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ABSTRACT
Natural dimensional variabilities of incoming fuselages affect the assembly speed and quality of fuselage
joins in composite fuselage assembly processes. Shape control is critical to ensure the quality of composite
fuselage assembly. In current practice, the structures are adjusted to the design shape in terms of the �2
loss for further assembly without considering the existing dimensional gap between two structures. Such
practice has two limitations: (a) controlling each fuselage to the design shape may not be the optimal
shape control strategy in terms of a pair of incoming fuselages with different incoming dimensions; (b)
the maximum gap is the key concern during the fuselage assembly process, so the �∞ loss of gap after
control ought to be considered. This article proposes an optimal shape control methodology via the �∞
loss for the composite fuselage assembly process by considering the existing dimensional gap between the
incoming pair of fuselages. On the other hand, due to the limitation on the number of available actuators
in practice, we face an important problem of finding the best locations for the actuators among many
potential locations, which makes the problem a sparse estimation problem. We are the first to solve the
optimal shape control in the fuselage assembly process using the �∞ model under the framework of sparse
estimation, where we use the �1 penalty to control the sparsity of the resulting estimator. From the statistical
point of view, this can be formulated as the �∞ loss based linear regression, and under some standard
assumptions, such as the restricted eigenvalue (RE) conditions, and the light-tailed noise, the nonasymptotic
estimation error of the �1 regularized �∞ linear model is derived, which meets the upper-bound in the
existing literature. Compared to the current practice, the case study shows that our proposed method
significantly reduces the maximum gap between two fuselages after shape adjustments.
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1. Introduction

Recently, composite materials are widely used in large space
structures due to their superior properties such as high strength-
to-weight ratio (Coleman 1991). For example, a Boeing 787 air-
plane consists of many composite parts, with one key composite
part being its fuselage (Chawla 2012). In practice, there are nat-
ural dimensional variations in the fabrication of a fuselage due
to different manufacturing batches or different suppliers (Gates
2007). When two fuselages assemble together, there is a gap, as
shown in Figure 1. Such a gap will influence the assembly quality
and productivity of fuselage assembly. As a result, the interface
between two fuselages requires shape adjustments before the
composite fuselage assembly process.

In practice, actuators are used for shape adjustments of the
interface between two composite fuselages, as shown in Figure 2,
where the actuators are located at A, B, C, D, E, F, G, H. These
actuators can provide forces to pull or push the fuselage at the
point of placement. More details about using actuators for shape
adjustments of composite fuselages can be found in Wen et al.
(2018) and Yue et al. (2018). In this article, we focus on the
shape adjustments of the interface that are close to the edge
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of the fuselage. In the state of the art, the target shape after
control is the design shape, as shown in Figure 3. The dashed
line indicates the design shape and the solid line shows the shape
of an incoming fuselage. The arrows represent the positions of
the actuators used for shape control of the interface.

The current shape control strategy regards the target shape
after adjustments as the design shape in terms of the �2 loss,
which has two key limitations. (a) It is nonoptimal. Here, opti-
mality corresponds to achieving the minimum of the maximum
gap along the interface between two fuselages after shape con-
trol. For a pair of incoming fuselages, adjusting their shapes
with respect to the single design shape does not necessarily
guarantee that the maximum gap will be minimized. Although
the incoming dimensions of fuselages may not be the same,
dimensional deviations from some locations of fuselages may
compensate each other and do not need too much adjustment.
Thus, adjusting each fuselage to a fixed design shape cannot
guarantee the optimality of the assembly process in terms of
the optimal locations of actuators and corresponding forces, and
also the gap after adjustment. (b) For fuselage assembly, the
maximum gap between two fuselages is the key quality indicator
during the fuselage assembly process. The maximum gap can
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Figure 1. Illustrations of composite fuselage assembly.

Figure 2. An illustration of shape adjustments by using actuators.

have significant impacts on flowtime, manpower, and costs of
the fuselage assembly process. Besides, a maximum gap will
also influence the usage of the assembled aircraft. In practice,
if the maximum gap between two fuselages is smaller than a
specification s1, the gap can be filled with glues, which is easy
to be implemented and solidifies during the assembly process.
If the maximum gap is larger than s1 but smaller than another
specification s2 (s2 > s1), the gap can be filled with standard
shims. However, shimming is one of the most time-consuming
and expensive efforts in part-to-part assembly (Manohar et al.
2018). The worst-case is the maximum gap is larger than s2.
In this situation, we cannot use standard shims, but need to
specially design and cast an insert to fill the gap according
to the shape of the gap. When this happens, a special part
(e.g., insert), die/mold needs to be designed and fabricated. As
a result, weeks or even months of delay may occur and the
fuselage will be waiting in the assembly for the insert to arrive,
which significantly increases the flowtime, manpower, and cost.
Beyond the challenges during the fuselage assembly, the weight
of an aircraft will increase due to the addition of shims (or
inserts) if the maximum gap is larger than s1 (or s2). Those extra
weights will make negative impacts on the life-time usage of the
aircraft due to extra gas consumption, reduced effective load,
and accelerated degradation of leading gears/wheels. Because
the decision to use glue, shims, or inserts to fill the gap is based
on the maximum gap between two fuselages, it is important for
us to minimize the maximum gap in developing the fuselage
control strategy, which is equivalent to use the �∞ norm as a
loss function.

