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ABSTRACT
In manufacturing systems, many quality measurements are in the form of images, including overlay mea-
surements in the semiconductor manufacturing and dimensional deformation profiles of fuselages in an
aircraft assembly process. To reduce the process variability and ensure on-target quality, process control
strategies should be deployed, in which the high-dimensional image output is controlled by one or more
input variables. To design an effective control strategy, the process model should be first estimated via
relationship exploration between the image output and inputs, off-line. Next, the control law is formulated
by minimizing the control objective function online. The main challenges of achieving such a control
strategy include (i) the high dimensional output of a regression model, (ii) the integrated analysis of both the
spatial structure of image outputs and the temporal structure of the image sequence, and (iii) non-iid noises.
To address these challenges, we propose a novel tensor-based process control approach by incorporating
the tensor time series and regression techniques. Based on the process model, we can then obtain the
control law by minimizing a control objective function. Although our proposed approach is motivated by
a 2D image case, it can be extended to higher-order tensors such as point clouds. Simulation and case
studies show that our proposed method is more effective than benchmarks in terms of relative mean square
error.
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1. Introduction

Automatic control has been widely used in various manufactur-
ing systems to ensure the production output is on target. The
main objective of an automatic control procedure is to minimize
deviations of the response/quality measure from its target by
resetting control variables overtime. In many cases, the response
variable is in the form of images or high-dimensional (HD)
tensors in general. For example, overlay errors of a silicon wafer,
an important product quality measure in the semiconductor
manufacturing, are represented by an image. Specifically, the
overlay error at each measurement location can be represented
by a 2D vector, which denotes the relative locational differ-
ence between two adjacent layers with the start point on the
previous layer and the endpoint on the current layer. To fully
characterize the misalignment across the wafer, the overlay error
measurements are often taken at multiple sites within every
field as shown in Figure 1. In a lithography process, a pre-
designed pattern is projected onto the photoresist material on
the wafer through a lithography optical system. Since the lithog-
raphy process is conducted layer by layer, there may be some
pattern misalignments between two adjacent layers, which are
defined by an overlay error. Overlay errors are often caused by
operation-induced stress variations during the layer deposition,
and/or the lithographic patterning that distorts the wafer shape.
Therefore, overlay errors can be minimized by controlling or
adjusting the settings of the wafer position or orientation and
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the lens height in a lithography machine. In particular, the
wafer position influences the global (wafer-level) overlay error,
while lens height, a critical setting of lithography optical system,
influences the local (field-level) overlay error. As the setting
of lithography machine changes, the global and local overlay
errors change accordingly. A proper control strategy should find
the optimal setting of the machine that leads to the minimum
overlay error for the next wafer based on past overlay images
and machine settings.

In the process control literature, there are some studies on
the multivariate control scheme for multi-stream signals and
images. Tseng, Chou, and Lee (2002) proposed the multivariate
controller for multiple-input multiple-output (MIMO) manu-
facturing processes. Del Castillo and Rajagopal (2002) proposed
a multivariate double EWMA controller for drifting processes.
Moreover, Tseng, Mi, and Lee (2016) proposed a multivariate
EWMA controller for a linear dynamic process. However, both
methods require the process model to be known, which is not
the case in many applications. Additionally, these models are
designed mainly for multivariate time-series and their extension
to images is not trivial. Liu et al. (2019) proposed an image-
based control method for additive manufacturing applications.
This method first extracts some engineering features (e.g., con-
trast and energy) from images, and then build the process model
connecting control variables with those extracted features. After
the process model is estimated, a PID controller is applied to
control the process. This approach, however, may have two

© 2023 American Statistical Association and the American Society for Quality
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Figure 1. Illustration of the overlay errors on a wafer. Each arrow indicates the
amount and direction of the error at the corresponding measured point.

drawbacks: First, the extraction of engineering features requires
domain knowledge that may not be available in all applications;
and second, engineering features may not capture all essential
information of images, which may lead to an inaccurate process
model, and consequently, to poor control performance. There-
fore, a control framework for HD data is required to address
these issues.

