) 0.3115 (0.3212) 1.3961 (1.3828) 0.4699 (0.6156) 6.5907 (2.2702) 2.5753 (2.9672) -4.8804 (8.3848) 

10 0.0819 (0.0786) 0.2436 (0.2617) 0.6545 (0.7622) 0.3546 (0.3851) 1.4963 (1.1693) 0.5530 (0.7139) 6.9559 (1.5914) 5.5013 (2.0241) -4.1775 (4.9266) 

11 0.0819 (0.0780) 0.2549 (0.2702) 0.8101 (0.8947) 0.4298 (0.5530) 1.8598 (1.2584) 0.5954 (0.8393) 8.2151 (1.9838) 21.2499 (3.8828) -3.8104 (77.2636) 

12 0.0819 (0.0794) 0.2716 (0.2697) 0.8430 (0.7434) 0.3680 (0.3739) 1.6742 (1.1802) 0.9640 (0.8640) 8.2985 (2.0552) 15.8683 (2.5461) -4.0837 (5.2273) 

TABLE V COMPARISON OF PREDICTION PERFORMANCE BETWEEN TRMV AND TC-MTOT AT DIFFERENT RANKS FOR PROFILES. 

LMV 0 60% 70% 80% 90% 

Rank MTOT TRMV TC-MTOT TRMV TC-MTOT TRMV TC-MTOT TRMV TC-MTOT 

3 0.0818 (0.0810) 0.0818 (0.0810) 0.0818 (0.0810) 0.0819 (0.0810) 0.0818 (0.0810) 0.1178 (0.1119) 0.1456 (0.1375) 0.5173 (0.4317) 2.2147 (0.9486) 

4 0.0818 (0.0811) 0.0818 (0.0811) 0.0818 (0.0811) 0.1260 (0.1228) 0.2804 (0.2763) 0.3046 (0.2789) 0.8370 (0.6417) 1.0189 (0.7402) 3.0144 (1.1255) 

5 0.0810 (0.0805) 0.1107 (0.1103) 0.1384 (0.1381) 0.2391 (0.2327) 0.5834 (0.5405) 0.2990 (0.2745) 1.1166 (0.8107) 1.2000 (0.7645) 3.7155 (1.1082) 

6 0.0809 (0.0793) 0.1365 (0.1350) 0.1664 (0.1636) 0.2555 (0.2409) 0.7654 (0.6363) 0.3382 (0.2864) 1.5057 (0.8014) 1.2745 (0.766) 5.2379 (0.9395) 

7 0.0805 (0.0790) 0.1875 (0.1820) 0.4826 (0.4388) 0.2843 (0.2599) 1.0252 (0.7713) 0.3948 (0.3335) 2.0535 (0.9647) 1.4244 (0.7235) 6.0910 (0.9883) 

8 0.0803 (0.0783) 0.2499 (0.2379) 0.6041 (0.5144) 0.3072 (0.2824) 1.0189 (0.7583) 0.4153 (0.3389) 2.0654 (0.8519) 1.7128 (0.7702) 6.6297 (1.0062) 

9 0.0806 (0.0785) 0.2530 (0.2327) 0.7246 (0.5776) 0.3357 (0.2944) 1.4814 (0.8857) 0.5612 (0.5022) 3.0370 (1.0350) 2.3007 (0.8021) 8.6538 (0.9362) 

10 0.0808 (0.0789) 0.2732 (0.2465) 0.8281 (0.6110) 0.4073 (0.3612) 1.5081 (0.8137) 0.6768 (0.5178) 3.2938 (0.9414) 4.0224 (1.1624) 9.6084 (0.9046) 

11 0.0810 (0.0787) 0.2772 (0.2547) 0.9510 (0.6885) 0.5494 (0.4981) 1.8104 (0.8895) 0.7778 (0.6446) 3.5343 (0.9813) 4.7916 (1.0960) 10.9907 (0.9581) 

12 0.0808 (0.0789) 0.2822 (0.2539) 0.8707 (0.6158) 0.3812 (0.3196) 1.4849 (0.7888) 0.9907 (0.7146) 3.3365 (0.9846) 4.4476 (1.0334) 9.3948 (0.9851) 

 

                 

    (a) Ground truth                  (b) 90% missing                 (c) Estimation 

Fig. 6. Example of output surfaces, including the actual surface (a), the one 

with 90% missing values (b), and the estimation using TRMV (c). 
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missing values, and its estimation by TRMV. As it is illustrated, 

the estimation result is highly compatible with the ground truth.   

Furthermore, we evaluate the process of response rank 

estimation as it is critical for both the response completion and 

the parameter estimation steps of TRMV. The results are shown 

in Fig. 7, with the true rank of the response equals 5.  Fig. 7 

indicates that the proposed algorithm can converge to the true 

rank in few iterations (around 10 to 30 iterations) in both 

settings. The result shows the high efficiency of the proposed 

method.   

For the purposes (ii) and (iii), two more datasets with 200 

samples are simulated based on Experiment1. Each setting 

contains 100 training samples and 100 testing samples. The first 

dataset is generated with the response 𝒴𝑖 ∈ ℝ20×30  of ranks 

[3, 4, 5, 6, 7, 8] and the inputs 𝒳𝑖1 ∈ ℝ30 and 𝒳𝑖2 ∈ ℝ20×20 of 

rank 2. Here the noise level is set to be zero (i.e., 𝜎 = 0). Then, 

we remove entries randomly from the training responses to 

mimic different levels of missing values. For the second dataset, 

different levels of noises (i.e., 𝜎 = 0.001 × [0, 2, 4, 6, 8, 10]) 

are added to the response. The dimensions of the inputs are 

𝒳𝑖1 ∈ ℝ40 and 𝒳𝑖2 ∈ ℝ40×20 of rank 3 and the dimension of 

the response is 𝒴𝑖 ∈ ℝ20×20  of rank 3. Next, we randomly 

generate an index set Ω with 90% missing entries and then we 

project the training set onto Ω, i.e., 𝒫Ω(𝒴).   

Table VIII and Table IX show the parameter estimation and 

prediction errors, respectively. Similar to previous analysis, 

here we focus on the analysis of prediction errors. Table IX 

shows the TSPEs obtained by TRMV and TC-MTOT at 

different ranks and levels of missing values. As it is reported in 

the table, the performance of TC-MTOT is inferior to that of 

TRMV at most configurations. For example, when (𝑅, 𝐿𝑀𝑉) =
(6,90%) , the mean (standard deviation) of prediction error 

achieved by TRMV is 0. 1924 (0.1595) in comparison to 2.3097 

(0.6846) obtained by TC-MTOT. This superiority is because of 

the use of input information in completing the output tensor.     

