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ABSTRACT
An Industrial IoT-enabled manufacturing system often involves multiple categorical variables,
denoting the process configurations and product customizations. These categorical variables lead
to a flexible relationship between the input process variables and output quality measurements,
as there are many potential configurations of the manufacturing process. This causes significant
challenges for data-driven process modeling and root cause diagnosis. This article proposes a
data-driven additive model to address the effects of different categorical variables on the relation-
ship between process variables and quality measurements. The estimation algorithm automatically
identifies the variables that have significant effects on the product quality, aggregates the levels
of each categorical variable based on a priori knowledge of level similarity, and provides an accur-
ate model that describes the relationship between the process variables and quality measure-
ments. The simulation study validates the accuracy and effectiveness of the proposed method,
and a case study on a hot rolling process shows that the method provides useful guidance on the
understanding of the production system.
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1. Introduction

Industrial Internet-of-Things (IIoT)-enabled manufacturing sys-
tems are composed of multiple interconnected workstations.
The IIoT network provides unprecedented sensing capabilities
for collecting and aggregating the measurements of input pro-
cess variables and output quality measurements in an entire
system, under many operational conditions and product cus-
tomizations. These data provide the potential for practitioners
to make smart decisions on identifying process variables that
are associated with quality concerns. However, existing method-
ologies fall short of utilizing all these data sources. Specifically,
the categorical process data with many levels studied in this art-
icle are not well utilized in addition to the process variables
and quality measurements in the current IIoT-enabled manu-
facturing systems, due to the lack of effective methods.

To realize most of the potential held in the data from the
IIoT-enabled manufacturing system, we need to develop new
data-driven methods and tools of modeling and analysis based
on the characteristics of the data (Yang et al., 2019). One
characteristic of the data generated from the IIoT network is
that it involves many categorical data, which represents the
variety of process configurations at all stations and the cus-
tomization of products (Xu et al., 2019). As an example, a
fabrication plant usually has multiple chambers for each man-
ufacturing stage in a semiconductor manufacturing process
(Susto et al., 2015). A wafer is dispatched to, and processed

by, one of the chambers in a stage containing multiple cham-
bers used in multiple stages, resulting in specific product char-
acteristics. The indices of the chambers in multiple stages
represent a wafer’s entire fabrication path (Taha, 2019), which
can be regarded as categorical process variables. In another
example, a hot rolling steel mill processes steel billets of differ-
ent material grades and generates final products with different
geometrical dimensions (Roberts, 1983). The grades lead to
different effects on the rolling operations, and the final prod-
uct sizes are the result of different mill setups. The grades and
sizes of the products are also categorical variables.

In IIoT-enabled manufacturing systems with multiple
stages, there are typically many manufacturing paths for the
fabrication of the products. With massive customization and
wide adoption of sequential-parallel manufacturing configu-
rations, a specific product is usually fabricated with a com-
bination of levels specified by multiple categorical variables,
with each categorical variable having many levels. In conse-
quence, the number of levels corresponding to a categorical
variable can be large, whereas the number of manufactured
products belonging to each level combination is small. This
leads to significant challenges in modeling the relationship
between the multiple process variables and the multivariate
quality measurements, especially when there are multiple
categorical variables with many levels. Even without the
interaction effects of the categorical variables, the high
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dimensionality of the problem hinders accurate estimation
of the parameters that describe the relationship between the
quality measurements and process variables.

Despite those challenges, certain processes have potential
characteristics to alleviate the curse of dimensionality. First,
not all process variables substantially affect the quality out-
put measurements. Therefore, identifying the process varia-
bles that indeed relate to the quality output measurements
and eliminating the insignificant ones reduces the model
complexity. Second, although each categorical variable may
contain many levels, some levels may have the same effect
on the system outputs, and thus, can be aggregated as one.
Such opportunity can be identified when a categorical vari-
able is ordinal, defined as a variable whose adjacent levels
are similar, or when a priori knowledge suggests strong
similarity of certain levels. For example, in a hot rolling pro-
cess, the size of the final products and the steel grades are
two categorical variables. The size of steel is an ordinal cat-
egorical variable, and adjacent levels, such as ;12.5mm and
;13mm are very similar to each other. Many steel grades
correspond to the same class, such as low carbon steel, and
these levels of steel grade within the same steel class can be
regarded as being similar. Aggregating multiple levels in
each categorical variable also overcomes the challenge of
high dimensionality and leads to an interpretable model.

In this article, we propose a data-driven additive model,
where categorical variables with many levels have additive
effects on the manufacturing process. Specifically, we con-
sider the applications that satisfy two conditions: (i) only a
few process variables substantially affect the quality output
measurements; and (ii) we have a priori knowledge on the
similarity between levels for several categorical variables,
and those similar levels may be aggregated together, as they
lead to a similar relationship between process variables and
quality output measurements. For these applications, we
propose a process model that describes the relationship
between process variables and quality measurements subject
to multiple categorical variables with many levels, and we
call it MultiVariate Regression with Variable Selection and
Level Aggregation (MVR-VSLA). Our process model can
identify the process variables that substantially affect the
quality measurements and aggregate the levels of categorical
variables to reduce the model complexity. It gives practi-
tioners further information on how the process variables are
associated with the quality measurements, and whether mul-
tiple levels of each categorical variable have the same effects
on the quality measurements.

To identify this process model, we formulate an opti-
mization problem that includes the group lasso penalties
that select the effective variables, and the network lasso pen-
alties (Hallac et al., 2015) that aggregate the levels of a cat-
egorical variable based on a priori knowledge on the level
similarity. A scalable Alternating Direction Method of
Multipliers (ADMM) algorithm (Parikh and Boyd, 2014) is
applied to solve the problem with a large number of deci-
sion variables.

The goal of this article is to formulate a data-driven
model and the associated solution algorithm for analyzing

the manufacturing process subject to multiple categorical
variables with many levels. The novelty of this article lies in
both the problem formulation and the problem solution:

� The innovation of the problem formulation: We propose
to integrate the categorical variables with many levels
commonly seen in manufacturing systems in a unified
regression model together with the process variables and
quality variables. To alleviate the curse of dimensionality
caused by the existence of many coefficients in the
model, we propose to aggregate similar levels of each cat-
egorical variable to reduce the dimensionality of
the model.