To design an effective control strategy for an HD response,
we first need to estimate the functional relationship among
control variables and the HD response sequence offline, and
then explore the online control law by minimizing a proper
control objective function. The main challenges of achieving
this two-step control strategy are (a) the overfitting problem
due to HD model coefficients and the response variable, (b) the
spatial-temporal structure of the response sequence, and (c) the
non-iid system noises.

Recently, multilinear algebra has been used to address
the high-dimensionality challenge in the regression model-
ing by exploiting the embedded low-dimensional (LD) struc-
ture of HD data. Zhou, Li, and Zhu (2013) employed
PARAFAC/CANDECOMP (CP) decomposition to estimate a
tensor regression model between a scalar output and HD inputs.
The CP decomposition uses the sum of rank-1 tensors to
approximate a tensor (Kiers 2000). Li et al. (2018) applied a
more general tensor decomposition, known as Tucker decom-
position (Kolda and Bader 2009), to build the regression model.
To predict tensor outputs, Lock (2018) developed a tensor-
on-tensor regression approach using CP decomposition with
an adaptive approach to learning the basis. Specifically, their
method adaptively learns the input and output span basis from
data rather than fixing the basis when learning the regression
coefficients. Thanks to the adaptive basis learning technique,
the tensor-on-tensor regression method can handle the input
and output data without prior knowledge, which significantly
increases the flexibility and adaptability of the method. How-
ever, their approach only handles single tensor input and cannot
be easily extended to multiple tensor inputs. To address this
issue, Gahrooei et al. (2020) proposed multiple tensor-on-tensor
regression that can efficiently handle multiple input tensors.
However, this approach is infeasible for the regression modeling
in control systems because of two reasons: First, it inherently
assumes that input tensors are independent, which is not the
case in control systems in which the current response is a func-
tion of both past responses and control variables; second, their

approach ignores the spatial-temporal structure of the error
term that is important when dealing with an image sequence.
Yan, Paynabar, and Pacella (2019) took the spatial-temporal
structure of the error term into consideration by assuming that
it follows a tensor normal distribution and estimated parameters
using the one-step tensor decomposition regression (OTDR)
approach. However, this approach can only handle single scalar
input and cannot be generalized to multiple tensor inputs.

The overarching goal of this article is to propose a method-
ology of designing and deploying an optimal control strategy
that can handle an HD output as well as both LD and HD
control (e.g., input) variables. In the offline estimation step, we
develop a novel tensor-based regression/time-series modeling
technique to address the foregoing challenges. Borrowing the
idea from autoregressive-moving average with exogenous terms
(ARMAX) model (Hannan, Dunsmuir, and Deistler 1980), we
assume that the current output frame (tensor) is linearly auto-
correlated with limited previous output frames (tensors) and
past control variables. To avoid estimating a large number of
parameters and hence, the overfitting issue, we assume that
each input coefficient can be represented by an LD core tensor,
input span basis matrices, and output span basis matrices. We
will develop efficient algorithms to estimate core tensors and
learning all LD basis matrices. For the online control part, we use
an optimization model with a squared loss to obtain the optimal
control law.

The rest of the article is organized as follows: In Section 2,
we formulate the tensor-based ARMAX model, and elaborate
the procedure of parameter learning. Next, based on the trained
model, we develop an HD control strategy for the on-line con-
trol. In Section 3, using simulations, we validate the proposed
methodology and compare it with several benchmarks in terms
of both the offline estimation accuracy and the online control
effectiveness. Section 4 presents a case study on online control
of the overlay errors in the semiconductor manufacturing. Sec-
tion 5 concludes the article.

2. Image-Based Control Methodology

The proposed image-based control framework consists of two
steps: the off-line estimation step to establish the relationship
between the tensor response sequence and control variables,
followed by the online control step that determines the optimal
control law. In both steps, we consider a general setting, in which
both response and control variables are in the tensor form. Each
step is elaborated in the following sections.

