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An Augmented Regression Model for Tensors
With Missing Values
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Abstract— Heterogeneous but complementary sources of data
provide an unprecedented opportunity for developing accurate
statistical models of systems. Although the existing methods have
shown promising results, they are mostly applicable to situations
where the system output is measured in its complete form. In real-
ity, however, it may not be feasible to obtain the complete output
measurement of a system, which results in observations that
contain missing values. This article introduces a general frame-
work that integrates tensor regression with tensor completion
and proposes an efficient optimization framework that alternates
between two steps for parameter estimation. Through multiple
simulations and a case study, we evaluate the performance of
the proposed method. The results indicate the superiority of the
proposed method in comparison to a benchmark.

Note to Practitioners—The proposed method aims to obtain an
accurate estimation of the regression model when certain entries
of the response are inaccessible. By considering both the infor-
mation from multiple inputs and the structure of the response,
our proposed method can achieve more accurate estimation of
the output tensor. In order to apply the proposed method in
practice, two assumptions should hold. First, the response tensor
should be low-rank, meaning that fewer variation patterns should
exist in the response than its dimensions. Second, the relationship
between the input tensors and the response should be linear
or approximately linear. The presented method in this article
uses tensor decomposition techniques to exploit the correlation
structures of the high-dimensional data and prevent overfitting.
Another benefit of our integrated framework is that the rank of
the response tensor converges automatically, which can be used
directly in the parameter estimation.

Index Terms— Alternating least square (ALS)-alternating
direction method of multiplier (ADMM), missing values, tensor
regression, Tucker decomposition.

Manuscript received May 15, 2021; accepted July 20, 2021. This article
was recommended for publication by Associate Editor C.-Y. Lee and Editor
F.-T. Cheng upon evaluation of the reviewers’ comments. (Corresponding
author: Mostafa Reisi Gahrooei.)

Feng Wang is with the State Key Laboratory of Rail Traffic Con-
trol and Safety, and the School of Mechanical, Electronic and Control
Engineering, Beijing Jiaotong University, Beijing 100044, China (e-mail:
feng.wang@bjtu.edu.cn).

Mostafa Reisi Gahrooei is with the Department of Industrial and Systems
Engineering, University of Florida, Gainesville, FL 32611 USA (e-mail:
mreisigahrooei@ufl.edu).

Zhen Zhong and Jianjun Shi are with H. Milton Stewart School
of Industrial and Systems Engineering, Georgia Institute of Tech-
nology, Atlanta, GA 30332 USA (e-mail: zhongzhen@gatech.edu;
jianjun.shi@isye.gatech.edu).

Tao Tang is with the State Key Laboratory of Rail Traffic Control
and Safety, Beijing Jiaotong University, Beijing 100044, China (e-mail:
ttang@bjtu.edu.cn).

Color versions of one or more figures in this article are available at
https://doi.org/10.1109/TASE.2021.3102953.

Digital Object Identifier 10.1109/TASE.2021.3102953

NOMENCLATURE

Lower and Upper Scalar, e.g., w or W .
Case Letters
Lower or Upper Vector or a matrix, e.g.,
Case Boldface w or W.
Letters
Euler Script Tensor, e.g., W.
Letters
X j Input tensor j for the regression

model, X j ∈ R
I×P j 1×···×Pjl j with the

sample dimension I and other
dimensions Pjk , j = 1, . . . , p.

Y Output tensor for the regression model,
Y ∈ R

I×Q1×Q2×···×Qd .
B j Coefficient tensor for the regression

model with respect to X j .
C j Core tensor of Tucker decomposition

to B j .
W(k) Mode-k matricization of tensor W.
� Index set to define the observed entries

of the response.
P� Orthogonal projection based on the

index set �.
rank(·) Rank function of a tensor.
Y0 Response with missing values.
U j · Bases that span the space of the input

tensor j.
V· Bases that span the space of

the response.
Mi The i th local copy of tensor Y.
M(i) Mode-i matricization of Mi .
�i Dual variable.
λ Tuning parameter.

I. INTRODUCTION

THE rapid development of sensing and computing tech-
nology has accelerated the collection of heterogeneous

sets of data, which may include a combination of scalars and
high-dimensional (HD) data points, such as profiles, images,
and point clouds. Many applications, including multistage
manufacturing [1], aircraft prognostics [2], and medical
imaging [3], can benefit from such heterogeneous and HD
data. For example, by integrating a set of heterogeneous data,
including machine settings and sensor readings, a more accu-
rate and reliable prediction of an output of a manufacturing
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TABLE I

REGRESSION METHODS

process can be achieved. Such a predictive model can then be
used for process monitoring and optimization. As reported in
Table I, many techniques have been developed for modeling
systems based on HD and heterogeneous data.

Traditional dimensionality reduction approaches, including
principal component regression (PCR) [4] and partial least
square (PLS) [5], have been used for regression modeling
with limited predictive power as they cannot exploit the
complex correlation structures of HD data points. Functional
regression models are proposed to capture the nonlinear cor-
relation structures of data. Although these methods perform
well in cases with profile data, efficient extensions of these
approaches to datasets with higher dimensions (e.g., images)
are very difficult, if not impossible [6], [7]. In recent
years, tensor algebra has shown promising results in many
applications, from network analysis to process modeling and
monitoring [8], [9]. Among those, some studies have focused
on tensor regression analysis. For example, Zhao et al. [10]
extended the PLS approach to tensor data by using the Tucker
decomposition. Li et al. [11] proposed a generalized linear
model with input tensors based on the Tucker decomposition.
Yan et al. [12] proposed to link structured point clouds
to scalar process variables with tensor regression. To con-
sider a more general case, Lock [13] proposed a regression
model that estimates an output tensor based on an input
tensor [tensor-on-tensor regression (TOT)] using the CANDE-
COMP/PARAFAC (CP) decomposition imposed on the tensors
of model parameters. However, the TOT method is limited due
to the inherent limitations of CP decomposition and can only
include a single input tensor. Recently, Gahrooei et al. [14]
extended TOT to multiple tensor-on-tensor regression (MTOT)
by leveraging Tucker operations.

Although these existing approaches provide effective ways
to model processes using HD data, they assume that the
available output tensor is structured and complete. However,
in many applications, these assumptions are not valid, and the
measurements may contain missing values for reasons, such
as the failure of the sensors or excessive cost of full measure-
ment. For example, in lithography process of semiconductor
manufacturing, overlay (OV) errors (i.e., the misalignment
between different layers), which are highly dependent on the
lithography machine settings (e.g., the alignments of the lens
and the location of the wafer stage), are only measured at
a limited number of marked locations over the wafer (see
Fig. 1). Therefore, obtaining a full picture of OV errors

Fig. 1. Illustration of overlay measurements in the lithography process.

TABLE II

TENSOR COMPLETION METHODS

requires developing models that link the overlays to machine
settings based on partially observed OV errors on wafers.

Another example is the battery system of the Tesla Model S,
with more than 7000 cells [15], where a limited number
of sensors monitor the temperature of a few of these cells.
As a result, the temperature data obtained from these batteries
are structured but contain missing observations. To effectively
monitor the battery condition, a modeling framework that uses
these data to estimate the temperature of all cells based on the
observed measurements and covariates, such as the speed and
temperature of coolant flow in the battery pack, is essential.

In these situations, where the output contains missing
values, an effective estimation of the model parameters is
challenging due to the absence of several observations in
HD outputs, which renders the exploitation of the complex
correlation structure of the output even more difficult. A Naive
approach of addressing this challenge is to first complete
the HD outputs using matrix [16] or tensor completion
approaches [17] and then construct a prediction model based
on the completed data using the existing HD regression meth-
ods (e.g., [14]). Many methods are developed for the tensor
completion problem, which attempts to build the relationship
between the known entries and the missing values of a matrix
or a tensor. These methods rely on the low-rank assumption
of the tensor and either design decomposition of the ten-
sor [18], [19] or perform rank minimization [17], [20],
as reported in Table II. Nevertheless, these approaches do not
consider other potentially relevant and available data when
performing the tensor completion task. In many applications,
however, the incomplete tensor is related to other variables
(e.g., the inputs of a process) that can provide further infor-
mation in the completion procedure.