In the literature, multiple efforts have been made to achieve
shape control for composite structures. To focus on the research

work related to this article, we mainly introduce the literature
for composite fuselage shape control.

For the shape control of composite fuselages, Wen et al.
(2018) first proposed a Finite Element Analysis (FEA) platform
to validate the feasibility to mimic the real fuselage assembly
process. Based on this FEA platform, Yue et al. (2018) proposed
a surrogate model-based control strategy by considering the
uncertainties for composite fuselage assembly. By minimizing
the �2 loss of dimensional errors relative to the design shape,
they calculated the optimal forces applied from actuators for
single fuselage shape control. Based on the surrogate model, Du
et al. (2019) proposed an optimal actuator placement strategy
for the shape adjustment of composite fuselages; their strategy
reduced the forces applied from actuators and also dimensional
deviations after shape control. All these works only consider
shape adjustments of a single fuselage and aim to adjust the
incoming fuselages to the design shapes in terms of the �2
loss, which meets the requirement of a single shape adjustment.
However, when two fuselages assemble together, the maximum
gap, that is, the �∞ norm of the gap, is one of the most important
quality indicators in fuselage assembly processes. In terms of
the maximum gap reduction for composite fuselage assembly,
adjusting incoming fuselages to design shapes cannot guarantee
the optimality given a specific pair of fuselages with different
dimensional variations. Hence, a better shape control strategy is
needed in the composite fuselage assembly process.

To fill the aforementioned gap, this article proposes an opti-
mal shape control strategy for composite fuselage assembly. We
consider minimizing the maximum dimensional gap between
a pair of incoming fuselages. Instead of adjusting each fuselage
into the design shape, we consider the initial gap between the
pair of fuselages and optimize the adjustment into an interme-
diate shape. As shown in Du et al. (2019), one other direct result
is that the optimal placement of actuators can also improve
the performance in shape control. Thus, we also consider the
optimal placement of actuators for two fuselages to further
reduce the maximum gap.

To achieve the optimal placement of actuators, we can first
assume actuators are placed at all possible locations along the
edge of a fuselage, so forces are provided from the actuators
at all possible locations. However, only a limited number of
actuators are used in practice for the following reasons: (a) there
is a limited budget for the equipment cost and maintenance
cost for each actuator; (b) there is limited working space to put
the actuators, so there cannot be too many actuators to put in
the assembly platform; (c) The reallocation of the actuators to
the best position suggested by the algorithm will take time and



TECHNOMETRICS 3

Figure 3. Schematics of interfaces between two fuselages.

efforts, so it cannot be too many actuators. Thus, only a limited
number of forces are nonzero, which becomes a sparse learning
problem. The actuator locations that correspond to nonzero
forces are the optimal actuator locations.

Our contributions are summarized as follows: (a) Motivated
by the maximum gap reduction problem from the aircraft
assembly industry, we propose a new sparse-learning model,
which is the �∞ loss based linear regression with �1 penalty.
(b) To evaluate the sparse solution of the proposed model
from a theoretical perspective, we also contribute to analyze
the properties of the resulting estimator under a light-tailed
sub-Gaussian errors assumption. Specifically, we provide the
nonasymptotic upper-bound of the estimation error and
prediction error in the sparse estimation problem. Notably, to
concentrate on the motivating problem, this part is provided
in the supplementary material, which is available online. (c)
An alternating direction method of multipliers (ADMM)-
based algorithm with the tuning parameter selection strategy
is derived to achieve the target level of sparsity.

The remainder of this article is organized as follows. We first
provide a detailed description of the physical model that is of
concern, including our justifications of using a linear model with
the �∞ loss function and �1 penalty in Section 2. In Section 3, we
propose an efficient ADMM algorithm to solve the proposed �∞
loss-based optimization problem. A case study and comparisons
on the fuselage assembly process using the FEA generated data
are studied in Section 4. The results demonstrate the superiority
of our proposed approach with the existing benchmark method.
Finally, we conclude our work in Section 5. The theoretical
properties of the proposed model and corresponding proofs are
provided in the supplementary material.