To evaluate the robustness of the proposed method under 

different noise levels, we apply TRMV and TC-MTOT to the 

second dataset.  Table X and Table XI show the results of 

parameter estimation and output predictions obtained by each 

method at different levels of noise. Similarly, the prediction 

errors are analyzed. As it is reported in the table, both TRMV 

and TC-MTOT achieves better prediction performances at the 

setting of 60% missing data, which are close to the bound 

provided by the vanilla MTOT. However, when more entries of 

TABLE VI PARAMETER ESTIMATION ERRORS BETWEEN TRMV AND TC-MTOT UNDER DIFFERENT LEVELS OF NOISES FOR PROFILES 

LMV 0 60% 70% 80% 90% 

𝜎 MTOT TRMV TC-MTOT TRMV TC-MTOT TRMV TC-MTOT TRMV TC-MTOT 

0 0.0824 (0.0798) 0.0824 (0.0798) 0.0824 (0.0798) 0.0824 (0.0798) 0.0824 (0.0798) 0.1156 (0.1127) 0.1340 (0.1474) 0.4161 (0.5149) 2.5363 (1.9188) 

10−8 0.0976 (0.0930) 0.0998 (0.0952) 0.1009 (0.0967) 0.1002 (0.0953) 0.1028 (0.0982) 0.1159 (0.1129) 0.1340 (0.1474) 0.4161 (0.5149) 2.5363 (1.9188) 

10−7 0.1080 (0.1023) 0.1109 (0.1052) 0.1123 (0.1069) 0.1114 (0.1053) 0.1145 (0.1088) 0.1183 (0.1143) 0.1343 (0.1474) 0.4161 (0.5149) 2.5363 (1.9188) 

10−6 0.1211 (0.1140) 0.1248 (0.1176) 0.1265 (0.1197) 0.1254 (0.1177) 0.1293 (0.1221) 0.1274 (0.1208) 0.1386 (0.1472) 0.4161 (0.5149) 2.5363 (1.9188) 

10−5 0.1378 (0.1286) 0.1425 (0.1333) 0.1448 (0.1359) 0.1434 (0.1334) 0.1485 (0.1390) 0.1454 (0.1361) 0.1550 (0.1500) 0.4161 (0.5149) 2.5363 (1.9188) 

10−4 0.1598 (0.1476) 0.1663 (0.1538) 0.1694 (0.1573) 0.1674 (0.1540) 0.1744 (0.1614) 0.1718 (0.1602) 0.1820 (0.1728) 0.4161 (0.5149) 2.5363 (1.9188) 

10−3 0.1902 (0.1731) 0.2037 (0.1865) 0.2039 (0.1867) 0.2104 (0.1918) 0.2113 (0.1925) 0.2222 (0.2095) 0.2223 (0.2069) 0.4161 (0.5148) 2.5363 (1.9187) 

3 × 10−3 0.2092 (0.1887) 0.2253 (0.2045) 0.2259 (0.2049) 0.2330 (0.2103) 0.2349 (0.2119) 0.2453 (0.2293) 0.2488 (0.2309) 0.4165 (0.5146) 2.5363 (1.9187) 

5 × 10−3 0.2193 (0.1969) 0.2369 (0.2139) 0.2378 (0.2147) 0.2448 (0.2198) 0.2479 (0.2224) 0.2572 (0.2391) 0.2632 (0.2432) 0.4171 (0.5145) 2.5363 (1.9187) 

7 × 10−3 0.2266 (0.2028) 0.2451 (0.2206) 0.2464 (0.2216) 0.2530 (0.2264) 0.2572 (0.2299) 0.2655 (0.2458) 0.2735 (0.2516) 0.4179 (0.5144) 2.5363 (1.9187) 

1 × 10−2 0.2349 (0.2093) 0.2543 (0.2281) 0.2562 (0.2295) 0.2623 (0.2336) 0.2679 (0.2384) 0.2748 (0.2532) 0.2853 (0.2611) 0.4192 (0.5142) 2.5363 (1.9187) 

3 × 10−2 0.2645 (0.2326) 0.2874 (0.2538) 0.2918 (0.2577) 0.2951 (0.2583) 0.3070 (0.2689) 0.3080 (0.2784) 0.3298 (0.2973) 0.4279 (0.5130) 2.5365 (1.9185) 

5 × 10−2 0.2810 (0.2452) 0.3057 (0.2677) 0.3120 (0.2733) 0.3132 (0.2721) 0.3295 (0.286) 0.3261 (0.2921) 0.3561 (0.3189) 0.4356 (0.5117) 2.5366 (1.9183) 

TABLE VII COMPARISON OF PREDICTION PERFORMANCE BETWEEN TRMV AND TC-MTOT AT DIFFERENT NOISES FOR PROFILES 

LMV 0 60% 70% 80% 90% 

𝜎 MTOT TRMV TC-MTOT TRMV TC-MTOT TRMV TC-MTOT TRMV TC-MTOT 

0 0.0818 (0.0809) 0.0818 (0.0810) 0.0818 (0.0810) 0.0819 (0.0810) 0.0818 (0.0810) 0.1178 (0.1119) 0.1456 (0.1375) 0.5173 (0.4317) 2.2147 (0.9486) 

10−8 0.0977 (0.0938) 0.1058 (0.103) 0.1060 (0.1030) 0.1059 (0.1030) 0.1065 (0.1034) 0.1179 (0.1118) 0.1456 (0.1375) 0.5173 (0.4317) 2.2147 (0.9486) 

10−7 0.1082 (0.1034) 0.1184 (0.1149) 0.1186 (0.1148) 0.1184 (0.1149) 0.1192 (0.1153) 0.1216 (0.1161) 0.1456 (0.1375) 0.5173 (0.4317) 2.2147 (0.9486) 

10−6 0.1213 (0.1153) 0.1343 (0.1298) 0.1345 (0.1297) 0.1343 (0.1298) 0.1353 (0.1303) 0.1348 (0.1299) 0.1467 (0.1363) 0.5173 (0.4317) 2.2147 (0.9486) 

10−5 0.1381 (0.1303) 0.1551 (0.1491) 0.1555 (0.1490) 0.1551 (0.1491) 0.1565 (0.1498) 0.1556 (0.1492) 0.1602 (0.1503) 0.5173 (0.4317) 2.2147 (0.9486) 

10−4 0.1602 (0.1498) 0.1836 (0.1753) 0.1841 (0.1751) 0.1836 (0.1753) 0.1855 (0.1762) 0.1848 (0.1756) 0.1895 (0.1772) 0.5173 (0.4317) 2.2147 (0.9486) 

10−3 0.1907 (0.1762) 0.2256 (0.2122) 0.2256 (0.2122) 0.2274 (0.2136) 0.2277 (0.2139) 0.2338 (0.2152) 0.2335 (0.2155) 0.5173 (0.4317) 2.2147 (0.9486) 

3 × 10−3 0.2098 (0.1924) 0.2527 (0.2361) 0.2528 (0.2361) 0.2547 (0.2376) 0.2554 (0.2381) 0.2610 (0.2387) 0.2630 (0.2401) 0.5173 (0.4317) 2.2147 (0.9486) 

5 × 10−3 0.2201 (0.2009) 0.2676 (0.2492) 0.2679 (0.2492) 0.2696 (0.2506) 0.2708 (0.2514) 0.2756 (0.2515) 0.2792 (0.2534) 0.5173 (0.4316) 2.2147 (0.9486) 

7 × 10−3 0.2274 (0.2070) 0.2785 (0.2586) 0.2788 (0.2586) 0.2803 (0.2599) 0.2820 (0.2610) 0.2862 (0.2607) 0.2909 (0.2631) 0.5174 (0.4316) 2.2147 (0.9486) 