To fully exploit the available information, we propose an
augmented tensor regression framework that simultaneously
estimates the model parameters and completes the response
tensor. Fig. 2 shows an overview of our procedure. In this
figure, X j , j = 1, . . . , p, represent the available inputs that are
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Fig. 2. Proposed framework of the augmented regression modeling with an
incomplete response, which includes two iterative steps, i.e., Y imputation and
B estimation. The first step attempts to complete Y given X and B, whereas
the second step tries to estimate B given Y and X. The solid lines represent
the transmission of available information from the inputs and the response,
while the dotted lines indicate the transmission of the information generated
by each step.

complete, and Y denotes an incomplete output of a process.
Please note that in the situations where X j , j = 1, . . . , p
contain missing values, one can complete them using tensor
completion approaches as they are independent variables. The
goal is to estimate the model parameters B, given the inputs
and incomplete output. After learning the model parameters,
a complete output can be estimated based on a given set of
new inputs. As it is shown in Fig. 2, our procedure completes
the output and learns the model parameters iteratively. Specifi-
cally, the completion of the response Y takes advantage of both
the information of the inputs via the estimated parameters B

and the structural information of the incomplete response Y0.
By considering the information from inputs, the completion of
response is expected to be more accurate than a completion
procedure that only uses the structural information of Y0.
Furthermore, a more accurate completion of the response can
benefit the estimation of the model parameters B. Therefore,
all available information from both inputs and output are fully
and iteratively exploited, resulting in more accurate model
estimation and improved performance of prediction.

Mathematically, the model parameters are learned by min-
imizing an integrated objective function that includes a mean
square error term and a tensor rank penalty on the response Y

for global exploitation of the relationship between the observed
and missing entries. To avoid overfitting, a decomposition
operation is applied on the model parameters B by considering
the correlation structures within the inputs and output spaces.
The optimization problem is then solved through a novel
and efficient algorithm with two block coordinate descent
(BCD) steps. The proposed optimization framework iteratively
completes the output tensor and learns the model parameters
until convergence.

The rest of this article is organized as follows. In Section II,
we propose an integrated framework for augmented tensor
regression with missing values (TRMV) and elaborate on the
algorithms for estimating the missing values of the response
as well as the model parameters. Section III carries out two
simulation studies. The first one implements a curve-on-curve

Fig. 3. Illustration of the regression model for heterogeneous sets of data.

simulation with missing entries in the profile output. The sec-
ond simulation study generates images and profiles for the
inputs and the output. Based on those two simulations, the pro-
posed method is evaluated in comparison to a benchmark
method. In Section IV, we conduct a case study to estimate the
incomplete overlay errors in the semiconductor lithographic
process. Finally, we conclude this article in Section V.

II. FORMULATION OF TENSOR REGRESSION WITH

INCOMPLETE RESPONSE

In this section, we propose an approach that augments
MTOT with tensor completion for a more accurate estimation
of model parameters and the HD process output with missing
values. First, we introduce the notations and concepts of tensor
algebra used in this article.

A. Tensor Notation and Multilinear Algebra

In this article, we use the Euler script letters to denote a
tensor. For instance, X ∈ R

P1×P2×···×Pn denotes a tensor of
order n, where Pi indicates the dimension of the mode i of
the tensor X. The mode-i matricization and the vectorization
of a tensor X are denoted by X(i) ∈ R

Pi×P−i (P−i = P1 ×
P2 × · · · × Pi−1 × Pi+1 × · · · × Pn) and vec(X), respec-
tively. A tensor X can be obtained by folding any of its matri-
cizations, which is denoted as X = fold(X(i)), i ∈ {1, . . . , n}.
The mode-k product of a tensor X with a matrix U ∈ R

K×Pk

is denoted by X ×k U ∈ R
P1×P2×···×Pk−1×K×Pk+1×···×Pn , where

the p1, . . . , pk−1kpk+1, . . . , pn entry of the product is given
by (X×k U)p1,...,pk−1kpk+1 ,...,pn =

∑Pk
pk=1 x p1,...,pn u j pk .

The Frobenius norm of a tensor X is defined as the
Frobenius norm of its matricization along any mode, e.g.,
�X�2

F = �X(i)�2
F. The contraction product of two tensors

B ∈ R
P1×P2×···×Pn×Q1×···×Qd and X ∈ R

P1×P2×···×Pn is
denoted by B ∗ X ∈ R

Q1×···×Qd , where (B ∗ X)q1,...,qd =∑
p1,...,pl

Xp1,...,pl Bp1,...,pl q1,...,qd .
We use �X�∗ = ∑

i λi(X) to denote the nuclear norm of
the matrix X, where λi (X) is the i th largest singular value
of the matrix. The nuclear norm of a tensor X, denoted by
�X�∗, is defined as the weighted average of nuclear norms
of its matricizations along each mode [17], i.e., �X�∗ =∑d

i=1 αi�X(i)�∗, where αi > 0 and
∑

i αi = 1. We let � denote
an index set, and P�(X) represents an orthogonal projection
that copies the tensor entries of X with indices in � and sets
the entries with indices outside � to be 0. The Tucker rank of
tensor X is defined as the combination of the column ranks of
its matricizations, that is, rank(X) = (R1, R2, . . . , Rn), where
Ri is the column rank of X(i) [21].

B. Problem Formulation

Let m denote the number of available samples in the training
set, Y0i ∈ R

Q1×Q2×···×Qd (i = 1, . . . , m) be the response

Authorized licensed use limited to: Georgia Institute of Technology. Downloaded on May 25,2022 at 20:52:02 UTC from IEEE Xplore.  Restrictions apply. 



This article has been accepted for inclusion in a future issue of this journal. Content is final as presented, with the exception of pagination.

4 IEEE TRANSACTIONS ON AUTOMATION SCIENCE AND ENGINEERING

tensor in the i th sample that contains missing values, and
X j i ∈ R

Pj 1×Pj 2×···×Pjl j (i = 1, . . . , m; j = 1, . . . , p) represents
the j th input tensor (predictor) within the i th sample. Let us
denote by �i the set of indices at which entries of Y0i are
observed. Then, we characterize the relationship between the
inputs and the output by

P�i (Y0i ) = P�i

⎛
⎝ p∑

j=1

X j i ∗B j

⎞
⎠+ P�i (Ei ), i = 1, . . . , m

(1)

where B j ∈ R
Pj 1×Pj 2×···×Pjl j×Q

1
×Q2×···×Qd is the tensor of

coefficients related to input j and Ei is a tensor of errors
whose entries follow a random process. For a more compact
representation, we can fold tensors Yi , X j i , and Ei (i =
1, . . . , m) along the sample mode to obtain tensors Y0 ∈
R

m×Q1×Q2×···×Qd ,X j ∈ R
m×Pj 1×Pj 2×···×Pjl j ( j = 1, . . . , p), and

E ∈ R
m×Q1×Q2×···×Qd . Then, the model can be written as

P�(Y0) = P�

⎛
⎝ p∑

j=1

X j ∗B j

⎞
⎠+ P�(E) (2)

where � = {(i, q1, . . . , qd) ∈ R
m×Q1×Q2×···×Qd } is a set of

indices at which entries of Y0 are observed. Upon estimation
of B j , the complete output can be estimated by

∑p
j=1 X j ∗B j ,

as shown in Fig. 3. Because the output contains missing
values, existing approaches that assume complete tensors are
not applicable for estimating the parameters. Fortunately, due
to the potential correlation structure within HD data points,
including profiles and images, the output tensor generally
has a low-rank structure. This low-rank structure is key in
designing an approach for estimating the model parameters
in the presence of incomplete output tensor. The goal of
our work is to build a regression model between the input
tensors X j( j = 1, . . . , p) and the incomplete output tensor
Y0. It can be achieved by integrating the low-rank structure of
the response into the least square loss Lr as follows:

min
Y,B1,...,Bp

λ rank(Y)+ 1

2

∥∥∥∥∥∥Y−
p∑

j=1

X j ∗B j

∥∥∥∥∥∥
2

F

s.t.: P�(Y) = P�(Y0). (3)

The first term, λ rank(Y), in the objective function, exploits
the low-rank structure of the output tensor, where λ > 0.
Note that the assumption of this problem is that the output
is low-rank, which is common in high-dimensional spaces
and can be validated based on domain knowledge. λ is a
user-specified tuning parameter that should be selected based
on the procedure discussed in Section II-E. Unfortunately,
Problem (3) is NP-hard due to the nonconvexity of rank(Y).
To address this issue, we employ a convex relaxation of the
rank(Y) term. Specifically, we employ the tensor’s nuclear
norm to approximate the rank penalty, leading to the following
tractable problem:

min
Y,B1,...,Bp

λ�Y�∗ + 1

2

∥∥∥∥∥∥Y−
p∑

j=1

X j ∗B j

∥∥∥∥∥∥
2

F

s.t.: P�(Y) = P�(Y0) (4)

where �Y�∗ =∑d
i=1 αi�Y(i)�∗ as it is defined in Section II-A.

Solving this problem without imposing any constraint over the
parameters B j will result in severe overfitting as the number of
parameters is extremely large. To avoid this issue, we decom-
pose B j ( j = 1, . . . , p) by using a Tucker operation and write
B j = C j ×1 U j1 ×2 · · · ×l j U jl j ×l j+1 V1 ×l j+2 · · · ×l j+d Vd .