2. Physical Model

In this section, we provide the necessary background of our
physical model. For the composite fuselage shape control, only
elastic deformation is allowed during the shape adjustment,
which means the shape of the composite fuselage is self-
reversing after the force from an actuator is removed. Given the
elastic deformation assumption, it is reasonable to assume linear
mechanical behavior of fuselage deformation that corresponds
to the actuator forces from mechanics. Consequently, the

adjusted shape deviations can be formulated as

δi = ψ i + UiFi, i = 1, 2. (1)

where i indicates the ith fuselage, δi ∈ R
2ni is the error in Y

and Z directions after shape control and such error means the
deviation of the measurement point from the design shape at
the same measurement point after shape control (application
of actuators’ forces). ni denotes the number of measurement
points for each fuselage; ψ i ∈ R

2ni and Ui ∈ R
2ni×mi represent

dimension deviations before application of actuator forces and
displacement matrix of incoming fuselage i, respectively, and
mi denotes the number of feasible positions (e.g., candidate
positions where an actuator may be placed) for actuators in the
ith fuselage edge plane; Fi ∈ R

mi is the applied force during
shape control of the fuselage i. The physical interpretation of
the displacement matrix Ui is that Ui is the deformation of all
the measurement points that correspond to the unit force on the
structure. Without loss of generality, we assume that the loca-
tions of measurement points are the same, thereby indicating
n1 = n2. Therefore, the dimensional gap between two fuselages
after shape adjustments can be written as

� = δ2 − δ1 = ψ2 + U2F2 − (ψ1 + U1F1). (2)

Similar to Du et al. (2019), Ui, i = 1, 2, can be obtained from the
surrogate model. In practice, a laser tracking metrology system
(Mei and Maropoulos 2014) is used for dimension measure-
ments of fuselages. However, there are limited samples that we
can collect in practice. Thus, Wen et al. (2018) has built an
FEA platform, which has already been validated from real data.
Due to linear deformation during the fuselage adjustment, a
linear surrogate model is used for Ui estimation. More details
about surrogate modeling for Ui estimation can be referred to
Du et al. (2019). Given the Ui matrix, we can directly obtain
the relationship between adjusted shape deviations and force
Fi, as formulated in (1). But the force Fi is still an unknown
parameter that needs to be estimated for max gap reduction.
The measurements in our case study are also from this FEA
platform. 182 measurements are collected for each fuselage,
where the locations of measurements are the same for all fuse-
lages. Given the same locations of these measurement points, the
correspondence between measurement points of two fuselages
will be directly obtained. There is no registration problem in
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our problem settings for fuselage assembly. But the registration
between two fuselages is needed if the locations of measurement
points for the pair of fuselages are not the same, which can be
solved through a method by Chui and Rangarajan (2000).

For the composite fuselage assembly process, the main con-
cern before assembly is the maximum gap and its location along
the interface between the two fuselages. In this article, our
objective is to minimize the weighted maximum gap between
the pair of fuselages in both Y and Z directions, that is, �max,
which is defined as

�max = ‖B�‖∞, (3)

where B ∈ R
n×n, n = 2n1 = 2n2, is a diagonal matrix of

weights, which represent the importance of the gaps in different
measurement points. Such weight matrix is determined based
on engineering knowledge. For example, if we emphasize the
dimensional gap on the upper fuselage, we can add more weight
to the part of the B matrix that corresponds to the upper
fuselage. The �∞ norm of a vector � is ‖�‖∞ = maxn

i=1 |�i|.
Usually in practice, we only have a limited number of actua-

tors available. Thus, among many potential choices of positions
of actuators, we want to find the most effective ones, which may
correspond to a sparse solution. Recall that the optimal actu-
ator locations are the locations corresponding to the nonzero
components of the force vector in Section 1. Let m1 and m2
denote the numbers of all feasible locations for actuators along
the pair of fuselages, while only a total number of M actuators
are used for the shape control process in practice. Thus, the
nonzero components in forces should be limited, which can be
formulated as the following problem

minF1,F2 J := ‖B�‖∞,
s.t. ‖F1‖0 + ‖F2‖0 = M, (4)

where Fi ∈ R
mi . The �0 norm of a vector Fi is the number of

nonzeros in Fi, that is, the cardinality of Fi.
Although the �0 norm characterizes the exact number of

nonzero components, �0 norm will result in a nonconvex opti-
mization problem, which is NP-hard (Natarajan 1995) and usu-
ally regarded as challenging in the statistical community. To
overcome the computational difficulties, convex optimization-
based methods such as Lasso (Tibshirani 1996), that is, �1
norm, have been proposed. Impressive works have been studied
based on �1 norm to investigate related algorithms and theo-
retical properties. For example, Donoho (2006) showed that the
minimal of the �1 norm solution is also the sparsest solution
for most large underdetermined systems. Recently, Bertsimas
et al. (2016) presented a Mixed Integer Optimization (MIO)
approach to solve the �0 norm problem for the least squares and
absolute deviation loss functions. Although the MIO approach
can be applied for the �0 norm problem in some applications,
this approach cannot guarantee to solve the problem in polyno-
mial time. In addition, successful implementation of the MIO
approach needs an integer programming background, which
may be not the case for most engineering practitioners. �1 norm
can also encourage sparsity but result in a convex optimization
problem, which is much easier to solve and global optimum can
be obtained. Thus, we use �1 norm to encourage the sparsity of
the resulting estimation, which is computationally efficient and