� The innovation of the problem solution: We propose to
properly cast the solution of the objective optimization
problem involving many decision variables with high
dimensionality into the ADMM framework. To tackle the
overlapping decision variables among additive loss and
regularization terms in the objective function, we config-
ure the optimization algorithm regarding the replicates
of the decision variables within the ADMM framework.

The rest of this article is organized as follows. A literature
review is provided in Section 2. After that, we present the
MVR-VSLA methodology, including problem description,
model formulation, and associated solution algorithm in
Section 3. In Section 4, a case study is carried out to validate
the accuracy and effectiveness of the proposed method.
Section 5 applies the proposed method to a case study in a
hot rolling process, and Section 6 concludes the article.

2. Literature review

Regression modeling with the existence of categorical varia-
bles has long been studied. Traditionally, the nominal cat-
egorical variables are represented as dummy variables
(Weisberg, 2005). However, a categorical variable with k lev-
els introduces k� 1 dummy variables into the model, and
when k is a large number, the estimation becomes a high-
dimensional problem. Categorical variables are commonly
applied in the design and analysis of experiments (Wu and
Hamada, 2011), and they are commonly referred to as input
factors. When the sample size is limited, fractional factorial
design is applied to estimate the main effects and the low-
order interactions and ignore some higher-order interaction
effects of the model. However, these designs are usually
used in the situation where each factor has a small number
of levels. When both the number of factors and the number
of levels of each factor are large, even simply estimating the
main effects of each categorical variable would require a
large number of samples, which is prohibitive in many
applications.

When the categorical variables have a large number of
levels, and when some of those levels of a categorical vari-
able have the same effects on the response, a method to
tackle the curse of dimensionality is to aggregate similar
levels of the categorical variable by assuming that they have
the same effects on the quality outputs. In the literature,
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Hallac et al. (2015) proposed a network lasso method, which
uses convex optimization to aggregate the variables when
solving an optimization problem posed on a graph. Note
that the network lasso is different from the graphical lasso.
The graphical lasso aims at understanding the relationship
between multiple variables. In contrast, the network lasso
aims at estimating coefficients in a regression problem,
restricting that certain pairs of categorical variables may
have the same values. Broadly speaking, the network lasso is
a generalization of the fused lasso (Tibshirani et al., 2005),
the total variation denoising (Wahlberg et al., 2012), and the
splitting methods for convex clustering (Chi and Lange,
2015). We adopt this idea to aggregate the levels of the cat-
egorical variables while performing data-driven process
modeling for dimensionality reduction.

On the other hand, when there are a small number of pro-
cess variables that affect the quality measurements, excluding
the effects of unrelated process variables is another require-
ment. The group lasso method (Yuan and Lin, 2006) has
been developed to select a few groups of nonzero variables to
generate a parsimonious model. Reduced-rank regression
(Yuan et al., 2007) regularizes the rank of the coefficient
matrix through its nuclear norm to represent the relationship
between the multivariate inputs and outputs driven by a few
latent factors with fewer parameters. These techniques also
help to resolve the curse of dimensionality and are also used
in our modeling methods. The ADMM consensus algorithm
(Parikh and Boyd, 2014) has been used to solve optimization
problems whose objective functions are the summation of
multiple convex functions. It is used in our estimation pro-
cedure, as the problem involves a large number of decision
variables and multiple penalization terms.

3. Multivariate regression with categorical variable
selection and level aggregation

Let each product associate with p input process variables
x 2 R

p, and q output quality measurements y 2 R
q: There

are S categorical variables that represent the configurations
of the product or the operating condition of the manufac-
turing process, represented by z1, :::, zS, where each factor zs
has Js levels. Then the categorical variables associated with a
product can be represented by z ¼ z1, z2, :::, zSð Þ, where zs 2
Js½ � :¼ 1, :::, Jsf g, s 2 S½ �: Assume that we collect data from N
products, and the sample n is associated with the process
variables xn and the quality measurements yn, and the vec-
tor of categorical variables zn: All samples are collected in
dataset xn, yn, znð Þ : n ¼ 1, :::,N

� �
:

In addition to the data collected from the process, we
have other a priori knowledge about the input–output rela-
tionship. First, among the comprehensive set of process vari-
ables obtained from the sensing systems, only some of them
indeed cause the quality problems. Therefore, only a few
process variables substantially affect the output quality meas-
urements. Second, some levels of each categorical variable
may have the same effect on the relationship between the
process variables and quality measurements. Specifically, a
priori knowledge on the similarity between levels of each

categorical variable zs can be represented as a known graph
Gs, s ¼ 1, :::, S: In the graph Gs ¼ Vs, Esð Þ, the vertices Vs ¼
Js½ � are all levels of zs, and if two levels j and j0 of the cat-
egorical variable zs are similar and may have the same effect
on the input–output relationship, we set j, j0

� � 2 Es: Several
examples of Gs are illustrated in the simulation studies and
the case study in Sections 4 and 5.

3.1. Problem formulation

In our model, we assume the linear relationship between the
multivariate process variables x and the multivariate output
quality measurements y, and thus we develop the multiple
linear model

y> ¼ x>Bz þ e:

In this model, the modeling error is represented by vec-
tor e 2 R

q: The coefficient matrix Bz is associated with the
vector of categorical vectors z, as the specific relationship
between the process variables x and the quality measure-
ments y relates to the categorical variables z: That is, each z
specifies the relationship between the quality measurements
y and the process variables x through coefficient matrix Bz:
This model characterizes the overall main effects and inter-
action effects between each process variable in x and the cat-
egorical variable z although we do not identify them
separately. Furthermore, we assume that each categorical
variable has an additive effect on Bz , and thereby represents

Bz ¼ B0 þ B1, z1 þ B2, z2 þ :::BS, zS ,

where each matrix Bs, j denotes how level j for the sth cat-
egorical variable contributes to the coefficient matrix. Also
note that Bs, zs ¼ Bs, j when zs ¼ j, and therefore we can rep-
resent

Bs, zs ¼
XJs

j¼1
Bs, j1zs¼j

where

1zs¼j ¼ 1, if zs ¼ j
0, if zs 6¼ j

�
is the dummy variable. With the above equations, we can
represent the coefficient matrix Bz with the linear combin-
ation of all coefficient matrices