Here, C j ∈ R
P̃j 1×···× P̃j l j×Q̃1×···×Q̃d is a core tensor with P̃j i �

Pji( j = 1, . . . , p; i = 1, . . . , l j ) and Q̃i � Qi (i = 1, . . . , d),
{U j i : j = 1, . . . , p; i = 1, . . . , l j} is a set of bases that spans
the j th input space, and {Vi : i = 1, . . . , d} is a set of bases
that spans the output space. Therefore, we aim to solve

min
Y,B1,...,Bp

λ�Y�∗ + 1

2

∥∥∥∥∥∥Y−
p∑

j=1

X j ∗B j

∥∥∥∥∥∥
2

F

s.t.: P�(Y) = P�(Y0); B j = C j ×1 U j1 ×2 · · ·
×l j U jl j ×l j+1 V1 ×l j+2 · · · ×l j+d Vd, j = 1, . . . , p.

(5)

To estimate the model parameters, we design an algorithm
with the following two steps (see Algorithm 1) as follows.

Step 1 (Y-Update): This step optimizes the following
subproblem assuming that the model parameters Bk

j ( j =
1, . . . , p) are given at the (k+ 1)th iteration of the algorithm:

Yk+1 = argminYλ�Y�∗ + 1

2

∥∥∥∥∥∥Y−
p∑

j=1

X j ∗Bk
j

∥∥∥∥∥∥
2

F

s.t.: P�(Y) = P�(Y0). (6)

Let Ak =∑p
j=1 X j ∗Bk

j ; then, the problem can be rewritten
as

Yk+1 = argminYλ�Y�∗ + 1

2
�Y −Ak�2

F

s.t.: P�(Y) = P�(Y0). (7)

Step 2 (B j -Update): Given the estimated Yk and remaining
Bk

i (i = 1, . . . , p, i �= j), this step attempts to solve

Bk+1
j = argminB j

�Wk
j − X j ∗B j�2

F

s.t. B j = C j ×1 U j1 ×2 · · · ×l j U jl j ×l j+1 V1 ×l j+2

· · · ×l j+d Vd (8)

where Wk
j = Yk −∑p

i �= j Xi ∗Bk
i .

The stopping criterion of Algorithm 1 is defined by the
squared norm of the difference between objective values com-
puted at the (k−1)th and kth iterations, i.e., ek = �wk+1−wk�2

2,
where wk = λ�Yk�∗ + (1/2)�Yk − ∑p

j=1 X j ∗Bk
j�2

F, k =
1, 2, 3, . . . . By setting a convergence tolerance �BCD, the algo-
rithm stops when ek < �BCD. Practically, the number of
iterations can be capped at a prespecified number to avoid
long training time.

C. Solution to Y-Update

The problem of Y-update [i.e., Problem (7)] can be trans-
formed to

min
Y

d∑
i=1

αi

{
λ�Y(i)�∗ + 1

2
�Y(i) − A(i)�2

F

}
s.t.: P�(Y) = P�(Y0). (9)
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Algorithm 1 BCD Algorithm for Solving Problem (5)
Inputs: X1, . . . ,Xp, Y0 and �.

1: Initiate B0
1, . . . ,B

0
p randomly and let Y0 = Y0.

2: Loop
3: Yk+1 Y-update step: update Yk to Yk+1 by solving

Problem (7) given Bk
j ( j = 1, . . . , p)

4: Let Yk = Yk+1

5: for j = 1, . . . , p do:
6: Bk+1

j B j -update step: update Bk
j to Bk+1

j by solving

Problem (8) given Yk and the remaining Bk
i for

i = 1, . . . , p, i �= j .
7: Let Bk

j = Bk+1
j

8 end
9: until convergence.

The details of this transformation are provided in
Appendix A. The default values of parameter αi , i = 1, . . . , d ,
are set to (1/d), that is, we assign equal weights to each of
the tensor modes in the nuclear norm.

Since this problem is the same at each iteration, we use
the general notation Y and A by ignoring the iteration
index k for simplicity. Solving the above problem is chal-
lenging due to the interdependent nuclear norm terms, that
is, the entries of the matricizations of the output tensor
in the nuclear norm are shared and, therefore, cannot be
treated independently while minimizing the objective function.
To tackle this issue, we define several auxiliary variables
to split these interdependent terms. Specifically, we intro-
duce additional local matrices M(1), . . . , M(d), which represent
the mode-i matricizations of local tensors M1, . . . ,Md, i =
1, 2, . . . , d , respectively. Then, we have the following
problem:

min
M(1),...,M(d),Y

d∑
i=1

αi

{
λ�M(i)�∗ + 1

2
�M(i) − A(i)�2

F

}
s.t.: P�(Y) = P�(Y0) and Y =Mi , i = 1, . . . , d (10)

where Y can be treated as a global variable, and the
problem becomes a global consensus problem. By intro-
ducing d local variables, Problem (10) becomes separa-
ble since they are independent of each other. To solve
(10), we first address the equality constraints M(i) =
Y(i) (i = 1, . . . , d) by defining the augmented Lagrangian as
follows:
Lρ

(
M(1), . . . , M(d),Y,�1, . . . ,�d

)
=

d∑
i=1

⎧⎨
⎩

λαi�M(i)�∗ + αi

2
�M(i) − A(i)�2

F

+ ��i ,Y−Mi� + ρ

2
�Y−Mi�2

F

⎫⎬
⎭ (11)

where ��i ,Y −Mi � represents the inner product of tensors
�i and Y − Mi , �i (i = 1, . . . , d) denote the tensors of
dual variables, and ρ is the step size. Then, the problem is
represented as

min
M(1),...,M(d),Y,�1,...,�d

Lρ

(
M(1), . . . , M(d),Y,�1, . . . ,�d

)
s.t.: P�(Y) = P�(Y0). (12)

Algorithm 2 ADMM Algorithm for Problem (12)

Inputs: X1, . . . ,Xp, the estimated B̂k−1
p , . . . , B̂k−1

p , Y0 and
�.
Loop:

For i = 1, . . . , d:
Mk

(i)← arg min
M(i)

fi (M(i))

Mk
i ← fold(Mk

(i)) (Local variable)
Yk ← arg arg min

{Y:P�(Y)=P�(Yo)}
g(Y) (Global variable)

For i = 1, . . . , d:
�k

i ← �k−1
i + ρ(Yk −Mk

i ) (Dual variable)
Until convergence.

The resulting alternating direction method of multiplier
(ADMM) algorithm for this problem is summarized in Algo-
rithm 2, which includes three iterative steps: local variable
update, global variable update, and dual variable update. The
convergence proof of Algorithm 2 is provided in Appendix B.
For local variable update, we try to solve the following
unconstrained problem:

min
M(i)

fi
(
M(i)

)
(13)

where

fi
(
M(i)

) =
⎧⎨
⎩

λαi�M(i)�∗ + αi

2
�M(i) − A(i)�2

F

+ ��i ,Y−Mi� + ρ

2
�Y −Mi�2

F

⎫⎬
⎭.

This problem is equivalent to

min
M(i)

λi�M(i)�∗ + 1

2
�M(i) − C(i)�2

F (14)

where λi = (λαi )/(αi + ρ) and C(i) = (αi A(i) + ρY(i) +
�(i))/(αi + ρ).

The detailed derivation of this problem is provided in
Appendix C. It turns out that the minimization problem in
Problem (14) can be solved by first computing the singular
value decomposition (SVD) of C(i) and then applying a soft-
thresholding operator on the singular values. This result is
proven in [16] and presented in the following proposition.

Proposition 1: Let C ∈ R
m×n and C = U�VT be the

SVD of C, where U ∈ R
m×m and V = R

n×n are orthonormal
matrices, � ∈ R

m×n is a diagonal matrix, and r = rank(C).
Then, M̂ ≡ argminM{λ�M�∗ + (1/2)�M− C�2

F} is optimized
by M̂ = Ur�λVT

r , where �λ is diagonal with (�λ)ii =
max(0,�ii − λ) and Ur and Vr are the first r columns of
U and V.

In order to update the global variable, we attempt to solve
the following constrained optimization problem:

min
Y

g(Y)

s.t.: P�(Y) = P�(Y0) (15)

where g(Y) =∑d
i=1{��i ,Y −Mi� + (ρ/2)�Y−Mi�2

F}.
First, we compute its Lagrangian as follows:

L y(Y,�) =
d∑

i=1

{
��i ,Y−Mi� + ρ

2
�Y −Mi�2

F

}
+��,P�(Y− Y0)� (16)
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where � is the tensor of the dual variable in this subproblem.
Then, a closed-form solution for this subproblem is derived

based on the optimality condition

Y =

⎧⎪⎨
⎪⎩

Y0, if ( j, q1, . . . , qd) ∈ �

1

d

d∑
i=1

(
Mi − 1

ρ
�i

)
, otherwise.