2.1. Offline Estimation of Relation Function

Assume a set of training data of size m + p is available, which
includes a sequence of response data, denoted by the tensor
Yt ∈ RQ1×···×Qd(t = 1, . . . , m + p) and a sequence of control
variables, denoted by Xt ∈ RP1×···×Ps(t = 1, . . . , m + p)

collected over time. To consider both the temporal information
of Yt , and its relationship with Xt , we develop a tensor-based
ARMAX(p, q, l) time-series model, where p, q, l are the orders
of the ARMAX model. In particular, p represents the order of the
AR part, q denotes the order of the MA part, and l represents the
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order of the control variable. The ARMAX (p, q, l) model defines
the relationship among the current response tensor Yt , the past
p response observations, that is, Yt−j, j = 1, . . . , p, as well as the
control variables using the linear form given by

Yt = Σ
p
j=1Yt−j∗Aj + Σl−1

n=0Xt−n−1∗Bn + Et , (1)

where Et represents the tensor of random noises,
Aj ∈ RQ1×···×Qd×Q1×···×Qd(j = 1, . . . , p) and Bn ∈
RP1×···×Ps×Q1×···×Qd(n = 0, . . . , l − 1) are the coefficients,
and the operator * is the contraction product of two tensors
defined as (Gahrooei et al. 2020):

(Xt−n−1∗Bn)q1,...,qd = Σp1,...,psXt−n−1,p1,...,psBn,p1,...,pl ,q1,...,qd .

To achieve a more compact representation, we can combine M
tensor observations over time into higher-order tensors denoted
by Ỹ−j ∈ RQ1×···×Qd×m; j = 1, . . . , p, X̃−j ∈ RP1×···×Pl×m; j =
1, . . . , p, and E ∈ RQ1×...×Qd×m. For example, Ỹ−j includes
images {Yp+1−j,…, Ym−j} and Ỹ0 is the set of images in
{Yp+1,…, Ym}. Then, the tensor-based ARMAX(p, q, l) model
can be rewritten as

Ỹ0 = Σ
p
j=1Ỹ−j∗Aj + Σl−1

n=0X̃−n∗Bn + E . (2)

To model the spatial-temporal structure of the noise, it is
assumed that E follows a tensor normal distribution as E ∼
N(0, �1, �2, . . . , �d+1), or equivalently e = vec (E) ∼
N

(
0, �d+1

⊗
. . .

⊗
�1

)
, where �1, . . . , �d represent the spa-

tial correlation of the noise that is assumed to be defined by the
following kernel functionΣk|i1,i2 = exp

(
−θ

∣∣∣∣ri1 − ri2
∣∣∣∣2

)
, k =

1, . . . , d, with
∣∣∣∣ri1 − ri2

∣∣∣∣2 representing the squared distance
between points i1 and i2, and the bandwidth θ controlling
the strength of spatial correlation. �d+1 captures the temporal
(between-sample) covariance that can be estimated from data.
The tensor coefficients can be estimated by minimizing the
negative likelihood function. However, since the dimensions of
Aj; j ∈ {1, . . . , p} and Bn; n ∈ {0, . . . , l − 1} are too high, esti-
mating such a large number of parameters results in severe over-
fitting and is often intractable. In reality, due to the structured
correlation between inputs and the response, we can assume all
these coefficients lie in a low-dimensional (LD) space and can
be expanded using a set of basis matrices via a tensor product.
That is, we assume that both coefficients can be expanded by

Bn = CBn ×1 UBn1 ×2 · · · UBns ×s+1 VBn1 ×s+2 · · · ×s+d VBnd,
(3)

Aj = Cj ×1 Uj1 ×2 · · · Ujd ×d+1 Vj1 ×d+2 · · · ×2d Vjd, (4)

where CBn ∈ RP̃1×···×P̃s×Q̃1×···×Q̃d and Cj ∈
RQ̃1×···×Q̃d×Q̃1×···×Q̃d are core tensors with Q̃i � Qi; U ={

Uji ∈ R
Qi×Q̃i ; j = 1, . . . , p; i = 1, . . . , d; UBnk ∈ R

Pi×P̃i ; n =
0, . . . , l − 1; k = 1, . . . , s

}
is a set of basis matrices that spans

the jth input space; and V =
{

Vji ∈ R
Qi×Q̃i : j = 1, . . . , p, i =

1, . . . , d; VBnk ∈ R
Qi×Q̃i ; n = 0, . . . , l − 1; k = 1, . . . , s

}
is a

set of basis matrices that spans the output space. The mode j

product of a tensor C ∈ RD1×···×DK by a matrix U ∈ RL×Dj is
defined as (Gahrooei et al. 2020):(

C ×j U
)

d1,...,dj−1,l,dj+1,...dK
= Σ

Dj
dj=1Cd1,...,dj,...,dK Ul,dj

Thus, the estimation of high-dimensional (HD) coefficients Aj
and Bn is transformed into learning the corresponding core
tensors Cj and the basis matrices in the sets U and V. To put
things in perspective, the above basis expansion for tensors is
analogous to the truncated singular value decomposition for
low-rank matrices, which is widely used for dimension reduc-
tion. The main difference is that the core tensor is not necessarily
diagonal.