1 × 10−2 0.2357 (0.2139) 0.2910 (0.2694) 0.2914 (0.2694) 0.2927 (0.2707) 0.2949 (0.2721) 0.2983 (0.2712) 0.3045 (0.2741) 0.5176 (0.4315) 2.2148 (0.9487) 

3 × 10−2 0.2655 (0.2382) 0.3374 (0.3092) 0.3384 (0.3091) 0.3388 (0.3102) 0.3431 (0.3126) 0.3436 (0.3104) 0.3559 (0.3155) 0.5193 (0.4313) 2.2151 (0.9489) 

5 × 10−2 0.2821 (0.2515) 0.3645 (0.3321) 0.3659 (0.3319) 0.3657 (0.3328) 0.3713 (0.3359) 0.3701 (0.3331) 0.3864 (0.3394) 0.5216 (0.4314) 2.2154 (0.9491) 

 

               
                               (a) 80%                                         (b) 90%       

Fig. 7. Process of rank estimation of the output tensor at 80% and 90% missing 

values. 
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the response are missing, TRMV achieves much smaller TSPEs 

than TC-MTOT at every level of noise and missing values. For 

example, when (𝜎, 𝐿𝑀𝑉) = (0.006,70%) , TRMV achieves 

TSPE of 0.4432, and TC-MTOT achieves TSPE of 0.4604.  

Although the TSPEs increase for higher levels of noise and 

missing values, TRMV performs more robustly in predicting 

the output than TC-MTOT. This superiority is mainly because 

TRMV benefits from the systematic and simultaneous 

estimation of both model parameters and missing values.   

IV. CASE STUDY 

In this section, we further evaluate the effectiveness of our 

proposed method for predicting the overlay (OV) errors in the 

lithography process. We first introduce the OV errors and then 

apply each method to the OV datasets.  

A. Data Description 

As shown in Fig. 8 [24], the lithography process aims to 

transfer a 2-D pattern from an optical mask to a light-sensitive 

chemical photoresist on the wafer surfaces, which is a critical 

step in semiconductor manufacturing. During this process, the 

desired pattern is etched into the material through a series of 

chemical treatments, such as exposure to light, cleaning, etc.  In 

practice, a wafer may go through such photolithographic cycles 

for multiple times.   During each cycle, one small rectangular 

field on the wafer surface is completed. Some misalignment 

TABLE VIII COMPARISON OF PARAMETER ESTIMATION ERRORS BETWEEN TRMV AND TC-MTOT AT DIFFERENT RANKS FOR WAVEFORMS. 

NOTABLY, WHEN THE VALUE OF SPE IS LARGER THAN 1, THE VALUES OF TSPE IS NEGATIVE. 

LMV 0 60% 70% 80% 90% 

Rank MTOT TRMV TC-MTOT TRMV TC-MTOT TRMV TC-MTOT TRMV TC-MTOT 

3 0.2300 (0.2031) 0.2300 (0.2031) 0.3075 (0.2956) 0.2300 (0.2031) 0.4025 (0.4119) 0.2300 (0.2031) 0.5122 (0.4782) 0.2301 (0.2031) 0.7150 (0.5668) 

4 0.1863 (0.1675) 0.1867 (0.1675) 0.3900 (0.3682) 0.1872 (0.1679) 0.5071 (0.4869) 0.1888 (0.1686) 0.6442 (0.5803) 0.1954 (0.1755) 0.9623 (0.6886) 

5 0.2177 (0.1952) 0.2178 (0.1952) 0.4697 (0.4313) 0.2178 (0.1952) 0.5904 (0.5270) 0.2179 (0.1952) 0.7689 (0.6021) 0.2186 (0.1953) 2.2813 (1.0018) 

6 0.2015 (0.1790) 0.2016 (0.1790) 0.5453 (0.4873) 0.2017 (0.1790) 0.6726 (0.5726) 0.2022 (0.1790) 0.9235 (0.6360) 0.2052 (0.1804) 4.2444 (1.2227) 

7 0.1820 (0.1648) 0.1829 (0.1648) 0.6350 (0.5211) 0.1842 (0.1649) 0.8191 (0.6072) 0.1874 (0.1671) 1.3350 (0.7607) 0.1986 (0.1767) 33.2564 (1.7415) 

8 0.1977 (0.1754) 0.1979 (0.1754) 0.7779 (0.6183) 0.1981 (0.1753) 1.0139 (0.7366) 0.1991 (0.1753) 1.7458 (0.9055) 0.2046 (0.1797) -35.3620 (1.9126) 

TABLE IX COMPARISON OF PREDICTION PERFORMANCE BETWEEN TRMV AND TC-MTOT AT DIFFERENT RANKS FOR WAVEFORMS 

LMV 0 60% 70% 80% 90% 

Rank MTOT TRMV TC-MTOT TRMV TC-MTOT TRMV TC-MTOT TRMV TC-MTOT 

3 0.1654 (0.1654) 0.1694 (0.1633) 0.3124 (0.2496) 0.1719 (0.1622) 0.4309 (0.3337) 0.1768 (0.1604) 0.5318 (0.3816) 0.1877 (0.1617) 0.7097 (0.4490) 

4 0.1407 (0.1411) 0.1637 (0.1433) 0.3947 (0.2983) 0.1692 (0.1470) 0.5277 (0.3772) 0.1765 (0.1522) 0.6569 (0.4366) 0.1889 (0.1620) 0.9189 (0.4805) 

5 0.1584 (0.1591) 0.1669 (0.1557) 0.4843 (0.3395) 0.1713 (0.1543) 0.6116 (0.3966) 0.1783 (0.1548) 0.7664 (0.4316) 0.1908 (0.1600) 1.7362 (0.6163) 

6 0.1485 (0.1484) 0.1658 (0.1441) 0.5494 (0.3918) 0.1715 (0.1471) 0.6733 (0.4437) 0.1789 (0.1516) 0.8837 (0.4969) 0.1924 (0.1595) 2.3097 (0.6846) 

7 0.1386 (0.1384) 0.1663 (0.1420) 0.6286 (0.3957) 0.1723 (0.1458) 0.7959 (0.4590) 0.1799 (0.1508) 1.1889 (0.5369) 0.1945 (0.1632) 3.3320 (0.7644) 

8 0.1435 (0.1427) 0.1671 (0.1406) 0.7464 (0.4329) 0.1725 (0.1452) 0.9436 (0.4825) 0.1810 (0.1496) 1.4118 (0.5695) 0.1962 (0.1623) 3.8123 (0.6788) 

 

 

TABLE X COMPARISON OF PARAMETER ESTIMATION ERRORS BETWEEN TRMV AND TC-MTOT AT DIFFERENT NOISES FOR WAVEFORMS. 

NOTABLY, WHEN THE VALUE OF SPE IS LARGER THAN 1, THE VALUES OF TSPE IS NEGATIVE. 