(17)

The detailed derivations are provided in Appendix D.
Finally, the dual variables �i are updated separately according
to

�i ← �i + ρ(Y−Mi). (18)

The stopping criteria for Algorithm 2 are defined by both
primal residuals Rk = (Mk

1 − Yk, . . . ,Mk
d − Yk) and dual

residuals Sk = −ρ(Yk−Yk−1, . . . ,Yk−Yk−1). When �Rk�F ≤
�pri and �Sk�F ≤ �dual, the algorithm terminates. In addition,
we can also set a maximum number of iterations to avoid long
running time of Algorithm 2.

D. Solution to B-Update

After the estimation of the response Y in each iteration of
Algorithm 1, we then estimate the tensor of coefficients B j .
For this problem, the key is to learn the core tensor C j and the
bases Vi and U j i . Motivated by [14], we learn U j i directly
from the input spaces by performing the Tucker decomposition
on the input tensors. After the estimation of U j i , the problem
of learning B j becomes the following optimization problem:{

C j , V1, . . . , Vd
}

= argminB j
�W j(1) − X(1)B j�2

F

s.t.: B j = C j ×1 U j1 ×2 · · · ×l j U jl j ×l j+1 V1 ×l j+2

· · · ×l j+d Vd , VT
i Vi = IQ̃i

(i = 1, . . . , d)

(19)

where W j (1) and X(1) are mode-1 matricizations of W j and
X j , respectively, and B j ∈ R

Pj×Q is the matricization of tensor
B j with Pj = ∏l j

k=1 Pjk and Q = ∏d
k=1 Qk . IQ̃i

∈ R
Q̃i×Q̃i is

an identity matrix. Problem (19) can be solved by using the
alternating least square (ALS)-BCD as in [14].

One requirement of ALS-BCD algorithm is to know the
rank of the response Y. Since Y is estimated during the
Y-update step in Algorithm 1, we use high-order
SVD (HOSVD) to estimate its rank, which is the column
rank of Y(n) for n = 1, . . . , d . More specifically, we use the
truncated SVD to estimate the rank of mode-n matricization
Y(n) by specifying a ratio, by which the data variability is
explained. Then, the ranks of the matricizations of Y along
all modes are estimated, which are then combined into the
Tucker rank of tensor Y for ALS-BCD algorithm.

E. Selection of Hyperparameters

In the proposed method, the global hyperparameter λ and
local hyperparameters P̃j i ( j = 1, 2, . . . , p; i = 1, 2, . . . , l j )
should be identified. λ is designed to balance the rank penalty
and the least square error in the objective function. Based on
our experiments, the proposed method is robust to a wide range

of values of λ. In this article, we set λ = 1 by default. This
parameter can also be determined by cross validation.

Similar to the procedure for estimating the rank of Y in
Section II-D, the Tucker rank of input tensors X j can also be
estimated using the truncated HOSVD. Based on the estimated
rank of input tensors, the parameters P̃j i ( j = 1, 2, . . . , p;
i = 1, 2, . . . , l j ) are determined.

F. Limitations of the Proposed Method

The proposed method involves the BCD algorithm for a
nonconvex problem, which converges to the local optima when
estimating the core tensor C j and the bases U j ·, V· in the
Tucker decomposition. Lock and Eric [13] discussed the
identifiability issue in tensor regression. Because the main
purpose of this article is to estimate the model parameter B j

and predict the output, we do not discuss the identifiability
issue here. In addition, it is not hard to show that the parameter
tensor B j is unique provided that XT

j (1)X j (1) is nonsingular,
where X j (1) is the mode-1 matricization of input X j .

Both the ranks and number of missing entries influence
the performance of the benchmark and the proposed method.
Candès and Recht [22] provided a theoretical analysis and
a condition for perfectly recovering the missing entries of
a matrix. The proposed condition gives a lower bound on
the number of sampled (observed) entries, which depends
on the matrix rank and size. To the best of our knowledge,
such a theoretical lower bound is not available for tensors
in the literature. Although neither TRMV nor TC-MTOT can
complete the missing values perfectly when such condition
is not satisfied, TRMV can improve the performance of
parameter estimation and prediction significantly.

III. SIMULATION STUDY

In this section, several sets of simulation studies are carried
out to evaluate the performance of our proposed method,
herein referred to as the TRMV. We attempt to address two
major questions: 1) how does the consideration of information
from inputs and the output improve the performance of model
estimation and output imputation? and 2) how robustly does
TRMV perform in parameter estimation and prediction under
different settings of output ranks, missing values, and noise
levels? To this end, a benchmark method, named TC-MTOT,
is used for comparison, where the completion of output
tensor (TC) is first conducted with the rank minimization
method [16], [17] and then the regression model between
the inputs and the completed response is constructed using
MTOT [14]. The estimated models by TRMV and TC-MTOT
are used to predict the output given a new set of inputs.
Finally, both the estimation error of model parameters and
prediction error are calculated for quantitative comparison,
where the standardized prediction error (SPE) is used to
evaluate the performance of the proposed model and is defined
as SPE = (�Y− Ŷ�F)/(�Y�F). For better illustration, we trans-
form SPE by taking the negative inverse of its logarithm,
i.e., −1/(log (SPE)), called transformed SPE (TSPE). In addi-
tion, we investigate the performance of vanilla MTOT trained
based on complete samples to provide the lower bounds of the
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TABLE III

FACTORS AND PERFORMANCE MEASURES USED IN THE
DESIGN OF THE SIMULATION STUDY

proposed and benchmark methods. Notably, in order to display
the error distribution of parameter estimation, we regard the
parameters associated with the kth point of the vectorized
response as the kth group. For example, the kth group of
parameters linking y(k) is {B j (:, k), j = 1, . . . , p}, where
y = vec(Y) and B j is the matricization of B j . For each group
of parameters, the SPE of the estimation error can be calcu-
lated as, SPE(k) = (�B(:, k) − B̂(:, k)�2)/(�B(:, k)�2), k =
1, . . . , Q, where B = [B1; . . . ;Bp] ∈ R, B̂ = [B̂1; . . . ; B̂p],
and B j , B̂ j ∈ R

Pj×Q are the matricizations of B j and B̂ j ,
respectively.

The complexity of data structure (rank), the amount of
available information, and the noise level of output are the
main factors that influence the imputation of output tensors,
the estimation of regression model parameters, and finally
predictive performance of the model when it is applied to
the testing sets. Therefore, these factors are considered as the
main variables in the design of simulation studies, as shown
in Table III. Also, three measures are used to investigate the
performance of the methods in completing the output tensor,
estimating the model parameters, and predicting the outputs.

In this study, two sets of simulations, i.e., curve-on-curve
regression and waveform surface simulation, are designed for
comprehensive validation. In what follows, we first discuss
the overall procedure for data generation and then discuss the
simulation results in detail.

A. Data Generation Process

In this section, we introduce the overall procedure of data
generation, which is summarized in Experiment 1. First, the
configurations of the experiment are specified, including the
dimensions and ranks of input tensors, the dimension of the
output tensor, a set of ranks for the output tensor, a set of
noise levels, a set of ratios of missing values, the sample size,
and training sample size. Given the configurations, the dataset
is generated based on the following four steps.

1) Generate input tensors given their dimensions and ranks
(lines 2–6). In this step, each input j is generated by
first producing a set of bases {U jk} and a core tensor
D j and then calculating their product.

2) Generate the coefficient tensor of the regression model
given the dimension and rank of the response (lines
8–12) and calculate the response (line 13). We first
generate a set of bases {Vi

k} that spans the output space.

Experiment 1 Procedure of Data Generation for the Simula-
tion Study

Setting Number of input tensors p.
Dimensions (Pj1, Pj2, . . . , Pjl j ) and ranks
(P̃j1, P̃j2, . . . , P̃jl j ) for input tensors j = 1, . . . , p
Dimension (Q1, Q2, . . . , Qd) and a set of ranks
R for the output tensor, where (Q̃1, . . . , Q̃d) =
(Ri , . . . , Ri ) and Ri ∈ R.
A set of noise levels ℵ = {σk}.
A set of missing value ratios M = {rl} and a set
of randomly generated index tensors I = {�l}.
Sample size m and training size m tr.

1: Start:
2: For j = 1, . . . , p do:
3: {U jk} ← Generate a set of bases {U jk ∈ R

Pj k× P̃j k}
for input tensor j , k = 1, . . . , l j

4: D j ← Generate a core tensor D j ∈ R
m× P̃j 1×···× P̃j l j

randomly from standard normal distribution.
5: X j ← Compute the input tensors X j = D j×1

U j1 ×2 · · · ×l j U jl j

6: End
7: For Ri ∈ R do:
8: {Vi

k} ← Generate a set of bases {Vi
k ∈ R

Qk×Q̃k }
for the output tensor, k = 1, . . . , d .