In this article, we allow Uji to be learned directly from
the input spaces and UBnk to be truncated identity matrices
since control variables are usually independent from each other.
Unlike the multiple tensor-on-tensor framework proposed in
Gahrooei et al. (2020), our input data, Ỹ−j, are highly seri-
ally correlated. If we treat these observations independently,
the rank-deficiency of the input will make the problem ill-
conditioned. Therefore, we set U1i = U2i = · · · = Upi =
Ui; i = 1, . . . , d. Note that even if we set the U bases to be the
same for all input tensors, learning the core tensor Cj, and the
basis matrices in V provides sufficient degrees of freedom to
learn the HD coefficients.

The basis matrices Uj can be learned using Tucker decom-
position (Hitchcock 1927) through the following optimization
model:{
Dj, U1, . . . , Ud

} = argminDj,{Uj}
∣∣∣∣Y − Dj ×1 U1 . . . ×dUd

∣∣∣∣2
F ,

(5)

where Y is the mean of all response tensors over all differ-
ent time stamps and ||·||F is Frobenius norm. After obtain-
ing Uj’s, our next task is to estimate the core tensors
Cj

(
j = 1, . . . , p

)
, CBn(n = 0, . . . , l − 1), and the basis matrices

Vji
(
j = 1, . . . , p; i = 1, . . . , d

)
, and VBnk(n = 0, . . . , l − 1; k =

1, . . . , d). Since l = 1 in most cases, we use CB to represent the
core tensor of control coefficients.

Inspired by the work of Yan, Paynabar, and Pacella (2019),
we can learn the core tensors and the output span basis matri-
ces, that is, Cj, CB, and V, simultaneously. Moreover, instead
of the orthogonality constraint on output span basis matrices,
we apply the weighted constraint given by VT

jiΣ
−1
i Vji = I

and VT
BnkΣ

−1
i VBnk = I, where I is an identity matrix of size

Q̃i. These constraints ensure the closed-form solution in each
iteration and guarantee a similar spatial covariance structure for
the estimated basis matrices. Given Uj’s, the following likelihood
function can be used to estimate the remaining parameters:

argmin
Cj,CB,V

⎧⎨⎩
⎛⎝Y0 −

p∑
j=1

(
Zj

⊗
Vjd · · ·

⊗
Vj1

)
vec

(
Cj

)

−
l−1∑
n=0

(
X−n

⊗
VBnd · · ·

⊗
VBn1

)
vec

(
CBn

))T

(
�d+1

⊗
· · ·

⊗
�1

)−1
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⎛⎝Y0 −
p∑

j=1

(
Zj

⊗
Vjd · · ·

⊗
Vj1

)
vec

(
Cj

)

−
l−1∑
n=0

(
X−n

⊗
VBnd · · ·

⊗
VBn1

)
vec

(
CBn

))}
Subject to VT

ji �
−1
i Vji = I and VT

BnkΣ
−1
i VBnk = I, (6)

where Y0 and Y−j denote the transpose of the d-mode unfold
of Ỹ0 and Ỹ−j, repectively, and X−n denotes the transpose
of the l-mode unfolding of X̃−n. The mode-j matricization of
a tensor R ∈ R

I1×I2×···×Ij×···×In is R(j) ∈ R
Ij×I−j , where

I−j = I1I2 . . . Ij−1Ij+1 . . . In. Moreover, we define Zj : =(
Ujd

⊗ · · ·⊗ Uj1
)T Y−j.