scalable to high-dimension problems. Moreover, our theoretical
results in the supplementary materials show the formulation
by �1 norm can also give a good sparse solution under certain
regular conditions. The Lagrangian form of the formulation by
using �1 norm is

min
F1,F2

J := ‖B�‖∞ + λ‖F1‖1 + λ‖F2‖1, (5)

where λ is the tuning parameter, which controls the sparsity
of the resulting estimation. Although we cannot get the exact
target sparsity (i.e., M nonzero entries) with the �1 formulation
directly, we can select the tuning parameter λ that achieves the
exact target sparsity. In Section 3, we will introduce a tuning
parameter selection strategy that leads to a target number of
nonzero components of Fi (i.e., the target number of actuators)
for shape adjustments.

Notably, the forces are the control variables in this appli-
cation, which are provided by actuators. These actuators are
standard to ensure the force applied is accurate. The engineer-
ing constraint exists on the maximum force applied and such
constraint has already been calculated from the FEA model
in Wen et al. (2018). The deformation under the maximum
force is much larger than the gap that needs to be adjusted,
so the proposed formulation can always provide an acceptable
force magnitude to be used in the shape control. Therefore,
the engineering constraint of the force inputs has already been
considered.

From the solution of Problem (5), the optimal actuator place-
ment is obtained from the support of F1 and F2 for the shape
adjustments of the pair of fuselages. In order to reduce the bias
on the estimation of the forces, which are denoted by F1 and F2,
we refit the model using the optimal positions and the optimal
forces can be obtained by solving the following problem:

min
F1,F2

J := ‖B(ψ2−ψ1+(U2)S2(F2)S2 −(U1)S1(F1)S1)‖∞, (6)

where S1 = supp(F1), S2 = supp(F2). supp(F) is the support
of F, which is defined as supp(F) = {i : Fi �= 0} for a vector F
∈ R

m, and its cardinality is denoted by |supp(F)|. For a subset
S ⊂ {1, . . . , m}, US denotes sub-matrix of U containing the
columns whose indices are in S, and FS denotes a subvector of
β that contains the elements whose indices are in S.

In order to make the above physical model more evident to
the statisticians without engineering background, we rewrite the
physical model as follows:

min
β

‖Y − Xβ‖∞ + λ‖β‖1, (7)

where Y = B(ψ2−ψ1), X = [BU1, −BU2], and β = [FT
1 , FT

2 ]T .
Y is with dimension n, and β is with dimension p = m1 + m2.
The statistical formulation provides us a concise version of the
physical model, and better illustrates the reason for using same
λ value for both F1 and F2 in Equation (5). We optimize forces
and locations of actuators of two fuselages together, that is, β =
[FT

1 , FT
2 ]T , so only one tuning parameter λ is enough to get the

desired sparse solution.
From the statistical perspective, the above formulations can

be viewed as the linear regression problem with �∞ loss and
�1 regularization and then refitting the model using only the
nonzero locations, which helps reduce the bias on the estimation
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of the forces, that is, F1 and F2. In this way, we can have a better
estimation in practice.

Notably, we use �1 norm to replace the �0 norm as a surrogate
to encourage sparsity with a computation advantage. Thus, it
is critical to investigate if the sparse solution provided by the
�1 norm is good compared to the ground truth value that is
sparse. In the statistical literature, the parameter estimation
based on the �∞ loss has been studied since 1980, such as
applications in the physical and environmental sciences (James
1983; Zolghadri and Henry 2004; Qi 2015), signal processing,
and systems engineering (Milanese and Belforte 1982; Alecu
et al. 2006; Castillo et al. 2009). However, the theoretical results
on parameter estimations compared to the ground truth values
are very limited, especially in the sparse estimation framework.

There are two main directions studying regression analysis in
the statistical literature. The first one focuses on the asymptotic
distribution in linear regression in a well-posed setting, where
we have many more observations than the number of feature
variables, and there is no assumption on the sparsity of the
unknown signals. Knight (2017) studied the problem of �∞ (or
Chebyshev) estimator, which minimizes the maximum absolute
residual under the condition where the noise distribution is
known to have bounded support or light tails. They derived the
asymptotic distribution of the estimator in the low dimension
setting.