Bz ¼ B0 þ
XS

s¼1

XJs

j¼1
Bs, j1zs¼j,

and these coefficient matrices are collected in B ¼
fB0,B1;1;...; B1, J1, ...; BS, JSg: We thereby obtain the following
model for each sample with process variables x, quality
measurements y and categorical variable z :

y> ¼ x> B0 þ
PS

s¼1

PJs
j¼1 Bs, j1zs¼j

� �
þ e (1)

Our goal is to accurately estimate all the parameter
matrices in B from the dataset xn, yn, znð Þ : n ¼ 1, :::,N

� �
:

The estimated model can be used to characterize the rela-
tionship between process variables and quality measure-
ments and provide information on the effects of categorical
variable levels indicating multiple tools or product
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customizations. From the model (1), the prediction error of
the outputs for the sample n can be represented as

e>n ¼ y>n � x>n B0 þ
XS

s¼1

XJs

j¼1
Bs, j1zn, s¼j

	 

where zn ¼ zn, 1, :::, zn, Sð Þ>: The prediction accuracy over all
combination of levels is then represented as

L Bð Þ ¼ PN
n¼1

����y>n � x>n B0 þ
PS

s¼1

PJs
j¼1 Bs, j1zn, s¼j

� �����2
2

:

(2)

The estimation of B involves lots of parameters and min-
imizing the loss in (2) itself may be insufficient to alleviate
the curse of dimensionality. Motivated by the limited vari-
ation patterns of the output quality measurements driven by
the inputs in a manufacturing process, we apply the nuclear
norm regularization process (Yuan et al., 2007) on each
coefficient matrix in B, in order to encourage that these
matrices are of low rank and thereby perform dimension
reduction within the optimization framework. The regular-
ization can be formulated as

p1 Bð Þ ¼ k0kB0k� þ k1
PS

s¼1

PJs
j¼1 kBs, jk�: (3)

In addition to the low-rank regularization, we also specify
the a priori knowledge on the sparsity of effective variables
as follows. We matricize the parameter B into

mat Bð Þ ¼ B0,B1, 1, :::,B1, J1 , :::,Bs, 1, :::,Bs, Js½ � 2 R
p�q 1þJ1þ:::þJsð Þ

so that each row of mat Bð Þ associates to the effect of one
process variable. When a process variable does not affect
any quality output measurements for whichever level com-
bination of categorical variables, the corresponding row of
mat Bð Þ is zero. Because only a limited number of effective
process variables affect the output quality measurements, we
apply the group-lasso regularization:

p2 Bð Þ ¼ k2
Pp

i¼1 kmat Bð Þ i, :ð Þk2 ¼ k2kmat Bð Þk2, 1 (4)

The graphs Gs, s ¼ 1, :::, S, specify the similarity between
levels for categorical variables that may lead to level aggrega-
tion. We adopt the idea of the network lasso (Hallac et al.,
2015) which encourages that the connected levels corres-
pond to the same value of coefficient matrices:

p3 Bð Þ ¼ k3
XS

s¼1

X
j, j0ð Þ2Esws, j, j0ð ÞkBs, j � Bs, j0 kF (5)

This regularization encourages the coefficient matrices of
two connected levels to be the same. In this way it aggregates
the levels of the categorical variable. In (5), ws, j, j0ð Þ is a positive
value, and it denotes the edge weight of two connected nodes j
and j0 in graph Gs: The weights can be assigned based on the
confidence of engineering experience, with a larger weight if
there is high confidence that the edge is connected. When the
value of k3 is large, the connected levels of Gs are more likely
to be aggregated. Otherwise, the coefficient matrices of the lev-
els of a categorical variable tend to keep it in its current state.

Overall, we estimate the parameter B by minimizing the
summation of the prediction error and the regularization
terms in the overall objective function. The objective is to

solve the following optimization problem:

minB L Bð Þ þ p1 Bð Þ þ p2 Bð Þ þ p3 Bð Þ: (6)

3.2. Problem solution

Note that formulation (6) is a convex problem whose decision
variables are 1þPS

s¼1 Js matrices of size p� q: As it involves
multiple non-differentiable additive components in the objective
function, we employ the ADMM consensus algorithm (Parikh
and Boyd, 2014) to solve this problem. To apply the ADMM
consensus algorithm, we need to introduce replicates of the
decision variables so that the objective can be written as the
summation of multiple functions of simple forms, and each
form has distinct inputs. Therefore, we investigate the additive
components in (6) in greater detail to reformulate it into a for-
mat in which the ADMM consensus algorithm can be applied
efficiently. Here are some discussions on each term of (6):

� The first term L Bð Þ ¼ PN
n¼1 ky>n �

x>n B0 þ
PS

s¼1

PJs
j¼1 Bs, j1zn, s¼j

� �
k22 is the summation of the

quadratic functions of N samples. Each sample is specified
by its level combination, represented as a vector of categor-
ical variables z: To alleviate the computational burden
through limiting the number of replicates in the ADMM
consensus algorithm, we reformulate the loss term as fol-
lows. First, we group the samples with the same level com-
bination z together. Then, we write the total loss term as the
sum of the loss of all these groups. Specifically, let
z 1ð Þ, :::, z Mð Þ be M unique values among z1, :::, zN , and let
Nm ¼ n : zn ¼ z mð Þf g be the set of samples whose categor-
ical variables are z mð Þ: Note that N1j j þ :::þ jNMj ¼ N: For
each combination of categorical variables z mð Þ, form the

data matrices Xm 2 R
Nmj j�p and Ym 2 R

Nmj j�q that include
the input and the output vectors of the associated samples.
Then L Bð Þ can be expressed as

L Bð Þ ¼ PM
m¼1 Lm Bð Þ, (7)

where Lm Bð Þ ¼ P
n2Nm

ky>n � x>n
�
B0 þ

PS
s¼1

PJs
j¼1 Bs, j

1zn, s¼j

�
k22: Note that zn, s ¼ z mð Þ, s for all n 2 Nm, Lm Bð Þ can

be represented as

Lm Bð Þ ¼
X

n2Nm

����y>n � x>n B0 þ
XS

s¼1
Bs, z mð Þ, s

� �����2
2

¼
����Ym � Xm B0 þ

XS

s¼1
Bs, z mð Þ, s

� �����2
F

:

From the new decomposition (7), we can see that every
component Lm Bð Þ still involves at most Sþ 1 matrices
among B, whereas the original N components in (2) before
the reformulation involve all the 1þPS

s¼1 Js coefficient
matrices. In this way, the new decomposition (7) tackles the
coefficient matrices in a separate way.