9: For j = 1, . . . , p do:
10: Ci

j ← Generate a core tensor for coefficient
Ci

j ∈ R
p̃ j 1×···× p̃ j l j×Ri×···×Ri randomly from

standard normal distribution.
11: Bi

j ← Compute the coefficient Bi
j = Ci

j

×1U j1 ×2 · · · ×l j U jl j ×l j+1 Vi
1

×l j+2 · · · ×l j+d Vi
d .

12: End
13: Yi

mean ← Generate the mean response Yi
mean =∑p

j=1 X j ∗Bi
j .

14: For σk ∈ ℵ do:
15: Ei,k ← Generate the noise term Ei,k ∈

R
m×Q1×···×Qd randomly based on σk .

16: Yi,k ← Calculate the output tensor Yi,k =
Yi

mean + Ei,k .
17: (Xtr ,Yi,k,tr) ← Separate the dataset (X,Yi,k) into

training set (Xtr ,Yi,k,tr ) and testing
set (Xts,Yi,k,ts ) given the size of
training size mtr .

18: For rl ∈M do:
19: Y

i,k,l,tr
0 ← Project the training response Yi,k,tr

onto �l , i.e., P�l (Y
i,k,tr )

20: End
21: End
22: End
23: End

Based on {Vi
k} and {U jk}, each coefficient tensor Bi

j is
produced accordingly.

3) Add noise to the generated response tensor according to
the specified noise levels (lines 14–16).
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4) Divide the generated dataset into a training set and a
testing set (line 17). Then, mimic missing values by
projecting the training responses onto an index tensor
set �l (lines 18–20).

The major difference between two simulation cases (curve-
on-curve regression case and waveform surface case) involves
the methods for basis generation. Specifically, for the first
simulation study that investigates curve-on-curve regression,
we generate the bases U j1 ( j = 1, . . . , p) and the bases
Vk(k = 1) using the 1-D B-spline function. The dimen-
sion of Vk depends on the specified ranks. For the second
simulation study that generates waveform surfaces, Fourier
basis functions are used to generate the bases that span
the input space and output space. First, the bases of input
space can be produced by defining xkmj = ( j/Pkm)(k =
1, 2;m = 1, . . . , lk; j = 1, . . . , Pkm) and setting Ukm =
[ukm1, ukm2, . . . , ukm Rk ] (k = 1, 2, . . . , p;m = 1, . . . , lk),
where

ukmt =
{ [

cos(2π txkm1), . . . , cos
(
2π txkm Pkm

)]T
, if t is odd[

sin(2π txkm1), . . . , sin
(
2π txkm Pkm

)]T
, if t is even.

Next, the basis of output space Vm = [vm1, vm2, . . . , vm R ]
(m = 1, . . . , d) is generated as

vmt =
{ [

cos(2π tym1), . . . , cos
(
2π tymQm

)]T
, if t is odd[

sin(2π tym1), . . . , sin
(
2π tymQm

)]T
, if t is even

where ymj = ( j/Qm). To mimic the scenario of missing
values, an index tensor �l is generated given a specified ratio
rl ∈M by randomly selecting certain entries of each sample
as the ones that can be observed.

The simulations are conducted mainly with three main
purposes as follows: 1) to illustrate the performance of
TRMV in completing missing values and the process of rank
estimation under different levels of missing values (LMVs);
2) to evaluate the performance of TRMV in comparison with
TC-MTOT under different levels of ranks; and 3) to evaluate
the performance of TRMV under different levels of noise. For
2) and 3), both the parameter estimation and the prediction
performance are numerically quantified.

B. Curve-on-Curve Regression

Based on the procedure of Experiment 1, we generate two
datasets to investigate how the LMV influences the perfor-
mance of the proposed method and the benchmark under
different ranks and noise levels of the output. The first dataset
is generated given a set of ranks R = {Ri } = {3, 4, . . . , 12}
and LMVs M = {0, 0.6, 0.7, 0.8, 0.9} by fixing the noise
level at zero. The second dataset is generated given a set of
noise levels ℵ = {0, 10−8, 10−7, 10−6, 10−5, 10−4, 10−3, 3 ×
10−3, 5 × 10−3, 7 × 10−3, 10−2, 3 × 10−2, 5 × 10−2} and
LMVs M = {0, 0.6, 0.7, 0.8, 0.9} by controlling the rank to
be R = 3.

Other settings for data simulations are shared between the
two datasets. In particular, the sample size of each dataset is
set to be m = 200, which is divided into m tr = 100 training
samples for model training and hyperparameter estimations

Fig. 4. Illustration of the completion performance of TRMV when it is
applied to profiles with rank of 8. The profiles with unfilled points in (a) are
randomly selected from the original ones and the stars are 20% observed
measurements, while the profiles with filled points in (b) are the estimated
ones.

Fig. 5. Process of rank estimation for the response at different LMVs.
(a) 60%. (b) 70%. (c) 80%. (d) 90%.

and m ts = 100 testing samples for performance evaluation.
The number of input profiles is set to be p = 4, and the
dimensions are set as X1 ∈ R

m×40 with rank of 4, X2 ∈ R
m×60

with rank of 6, X3 ∈ R
m×80 with rank of 8, and X4 ∈ R

m×100

with rank of 8. The dimension of the output profile is set to
be Y ∈ R

m×100.
Next, we train the regression models using the proposed

and benchmark methods based on the training datasets under
different settings. By comparing to the ground truth, the errors
of model estimations are computed and compared in terms of
TSPEs. Furthermore, the estimated models are applied to the
testing sets to predict responses given testing inputs, and the
prediction error are evaluated and compared.

First, we illustrate the completion performance of the pro-
posed method when it is applied to profiles with the rank
of 8 and 80% missing values. Fig. 4 shows three randomly
selected profiles from the first dataset. The unfilled points and
the stars plotted in Fig. 4(a) represent the ground truth and
20% available measurements, respectively. The filled points
in Fig. 4(b) indicate the estimations using TRMV. The result
shows that most points in the curve are estimated correctly by
TRMV.

Fig. 5 shows the process of rank estimation. As it is
illustrated, when the proportion of missing values is relatively
small, our algorithm converges to the true rank with a very few
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TABLE IV

PARAMETER ESTIMATION ERRORS BETWEEN TRMV AND TC-MTOT UNDER DIFFERENT RANKS FOR PROFILES. NOTABLY,
WHEN THE VALUE OF SPE IS LARGER THAN 1, THE VALUES OF TSPE IS NEGATIVE

TABLE V

COMPARISON OF PREDICTION PERFORMANCE BETWEEN TRMV AND TC-MTOT AT DIFFERENT RANKS FOR PROFILES

iterations. For example, less than 30 iterations are sufficient to
find the true rank for 60% missing values. In contrast, it takes
about 400 iterations to converge to the true rank when 90%
of entries are missing.

Second, we evaluate the performance of TRMV in com-
parison with TC-MTOT under different levels of ranks and
missing values using the first simulated dataset. To provide
lower bounds of the errors for the proposed and benchmark
methods, we include the parameter estimation and output
prediction errors of vanilla MTOT trained based on complete
samples.

Table IV reports the errors of parameter estimation obtained
by each method under different scenarios. Table V reports
the prediction errors of the estimated models when applied
to the testing sets under different settings. As it is reported
in the tables, the parameter estimations and predictions are
consistent, that is, smaller errors in parameter estimation
coincide with smaller prediction errors. For example, under
setting (R, LMV) = (4, 70%), the mean error of parameter
estimation by TRMV is 0.1254, which is smaller than that
resulted by TC-MTOT, i.e., 0.2796. Correspondingly, the mean
of prediction error resulted by TRMV is 0.1260, which is
also smaller than that obtained by TC-MTOT, i.e., 0.2804.
Therefore, we only use the prediction errors to analyze the
performance of each method.

As reported in Table V, TRMV achieves smaller TSPEs
than TC-MTOT under most settings, except for those where
(Rank, LMV) = {(3, 60%), (3, 70%), (4, 60%)}. Under these
settings, the mean and standard deviation of prediction errors
obtained by two methods are very similar and comparable
to those obtained by MTOT. This is because the available
measurements are sufficient for completing the output profiles
under small ranks (i.e., 3 or 4). When the rank or LMV
increases, the performances of both approaches deteriorate.
However, TRMV outperforms TC-MTOT when the response
is more complicated (of higher rank) or the measurements
are heavily unavailable. For example, when (R, LMV) =
(5, 70%), the mean (standard deviation) of TSPE is 0.2391
(0.2327) for TRMV in comparison to 0.5834 (0.5405) obtained
by TC-MTOT. Such outperformance is due to the system-
atic and simultaneous regression modeling and missing value
imputation.