The second one focuses on problems in the ill-posed settings,
or settings where the unknown signal is sparse. In other words,
there are far more feature variables than the number of obser-
vations or there are a lot of zero components in the coefficients.
The Dantzig selector proposed in Candes and Tao (2007) solves
the following problem:

min
β∈Rp

‖β‖1,

s.t. ‖XT(Y − Xβ)‖∞ ≤ λσ , (8)

where the constrained optimization problem seeks to minimize
the objective function of �1 sparsity within the feasible region,
where ‖XT(Y − Xβ)‖∞ ≤ λσ . It can be checked that the
term XT(Y − Xβ) is simply the first-order derivative of the
least square loss. Thus, the constraint ‖XT(Y − Xβ)‖∞ ≤ λσ

aims to achieve the small scale of the first-order derivative of the
least squares loss. Essentially, Dantzig selector solves a similar
problem as the lasso, that is, minimizing the least square loss
(James et al. 2009).

Besides the statistical literature, �∞ minimization is also
investigated in the field of computer vision on outlier removal
(Shen et al. 2014; Sim and Hartley 2006) or multiview geometry
problems (Hartley and Schaffalitzky 2004; Dai et al. 2012; Kahl
and Hartley 2008). However, the formulations in these appli-
cations are different from our formulation, thereby leading to
different estimation and optimization problems. For example,
the formulation in outlier removal cases can be approximately
regarded as the least median estimation problem, which is non-
convex (Shen et al. 2014). By comparison, our formulation is
convex and can be efficiently solved. Therefore, theories to the
previous models do not apply to our problem, where we have the
incentive to minimize ‖Y − Xβ‖∞ loss. In the supplementary
material, we rewrite the above sparse estimation problem using
the �∞ loss in the statistical language in detail and provide

theoretical results on the nonasymptotic upper-bounds of the
estimation error and prediction error under the linear model
setting with light-tailed sub-Gaussian errors for the interested
readers.

3. Algorithm

In this section, we proposed an algorithm to efficiently solve
the optimization problem (5) and (6) based on the ADMM
algorithm. Compared to the gradient method that is sensitive
to the choice of the step-size, the ADMM algorithm is robust
to the parameter selection for algorithm convergence (Ghadimi
et al. 2015). Moreover, the ADMM algorithm is well suited to the
convex optimization problem with separate objectives, which
is the case of the optimization problem (5), so we adopt the
ADMM algorithm for parameter estimation. Problems (5) and
(7) can be further written as

min
y

( 2∑
i=1

fi(yi) + g(z)
)

, (9)

where

f1(y1) = ‖B(ψ2 − ψ1 + U2F2 − U1F1)‖∞
= ‖Y − Xβ‖∞ = ‖y1‖∞,

f2(y2) = λ‖F1‖1 + λ‖F2‖1 = λ‖β‖1 = λ‖y2‖1,
y1 = Y − Xβ , y2 = β , y = [yT

1 , yT
2 ]T .

g(z) =
{∞, Ez �= Y ,

0, otherwise,
E = (I, X), z = y.

Notably, Equation (9) is formulated for the standard ADMM
representation, which will be helpful to calculate the proximal
operator of each separate function. According to the ADMM
formula, the algorithm for the above problem can be written as

yk+1
i = proxfi(zk

i − uk
i ), (10)

zk+1 = proxg(yk+1 + uk), (11)

uk+1 = yk+1 + uk − zk+1. (12)

Here, proxf (x) is the proximal operator of f , which defined as

proxf (x) = arg min
u

(
f (u) + 1/2‖u − x‖2

2
)
. (13)

The proximal operator proxfi and proxg can be analytically
derived if we formulated the optimization problem in this way.
From chap. 6 of Beck (2017), the proximal operators of functions
fi(yi) and g(z) can be derived as

proxf1(y1) = y1 − PB‖·‖1[0,1](y1), (14)
proxf2(y2) = Sλ/ρ(y2), (15)

proxg(z) = z − ET(EET)−1(Ez − Y), (16)

where PB‖·‖1[0,1](·) is the projection onto the unit ball G =
B‖·‖1[0,1] = {x ∈ R

n : ‖x1‖1 ≤ 1}, and

PB‖·‖1 [0,1](y1) =
{

y1, ‖y1‖1 ≤ 1,
Sλ∗(y1), ‖y1‖1 > 1,
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where λ∗ is any positive root of the nonincreasing function
ϕ(λ) = ‖Sλ(y1)‖1 − 1. Sλ is the soft thresholding operator of
‖ · ‖1, which is

Sλ(v) = (v − λ)+ − (−v − λ)+, (17)

where (x)+ is short for max{x, 0}.
Due to the convexity of the Problem (5), the convergence

of the ADMM is guaranteed given a reference point and we
can obtain the global optimum of the optimization Problem
(5). In practice, Boyd et al. (2011) suggested that a reasonable
termination of the ADMM is that both the primal and dual
residuals should be small, that is,

‖rk‖2 ≤ e1, ‖sk‖2 ≤ e2, (18)

where rk = yk − zk is the primal residual, and sk = −ρ(zk −
zk−1) is the dual residual. e1 > 0 and e2 > 0 are the tolerances,
which can be chosen by using an absolute criterion and a relative
criterion, that is, we have

e1 = √
me3 + e4max{‖zk‖2, ‖yk‖2}, (19)

e2 = √
me3 + e4‖ρuk‖2, (20)

where m = m1+m2, e3 > 0 and e4 > 0 are an absolute tolerance
and a relative tolerance, respectively. The following Algorithm 1
is proposed for estimations of F1 and F2, and K is the maximum
number of iterations.