LMV 0 60% 70% 80% 90% 

𝜎 MTOT TRMV TC-MTOT TRMV TC-MTOT TRMV TC-MTOT TRMV TC-MTOT 

0 0.2245 (0.2173) 0.2245 (0.2173) 0.2245 (0.2173) 0.2245 (0.2173) 0.2245 (0.2173) 0.2245 (0.2173) 0.2245 (0.2173) 0.2278 (0.2151) -3.2553 (4.0136) 

2 × 10−3 0.2593 (0.2317) 0.2731 (0.2410) 0.3247 (0.2776) 0.2810 (0.2490) 0.3459 (0.2876) 0.2866 (0.2541) 0.4023 (0.3269) 0.2975 (0.2640) -3.2549 (4.0137) 

4 × 10−3 0.2800 (0.2492) 0.2969 (0.2600) 0.3598 (0.3029) 0.3066 (0.2692) 0.3861 (0.3148) 0.3129 (0.2746) 0.4568 (0.3618) 0.3263 (0.2868) -3.2543 (4.0140) 

6 × 10−3 0.2942 (0.2608) 0.3131 (0.2725) 0.3842 (0.3200) 0.3240 (0.2826) 0.4142 (0.3333) 0.3310 (0.2884) 0.4958 (0.3857) 0.3461 (0.3022) -3.2537 (4.0146) 

8 × 10−3 0.3054 (0.2696) 0.3258 (0.2821) 0.4035 (0.3333) 0.3376 (0.2930) 0.4368 (0.3477) 0.3452 (0.2991) 0.5277 (0.4045) 0.3618 (0.3141) -3.2530 (4.0153) 

10−2 0.3146 (0.2769) 0.3364 (0.2901) 0.4199 (0.3443) 0.3490 (0.3015) 0.4560 (0.3597) 0.3571 (0.3079) 0.5553 (0.4203) 0.3749 (0.3240) -3.2521 (4.0163) 

TABLE XI COMPARISON OF PREDICTION PERFORMANCE BETWEEN TRMV AND TC-MTOT AT DIFFERENT NOISES FOR WAVEFORMS 

LMV 0 60% 70% 80% 90% 

𝜎 MTOT TRMV TC-MTOT TRMV TC-MTOT TRMV TC-MTOT TRMV TC-MTOT 

0 0.1405 (0.1350) 0.1406 (0.1349) 0.1406 (0.1349) 0.1408 (0.1348) 0.1408 (0.1347) 0.1412 (0.1346) 0.1413 (0.1346) 0.2094 (0.1788) 5.9688 (0.6902) 

2 × 10−3 0.3655 (0.3190) 0.3657 (0.319) 0.3705 (0.3176) 0.3658 (0.3190) 0.3776 (0.3161) 0.3660 (0.3189) 0.4096 (0.3200) 0.3667 (0.3188) 5.9693 (0.6902) 

4 × 10−3 0.4106 (0.3529) 0.4109 (0.3529) 0.4170 (0.3512) 0.4111 (0.3529) 0.4260 (0.3493) 0.4113 (0.3528) 0.4663 (0.3537) 0.4122 (0.3527) 5.9699 (0.6903) 

6 × 10−3 0.4426 (0.3762) 0.4430 (0.3763) 0.4501 (0.3743) 0.4432 (0.3762) 0.4604 (0.3722) 0.4434 (0.3761) 0.5070 (0.3768) 0.4445 (0.3760) 5.9707 (0.6903) 

8 × 10−3 0.4686 (0.3948) 0.4690 (0.3948) 0.4769 (0.3927) 0.4692 (0.3948) 0.4885 (0.3903) 0.4694 (0.3947) 0.5404 (0.3951) 0.4706 (0.3945) 5.9717 (0.6903) 

10−2 0.4908 (0.4105) 0.4913 (0.4105) 0.4999 (0.4082) 0.4915 (0.4105) 0.5127 (0.4057) 0.4918 (0.4104) 0.5694 (0.4104) 0.4931 (0.4102) 5.9728 (0.6904) 

 

 

 

 

Fig. 8. Illustration of the scanner in semiconductor lithography. 
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error may occur when the patterns on the mask cannot be 

projected exactly at the desired location on the surface of a 

wafer.  This misalignment is called overlay error and is critical 

to the wafer quality. As mentioned in the introduction, OV 

errors are only measured at a limited number of marked 

locations over the wafer because it is impossible to measure the 

OV errors of each rectangular field on the wafer. In addition,  

OV errors are highly dependent on the settings of the 

lithography machine, which can be used to predict the change 

of OV errors. The knowledge of OV errors can support the 

process adjustments, such as the alignments of the projection 

lens and the location tuning of the wafer stage. To improve the 

quality of a lithography process, it is critical to correct the OV 

error by modeling the relationship between the machine settings 

and the partially measured OV errors. In the industry, the 

polynomial models are commonly used for such correction of 

the OV errors as shown in APPENDIX E [25]. In this case 

study, we employ this validated model to generate the data 

mainly because: (i) the real data is proprietary; and (ii) the 

known “ground truth” OV errors can be used to evaluate the 

accuracy of the proposed method.  

 There are two major purposes for this case study: (i) to 

illustrate the performance of TRMV in completing the missing 

values of OV errors and the process of rank searching under 

different levels of missing values; (ii) to evaluate the robustness 

of the proposed method under different levels of noise and 

perturbations. To this end, based on the procedure illustrated in 

Experiment 2, we generate two datasets that contain machine 

settings and overlay errors for wafers under different levels of 

noise and perturbations.   

As it is illustrated in Experiment 2, this data-generation 

procedure contains two main steps: (i) Generate the mean OV 

errors using the generated basis ℬ ∈ ℝ20×𝐽×2 and the first order 

characteristics of the coefficients 𝐊. The definitions of the basis 

and the coefficients are elaborated in APPENDIX D.  (ii) Add 

noise and perturbation to the generated overlay errors with a 

certain level 𝜎𝑘 or 𝛿𝑘 according to the label 𝐿𝛿. When 𝐿𝛿 = 1, 

perturbations are added, otherwise random noises are 

incorporated. Here, we define the perturbations by the second 

order characteristics of the coefficients given a certain level 𝛿𝑘, 

i.e.,  𝐤𝑗 = [0,0,0, 𝑘𝑗,7, 𝑘𝑗,9, 𝑘𝑗,11, 0, … ,0, 𝑘𝑗,8, 𝑘𝑗,10, 𝑘𝑗,12, 0, … ,0] 

× 𝛿𝑗. In this study, two datasets are generated. In particular, the 

first is generated by incorporating different levels of noise 

specified by the set ℵ = {𝜎𝑘} =

{0, 10−12, 10−11, 10−10, 10−9, 10−8, 10−7, 10−6, 10−5, 10−4, 10−3} , 

while the second is simulated under different levels of 

perturbations specified by the set 𝔎 = {𝛿𝑗} =

{0, 10−12, 10−11, 10−10, 10−9, 10−8, 10−7, 10−6, 10−5, 10−4, 10−3} . 

The dataset under each configuration contains 100 training 

samples and 100 testing samples. Then, the index tensor Ω𝑙 is 

generated given a certain ratio 𝑟𝑙 ∈ 𝔐 = {0,0.7,0.8,0.9}, and 

the training OV errors are projected onto Ω𝑙.   

B. Result Analysis 

 First, we illustrate the performance of the proposed method 

in completing the missing values of the OV errors. Fig. 9 shows 

the OV errors of a wafer randomly selected from the first 

dataset. Fig. 9 (a) plots the ground truth of OV errors in pink 

arrows and the available measurements in green arrows, while 

Fig. 9 (b) shows the estimations by TRMV under 80% missing 

values. This figure shows that the estimations obtained by 

TRMV are quite comparable to the ground truth.   