The loss function in (6) is a weighted sum of squared
error function under pseudo-orthogonality constraints,
and the weights are inversely proportional to the
covariance matrices. Specifically,

(
Y0 − ∑p

j=1
(
Zj

⊗
Vjd · · · ⊗ Vj1

)
vec

(
Cj

) − ∑l−1
n=0

(
X−n

⊗
VBnd · · · ⊗ VBn1

)
vec

(
CBn

))
is the estimation error, and

(
�d+1

⊗ · · · ⊗�1
)−1

is the weight matrix. Using this loss function, one can perform
dimension reduction (i.e., learning the core tensors and
basis matrices) and estimation of ARMAX parameters
simultaneously. This will help to learn the best LD space
for representing the relationship between the HD response and
control variables. To efficiently optimize (6), we combine the
alternating least square (ALS) with the block coordinate descent
(BCD) methods (ALS-BCD). The details of the optimization
algorithm for learning the core tensor as well as basis matrices
are given in Propositions 1 and 2.

Proposition 1. Given Vji(j = 1, . . . , d; i = 1, . . . , d), VBnk(n =
0, . . . , l − 1; k = 1, . . . , d), Zj

(
j = 1, . . . , p

)
and �k

(k = 1, . . . , d + 1) , a reshaped form of the core tensors Cj and
CB can be estimated by solving Problem (6) , and the solutions
are given by

vec
(
Cj

) = vec
(

Rj ×1 VT
j1�

−1
1 ×2 · · · ×dVT

jd�
−1
d ×d+1(

ZT
j �−1

d+1Zj
)−1

ZT
j �−1

d+1

)
, (7)

vec (CB) = vec
(
RB ×1 VT

i1�
−1
1 ×2 · · · ×dVT

id�
−1
d ×d+1(

XT
0 �−1

d+1X0
)−1 XT

0 �−1
d+1

)
, (8)

where Rj = Ỹ0 −�
p
i �=jỸ−i∗Ai −Σl−1

n=0X̃−n∗Bn and RBn = Ỹ0 −
�

p
i=1Ỹ−i∗Ai − Σl−1

p �=nX̃−p∗Bp.
The proofs of all propositions are given in the supplementary

material.

From Proposition 1, we know that if the output span basis
matrices are given, the core tensor can be learned from (7) and
(8) . To optimizeVji, and VT

Bnk we use the following proposition.

Proposition 2. Given the core tensors Cj, CBn, basis matrix U,
and all other V basis matrices except one, that is, Vjs or VBns, (a)

we can minimize the negative log-likelihood function in (6) by
maximizing the projected scores norm in (9) and (10) ,

argmax{Vjs}
∣∣∣∣∣∣Rj ×1 VT

j1�
−1
1 · · · ×d VT

jd�−1
d ×d+1 Xj,d+1

∣∣∣∣∣∣2

Subject to VT
js�

−1
s Vjs = I,

(9)

argmax{
VT

Bis

} ∣∣∣∣∣∣RB ×1 VT
Bi1�

−1
1 · · · ×d VT

Bid�−1
d ×d+1 XBi,d+1

∣∣∣∣∣∣2

Subject to VT
Bns�

−1
s VBns = I,

(10)

where Xj,d+1 and XB,d+1 are computed by using the Cholesky
decomposition, that is,

Xj,d+1XT
j,d+1 = �−1

d+1Zj
(

ZT
j �−1

d+1Zj
)−1

ZT
j �−1

d+1,
(11)

XBn,d+1XT
Bn,d+1 = �−1

d+1X−n
(
XT−n�

−1
d+1X−n

)−1 XT−n�
−1
d+1.

(12)

(b) the maximizers of (9) and (10) are Vjs = �
1
2
k Ṽjk, and

VBs = �
1
2
s ṼBns, respectively, where Ṽjs and ṼBns are the first

Q̃d eigenvectors of �
− 1

2
s Wjs, and �

− 1
2

s WBns. Wjs is the k-mode
unfolding of Wjs : = Rj ×1 VT

j1�
−1
1 · · · ×s−1 VT

j,s−1�
−1
s−1 ×s+1

VT
j,s+1�

−1
s+1, and WBis is the k-mode unfolding of WBns : =

RB ×1 VT
Bn1�

−1
1 · · · ×s−1 VT

Bn,s−1�
−1
s−1 ×s+1 VT

Bn,s+1�
−1
s+1 ×d

VT
Bnd�

−1
d ×d+1 XBn,d+1.