Since we have the sparsity requirement of ‖F1‖0 + ‖F2‖0 =
M, the λ value needs some investigations. Binary search can be
used for computing for this value to meet the aforementioned
requirement. The lower bound of the search range is trivial,
which is 0, but the upper bound needs some theoretical inves-
tigations. In the following Proposition 3.1, we provide an upper
bound of the search range.

1: Input: ρ, λ, e3, e4, m1, m2, n, E, Y
2: Initialize z0, u0

3: loop:
4: for k = 1 : K do
5: uk

1 = {uk
i }i=1,...,2n, uk

2 = {uk
i }i=1+2n,...,2n+m1+m2 ,

6: zk
1 = {zk

i }i=1,...,2n, zk
2 = {zk

i }i=1+2n,...,2n+m1+m2 ,
7: yk+1

1 = zk
1 − uk

1 − PB‖·‖1[0,1](zk
1 − uk

1),
8: yk+1

2 = Sλ/ρ(zk
2 − uk

2),
9: yk+1 = [(yk+1

1 )T , (yk+1
2 )T]T ,

10: zk+1 = yk+1 + uk − ET(EET)−1(E(yk+1 + uk) − Y)

11: uk+1 = uk + yk+1 − zk+1,
12: rk+1 = yk+1 − zk+1,
13: sk+1 = ρ(zk+1 − zk),
14: e1 = √

me3 + e4 max{‖zk+1‖2, ‖yk+1‖2},
15: e2 = √

me3 + e4‖ρuk+1‖2,
16: if ‖rk+1‖2 ≤ e1, and ‖sk+1‖2 ≤ e2 then
17: return y2
18: end if
19: end for

Algorithm 1: The ADMM algorithm for estimating y2 = β =
[FT

1 , FT
2 ]T

Proposition 3.1. If we choose the tuning parameter λ in the
Problem (5) such that λ > ‖X‖∞, X = [BU1, −BU2],
there exists one unique global minimum to (5) , with β̂ =
[FT

1 , FT
2 ]T = 0.

Here, we denote the entrywise max norm of a matrix X ∈
R

m×n as ‖X‖∞ = max1≤i≤n,1≤j≤p |Xij|, where Xij denotes the
element of X at the (i, j)th location, and Xj denotes the jth
column of X. The main idea to prove this proposition is that
at any point that is not the origin, we can find a direction, along
which, the objective value decreases. Due to the space limit, we
postpone the proof into the supplementary material.

According to Proposition 3.1, we can set ‖X‖∞ as the upper
bound of the search range to find the λ value that meets the
requirement ‖F1‖0 + ‖F2‖0 = M. The nonzero components
of F1 and F2 correspond to the optimal locations of actuators
for shape control of fuselage 1 and fuselage 2, respectively.
Then, the forces from each actuator can be found by solving the
optimization problem (6). Similarly, the ADMM algorithm can
also be used in (6) to get the optimal solution by the Algorithm
2 in the supplementary material.

Notably, the readers may find the original Problems (5) or
(7) can be recast as a Linear Programming (LP) problem after
certain transformations or approximations (Boyd and Vanden-
berghe 2004), which can be solved by simplex methods or
interior-point methods. However, given the new formulation
of the LP problem, the selection of the corresponding tun-
ing parameter may not be as straightforward as the proposed
algorithm. The proposed ADMM algorithm together with the
binary search algorithm can provide an effective way to solve
this engineering problem.

4. Case Study

In this section, we use the fuselage assembly process to validate
the proposed methodology. We present our detailed experi-
ment setting and report comparison results in Sections 4.1
and 4.2, respectively. Finally, the discussions are provided in
Section 4.3.