Third, we evaluate the performance of TRMV under differ-
ent levels of noise and missing values based on the second
dataset. Like the above analysis, we also investigate the
parameter estimation and the prediction errors of the proposed
method and the benchmark, as shown in Tables VI and VII,
respectively. Since the parameter estimation and the prediction
errors are consistent, we only analyze the prediction errors
in Table VII. As it is reported in almost every setting, TRMV
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TABLE VI

PARAMETER ESTIMATION ERRORS BETWEEN TRMV AND TC-MTOT UNDER DIFFERENT LEVELS OF NOISES FOR PROFILES

TABLE VII

COMPARISON OF PREDICTION PERFORMANCE BETWEEN TRMV AND TC-MTOT AT DIFFERENT NOISES FOR PROFILES

outperforms TC-MTOT in terms of the mean and standard
deviation of prediction errors, which further validates that
TRMV is more robust than TC-MTOT against noise and
missing values.

C. Simulation Study for Image Outputs

In this simulation study, we evaluate the performance of
the proposed method when multiple forms of data are avail-
able and aim to: 1) illustrate the performance of TRMV in
completing the response and the processes of rank estimation
by TRMV; 2) investigate the performance of TRMV under
different ranks; and 3) evaluate the robustness of TRMV
under different levels of noise. First, we generate p = 2
inputs with l1 = 1 and l2 = 2, i.e., a profile X1i ∈ R

60

and an image X2i ∈ R
50×50 of rank 3. Then, the response

tensors Yi ∈ R
60×40 are generated with rank 5. Thus, the core

tensors of model parameters have dimensions C1 ∈ R
3×5×5 and

C2 ∈ R
3×3×5×5. Here, 200 samples are first generated under

σ = 0, with 100 training samples and 100 testing samples.
Then, we randomly remove certain proportions of entries, such
as LMV = 80% and 90% entries from the training responses.

Fig. 6. Example of output surfaces, including actual surface, one with
90% missing values, and estimation using TRMV. (a) Ground truth. (b) 90%
missing. (c) Estimation.

In this study, we also use TSPE to evaluate the performance
of the proposed method.

For each LMV, we train models using TRMV and
TC-MTOT based on the training set. Then, we evaluate
and compare the estimated models in terms of their TSPEs,
calculated based on the testing set. Fig. 6 shows an example of
the ground truth surface, the surface with 90% missing values,
and its estimation by TRMV. As it is illustrated, the estimation
result is highly compatible with the ground truth.
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TABLE VIII

COMPARISON OF PARAMETER ESTIMATION ERRORS BETWEEN TRMV AND TC-MTOT AT DIFFERENT RANKS FOR WAVEFORMS.
NOTABLY, WHEN THE VALUE OF SPE IS LARGER THAN 1, THE VALUES OF TSPE IS NEGATIVE

TABLE IX

COMPARISON OF PREDICTION PERFORMANCE BETWEEN TRMV AND TC-MTOT AT DIFFERENT RANKS FOR WAVEFORMS

Fig. 7. Process of rank estimation of the output tensor at (a) 80% and
(b) 90% missing values.

Furthermore, we evaluate the process of response rank
estimation as it is critical for both the response completion
and the parameter estimation steps of TRMV. The results are
shown in Fig. 7, with the true rank of the response equals 5.
Fig. 7 shows that the proposed algorithm can converge to the
true rank in few iterations (around 10–30 iterations) in both
settings. The result shows the high efficiency of the proposed
method.

For the purposes 2) and 3), two more datasets with
200 samples are simulated based on Experiment 1. Each
setting contains 100 training samples and 100 testing samples.
The first dataset is generated with the response Yi ∈ R

20×30

of ranks [3, 4, 5, 6, 7, 8] and the inputs Xi1 ∈ R
30 and Xi2 ∈

R
20×20 of rank 2. Here, the noise level is set to be zero (i.e.,

σ = 0). Then, we remove entries randomly from the training
responses to mimic different LMVs. For the second dataset,
different levels of noises (i.e., σ = 0.001× [0, 2, 4, 6, 8, 10])
are added to the response. The dimensions of the inputs are
Xi1 ∈ R

40 and Xi2 ∈ R
40×20 of rank 3 and the dimension of

the response is Yi ∈ R
20×20 of rank 3. Next, we randomly

generate an index set � with 90% missing entries, and then,
we project the training set onto �, i.e., P�(Y).

Tables VIII and IX show the parameter estimation and
prediction errors, respectively. Similar to the previous analysis,

here, we focus on the analysis of prediction errors. Table IX
shows the TSPEs obtained by TRMV and TC-MTOT at
different ranks and LMVs. As it is reported in the table,
the performance of TC-MTOT is inferior to that of TRMV
at most configurations. For example, when (R, LMV) =
(6, 90%), the mean (standard deviation) of prediction error
achieved by TRMV is 0. 1924 (0.1595) in comparison to
2.3097 (0.6846) obtained by TC-MTOT. This superiority is
because of the use of input information in completing the
output tensor.

To evaluate the robustness of the proposed method under
different noise levels, we apply TRMV and TC-MTOT to
the second dataset. Tables X and XI show the results of
parameter estimation and output predictions obtained by each
method at different levels of noise. Similarly, the prediction
errors are analyzed. As it is reported in the table, both TRMV
and TC-MTOT achieve better prediction performances at the
setting of 60% missing data, which are close to the bound
provided by the vanilla MTOT. However, when more entries
of the response are missing, TRMV achieves much smaller
TSPEs than TC-MTOT at every level of noise and missing
values. For example, when (σ, LMV) = (0.006, 70%), TRMV
achieves the TSPE of 0.4432 and TC-MTOT achieves the
TSPE of 0.4604. Although the TSPEs increase for higher
levels of noise and missing values, TRMV performs more
robustly in predicting the output than TC-MTOT. This supe-
riority is mainly because TRMV benefits from the systematic
and simultaneous estimation of both model parameters and
missing values.

IV. CASE STUDY

In this section, we further evaluate the effectiveness of our
proposed method for predicting the overlay (OV) errors in the
lithography process. We first introduce the OV errors and then
apply each method to the OV datasets.
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TABLE X

COMPARISON OF PARAMETER ESTIMATION ERRORS BETWEEN TRMV AND TC-MTOT AT DIFFERENT NOISES FOR WAVEFORMS.
NOTABLY, WHEN THE VALUE OF SPE IS LARGER THAN 1, THE VALUES OF TSPE IS NEGATIVE

TABLE XI

COMPARISON OF PREDICTION PERFORMANCE BETWEEN TRMV AND TC-MTOT AT DIFFERENT NOISES FOR WAVEFORMS

Fig. 8. Illustration of the scanner in semiconductor lithography.

A. Data Description

As shown in Fig. 8 [23], the lithography process aims
to transfer a 2-D pattern from an optical mask to a light-
sensitive chemical photoresist on the wafer surfaces, which
is a critical step in semiconductor manufacturing. During
this process, the desired pattern is etched into the material
through a series of chemical treatments, such as exposure to
light and cleaning. In practice, a wafer may go through such
photolithographic cycles multiple times. During each cycle,
one small rectangular field on the wafer surface is completed.
Some misalignment error may occur when the patterns on the
mask cannot be projected exactly at the desired location on
the surface of a wafer. This misalignment is called overlay
error and is critical to the wafer quality. As mentioned in
Section I, OV errors are only measured at a limited number
of marked locations over the wafer because it is impossible
to measure the OV errors of each rectangular field on the

wafer. In addition, OV errors are highly dependent on the
settings of the lithography machine, which can be used to
predict the change of OV errors. The knowledge of OV errors
can support the process adjustments, such as the alignments of
the projection lens and the location tuning of the wafer stage.
To improve the quality of a lithography process, it is critical to
correct the OV error by modeling the relationship between the
machine settings and the partially measured OV errors. In the
industry, the polynomial models are commonly used for such
correction of the OV errors, as shown in Appendix E [24].
In this case study, we employ this validated model to generate
the data mainly because the real data are proprietary and the
known “ground truth” OV errors can be used to evaluate the
accuracy of the proposed method.

There are two major purposes for this case study: 1) to
illustrate the performance of TRMV in completing the missing
values of OV errors and the process of rank searching under
different LMVs, and 2) to evaluate the robustness of the
proposed method under different levels of noise and pertur-
bations. To this end, based on the procedure illustrated in
Experiment 2, we generate two datasets that contain machine
settings and overlay errors for wafers under different levels of
noise and perturbations.