Note that even though the estimated parameters by using
Propositions 1 and 2 are not necessarily unique due to the
identifiability issue in the tensor regression, all different esti-
mations tend to estimate the same mean value for the output.
Therefore, as the main purpose of the offline estimation step is
to predict the future output, the lack of identifiability would not
be problematic. When the uniqueness of estimated parameters is
important, we should add more constraints such as the sparsity
of the core tensor. A more detailed discussion on this can
be found in Anandkumar et al. (2014). Using Propositions 1
and 2, our proposed estimation procedure is summarized in
Algorithm 1.

Note that the objective function in (6) is always nonnegative
for each BCD iteration, so it always drives our objective function
downhill in each iteration. Therefore, the ALS-BCD algorithm
always converges to a stationary point. In this article, we use the
Bayesian information criterion (BIC) to choose the set of tuning
parameters including the covariance parameter θ , the rank Q̃,
and the orders p and q.

To estimate the between-sample covariance matrix, we use
a two-step regression approach given in Algorithm 2, which is
widely used in the parameter estimation for univariate ARMA
model (Hannan, Dunsmuir, and Deistler 1980).

Here, Sd is the intermediate resulting matrix. The intuition
behind this algorithm is that we first estimate the empirical
autocovariance matrix for vectorized elements. Then, as the
spatial covariance matrix estimates are fixed, we tune the ele-
ments in the between-sample covariance matrix (i.e., aij) to best

https://doi.org/10.1080/00401706.2022.2157880
https://doi.org/10.1080/00401706.2022.2157880
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Algorithm 1 Estimation procedure for tensor-based ARMAX
model
1: Initialize Cj , CBn , Vji, VBnk for all i, j, n, k by setting them to

0
2: Estimate Uij using Tucker decomposition as shown in (5)
3: Calculate Zj = (

Ujd
⊗ · · · ⊗ Uj1

)T Y−j

4: Compute �−1
d+1,�1/2

d+1,�−1/2
d+1 and compute Xj,d+1,XBn,d+1

by Cholesky decomposition as shown in (11) and (12) .
5: Compute Aj and B for all j and set a0 equals to the objective

function in (7)
6: do
7: Loop: Estimate parameters in set V iteratively using Propo-

sition 2 until convergence.
8: Estimate Cj , CBn using Proposition 1.
9: Compute Aj and Bi for all i, j and set ak equal to the

objective function in (6)
10: while |ak+1 − ak| > ε

Algorithm 2 Estimation procedure for between sample covari-
ance matrix
1: Assume �d+1 is the identity matrix, build the initial estima-

tion of Aj and Bn
2: Calculate ut = Yt − Σ

p
j=1Yt−j ∗ Aj − Σl−1

n=0Xt−n ∗ Bn
3: Vectorize all residual tensor and partition them into dif-

ferent groups. In particular, group i includes the tensors[
ui, uq+i, . . . , u[m/q]∗q+i

]
. Here, m is the sample size, q is

the order of MA, and
[
m/q

]
is the floor function that is, the

largest integer less than or equal to m/q.
4: Calculate within-group and between-group covariance

matrix by

Sd,ii = Σ
[m]
j=1

(
vec

(
uij

) − vec (ui)
) (

vec
(
uij

) − vec (ui)
)T

Sd,ik = Σ

[
m
q

]
j=1

(
vec

(
uij

) − vec (ui)
) (

vec
(
ukj

) − vec (uk)
)T

5: Calculate aij = minaij

(∣∣∣∣Sd,ij − aij(�1
⊗

�2 . . .
⊗

�d−1)
∣∣∣∣)

and �q,d+1
(
i, j

) = aij(i ∈ [
1, . . . , q

]
, j ∈ [1, . . . q])

6: Form the super diagonal matrix �d+1 by computing the
Kronecker product of �q,d+1 with an appropriate identity
matrix.

7: Use new �d to build the model again
8: Repeat 2–7 until convergence

approximate the empirical autocovariance matrix. Then, using
the Kronecker product, each element in the between-sample
covariance matrix will become a sub-matrix in the overall auto-
covariance matrix by multiplying it with an identity matrix.