4.1. Numerical Setting

In this case study, we use an FEA model (Wen et al. 2018)
to generate data and validate the proposed methodology. The
FEA model used in this case study has been validated with
the experimental data. The physical experiment records the
dimensional deformation of the fuselage under an actuator force
changing from 100 lbf to 600 lbf (Wen et al. 2018). Due to the
physical principle of elastic mechanics, the shape deformation
under forces’ values that are lower than 600 lbf will also be the
linear elastic deformation, that is, a linear relationship holds
between adjustment and forces. More details about FEA model
can be found in Wen et al. (2018) and Yue et al. (2018). For
shape adjustments of a single fuselage, the method from Du et al.
(2019) that minimizes �2 loss (i.e., least-squares loss) with �1
penalty for each fuselage achieves the best control performance
in terms of reduction of shape deviations after adjustments and
the forces applied during shape adjustments.
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In order to make a fair comparison between our methods and
the best result of composite fuselage shape control in current
literature, that is, Du et al. (2019), we use the same FEA data
from Du et al. (2019). The maximum force value in Du et al.
(2019) is 200 lbf, which is totally within the range of real practice.
There are 20 incoming fuselages with different dimensional
variations. Based on engineering practice, in each pair of the
fuselages, m1 = m2 = 18 feasible actuators are equally placed
from −12 degrees to 192 degrees in the lower part of each
fuselage. More details about the data generation can be found
in Du et al. (2019). M = M1 + M2 = 18 actuators are used
for shape adjustments of two fuselages in this case study. The
numbers of measurement points along the interface of the pair
of fuselages are n1 = n2 = 182, and the weight matrix is set to
be B = diag(1/n). U1 = U2 is chosen to be the same with Du
et al. (2019) for comparison purpose.

To achieve a better computational performance, such as
reducing floating point errors (Demmel 1997), we multiply a
large constant number LN in the objective function ‖B(ψ2 +
U2F2 − (ψ1 + U1F1))‖∞ and ‖B(ψ2 + U2)S2(F2)S2 − (ψ1 +
U1)S1(F1)S1))‖∞ in the optimization Problems (5) and (6),
which does not change the optimal solution. In this way, the
computational problems induced by Ui matrix can be alleviated
in real implementations. In this case study, we set LN = 107.
In terms of the ADMM algorithm, we set ρ = 1, e3 = 10−6,
e4 = 10−5.

4.2. Results and Comparisons

In this case study, we randomly pick up two different fuselages
from 20 incoming fuselages and have 50 replications. Conse-
quently, we have 50 pairs of fuselages for assembly. According to
the engineering practice, we use root mean square gap (RMSG),
maximum gap (MG), and maximum force (MF) to evaluate the
control results. These quantities are defined as follows:

RMSG :=
√

1
n
(�T�), (21)

MG := √‖�Y ∗ �Y + �Z ∗ �Z‖∞, (22)
MFi := ‖Fi‖∞, i = 1, 2, (23)

where “∗” indicates the Hadamard product, and �Y ∈ R
n and

�Z ∈ R
n are the first and last n elements of �, respectively.

Thus, the MG captures the maximum gap for two fuselage
assemblies. Notably, we only evaluate the MFi for the safety
purpose during the fuselage shape control, since large force may
destroy the fuselage structure during fuselage shape control. The
control results of the proposed method on these 50 pairs of
fuselages assembly are shown in Table 1. Since we care more
about the maximum gap after control and maximum force used
for shape control in the fuselage assembly process, we also listed
the maximum (max) of RMSG, MG, and MF for these 50 pairs.

Table 1. Control results of our method on 50 pairs of fuselages.

RMG (inches) MG (inches) MF1 (lbf ) MF2 (lbf )

Mean 0.0014 0.0034 304.73 307.42
Max 0.0023 0.0060 553.83 776.86
SD 0.0004 0.0011 101.43 131.01

The results show that the proposed method performs well in
terms of the maximum gap by using relatively smaller forces,
which is acceptable for fuselage assembly in practice.

We compare the proposed method with the current practice
(Du et al. 2019), which is to force the incoming fuselage into
the design shape in terms of the �2 loss and then assemble.
We randomly choose one pair of fuselages to compare the
performance of the proposed method with the one in Du et al.
(2019). Figure 4 shows the incoming fuselage dimensions at
the interface between two fuselages and the proposed actuator
locations of fuselage 1 and fuselage 2. Similarly, we also show the
incoming fuselage dimensions and the actuator locations from
Du et al. (2019) of fuselage 1 and fuselage 2 in Figure 5. To show
the incoming dimensional variations more clearly, we magnify
the distortions 150 times since the dimensional error is much
smaller than the dimension of the fuselage. The marked round
points are the locations of actuators. As shown in the Figures 4
and 5, the optimal actuator locations of the proposed method are
different from Du et al. (2019). This is because our method aims
to minimize the maximum gap between the pair of assembly
fuselages, while Du et al. (2019) aims to control a single fuselage
into design shape and then assembly.