As it is illustrated in Experiment 2, this data generation
procedure contains two main steps. First, generate the mean
OV errors using the generated basis B ∈ R

20×J×2 and
the first-order characteristics of the coefficients K. The
definitions of the basis and the coefficients are elaborated
in Appendix D. Second, add noise and perturbation to
the generated overlay errors with a certain level σk or δk

according to the label Lδ . When Lδ = 1, perturbations
are added; otherwise, random noises are incorporated. Here,
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Experiment 2 Procedure for Generating OV Errors
Input A set of perturbation levels K = {δk}; A set of

noise levels ℵ = {σk}.
A set of ratios of missing values M = {rl} and a set
of randomly generated index tensors I = {�l}.
Sample size m and training size mtr . Label Lδ.

1: Start:
2: B ← Generate the basis B ∈ R

20×J×2

3: K ← Randomly generate the first order
characteristics of K.

4: Ymean ← Derive the OV error Ymean ∈ R
m×J×2

5: If Lδ = 1 do:
6: For δ j ∈ K do:
7: K j ← Randomly generate K j with

each characteristic:
k j = [0, 0, 0, k j,7, k j,9, k j,11, 0,

. . . , 0, k j,8, k j,10, k j,12, 0,

. . . , 0] × δ j .
8: Ypert { j} ← Derive the OV error

Ypert { j} ∈ R
m×J×2

9: Yp{ j} ← Obtain the final OV error
Yp{ j} = Ymean + Ypert { j}.

10: End
11: Else
12: For σk ∈ K do:
13: E{k} ← Generate noise term E{k} ∈

R
m×J×2 randomly based on

σk .
14: Yn{k} ← Obtain the final OV error

Yn{k} = Ymean + E{k}.
15: End
16: End
17: End

we define the perturbations by the second-order characteristics
of the coefficients given a certain level δk , i.e., k j =
[0, 0, 0, k j,7, k j,9, k j,11, 0, . . . , 0, k j,8, k j,10, k j,12, 0, . . . , 0] ×
δ j . In this study, two datasets are generated. In particular,
the first is generated by incorporating different
levels of noise specified by the set ℵ = {σk} =
{0, 10−12, 10−11, 10−10, 10−9, 10−8, 10−7, 10−6, 10−5, 10−4,
10−3}, whereas the second is simulated under different
levels of perturbations specified by the set K = {δ j} =
{0, 10−12, 10−11, 10−10, 10−9, 10−8, 10−7, 10−6, 10−5, 10−4,
10−3}. The dataset under each configuration contains
100 training samples and 100 testing samples. Then,
the index tensor �l is generated given a certain ratio
rl ∈ M = {0, 0.7, 0.8, 0.9}, and the training OV errors are
projected onto �l .

B. Result Analysis

First, we illustrate the performance of the proposed method
in completing the missing values of the OV errors. Fig. 9
shows the OV errors of a wafer randomly selected from the
first dataset. Fig. 9(a) shows the ground truth of OV errors in
pink arrows and the available measurements in green arrows,

Fig. 9. Illustration of the completion result by TRMV when applying it to
OV errors with missing values. The pink arrows in (a) represent the original
OV errors and the green ones are 20% observed measurements, while the
green arrows in (b) indicate the estimated OV errors.

Fig. 10. Process of rank estimation of the OV error at different missing
values. (a) 70%. (b) 80%. (b) 90%.

while Fig. 9(b) shows the estimations by TRMV under 80%
missing values. This figure shows that the estimations obtained
by TRMV are quite comparable to the ground truth.

Fig. 10 shows the process of rank searching under different
LMVs, where the rank is computed from the matricization
along the sample dimension. As it is illustrated, when the pro-
portion of missing values is relatively small, TRMV converges
to the true rank with fewer iterations. For example, less than
30 iterations are sufficient to find the true rank for 70% missing
values. In contrast, it takes about 300 iterations to converge
when 90% of data are missing.

Second, we attempt to evaluate the robustness of the pro-
posed method against different levels of noise under different
ratios of missing values. To this end, we apply each method
to the first dataset and compute the prediction errors when
the estimated models are applied on testing sets. Here, we use
TSPE as the criterion for error quantification.

Table XII reports the prediction errors resulted from each
method. As it is reported in this table, the models estimated
by TC-MTOT achieve comparable prediction errors to those
obtained by TRMV when 70% of values are missing and
the noise level is small, i.e., σk ≤ 10−8. However, for other
settings, TRMV outperforms TC-MTOT significantly in terms
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TABLE XII

COMPARISON OF PREDICTION PERFORMANCE BETWEEN TRMV AND
TC-MTOT AT DIFFERENT NOISES FOR OV ERRORS

TABLE XIII

COMPARISON OF PREDICTION PERFORMANCE BETWEEN TRMV AND

TC-MTOT AT DIFFERENT PERTURBATIONS FOR OV ERRORS

of the mean and standard deviation of prediction errors, which
validates that TRMV is more robust than TC-MTOT against
noise and missing values.

Third, we evaluate the robustness of TRMV against differ-
ent magnitudes of second-order perturbations under different
ratios of missing values. To this end, we apply TRMV and
TC-MTOT to the second dataset and investigate the prediction
errors when applying the estimated models on the testing set,
which are reported in Table XIII. As shown in this table,
almost for every setting, especially for those with high ratios of
missing values and high magnitudes of perturbations, TRMV

outperforms TC-MTOT in terms of the mean and standard
deviation of prediction errors, which further validates that
TRMV is more robust than TC-MTOT against perturbations
and missing values.

V. CONCLUSION

In this article, we develop a systematic framework for tensor
regression when the response contains missing values. The
novelty of this methodology lies in integrating the tensor
completion with tensor regression in a unified manner. In order
to address the challenge brought by missing values in the
response, a penalty of the tensor nuclear norm is introduced
into the least square loss function. Meanwhile, the Tucker
decomposition is applied to the model coefficients to prevent
overfitting. A two-step BCD algorithm is proposed to estimate
the variables, including the missing entries and the model
coefficients. Iteratively, we first complete the missing entries of
the response using the ADMM algorithm. Given the completed
response, the core tensors and the bases of the coefficients
are then estimated by a BCD-ALS algorithm. Notably, the
completion procedure of the response in the first step of
the algorithm enables the estimation of its rank, which can
be used by the second step. These integrated optimization
efforts successfully lead to three major advantages of the
proposed methodology: 1) more accurate model estimation and
response completion; 2) robust prediction performance; and
3) automatic rank convergence of the response.

Two simulation studies and a case study are conducted to
evaluate the performance of our proposed method in com-
parison to a two-step method, i.e., TC-MTOT. The numerical
results have shown that TRMV outperforms TC-MTOT sig-
nificantly.

The main contribution of this work is to explore a new
direction in TRMV. An interesting extension for future study
is to consider the selection of input tensors in the sense that
some available inputs may not be informative for the response
estimation.

APPENDIX A
TRANSFORMATION OF (7) TO (9)

The transformation of the Frobenius norm from Problem (7)
to Problem (9) is derived as follows. Since �Y − A�2F =
�Y (i) − A(i)�2

F,∀i and
∑d

i=1 αi = 1, we have �Y − A�2
F =∑d

i=1 αi�Y− A�2
F =

∑d
i=1 αi�Y (i) − A(i)�2

F.

APPENDIX B
CONVERGENCE PROOF OF ALGORITHM 2

As it is discussed by Boyd et al. [25], the convergence
of ADMM algorithm is guaranteed under the following two
assumptions.

1) The (extended-real-valued) functions f : R
n → R ∪

{+∞} and g : Rn → R∪{+∞} are closed, proper, and convex.
2) The augmented Lagrangian L0 has a saddle point.
First, the problem defined by (10) can be transformed to the

standard form of ADMM algorithm as follows:

min
m,z

f (m), s.t.: Hm+Kz = c (B1)
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where

H =
[

0
I

]
∈ R(2d I(�d

i=1 Qi))×(d I(�d
i=1 Qi))

K =
[

S
−I

]
∈ R(2d I(�d

i=1 Qi))×(d I(�d
i=1 Qi))

and c = [Sz0, 0] ∈ R(2d I(�d
i=1 Qi)) with I being an identity

matrix of size
(
d I
(
�d

i=1 Qi
))× (d I

(
�d

i=1 Qi
))

;

S =
⎡
⎢⎣

S0 0 0

0
. . . 0

0 0 S0

⎤
⎥⎦ ∈ R(d I(�d

i=1 Qi))×(d I(�d
i=1 Qi))

and S0 ∈ R(I(�d
i=1 Qi))×(I(�d

i=1 Qi)) with the entry (i, j) taking
values of ω(i) for i = j , otherwise 0. Notably, here, g(z) = 0
is a constant.

y = vec(Y), y0 = vec(Y0), ω = vec(�) ∈ R(I(�d
i=1 Qi))

mi = vec(Mi) = vec
(
M(i)

) ∈ R(I(�d
i=1 Qi)), i = 1, . . . , d

m = [mT
1 , . . . , mT

d

]T ∈ R(d I(�d
i=1 Qi))

z = [yT, . . . , yT], z0 =
[
yT

0 , . . . , yT
0

] ∈ R(d I(�d
i=1 Qi))

and

f (m) = f

([
vec
(
M(1)

)T
, . . . , vec

(
M(d)

)T
]T
)

=
d∑

i=1

αi

{
λ�M(i)�∗ + 1

2
�M(i) − A(i)�2

F

}
.