Fig. 10 shows the process of rank searching under different 

levels of missing values, where the rank is computed from the 

matricization along the sample dimension. As it is illustrated, 

when the proportion of missing values is relatively small, 

TRMV converges to the true rank with fewer iterations. For 

example, less than 30 iterations are sufficient to find the true 

rank for 70% missing values. In contrast, it takes about 300 

iterations to converge when 90% of data is missing.  

Secondly, we attempt to evaluate the robustness of the 

proposed method against different levels of noise under 

different ratios of missing values. To this end, we apply each 

method to the first dataset and compute the prediction errors 

when the estimated models are applied on testing sets. Here, we 

use TSPE as the criterion for error quantification.  

Experiment 2:  Procedure for generating OV errors 

Input A set of perturbation levels 𝔎 = {𝛿𝑘}; A set of noise levels ℵ = {𝜎𝑘}.  

A set of ratios of missing values 𝔐 = {𝑟𝑙} and a set of randomly 

generated index tensors ℑ = {Ω𝑙}. 

Sample size 𝑚 and training size 𝑚𝑡𝑟. Label 𝐿𝛿. 

1: Start:    

2:  ℬ ← Generate the basis ℬ ∈ ℝ20×𝐽×2 

3:  𝐊 ← Randomly generate the first order characteristics of 𝐊. 

4:  𝒴𝑚𝑒𝑎𝑛 ← Derive the OV error 𝒴𝑚𝑒𝑎𝑛 ∈ ℝ𝑚×𝐽×2 

5:  If 𝐿𝛿 = 1 do: 

6:   For 𝛿𝑗 ∈ 𝔎 do: 

7:    𝐊𝑗 ← Randomly generate 𝐊𝑗  with each 

characteristic:  𝐤𝑗 = [0,0,0, 𝑘𝑗,7, 𝑘𝑗,9, 𝑘𝑗,11, 0, 

… ,0, 𝑘𝑗,8, 𝑘𝑗,10, 𝑘𝑗,12, 0, … ,0] × 𝛿𝑗. 

8:    𝒴𝑝𝑒𝑟𝑡{𝑗} ← Derive the OV error 𝒴𝑝𝑒𝑟𝑡{𝑗} ∈ ℝ𝑚×𝐽×2 

9:    𝒴𝑝{𝑗} ← Obtain the final OV error 𝒴𝑝{𝑗} = 𝒴𝑚𝑒𝑎𝑛 +

𝒴𝑝𝑒𝑟𝑡{𝑗}. 

10:   End   

11:  Else 

12:   For 𝜎𝑘 ∈ 𝔎 do: 

13:    ℰ{𝑘} ←  Generate noise term ℰ{𝑘} ∈ ℝ𝑚×𝐽×2 

randomly based on 𝜎𝑘. 

14:    𝒴𝑛{𝑘} ← Obtain the final OV error 𝒴𝑛{𝑘} = 𝒴𝑚𝑒𝑎𝑛 +
ℰ{𝑘}. 

15:   End   

16:  End   

17: End    

 

            

                           (a)                                                          (b) 

Fig. 9. Illustration of the completion result by TRMV when applying it to OV 

errors with missing values. The pink arrows in graph (a) represent the original 

OV errors and the green ones are 20% observed measurements, while the 

green arrows in graph (b) indicate the estimated OV errors. 
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 Table XII reports the prediction errors resulted by each 

method. As it is reported in this table, the models estimated by 

TC-MTOT achieve comparable prediction errors to those 

obtained by TRMV when 70% of values are missing and the 

noise level is small, i.e., 𝜎𝑘 ≤ 10−8. However, for other settings, 

TRMV outperforms TC-MTOT significantly in terms of the 

mean and standard deviation of prediction errors, which 

validates that TRMV is more robust than TC-MTOT against 

noise and missing values.     

 Thirdly, we evaluate the robustness of TRMV against 

different magnitudes of second order perturbations under 

different ratios of missing values. To this end, we apply TRMV 

and TC-MTOT to the second dataset and investigate the 

prediction errors when applying the estimated models on the 

testing set, which are reported in Table XIII. As shown in this 

table, almost for every setting, especially for those with high 

ratios of missing values and high magnitudes of perturbations, 

TRMV outperforms TC-MTOT in terms of the mean and 

standard deviation of prediction errors, which further validates 

that TRMV is more robust than TC-MTOT against 

perturbations and missing values.  

V. CONCLUSION 

In this paper, we develop a systematic framework for tensor 

regression when the response contains missing values. The 

novelty of this methodology lies in integrating the tensor 

completion with tensor regression in a unified manner. In order 

to address the challenge brought by missing values in the 

response, a penalty of the tensor nuclear norm is introduced into 

the least square loss function. Meanwhile, Tucker 

decomposition is applied to the model coefficients to prevent 

overfitting. A two-step BCD algorithm is proposed to estimate 

the variables, including the missing entries and the model 

coefficients. Iteratively, we first complete the missing entries of 

the response using the ADMM algorithm. Given the completed 

response, the core tensors and the bases of the coefficients are 

then estimated by a BCD-ALS algorithm. Notably, the 

completion procedure of the response in the first step of the 

algorithm enables the estimation of its rank, which can be used 

by the second step. These integrated optimization efforts 

successfully lead to three major advantages of the proposed 

methodology: (i) more accurate model estimation and response 

completion; (ii) robust prediction performance; and (iii) 

automatic rank convergence of the response.  

Two simulation studies and a case study are conducted to 

evaluate the performance of our proposed method in 

comparison to a two-step method, i.e., TC-MTOT. The 

numerical results have shown that TRMV outperforms TC-

MTOT significantly.  

The main contribution of this work is to explore a new 

direction in tensor regression with missing values. An 

interesting extension for future study is to consider the selection 

of input tensors in the sense that some available inputs may not 

be informative for the response estimation.  

TABLE XII COMPARISON OF PREDICTION PERFORMANCE BETWEEN 

TRMV AND TC-MTOT AT DIFFERENT NOISES FOR OV ERRORS 

LMV 0 70% 80% 90% 

𝜎 MTOT TRMV TC-MTOT TRMV TC-MTOT TRMV TC-MTOT 

10−12 0.08940 

(0.08564) 
0.08940 

(0.08564) 

0.08947 

(0.08568) 
0.08940 

(0.08564) 

0.14163 

(0.13569) 
0.51612 

(0.37376) 

1.04286 

(0.62906) 

10−11 0.09000 

(0.08572) 
0.09002 

(0.08576) 

0.09056 

(0.08621) 
0.09002 

(0.08569) 

0.14163 

(0.13569) 
0.51612 

(0.37376) 

1.04286 

(0.62906) 

10−10 0.09634 

(0.09156) 
0.09641 

(0.09160) 

0.09693 

(0.09203) 
0.09647 

(0.09162) 

0.14163 

(0.13569) 
0.51612 

(0.37376) 

1.04286 

(0.62906) 

10−9 0.10651 

(0.10057) 
0.10659 

(0.10060) 

0.10703 

(0.10082) 
0.10672 

(0.10067) 

0.14163 

(0.13569) 
0.51612 

(0.37376) 

1.04286 

(0.62906) 

10−8 0.11924 

(0.11210) 
0.11937 

(0.11219) 

0.12001 

(0.11255) 
0.11950 

(0.11229) 