Based on the new decomposition (7), we create replicates
of the matrices within B such that each component
Lm Bð Þ,m ¼ 1, :::,M, involves a distinct set of coefficient
matrices. Specifically, let z mð Þ, s be the (cm, s)th element of its
value in the sequence z 1ð Þ, s, z 2ð Þ, s, z 3ð Þ, s, :::, z Mð Þ, s where cm, s ¼

4 H. MIAO ET AL.



# m0 2 m½ �jz mð Þ, s ¼ z m0ð Þ, s
� �

and # �f g denotes the number of
elements in a set. Clearly, cm, s � Cs, j if z mð Þ, s ¼ j, where
Cs, j ¼ # m0 2 M½ �jz m0ð Þ, s ¼ j

� �
is the total number of level

combinations whose sth categorical variable takes value j:

We thereby introduce M replicates of B0 (denoted as B 1,mð Þ
0 ,

m ¼ 1, :::,M) and Cs, j replicates of Bs, j for every j 2 Js½ �, s 2
S½ � (denoted as B 1, cð Þ

s, j , c ¼ 1, :::,Cs, j). With these replicates,

L Bð Þ is further represented as

L B 1ð Þ� �
¼

XM

m¼1
Lm B 1ð Þ� �

¼
XM

m¼1

���Ym � Xm B 1,mð Þ
0 þ

XS

s¼1
B

1, cm, sð Þ
s, z mð Þ, s

� ����2
F
:

Note that B 1ð Þ is the set of all replicates of the coefficient
matrices generated from the first term L Bð Þ of (6), which is
summarized in (9) below.

� The second term p1 Bð Þ ¼ k0kB0k� þ
k1

PS
s¼1

PJs
j¼1 jjBs, jjj� is the summation of multiple non-

overlapping decision variables. Therefore, we only need
one replicate for each coefficient matrix, and p1 Bð Þ can
be represented as

p1 B 2ð Þ� �
¼ k0kB 2ð Þ

0 k� þ k1
XS

s¼1

XJs

j¼1
kB 2ð Þ

s, j k�
� The third term p2 Bð Þ ¼ k2

Pp
i¼1 jjmat Bð Þ i, :ð Þjj2 involves

p additive components, and each of them involves a
non-overlapping set of elements within B: We therefore
only need one replicate of B, and we have

p2 B 3ð Þ� �
¼ k2

Xp

i¼1
kmatðB 3ð ÞÞ i, :ð Þk2

The fourth term p3 Bð Þ ¼ k3
PS

s¼1

P
j, j0ð Þ2EskBs, j � Bs, j0 kF

is the summation of s non-overlapping additive components,P
j, j0ð Þ2EskBs, j � Bs, j0 kF , s ¼ 1, :::, S: For each s ¼ 1, :::, S, we

apply the idea of Hallac et al. (2015) to introduce a replicate

of Bs, j for each edge j, j0
� � 2 Es, denoted as B

4, j0ð Þ
s, j : In this

way, we need ds, j replicates of Bs, j for each s, where ds, j is
the degree of level j in graph Gs and these replicates are

B
4, j0ð Þ

s, j , j, j0
� � 2 Es: Finally, p3 Bð Þ is represented as

p3 B 4ð Þ� �
¼ k3

XS

s¼1

X
j, j0ð Þ2Esws, j, j0ð ÞkB 4, j0ð Þ

s, j � B 4, jð Þ
s, j0 kF:

It is the summation of
PS

s¼1 Esj j terms.
With the idea of ADMM consensus algorithm, we can

transform the formulation (6) into

minf ~Bð Þ þ IC ~Bð Þ, (8)

where the decision variable ~B ¼ B 1ð Þ,B 2ð Þ,B 3ð Þ,B 4ð Þ� �
repre-

sents all replicates,

B 1ð Þ ¼ B 1,mð Þ
0 : m ¼ 1, :::,M

n o
[ B 1, cð Þ

s, j : c ¼ 1, :::,Cs, j; j ¼ 1, :::, Js; s ¼ 1, :::, S
n o

B 2ð Þ ¼ B 2ð Þ
0

n o
[ B 2ð Þ

s, j : j ¼ 1, :::, Js; s ¼ 1, :::, S
n o

B 3ð Þ ¼ B 3ð Þ
0

n o
[ B 3ð Þ

s, j : j ¼ 1, :::, Js; s ¼ 1, :::, S
n o

B 4ð Þ ¼ B
4, j0ð Þ

s, j : j, j0
� � 2 Es; s ¼ 1, :::, S

� �
: (9)

The first function f ~Bð Þ ¼ L B 1ð Þ� �
þ p1 B 2ð Þ� �

þ
p2 B 3ð Þ� �

þ p3 B 4ð Þ� �
, and the indicator function IC ~Bð Þ repre-

sents the consensus, where C is the set specifying that all
replicates of each coefficient matrix are the same:

B 1,mð Þ
0 ¼ B 2ð Þ

0 ¼ B 3ð Þ
0 8m 2 M½ �

B 1, cð Þ
s, j ¼ B 2ð Þ

s, j ¼ B 3ð Þ
s, j ¼ B

4, j0ð Þ
s, j 8c 2 Cs, j

 �
, j, j0
� � 2 Es, s 2 S½ �

:

8<
:
We apply the ADMM consensus algorithm (Algorithm 1)

to the formulation (8), where the steps (1) and (2) in the
loop are further interpreted as follows.

3.2.1. Update ~B in step (1)
This step of updating can be performed on individual
groups of ~B as f is the summation of non-overlapping com-
ponent functions. In summary, the components in function
f take the following forms, and we express their proximal
operators individually:

� The additive components in L B 1ð Þ� �
are functions with

the same form as h �, :::, �ð Þ below with different groups of
matrices input:

h B0, :::,BSð Þ ¼
����Ym � Xm

XS

i¼0
Bi

� �����2
F

¼ kYm � ½Xm ::: Xm�
|fflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflffl}

Sþ1ð Þ Xm
0s

B0

..

.