We also show the shape adjustments of the proposed method
and the one in Du et al. (2019) for this pair of fuselages in
Figures 6 and 7, respectively. The upward-pointing triangles
show the initial dimensional gap between two fuselages in Y
and Z directions; the squares and right-pointing triangles show
the adjustments from fuselage 1 and fuselage 2 in Y and Z
directions, respectively; the downward-pointing triangles are
the final adjusted gap after control in Y and Z directions. As
shown in Figure 6, the shape adjustments from fuselage 1 and
fuselage 2 of our method work together to compensate the initial
gap, and the control strategy of our method successfully reduces
the gap between the fuselages to be assembled. Compared to our
method, the method from Du et al. (2019) adjusts the shape of
the incoming fuselage separately (shown in Figure 7) since the
goal of this method is to adjust the shape of the fuselage into
the design shape. The control performance is not as good as the
proposed method since we can see larger variations around 0 in
Figure 7. We magnify the part with larger variations around 0
for the comparison method in Figure 7. This pair of fuselages
illustrates the effectiveness of the proposed method in detail.

In order to better illustrate the improvement of the proposed
method, we calculated the improvements on the gap after shape
adjustments, and use a statistical t-test to test the significance
of the improvement on the gap. The improvement results on
mean and standard deviation (SD) of the gap after adjustments
are listed in Table 2. In addition, the mean maximum gaps of
our method and method from Du et al. (2019) are also listed
in Table 2. Notably, the improvement means the control results
via current practice (Du et al. 2019) minus the results of the
proposed method. The null hypothesis H0: the improvement
comes from a distribution with a zero mean, that is, no signifi-
cant improvement. The alternative hypothesis H1: the mean of
improvement is greater than 0 (right-tailed test), which indicates
the proposed method reduces the dimensional gap after control.
The p-value is also listed in Table 2. As shown in Table 2, com-
pared with Du et al. (2019), the proposed method significantly
reduces the maximum gap (MG) and RMS gap (RMSG) for two



8 J. DU ET AL.

Figure 4. Incoming fuselage dimensions and the proposed actuator locations for fuselage 1 and fuselage 2.

Figure 5. Incoming fuselage dimensions and the actuator locations from Du et al. (2019) for fuselage 1 and fuselage 2.

Figure 6. Shape adjustments in Y and Z direction of our method for fuselage 1 and fuselage 2.

Figure 7. Shape adjustments in Y and Z direction from Du et al. (2019) for fuselage 1 and fuselage 2.

fuselage assembly. Notably, significant maximum gap reduction
will be the practical significance in the fuselage assembly process

in terms of reducing assembly flowtime, decreasing the addi-
tional cost and manpower, and keeping the usage of aircraft.
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Table 2. Gap reduction of our method compared with method from Du et al. (2019).

Mean MG (inches) MG improvement (inches) RMSG improvement (inches)

Our method Du et al. (2019) Mean SD p-value Mean SD p-value

0.0034 0.0188 0.0154 0.0074 6.19 × 10−20 0.0048 0.0023 5.40 × 10−20

4.3. Discussions

A contribution in this article is that we propose an optimal shape
control strategy for composite fuselage assembly. In practice, the
main concern during the composite fuselage assembly process
is the maximum dimensional gap. Consequently, the objective
of this article is to minimize the maximum gap in composite
fuselage shape control instead of using the square error as in Du
et al. (2019). The goal of Du et al. (2019) is to achieve the optimal
actuator placement for shape control of a single fuselage, and the
target shape after shape control is the design shape. In the case
study, our method performs much better than the method in
Du et al. (2019) in terms of the maximum gap after the shape
control. Also, by considering the initial gap between the pair of
fuselages, the resulting RMSG is smaller than those in Du et al.
(2019). Notably, the dimensional variations of fuselages from the
design shape are limited compared to the dimension of fuselages
in practice, so our method that minimizes the maximum gap
between the pair of fuselages will also keep the functionality of
the fuselages.

5. Conclusions

This article proposes a new sparse-learning model for optimal
shape control of composite fuselage assembly. Due to natural
dimensional variations of fuselages, there is a gap along the
interface of two fuselages before assembly. The current practice
adjusted the shape of each fuselage to the design shape in
terms of the �2 loss and then assemble, which is not optimal
for the case of two fuselage assemblies. Our contribution is to
consider the initial gap of the pair of incoming fuselages and
propose a sparse learning model, which aims to minimize the
maximum gap (�∞ loss) after shape control. From the statistical
view, the proposed model is �1 sparsity-driven penalized �∞
loss linear regression. Under the linear model with light-tailed
sub-Gaussian errors assumption, we provide the nonasymptotic
upper-bound of the estimation error, measurement error, and
prediction error. The real case studies of composite fuselage
assembly validate the proposed method according to its control
performance. Compared with the current literature, the case
study shows that our method achieves a significant reduction of
the maximum gap after control. Notably, although our method
is demonstrated for optimal shape control in the composite
fuselage assembly process, the methodology can be extended
for optimal shape control of the assembly process in other
structures.

Supplementary Materials

The article contains supplementary materials, including statistical
theorems and corresponding proofs, simulation results and MATLAB
codes.
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