A. Proof for Assumption 1)

1) Proof of the Convexity of f (m): According to the
definition of convexity, we have (B2). Therefore, f (m)
is convex function.

2) Proof of the Closedness of f (m): Since the norms
are continuous functions and the domains of f2i−1(mi)
and f2i (mi ) are open, they are closed functions.
Thus, they are lower semicontinuous at every mi ∈
R

(I (�d
i=1 Qi )), so for every sequence {mk

i } converging to mi

(see [27, Proposition 1.1.2, p. 10]), we have

f2i−1(mi ) ≤ lim infk→∞ f2i−1
(
mk

i

)
f2i (mi ) ≤ lim infk→∞ f2i

(
mk

i

)
, i = 1, . . . , d

(B3)

for all k. Since αi > 0 and λ > 0, then we have λαi > 0
and (αi/2) > 0, i = 1, . . . , d , and have

d∑
i=1

(
λαi f2i−1(mi )+ αi

2
f2i (mi )

)

≤ lim infk→∞
d∑

i=1

(
λαi f2i−1

(
mk

i

)+ αi

2
f2i
(
mk

i

))
(B4)

that is, f (m) ≤ lim infk→∞ f (mk).
It follows that f (m) is lower semicontinuous at every
m ∈ R

(d I (�d
i=1 Qi )) and hence is closed based on

[27, Proposition 1.1.2].
3) Proof of the Properness of the Function: Based on the

definition of proper, it is easy to show that f (m) is
proper. Since norms are nonnegative and αi > 0 and
λ > 0, we have f (m) ≥ 0. If M(i) = 0, i = 1, . . . , d ,
we have f (m) = �A�2F < ∞, and hence, f (m) is
proper.

B. Proof for Assumption 2)

The dual function can be represented as

h(λ) = inf
m,z

L0(m, z,λ) = inf
m,z

f (m)+ λT(Hm+Kz− c).

(B5)

From Assumption 1), we know that there exist m∗ and z∗
that minimize L0(m, z,λ) for a given λ.

Since the objective of Problem (10) is convex and the
feasible set is nonempty (e.g., one feasible solution is P�(Y) =
P�(Y0), Y = Mi , i = 1, . . . , d), there exists the optimal
solution (Y∗,M∗1, . . . ,M∗d) for (10). Accordingly, (m∗, z∗) is
the optimal solution of (B1). Then, it follows that primal
feasibility, Hm∗ + Kz∗ − c = 0, holds. Next, from the dual
feasibility, we have

0 ∈ ∂ f
(
m∗
)+HTλ∗ = ∂ f

(
m∗
)+ λ∗

2 (B6)

where ∂ denotes the subdifferential operator,

λ∗ =
[

λ∗
1

λ∗
2

]
∈ R

(2d I (�d
i=1 Qi ))

with λ∗
1,λ
∗
2 ∈ R

(d I (�d
i=1 Qi )), that is, λ∗

2 ∈ ∂ f (m∗).
Hence, there exists some dual optimal λ∗.
In [27, p. 17], we know that under Assumption 1) and 2),

the ADMM iterations satisfy residual convergence, objective
convergence, and dual variable convergence.

f
(
tm + (1− t)m�

) ≤ d∑
i=1

[(
tλαi f2i−1(mi)+ (1− t)λαi f2i−1

(
m�i
))+ ( tαi

2
f2i (mi )+ (1− t)αi

2
f2i
(
m�i
))]

= t
d∑

i=1

αi

(
λ f2i−1(mi )+ 1

2
f2i (mi )

)
+ (1− t)

d∑
i=1

αi

(
λ f2i−1(mi )+ 1

2
f2i (mi )

)
= t f (m)+ (1− t) f

(
m�
)

(B2)
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APPENDIX C
PROBLEM (13) TRANSFORMATION

The objective of Problem (13) can be transformed as
follows. Since Y and �i are given, the M-update problem
[Problem (14)] is equivalent to

λαi�M(i)�∗ + αi

2
�M(i) − A(i)�2

F − ��i ,Mi � + ρ

2
�Y−Mi�2

F

= λαi�M(i)�∗ + αi

2
�M(i) − A(i)�2

F

+ ρ

2

∥∥∥∥M(i) −
(

Y(i) + 1

ρ
�(i)

)∥∥∥∥
2

F

= λαi�M(i)�∗ + αi + ρ

2

∥∥∥∥M(i) − αi A(i) + ρC0(i)

αi + ρ

∥∥∥∥
2

F

+ b

(C1)

where b is a constrant and C0(i) = (Y(i) + (1/ρ)�(i)).

APPENDIX D
SOLUTION TO (17)

In this appendix, we derive the solution for Problem (17).
First, the optimality condition for this problem involves primal
feasibility and dual feasibility as follows:⎧⎪⎨

⎪⎩
P�(Y− Y0) = 0 (primal)

d∑
i=1

{
�i + ρ

2
(Y−Mi)

}
+ P�(φ) = 0 (dual).

(D1)

When ( j, q1, . . . , qd) /∈ �, we only have

d∑
i=1

{
�i + ρ

2

(
Y( j,q1,...,qd ) −Mi

)} = 0. (D2)

Otherwise, we have

P�(�) = 0 and P�(Y− Y0) = 0. (D3)

Thus, we can obtain the optimal solution to the minimiza-
tion problem as

Y =

⎧⎪⎨
⎪⎩

Y0, if ( j, q1, . . . , qd) ∈ �

1

d

d∑
i=1

(
Mi − 1

ρ
�i

)
, otherwise.

(D4)

APPENDIX E
DATA GENERATION OF CASE STUDY

This appendix elaborates on the popular model used for
generating the OV errors in the lithography process. The OV
error is denoted as a vector (Fx , Fy) in the 2-D coordinate
system, with the initial point (x, y) and the terminal point (x+
Fx , y+Fy) representing the locations of the previous layer and
the current layer, respectively. To maintain OV requirement,
the polynomial model is widely used in practice for overlay
control [24], [27], which is represented as follows:

Fx(x, y) = kx b and Fy(x, y) = kyb (E1)

where Fx and Fy are the coordinates of the OV error, b =
[1, x, y, x2, xy, y2, x3, x2 y, xy2, y3]T ∈ R

10 is a basis, and
kx = [k1, k3, k5, . . . , k19] and ky = [k2, k4, k6, . . . , k20] define

the signatures of an OV error, which are used for online correc-
tion via machine settings such as wafer stage, lens, and mask,
along the motion directions. With this model, the OV error
can be broken into linear components, i.e., (k1, k2, . . . , k6) and
nonlinear components, i.e., (k7, k8, . . . , k20), where the linear
ones associate with errors including reticle rotation and wafer
rotation, to name a few, and the nonlinear ones correspond to
causes, such as lens distortion and random errors [27].

Specifically, a set of points in a wafer are first specified to
construct a basis

B j =
[

b
(
x j , y j

)
0

0 b
(
x j , y j

) ] ∈ R
20×2, j = 1, . . . , J

where j represents the index of the point in a wafer
and b(x j , y j) = [1, x j, y j , x2

j , x j y j , y2
j , x3

j , x2
j y j , x j y2

j , y3
j ]T.

By combining the bases B j , j = 1, . . . , J , we can obtain
B ∈ R20×J×2. Accordingly, the combined signature of the i th
sample ki = [ki1, ki3, ki5, . . . , ki19, ki2, kI4, kI6, . . . , ki20] ∈
R1×20. For the signature, we only take the variation of
linear components into consideration, which means that
(ki7, ki8, . . . , ki20) equals zeros. The variation patterns of the
signature (ki1, ki2, . . . , ki6) are randomly generated and we
obtain ki = [ki1, ki3, ki5, 0, . . . , 0, ki2, kI4, kI6, 0, . . . , 0], i =
1, . . . , m. Then, for each ki , the associated OV pattern
(Fi

x, Fi
y) ∈ R1×J×2 can be calculated as Fi

x = [Fi1
x , . . . , Fi J

x ]T
and Fi

x = [Fi1
y , . . . , Fi J

y ]T.
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