BS

2
64

3
75 k2F

It is a quadratic function of the elements in Sþ 1 matrix
inputs B0, :::,BS, whose proximal operator can be evaluated
using

proxgh �ð Þ Vð Þ ¼ gXT�XþI Vþ gX>Y
� ��

(10)

according to Parikh and Boyd (2014).

� Additive components of p1 B 2ð Þ� �
are nuclear norms

h Bð Þ ¼ kjjBjj�: The proximal operator of gh �ð Þ is eval-
uated by soft-thresholding the singular values of B by gk:

� Additive components of p2 B 3ð Þ� �
are vector ‘2-norms

h xð Þ ¼ kjjxjj2: The proximal operator of gh �ð Þ is the
function that shrinks x by a magnitude of gk:

� Additive components of p3 B 4ð Þ� �
are in the form

h B1,B2ð Þ ¼ kw1, 2kB1 � B2k2, the closed-form expression

Algorithm 1: ADMM consensus algorithm

Initialize �B , ~U to the same structure as ~B : Set all their elements to 0. Specify
g > 0:
Loop until convergence:

1. Update ~B ¼ proxgf �B � ~U½ �:
2. Calculate �B :
3. Update ~U ¼ ~U þ ~B � �B
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for the proximal operator of gh B1,B2ð Þ is given in Hallac
et al. (2015) by

proxgh �, �ð Þ B1,B2ð Þ ¼ hB1 þ 1� hð ÞB2, hB2 þ 1� hð ÞB1

� �
,

(11)

where

h ¼ max 1� gkw1, 2

kB1 � B2k2
, 0:5

	 

:

3.2.2. Calculate B in step (2)
In Step 2, we calculate B ¼ B0

� �
[ Bs, j, 1 � s � S;
�

1 � j � Jsg by calculating the average of all replicated matri-

ces in ~B: Specifically, we update B0 with the average of

B 1,mð Þ
0 ,m ¼ 1, :::,M,B 2ð Þ

0 and B 3ð Þ
0 : We update each Bs, j with

the average of the matrices B 1, cð Þ
s, j c 2 Cs, j

 �� �
,B 2ð Þ

s, j ,B
3ð Þ
s, j

and B
4, j0ð Þ

s, j j, j0
� � 2 Es
� �

:

The derivation of this ADMM consensus procedure in
Algorithm 1 can be found in Section 5.2.2 of Parikh and
Boyd (2014). In Appendix A of the supplementary material,
we gather all the components listed above in a comprehen-
sive parallel optimization procedure.

3.3. Discussions

3.3.1. Model extension
The proposed framework can be further extended to inte-
grate interactions among categorical variables. For example,
we can integrate second-order interaction effect in the
model and write Bz in the model

y> ¼ x>Bz þ e

with

Bz ¼ B0 þ
XS

s¼1
Bs, zs þ

X
s1<s2

Bs1, s2, zs1 , zs2
,

where Bs1, s2, zs1 , zs2
is the second-order interaction effect

between the (zs1Þth level of categorical variable s1 and the
(zs2Þth level of categorical variable s2: This model involvesP

m < n
m, n ¼ 1, :::, S

JmJn interaction coefficient matrices of size p�

q, where Ji is the number of levels of the ith categorical
variable. With so many coefficients, the overfitting can be a
serious problem despite the regularizations. Therefore, we
suggest including these interactions only if there is strong
evidence for their existence.

3.3.2. Selection of tuning parameters
We need to specify the tuning parameters k ¼ k0, k1, k2, k3ð Þ
in formulation (6). In general, a large value of k0 and k1
results in lower ranks of the coefficient matrices, and thus, a
lower number of variation patterns of the output quality
measurements. A larger value of k2 results in fewer effective
variables, and a large value of k3 encourages the same coeffi-
cient matrices corresponding to the related levels of each

categorical variable. In practice, the selection of tuning param-
eters should depend on the usage of the model. For example,
if our goal is for prediction accuracy, the k-fold cross-valid-
ation can be applied to select these tuning parameters. If our
goal is to understand the process, a priori knowledge on the
number of distinct levels of each categorical variable and the
expected number of effective variables can guide the selection
of the parameters k2 and k3: Meanwhile, a recently developed
approach, Bayesian optimization (Frazier, 2018), could also be
used to select the tuning parameters.

4. Simulation study

In this section, we set up a simulation study to demonstrate
the performance of our proposed method. This simulation
study is motivated by the semiconductor manufacturing pro-
cess, where a product is fabricated in multiple stages. In
each stage, the product is processed by any one among sev-
eral machines. In this process, the indices of the machines
used in all manufacturing stages are regarded as categorical
variables that affect the relationship between the process var-
iables and output quality measurements.

4.1. Simulation setup

In the simulation study, we consider a manufacturing pro-
cess with the following configuration and setups:

� The manufacturing process is composed of two sequen-
tial stages, where categorical variables z1 and z2 denote
the machines used in these two stages. Specifically, l1 ¼
12 machines are used in stage 1 and l2 ¼ 20 machines
are used in stage 2. A product needs to be fabricated first
on any one of the machines in stage 1, and then in any
one of the machines in stage 2.

� According to the machine brands and specifications,
those 12 machines used in stage 1 are aggregated into
three groups: 1, 2, 3, 4f g, 5, 6, 7, 8f g, and 9, 10, 11, 12f g
and those 20 machines used in stage 2 are aggregated
into four groups 1, :::, 5f g, 6, :::, 10f g, 11, :::, 15f g,
and 16, :::, 20f g:

� There are five characteristics of the input material x 2
R

5 and three quality characteristics of the prod-
uct y 2 R

3:

For the manufacturing process in Figure 1, we need to
define the relationships between process variables and out-
put quality measurements of each machine in each stage.
Thus, we simulate the system with the following
characteristics:

1. Three output quality measurements are linearly related
to a few input material characteristics. With each setup
of the machine sequences, the combined effects of the
input material variables will lead to a single variation
pattern of the quality characteristics.
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2. In every manufacturing stage, the machines within the
same group lead to the same effect on the relationship
between the input material and output product quality.

The above two characteristics motivate us to generate
data from model (1), with the coefficient matrices
B0, B1, 1 ¼ ::: ¼ B1, 4; :::; B1, 9 ¼ ::: ¼ B1, 12, and B2, 1 ¼
::: ¼ B2, 5; :::;B2, 16 ¼ ::: ¼ B2, 20: All these matrices are of
size 5� 3: The details of the generation of the coefficient
matrices are presented in Appendix B.1 in the supplemen-
tary material.