2.2. Online Control

Once the tensor-based ARMAX model is estimated in the offline
estimation step, it can be used for prediction and control. The
goal of the optimal control is to find a control law that minimizes
the expected difference between the response and the target

value. For our proposed tensor-based model, the control objec-
tive function of the one-step-ahead optimal control is given by

J (Xt+1) = min
Xt+1

E
∣∣∣∣∣∣Ŷt+1 (Xt+1) − T

∣∣∣∣∣∣2

F
, (13)

where, Ŷt+1 is the one-step-ahead predicted tensor using the
estimated ARMAX model, T is the target tensor, and E(·) is the
expectation operator. Based on the control objective function,
the control law can be obtained by using Proposition 3.

Proposition 3. Minimizing mean squared error loss function in
(13) is equivalent to solving the equality in EYt+1 (Xt) = T, and
therefore, the optimal control action can be expressed as

vec (Xt) =
(

UBl
⊗

· · ·
⊗

UB1
)

C−1
B(

VBd
⊗

· · · VB2
⊗

VB1
)T

vec (RBt)

= C−1
B

(
VBd

⊗
· · · VB2

⊗
VB1

)T
vec (RBt) , (14)

where CB ∈ RP̃×Q̃ is the unfolded core tensor CBn with P̃ =
Πl

j=1P̃j and Q̃ = Πd
j=1Q̃j and RBt = T − Σ

p
j=1Yt+1−j∗Aj.

2.3. Controllability and Stability Discussion

The controllability analysis is essential because it reflects
whether the target output can be achieved in finite time by
adjusting control variables. To analyze the controllability of the
proposed control scheme, we exploit the LD subspaces that
can effectively represent both response and control variables
using Proposition 4. We derive the controllability condition for
our image-based control using the existing condition of the
controllability for the state space model. In particular, we try
to reformate our image-based controller to the state-space form
and then directly use the controllability theory based on the state
space model in linear systems (Sontag 2013).

Proposition 4. Let Ã =[(
UT

d V1d
⊗ · · ·⊗ UT

1 V11
)

C̃A1 . . .
(

UT
d V1d

⊗ · · · ⊗ UT
1 V11

)
C̃Ap

I 0

]
and B̃ =[(

UT
d VBd

⊗ · · · ⊗ UT
1 VB11

)
C̃B1 . . .

(
UT

d VB2d
⊗ · · · ⊗ UT

1 VB21
)

C̃Bl 0
0 0

]
,

where C̃A1 ,…, C̃Ap and C̃B1 ,…, C̃Bl are matricized core tensor.
Without loss of generality, we assume p > l. Then the system is
controllable using the proposed control scheme in (14) if and
only if

[
B̃ÃB̃Ã2B̃ . . . Ãpq1...qd−1B̃

]
has full row rank.

3. Performance Evaluation Using Simulations

In this section, we conduct simulation studies to evaluate the
performance of the proposed image-based control method. We
perform this study in two steps: First, we evaluate the perfor-
mance of the proposed offline estimation approach, and then we
study the overall performance of the proposed control scheme
including the offline estimation and online control. For the
first study, we choose the state-of-art MTOT method (Gahrooei
et al. 2020) as a benchmark to compare with our estimation
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method. For the overall methodology, we compare our method
with three different methods: the univariate controller (Hannan,
Dunsmuir, and Deistler 1980) designated by “UVC,” the image-
based control using PCA features (Chen, McAvoy, and Piovoso
1998) designated by “PCAC,” and the image-based control using
engineered features (Liu et al. 2019) designated by “EFC.” The
univariate controller uses the average of all pixels to transform
the sequence of images to a univariate time-series used to derive
the control law. In the PCA-based control benchmark, first all
images are vectorized and PCA is applied to extract the first
few principal component scores as features. Then, these features
are used to build a multivariate control model. In the EFC
benchmark, engineering features such as contrast and energy
are extracted and used to derive the control law.

Following Yan, Paynabar, and Pacella (2019), we consider
two response types in our simulation study: the wave-shaped
surface and point-cloud of truncated cones. For each case, we
generate a sequence of training data with length Ntr and a
sequence of test data with length Nte as described in Section 3.1.
Using the training dataset, we estimate the coefficients of the
ARMAX model by applying our proposed estimation method.
In Section 3.2, the test data is used to evaluate the perfor-
mance of our estimation method, and in Section 3.3, the test
data is used to evaluate the performance of the online control
method.