0.14168 

(0.13568) 
0.51612 

(0.37376) 

1.04286 

(0.62906) 

10−7 0.13538 

(0.12628) 
0.13555 

(0.12632) 

0.13628 

(0.12675) 
0.13569 

(0.12648) 

0.14369 

(0.13595) 
0.51612 

(0.37376) 

1.04286 

(0.62906) 

10−6 0.15656 

(0.14441) 
0.15678 

(0.14454) 

0.15780 

(0.14535) 
0.15693 

(0.14449) 

0.16072 

(0.14838) 
0.51612 

(0.37376) 

1.04286 

(0.62906) 

10−5 0.18575 

(0.16905) 
0.18603 

(0.16907) 

0.18711 

(0.16991) 
0.18634 

(0.16945) 

0.19064 

(0.17294) 
0.51613 

(0.37377) 

1.04286 

(0.62906) 

10−4 0.22816 

(0.20356) 
0.22917 

(0.20371) 

0.23081 

(0.20467) 
0.23331 

(0.20513) 

0.23541 

(0.20898) 
0.51613 

(0.37378) 

1.04286 

(0.62906) 

10−3 0.29545 

(0.25554) 
0.29867 

(0.25700) 

0.30012 

(0.25852) 
0.30652 

(0.25947) 

0.30734 

(0.26347) 
0.51726 

(0.37474) 

1.04278 

(0.62907) 

TABLE XIII COMPARISON OF PREDICTION PERFORMANCE BETWEEN 

TRMV AND TC-MTOT AT DIFFERENT PERTURBATIONS FOR OV 

ERRORS 

LMV 0 70% 80% 90% 
𝛿 MTOT TRMV TC-MTOT TRMV TC-MTOT TRMV TC-MTOT 

10−12 0.09007 

(0.08677) 
0.09082 

(0.08749) 

0.09086 

(0.08752) 
0.12010 

(0.11425) 

0.12674 

(0.12348) 
0.60178 

(0.51348) 

1.02836 

(0.65461) 

10−11 0.09545 

(0.09319) 
0.09814 

(0.09484) 

0.09815 

(0.09488) 
0.12164 

(0.11546) 

0.12674 

(0.12348) 
0.60178 

(0.51348) 

1.02836 

(0.65461) 

10−10 0.10570 

(0.10227) 

0.10884 

(0.10423) 

0.10884 

(0.10428) 

0.12089 

(0.11531) 

0.12677 

(0.12348) 

0.60178 

(0.51348) 

1.02836 

(0.65461) 

10−9 0.11800 

(0.11455) 
0.12184 

(0.11664) 

0.12186 

(0.11669) 
0.12526 

(0.11806) 

0.12777 

(0.12320) 
0.60178 

(0.51348) 

1.02836 

(0.65461) 

10−8 0.13424 

(0.13099) 
0.13936 

(0.13425) 

0.13937 

(0.13433) 
0.13936 

(0.13435) 

0.13962 

(0.13457) 
0.60178 

(0.51348) 

1.02836 

(0.65461) 

10−7 0.15473 

(0.15242) 
0.16161 

(0.15507) 

0.16163 

(0.15515) 
0.16162 

(0.15508) 

0.16166 

(0.15524) 
0.60178 

(0.51348) 

1.02836 

(0.65461) 

10−6 0.18283 

(0.17612) 
0.19265 

(0.18029) 

0.19269 

(0.18043) 
0.19263 

(0.18031) 

0.19269 

(0.18053) 
0.60179 

(0.51348) 

1.02836 

(0.65462) 

10−5 0.22459 

(0.21884) 
0.24004 

(0.22455) 

0.24009 

(0.22471) 
0.24001 

(0.2246) 

0.24012 

(0.22483) 
0.60180 

(0.51352) 

1.02838 

(0.65466) 

10−4 0.29038 

(0.27723) 
0.31363 

(0.28876) 

0.31369 

(0.28905) 
0.31356 

(0.28908) 

0.31370 

(0.28928) 
0.60202 

(0.51414) 

1.02855 

(0.65533) 

10−3 0.40834 

(0.39246) 
0.45829 

(0.40788) 

0.45844 

(0.40818) 
0.45840 

(0.40843) 

0.45848 

(0.40854) 
0.61270 

(0.5169) 

1.03123 

(0.65921) 

 

 

 

           
                        (a) 70%                                                 (b)  80%                              

 
        (b) 90% 

Fig. 10. Process of rank estimation of the OV error at different missing values. 
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APPENDIX A: TRANSFORMATION OF (7) TO (9) 

The transformation of the Frobenius norm from problem (7) 

to problem (9) is derived as follows: Since ‖𝒴 − 𝒜‖F
2 =

‖𝒀(𝑖) − 𝑨(𝑖)‖
𝐹

2
, ∀𝑖  and ∑ 𝛼𝑖

𝑑
𝑖=1 = 1,  we have ‖𝒴 − 𝒜‖𝐹

2 =

∑ 𝛼𝑖‖𝒴 − 𝒜‖𝐹
2𝑑

𝑖=1 = ∑ 𝛼𝑖‖𝒀(𝑖) − 𝑨(𝑖)‖
𝐹

2𝑑
𝑖=1 . 

APPENDIX B: CONVERGENCE PROOF OF ALGORITHM 2 

As it is discussed by Boyd, et al. [26], the convergence of 

ADMM algorithm is guaranteed under the following two 

assumptions, 

① The (extended-real-valued) functions 𝑓: ℝ𝑛 → ℝ⋃{+∞} 

and 𝑔: ℝ𝑛 → ℝ⋃{+∞} are closed, proper, and convex. 

② The augmented Lagrangian 𝐿0 has a saddle point. 

Firstly, the problem defined by Equation (10) can be 

transformed to the standard form of ADMM algorithm as 

follows, 

min
𝐦,𝐳

𝑓(𝐦),     Subject to: 𝐇𝐦 + 𝐊𝐳 = 𝐜, (B1) 

where 𝐇 = [
𝟎
𝐈

] ∈ ℝ
(2𝑑𝐼(Π𝑖=1

𝑑 𝑄𝑖))×(𝑑𝐼(Π𝑖=1
𝑑 𝑄𝑖))

, 𝐊 = [
𝐒

−𝐈
] ∈

ℝ
(2𝑑𝐼(Π𝑖=1

𝑑 𝑄𝑖))×(𝑑𝐼(Π𝑖=1
𝑑 𝑄𝑖))

, 𝐜 = [𝐒𝐳0, 𝟎] ∈ ℝ
(2𝑑𝐼(Π𝑖=1

𝑑 𝑄𝑖))
 with 

𝐈  being a identity matrix of size (𝑑𝐼(Π𝑖=1
𝑑 𝑄𝑖)) ×

(𝑑𝐼(Π𝑖=1
𝑑 𝑄𝑖)) ; 𝐒 = [

𝐒0 𝟎 𝟎
𝟎 ⋱ 𝟎
𝟎 𝟎 𝐒0

] ∈ ℝ
(𝑑𝐼(Π𝑖=1

𝑑 𝑄𝑖))×(𝑑𝐼(Π𝑖=1
𝑑 𝑄𝑖))

 

and 𝐒0 ∈ ℝ
(𝐼(Π𝑖=1

𝑑 𝑄𝑖))×(𝐼(Π𝑖=1
𝑑 𝑄𝑖))

 with the entry (𝑖, 𝑗)  taking 

values of 𝛚(𝑖) for 𝑖 = 𝑗, otherwise 0. Notably, here 𝑔(𝐳) = 0 

is a constant.  