With the above setup of the parameters, we generate
datasets that mimic the production of a set of products in
the production system shown in Figure 1. First, note that
there are 12� 20 ¼ 240 possible manufacturing paths in the
production system. Our simulated dataset includes 24 of
them, denoted as z 1ð Þ, :::, z 24ð Þ: These manufacturing paths in
the dataset are selected among the 240 possible manufactur-
ing paths with two considerations:

1. There are three groups of machines for stage 1 and four
groups of machines for stage 2. According to the second
characteristic of the simulated system, there are 3� 4 ¼
12 possible values of the coefficient matrices
B1, z1 ,B2, z2ð Þ in total, specifying 12 potential input–out-
put relationships. Each of the 12 potential relationships
appears twice in these 24 manufacturing paths.

2. Among the 24 manufacturing paths, all 12 machines in
the first stage and all 20 machines in the second stage
are involved.

These 24 combinations of the two categorical variables z1
and z2 based on the above two considerations are listed in

Figure 1. For each level combination z mð Þ, m ¼ 1, :::, 24, we
generate Nm samples. The elements in input matrices Xm 2
R

Nm�5 are all obtained from independent uniform distribu-
tion U 0, 1ð Þ, and the elements in the error matrices Em 2
R

Nm�3 are obtained from independent standard normal dis-
tribution. Finally, Ym is generated from the model (1).

4.2. Comparison study and performance measure

This article is an initial effort towards the process modeling
considering (i) multiple categorical variables with each one
having many levels, and (ii) aggregating similar levels that
lead to the same effects on the relationship between process
variables and quality output measurements. Currently, little
research has been conducted under the same setup. To val-
idate the benefits of the proposed approach, the comparison
study is performed with or without level aggregation.

The prescribed graphs G1 and G2 representing our a pri-
ori knowledge of the similarity of machines used in stage 1
and stage 2 may impact on the model estimation accuracy.
To study these impacts and verify the effectiveness of the
proposed method, we specify two kinds of graph structures
that represent a rough and a more precise prior knowledge,
as presented in Figure 2 and Figure 3, respectively, in the
simulation study, where two machines connected by an edge
in a graph are regarded as being similar in the sense that
they have similar affects on the relationship between process
variables and output quality measurements. The linkages are
determined by practitioners based on existing attributes of
the machines, and thus, may not fully describe the groups of
the machines with the same coefficient matrices in the
ground truth model. For example, the specification in Figure
3 is closer to reality. Note that the weights of all the edges

Figure 1. Illustration of a manufacturing process with 24 combinations of two categorical variables z1 (12 levels from three groups) and z2 (20 levels from
four groups).
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in the graphs are taken as one, as we do not have a prefer-
ence on any two connected levels.

We performed the comparison study for the following
three cases:

� Case 1: The model without network lasso.
� Case 2: The model with network lasso in which the net-

work structure is assigned based on the graph in
Figure 2.

� Case 3: The model with network lasso in which the net-
work structure is assigned based on the graph in
Figure 3.

For each of the above three cases, we perform the estima-
tion for 400 times, according to 20 different sets of coeffi-
cient matrices B0 and Bs, j, s ¼ 1, 2; j ¼ 1, :::, Js;
J1 ¼ 12, J2 ¼ 20 that define 20 specific manufacturing
processes. For each set of coefficient matrices, we generated
20 datasets representing the process variables and output
quality measurements collected from the same process.
These simulation settings are summarized in Appendix B.2
in the supplementary material.

Our goal is to achieve high accuracy of estimation and
prediction. Therefore, the tuning parameters are selected
based on a 5-fold cross-validation process. As it may not be
feasible to find the set of parameters that minimizes the
mean-squared error on the 4-D grid of parameters
(k0, k1, k2, k3), we thus tune one parameter while fixing the
other parameters one at a time. After all the parameters are
tuned, we tune the parameters simultaneously in another
round within the neighborhood of each individ-
ual parameter.

We then evaluate the effectiveness of the proposed
method based on the model estimation accuracy.
Specifically, we evaluate the relative estimation error based
on the difference between each estimated parametric matrix
B̂s, j or B̂0 and their corresponding true value, Bs, j or B0 by

es, j ¼
kBs, j � B̂s, jkF

kBs, jkF
or e0 ¼ kB0 � B̂0kF

kB0kF
:

To understand the average estimation accuracy within
each setting and the uncertainty of the estimation error, we
further calculate the following summary statistics:

1. The average and the standard deviation of the relative
estimation error of the setting:

l̂ Case ið Þ
es, j ¼ Ênpar Ênrep eðCase iÞ

s, j

h i
, i ¼ 1, 2, 3:

r̂ Case ið Þ ¼ cvarnpar�nrep eðCase iÞ
s, j

h i
, i ¼ 1, 2, 3:

2. The standard deviation of the relative estimation error caused
by inputs and random error uncertainty in replications:

r̂ Case ið Þ
rep, es, j ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
Ênpar cvarnrep e Case ið Þ

s, j

h ir
, i ¼ 1, 2, 3:

3. The standard deviation of the relative estimation error
caused by different generations of regression coefficient
matrices B0,Bs, jf g:

r̂ Case ið Þ
par, es, j ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffifficvarnpar Ênrep e Case ið Þ
s, j

h ir
, i ¼ 1, 2, 3,

where Ênrep , Ênpar denotes the average of the expression that
followed by for nrep ¼ 1, :::, 20 or npar ¼ 1, :::, 20, respect-
ively; and cvarnrep , cvarnpar denotes the sample variance of the

Figure 2. Rough prescription of (a) G1 and (b) G2:

Figure 3. Precise prescription of (a) G1 and (b) G2:
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expression that followed by for nrep ¼ 1, :::, 20 or npar ¼
1, :::, 20, respectively.

4.3. Results and discussions

We obtained the estimation of B̂0 and B̂s, j, s ¼ 1, 2; j ¼
1, :::, Js; J1 ¼ 12, and J2 ¼ 20 under each setting from the
optimization problem (8) using the proposed ADMM pro-
cedure described in the previous section. We selected the
tuning parameters for each of the above three cases based
on the 5-fold cross-validation as presented in Appendix B.3
in the supplementary material.

Due to the many simulation settings, we used the same
set of tuning parameters for all the settings in each case to
save on effort. Thus, the results below may not present the
best performance of each case. However, the results below
present the overall characteristics of the proposed method in
each case. The plots of the statistics of l̂ Case ið Þ

es, j with r̂ Case ið Þ

as error bar, r̂ Case ið Þ
rep and r̂ Case ið Þ

par , i ¼ 1, 2, 3 for the regres-
sion coefficient matrices B0,Bs, jf g are presented below in
Figures 4, 5 and 6, respectively.

From the results shown in Figures 4 to 6, we can observe
that the errors are small in general. We summarize the fol-
lowing findings:

1. In general, the l̂es, j , r̂ , r̂rep and r̂par of Case 2 are
smaller than those of Case 1, and those of Case 3 are
smaller than those of Case 2. On the one hand, it indi-
cates that the proposed method with level aggregation
helps to increase the estimation accuracy of the process
model. On the other hand, a more accurate a priori
knowledge on the graph can further help increase the
model’s estimation accuracy.

2. r̂rep, es, j is typically much smaller than l̂es, j , which indi-
cates that the uncertainty of the estimation error is not
high and that the discoveries above are conclusive
instead of merely a result of chance.

3. r̂par is much bigger than r̂rep, which indicates that the
uncertainty of the estimation error resulted from different
generations of regression coefficient matrices is much big-
ger than that resulted by inputs and random error.

Furthermore, Figure 7 presents the boxplots of the rela-
tive estimation error of one generation of coefficient matri-
ces B0, Bs, jf g in the three cases. From Figure 7, we observe
that Case 3 achieves the lowest estimation error for all those
coefficient matrices, Case 2 follows, and the performance of
Case 1 is the worst among these three cases. This indicates
that the estimation error decreases with more accurate a

Figure 4. Average of the relative estimation error with error bar for B0,Bs, jf g in each case.

Figure 5. Uncertainty of the relative estimation error for B0,Bs, jf g caused by the inputs and error.

Figure 6. Uncertainty of the relative estimation error for B0,Bs, jf g caused by different systems.

IISE TRANSACTIONS 9

https://doi.org/10.1080/24725854.2021.2004626


priori knowledge on the similarity between machines. Thus,
this simulation study demonstrates the superiority of the
level aggregation adopted by the proposed method in pro-
moting model estimation accuracy. The detailed calculation
results of Figure 7 are presented in Appendix B.4 in the sup-
plementary material. Further discussion on the results,
including the comparison of the computation time, detailed
illustration of the model estimation result, and the detailed
are given in Appendix B.5 and Appendix B.6 in the supple-
mentary material, respectively. The model prediction per-
formance comparison in Appendix B.7 shows that the
network lasso effectively avoids model overfitting especially
when the noise level is high.

5. Case study

In this section, we apply the proposed method to a hot roll-
ing process, in which a steel billet is rolled into a bar. Our
goal is to analyze the relationship between the process varia-
bles and the dimension quality of the hot-rolled bar. The

layout of a hot rolling process and the data acquisition pro-
cess are presented in subsection 5.1. The estimation of the
MVR-VSLA model for this hot rolling process and the esti-
mation results are presented in subsection 5.2, and subsec-
tion 5.3 presents the corresponding physical interpretation
of the estimation results.

5.1. Rolling process and data acquisition

The dimensional quality of a billet is measured after it
passes the first 10 rolling stands, and the average diameters
of the hot-rolled bar along q ¼ 6 axes are collected as
d1, :::, d6: The speed, roll gap, rod’s cross-sectional area, and
effective diameter of the rolls are recorded in real time at
each stand. The billet temperature is recorded at stands 2, 5
and 6. Therefore, there are p ¼ 43 process variables meas-
ured in real time during the manufacturing process of each
hot-rolled bar. Each process variable has different units, and
we therefore scale all process variables so that they are
within the range between zero and one.

Figure 7. Boxplots of the relative estimation error of each coefficient matrix Bs, j in three cases.
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We assume that the rolling process fabricates the rolled
steel bars with two characteristics, the material grade z1 and
the size of the final product z2: We collected a set of pro-
duction data with seven different combinations of grades
and target sizes, and each involves different quantities of the
products. The details are listed in Appendix C in the supple-
mentary material. Specifically, there are four levels of target
sizes, ;12.5, ;13, ;17.5, and ;19.5mm, which we code as
levels 1 to 4. Note that although the difference in target sizes
may lead to different setups of the rolling train, steel billets
of whichever target size should be of similar dimensions
after passing the first 10 stands. There are also five levels of
material grades, ranging from carbon steel of different car-
bon contents to alloy steel and we code these levels as 1-5,
due to confidential reasons.

Based on the data, we aim to understand which process
variables are related to the dimensions of the rolled bars
and whether the categorical variables of material grade and
target size correspond to different relationships between the
process variables and the dimension quality.

5.2. MVR-VSLA model estimation for a hot
rolling process

Considering the rolled steel bars with close target sizes may
correspond to a similar relationship between the process
variables and output dimensions after stand 10, we prescribe
that the neighboring two sizes are similar and generate the
graph G1 as structure “1-2-3-4”. As for the steel grade, we
know that Grades 1, 2, and 3 are low carbon steel with
slightly increased carbon content, Grade 4 is a medium car-
bon alloy steel, and Grade 5 is an alloy steel. Thus, we
assume the similarity between steel types as G2, “1-2-3-4 5”.
The level 5 is not connected with other grades. We take all
the edge weights as the same value of one in graph G1, as
we treat two connected levels of Grade z1 as being equal.
For the categorical variable z2, the target size, the weights
are calculated by

w2, ðj, j0Þ ¼ 1

2� kj � kj0
�� �� ,

where kj and kj0 denote the values of the jth and the j0th
levels of Target Size z2, respectively.