𝐲 = vec(𝒴), 𝐲0 = vec(𝒴0) , 𝛚 = vec(Ω) ∈ ℝ
(𝐼(Π𝑖=1

𝑑 𝑄𝑖))
 

𝐦𝑖 = vec(ℳ𝑖) = vec(𝐌(𝑖)) ∈ ℝ
(𝐼(Π𝑖=1

𝑑 𝑄𝑖))
, 𝑖 = 1, ⋯ , 𝑑 

𝐦 = [𝐦1
T, … , 𝐦𝑑

T]
T

∈ ℝ
(𝑑𝐼(Π𝑖=1

𝑑 𝑄𝑖))
 

𝐳 = [𝐲T, … , 𝐲T], 𝐳0 = [𝐲0
T, … , 𝐲0

T] ∈ ℝ
(𝑑𝐼(Π𝑖=1

𝑑 𝑄𝑖))
 

and  

𝑓(𝐦) = 𝑓 ([vec(𝐌(1))
T

, … , vec(𝐌(𝑑))
T

]
T

) 

= ∑ 𝛼𝑖 {𝜆‖𝐌(𝑖)‖
∗

+
1

2
‖𝐌(𝑖) − 𝐀(𝑖)‖

F

2
}

𝑑

𝑖=1

 

Proof for assumptions ① 

(i) Proof of the convexity of 𝑓(𝐦). 

According to the definition of convexity, we have (B2). 

Therefore, 𝑓(𝐦) is convex function.  

(ii) Proof of the closedness of 𝑓(𝐦). 

Since the norms are continuous functions and the domains of 

𝑓2𝑖−1(𝐦𝑖) and 𝑓2𝑖(𝐦𝑖)  are open, they are closed functions. 

Thus, they are lower semicontinuous at every 𝐦𝑖 ∈

ℝ
(𝐼(Π𝑖=1

𝑑 𝑄𝑖))
, so for every sequence {𝐦𝑖

𝑘} converging to 𝑚𝑖 (see 

the proposition 1.1.2 on page 10 in [27]), we have 

𝑓2𝑖−1(𝐦𝑖) ≤ lim inf𝑘→∞ 𝑓2𝑖−1(𝐦𝑖
𝑘) 

𝑓2𝑖(𝐦𝑖) ≤ lim inf𝑘→∞ 𝑓2𝑖(𝐦𝑖
𝑘) , 𝑖 = 1, … , 𝑑 

(B3) 

for all 𝑘.  Since 𝛼𝑖 > 0 and 𝜆 > 0, then we 𝜆𝛼𝑖 > 0 and 
𝛼𝑖

2
>

0, 𝑖 = 1, … , 𝑑, we have   

∑ (𝜆𝛼𝑖𝑓2𝑖−1(𝐦𝑖) +
𝛼𝑖

2
𝑓2𝑖(𝐦𝑖))

𝑑

𝑖=1

≤ lim inf𝑘→∞ ∑ (𝜆𝛼𝑖𝑓2𝑖−1(𝐦𝑖
𝑘) +

𝛼𝑖

2
𝑓2𝑖(𝐦𝑖

𝑘))

𝑑

𝑖=1

 

(B4) 

That is, 𝑓(𝐦) ≤ lim inf𝑘→∞ 𝑓(𝐦𝑘) 

It follows that 𝑓(𝐦) is lower semicontinuous at every 𝐦 ∈

ℝ
(𝑑𝐼(Π𝑖=1

𝑑 𝑄𝑖))
, and hence is closed based on the proposition 

1.1.2 in [27].  

(iii) Proof of the properness of the function 

Based on the definition of proper, it is easy to show that 

𝑓(𝐦) is proper. Since norms are nonnegative and 𝛼𝑖 > 0 and 

𝜆 > 0, we have 𝑓(𝐦) ≥ 0. Let 𝐌(𝑖) = 0, 𝑖 = 1, … , 𝑑, we have 

𝑓(𝐦) = ‖𝒜‖F
2 < ∞, and hence 𝑓(𝐦) is proper. 

Proof for assumptions ② 

The dual function can be represented as, 

ℎ(𝛌) = inf
𝐦,𝐳

𝐿0(𝐦, 𝐳, 𝛌) = inf
𝐦,𝐳

𝑓(𝐦) + 𝛌T(𝐇𝐦 + 𝐊𝐳 − 𝐜) (B5) 

From assumption ①, we know that there exist 𝐦∗, 𝐳∗ that 

minimize 𝐿0(𝐦, 𝐳, 𝛌) for a given 𝛌. 

Since the objective of problem (10) is convex, and the 

feasible set is nonempty (e.g., one feasible solution is 𝒫Ω(𝒴) =
𝒫Ω(𝒴0) , 𝒴 = ℳ𝑖 , 𝑖 = 1, ⋯ , 𝑑) , there exists the optimal 

solution (𝒴∗, ℳ1
∗, … , ℳ𝑑

∗)  for (10). Accordingly, (𝐦∗, 𝐳∗)  is 

the optimal solution of (B1). Then, it follows that primal 

feasibility, 𝐇𝐦∗ + 𝐊𝐳∗ − 𝐜 = 𝟎 , holds. Next, from the dual 

feasibility, we have 

𝟎 ∈ 𝜕𝑓(𝐦∗) + 𝐇T𝛌∗ = 𝜕𝑓(𝐦∗) + 𝛌2
∗  (B6) 

where 𝜕  denotes the subdifferential operator, 𝛌∗ = [
𝛌1

∗

𝛌2
∗ ] ∈

ℝ
(2𝑑𝐼(Π𝑖=1

𝑑 𝑄𝑖))
 with 𝛌1

∗ , 𝛌2
∗ ∈ ℝ

(𝑑𝐼(Π𝑖=1
𝑑 𝑄𝑖))

. That is, 𝛌2
∗ ∈

𝜕𝑓(𝐦∗). 

Hence there exists some dual optimal 𝛌∗.  

From page 17 in [27], we know that under assumptions ① 

and ② , the ADMM iterations satisfy residual convergence, 

𝑓(𝑡𝐦 + (1 − 𝑡)𝐦′) ≤ ∑ [(𝑡𝜆𝛼𝑖𝑓2𝑖−1(𝐦𝑖) + (1 − 𝑡)𝜆𝛼𝑖𝑓2𝑖−1(𝐦𝑖
′)) + (

𝑡𝛼𝑖

2
𝑓2𝑖(𝐦𝑖) +

(1 − 𝑡)𝛼𝑖

2
𝑓2𝑖(𝐦𝑖

′))]

𝑑

𝑖=1

 

= 𝑡 ∑ 𝛼𝑖 (𝜆𝑓2𝑖−1(𝐦𝑖) +
1

2
𝑓2𝑖(𝐦𝑖))

𝑑

𝑖=1

+ (1 − 𝑡) ∑ 𝛼𝑖 (𝜆𝑓2𝑖−1(𝐦𝑖) +
1

2
𝑓2𝑖(𝐦𝑖))

𝑑

𝑖=1

= 𝑡𝑓(𝐦) + (1 − 𝑡)𝑓(𝐦′) 

(B2) 
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objective convergence and dual variable convergence. 