We apply our proposed MVR-VSLA methodology to esti-
mate the regression coefficient matrix. To investigate the
level aggregation effects, we calculate the distance between
two estimated coefficient matrices at different levels of a fac-
tor s by

ds, j, j0 ¼
kBs, j � Bs, j0 k2

kBs, jk2 þ kBs, j0 k2
:

A smaller value of ds, j, j0 indicates that the process varia-
bles under levels zs ¼ j and zs ¼ j0 have similar effects on
the output quality measurements. For the model, we
have S ¼ 2, J1 ¼ 4, J2 ¼ 5, M ¼ 7, p ¼ 43, q ¼ 6:

In this case study, our goal is to understand the associ-
ation between process variables and output quality measure-
ments, and how the categorical variables affect their

relationship. In addition, we need to estimate the model
parameters for identifying the important variation patterns
and the process variables that are important to the output
quality measurements. For the specific rolling system in this
case study, the total number of variation patterns are q ¼ 6
and the total process variables are p ¼ 43: In the study, we
anticipate that our model will consider about two-thirds of
the variation patterns and two-thirds of the process varia-
bles. In parameter tuning for k0, k1 and k2, we tune them
one at a time. We started with an initial value of zero for
each tuning parameter and increased its value at an interval
of five to find the value for which the prescribed property is
achieved: the average rank of the estimated coefficient matri-
ces is around four and the identified number of process var-
iables is around 28. After all of the three parameters are
adjusted, we tune these three parameters simultaneously in
the neighborhood of each individual parameter (within the
range of 610 with an interval of five) to reach the desired
properties of the estimated coefficient matrices. After these
operations, we finally obtained k0 ¼ 80, k1 ¼ 25
and k2 ¼ 40:

5.3. Physical interpretations

Figure 8(a) and (b), respectively, present the calculated dis-
tance between two factors within each categorical variable,
Grade and Target Size, along the regularization path of k3:
The change of the distance with k3 reflects the tendency of
two coefficient matrices to become aggregated. From Figure
8(a), we observe that the coefficient matrices at level 1 and
level 2 of Grade z1 are more prone to aggregate with the
increase of k3, as denoted by the green dotted line with
circles. The distances between coefficient matrices at level 3
and level 4 of Grade z1 also decrease with the increase of
k3, as denoted by the solid line with left arrows. However,
the distances between other coefficient matrices do not pre-
sent a clear trend of aggregation in Figure 8(a). Meanwhile,
we observe from Figure 8(b) that, in general, the distances
between coefficient matrices at different levels of Target Size
z2 decrease with the increase of k3: Especially, the coefficient
matrices at level 1 and 2 have the minimum distance among
all the coefficient matrices, as denoted by the green dotted
line with circles in Figure 8(b). Then, we select k3 ¼ 40 at
which the levels 1 and 2 of Target Size z2 can be considered
as aggregated to report the estimated regression coefficient
matrices as presented in Figure 9.

From Figure 9 (a), (b), and (c), we observe that the roll
gap of stands 9 and 10, the speed of stands 1-4, the effective
diameter of stands 9 and 10, and the bar’s cross-sectional
area of stands 9 and 10 are the process variables that have
an important influence on the output quality measurements.
It confirms existing rolling process knowledge, as the varia-
bles of the bar’s cross-sectional area, effective diameter, and
roll gap of the later stands (especially the last two stands)
have a significant affect on the dimension of the bars.

In terms of the grade z1, we observe in Figure 9(c) that
the estimated coefficient matrices of Grades 1 and 2 are
closer to each other. This is consistent with the change of
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their relative distance denoted by the green dotted line
with circles in Figure 8(a). This is because this pair of
grades correspond to an increase in similar metallurgical/
mechanical properties. Therefore, it leads to a similar rela-
tionship between the process variables and the out-
put dimensions.

In terms of the Target Size z2 in Figure 9(b), the coeffi-
cient matrices under the levels of size ;12.5 and size ;13 are
basically the same, and we can consider that these two levels
can aggregate. It provides us the guidance that close sizes
may result in a close relationship between the process varia-
bles and output dimensions in the hot rolling process. Their

differences in the specification of size can be differentiated
in the subsequent semi-finishing or finishing mills.

6. Conclusions

An IIoT-enabled manufacturing system usually involves
numerous machines and product specifications. The tool
usage and product customizations involve multiple categor-
ical variables, and each categorical variable has many levels.
For a given specific product, it is specified by a combination
of levels consisting of one level from each categorical vari-
able. Thus, the product samples that meet a specific

Figure 8. Distance between two coefficient matrices at different values of k3 :(a) within categorical variable z1, Grade; (b) within categorical variable z2,
Target Size.

Figure 9. The estimated regression coefficient matrix under different levels of factors: (a) the bias coefficient matrix; (b) the coefficient matrices under different
sizes; (c) the coefficient matrices under different grades.
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combination will be very small or limited. As a result, the
existing method is not effective to obtain an accurate model
with a small sample size when dealing with each level com-
bination separately.

In this article, we proposed a model with the following
assumptions: (i) categorical variables may affect the relation-
ship between process variables and quality measurements,
and that (ii) certain levels of the categorical variables can be
aggregated. We proposed the problem formulation and the
solution procedures based on the assumptions driven by the
characteristics of the manufacturing system. The proposed
model integrates the categorical inputs with many levels
commonly seen in manufacturing systems into a unified
regression model together with the multivariate process vari-
ables and quality measurements. As the multi-level categor-
ical variables posed a new problem for the solution of a
modal, in addition to the many decision variables and mul-
tiple constraints, we re-organized the loss term and designed
the replicates of decision variables to properly cast the prob-
lem into the ADMM framework. Lastly, we configured a
highly parallelable ADMM algorithm to address the compu-
tation challenge.

The model can automatically identify and aggregate the
levels that cause similar effects on the response, with the
integration of a priori knowledge of the level similarity and
the process data. The modeling strategy also considers the
fact that the product quality only involves a small number
of defect patterns caused by a few key process variables
(root causes) for a given period of production. The obtained
model is interpretable, reflects the nature of the problem,
and avoids overfitting.

The effectiveness of the proposed method is demon-
strated with a simulation study motivated by a two-stage
manufacturing process. It shows that the model has
improved model estimation accuracy with level aggregation
and can identify the effective variables. Then we apply the
proposed method to a case study of analyzing real data from
a hot rolling process. The results confirm the existing know-
ledge of the process and provide valuable information for
understanding the production system.

Potential extension of the proposed method in future
work includes considering the temporal correlation of pro-
duction, considering the nonlinearity in the model, and
developing online monitoring and process adjustment strat-
egies based on this model.
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