APPENDIX C: PROBLEM (13) TRANSFORMATION 

The objective of problem (13) can be transformed as follows: 

Since 𝒴  and Θ𝑖  are given, the ℳ -update problem (Problem 

(14)) is equivalent to, 

𝜆𝛼𝑖‖𝐌(𝑖)‖
∗

+
𝛼𝑖

2
‖𝐌(𝑖) − 𝐀(𝑖)‖

F

2
− 〈Θ𝑖 , ℳ𝑖〉 +

𝜌

2
‖𝒴 − ℳ𝑖‖F

2 

= 𝜆𝛼𝑖‖𝐌(𝑖)‖
∗

+
𝛼𝑖

2
‖𝐌(𝑖) − 𝐀(𝑖)‖

F

2
+

𝜌

2
‖𝐌(𝑖) − (𝐘(𝑖) +

1

𝜌
𝚯(𝑖))‖

F

2

 

= 𝜆𝛼𝑖‖𝐌(𝑖)‖
∗

+
𝛼𝑖+𝜌

2
‖𝐌(𝑖) −

𝛼𝑖𝐀(𝑖)+𝜌𝐂0(𝑖)

𝛼𝑖+𝜌
‖

F

2

+ 𝑏, (C1) 

where 𝑏 is a constrant and 𝐂0(𝑖) = (𝐘(𝑖) +
1

𝜌
𝚯(𝑖)).  

APPENDIX D: SOLUTION TO (17) 

In this appendix, we derive the solution for problem (17). 

First, the optimality condition for this problem involves primal 

feasibility and dual feasibility as follows, 

{
𝒫Ω(𝒴 − 𝒴0) = 0 (primal)

∑ {Θ𝑖 +
𝜌

2
(𝒴 − ℳ𝑖)}𝑑

𝑖=1 + 𝒫Ω(ϕ) = 0 (dual)
, (D1) 

When (𝑗, 𝑞1, ⋯ , 𝑞𝑑) ∉ Ω, we only have, 

∑ {Θ𝑖 +
𝜌

2
(𝒴(𝑗,𝑞1,⋯,𝑞𝑑) − ℳ𝑖)}𝑑

𝑖=1 = 0,          (D2) 

Otherwise, we have, 

𝒫Ω(𝛷) = 0 𝑎𝑛𝑑 𝒫Ω(𝒴 − 𝒴0) = 0 ,                              (D3) 

Thus, we can obtain the optimal solution of the minimization 

problem as, 

𝒴 = {
𝒴0, 𝑖𝑓 (𝑗, 𝑞1, ⋯ , 𝑞𝑑) ∈ Ω

1

𝑑
∑ (ℳ𝑖 −

1

𝜌
Θ𝑖)

𝑑
𝑖=1 , 𝑜𝑡ℎ𝑒𝑟𝑤𝑖𝑠𝑒

 ,            (D4) 

APPENDIX E: DATA GENERATION OF CASE STUDY 

This appendix elaborates on the popular model used for 

generating the OV errors in the lithography process. The OV 

error is denoted as a vector (𝐹𝑥, 𝐹𝑦) in 2D coordinate system, 

with the initial point (𝑥, 𝑦) and the terminal point (𝑥 + 𝐹𝑥, 𝑦 +

𝐹𝑦)  representing the locations of the previous layer and the 

current layer, respectively. To maintain OV requirement, the 

polynomial model is widely used in practice for overlay control 

[28], [29], which is represented as follows, 

𝐹𝑥(𝑥, 𝑦) = 𝐤𝑥𝐛 and 𝐹𝑦(𝑥, 𝑦) = 𝐤𝑦𝐛 (E1) 

where 𝐹𝑥  and 𝐹𝑦  are the coordinates of the OV error; 𝐛 =

[1, 𝑥, 𝑦, 𝑥2, 𝑥𝑦, 𝑦2, 𝑥3, 𝑥2𝑦, 𝑥𝑦2, 𝑦3]𝑇 ∈ ℝ10  is a basis; 𝐤𝑥 =
[𝑘1, 𝑘3, 𝑘5, … , 𝑘19]  and 𝐤𝑦 = [𝑘2, 𝑘4, 𝑘6, … , 𝑘20]  define the 

signatures of an OV error, which are used for on-line correction 

via machine settings such as wafer stage, lens, mask, and so on, 

along the motion directions. With this model, the OV error can 

be broken into linear components, i.e., (𝑘1, 𝑘2, … , 𝑘6)  and 

nonlinear components, i.e., (𝑘7, 𝑘8, … , 𝑘20), where the linear 

ones associate with errors including reticle rotation, wafer 

rotation, to name a few, and the nonlinear ones correspond to 

causes such as lens distortion and random errors [29].  

Specifically, a set of points in a wafer are first specified to 

construct a basis 𝐁𝑗 = [
𝐛(𝑥𝑗 , 𝑦𝑗) 0

0 𝐛(𝑥𝑗 , 𝑦𝑗)
] ∈ 𝑅20×2, 𝑗 =

1, … , 𝐽, where 𝑗 represents the index of the point in a wafer and 

𝐛(𝑥𝑗 , 𝑦𝑗) = [1, 𝑥𝑗 , 𝑦𝑗 , 𝑥𝑗
2, 𝑥𝑗𝑦𝑗 , 𝑦𝑗

2, 𝑥𝑗
3, 𝑥𝑗

2𝑦𝑗 , 𝑥𝑗𝑦𝑗
2, 𝑦𝑗

3]
T

. By 

combining the bases 𝐁𝑗 , 𝑗 = 1, … , 𝐽 , we can obtain ℬ ∈

𝑅20×𝐽×2 . Accordingly, the combined signature of the 𝑖𝑡ℎ 

sample 𝐤𝑖 = [𝑘𝑖1, 𝑘𝑖3, 𝑘𝑖5, … , 𝑘𝑖19, 𝑘𝑖2, 𝑘𝐼4, 𝑘𝐼6, … , 𝑘𝑖20] ∈
𝑅1×20. For the signature, we only take the variation of linear 

components into consideration, which means (𝑘𝑖7, 𝑘𝑖8, … , 𝑘𝑖20) 

equals to zeros. The variation patterns of the signature 

(𝑘𝑖1, 𝑘𝑖2, … , 𝑘𝑖6) are randomly generated and we obtain 𝐤𝑖 =
[𝑘𝑖1, 𝑘𝑖3, 𝑘𝑖5, 0, … ,0, 𝑘𝑖2, 𝑘𝐼4, 𝑘𝐼6, 0, … ,0], 𝑖 = 1, … , 𝑚 . Then, 

for each 𝐤𝑖 , the associated OV pattern (𝐅𝑥
𝑖 , 𝐅𝑦

𝑖 ) ∈ 𝑅1×𝐽×2 can 

be calculated as 𝐅𝑥
𝑖 = [𝐹𝑥

𝑖1, … , 𝐹𝑥
𝑖𝐽]

T
 and 𝐅𝑥

𝑖 = [𝐹𝑦
𝑖1, … , 𝐹𝑦

𝑖𝐽]
T
.  
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