3.1. Data Generation

Case 1. Wave-shape surface simulation. We assume l = 1, p = 2
in the ARMAX model and simulate a sequence of 2D responses
denoted by the matrix Yt =

[
yt

(
i1
I1

, i2
I2

)]
; i1 = 1, . . . , I1; i2 =

1, . . . , I2, with I1 = 100, I2 = 50. The responses are gen-
erated according to the following linear model: Yt = A1 ∗
Yt−1 + A2 ∗ Yt−2 + (

CB ×1 V1 ×2 V2 ×3 Xt
) + Et , where

A1 = C1 ×1 V1 ×2 V2 ×3 V1 ×4 V2 and A2 = C2 ×1
V1 ×2 V2 ×3 V1 ×4 V2. In this simulation, we select three
basis matrices, namely V(k) = [

vk
1, vk

2, vk
3
]

with v(k)
α =[

sin
(

πα
n

)
, sin

( 2πα
n

)
, . . . , sin

(nπα
n

)]T , α = 1, 2, 3. The two
mode-3 slices of CB ∈ R3∗3∗2 are randomly generated from a
normal distribution, N (0.3, 0.5). The 2D input matrices Xt ∈
R2∗1, t = p, . . . , Ntr , (or Nte) are randomly sampled from the
standard normal distribution N (0, 1) . We generate the noises
from the tensor normal distribution defined by e = vec (E) ∼
N(0, �d+1

⊗ · · · ⊗ �1), where the spatial correlation structure
on the covariance matrix is given by �1 = �2 = · · · = �d =
exp

(−θ ||ri1 − ri2||2
)

and the temporal correlation is defined
based on the between sample covariance matrix, �d+1. This
covariance matrix is the autocovariance matrix of the MA(1)
model with the MA coefficient equal to μ = 0.3. We use two
settings to generate noises: (a) strong spatial correlation (θ =
10−4) with the MA error of Et = εt + (1 − μ)εt−1, εt ∼
σεN

(
0, �d

⊗ · · · ⊗ �1
)
; and (b) weak spatial correlation with

θ = 104. We define the Signal-to-Noise Ratio (SNR) value as
Σ

Ntr
i=1

∣∣∣∣Yte,i
∣∣∣∣2

F/Σ
Ntr
i=1||Ei||2F . Therefore, the SNR values for strong

and weak spatial correlations are 1.09 × 10−9 and 6.04 × 10−6,
respectively. We generate Ntr = 200 samples as training data and
Nte = 200 samples as testing data, according to the foregoing
procedure.

Case 2. Truncated cone point cloud simulation. We simulate
a sequence of truncated cone point clouds in a 3D cylindrical
coordinate system (r, φ, z) , where φ ∈ [0, 2π] , and z ∈
[0, 1]. The corresponding r values at (φ, z) =

(
2π i1

I1
, i2

I2

)
; i1 =

1, . . . , I1; i2 = 1, . . . , I2 with I1 = 100, I2 = 50 for the tth
sample are recorded as the response. We simulate the mean
patterns of the point-cloud surface Pt such that r (φ, z) = 1 for
any pair of (φ, z). Then, we add the variational pattern generated
by the tensor time-series sequence. Specifically, the following
model is used to generate the tensor sequence:

Pt = A1∗Pt−1 + A2∗Pt−2 + (
CB ×1 V1 ×2 V2 ×3 X̃t

)
+ (

CB ×1 V1 ×2 V2 ×3 X̃0
) + Et

where, Pt ∈ RI1×I2 represents the variational pattern at time
t, and X̃t ∈ R4×1 is a control vector. The four mode-3 slices of
CB ∈ R3∗3∗4 are randomly generated from a normal distribution,
N (0.3, 0.5). Similarly, to generate A1,A2, V1, V2, and Et , we
follow the procedure described in Case 1. We generate Ntr =
200 samples as training data and Nte = 200 samples as test data.

3.2. Simulation Study for Offline Estimation

In this study, our goal is to recover the coefficients A1,A2 and
B = CB×1 V1×2 V2 from the training data. As discussed earlier,
we consider two scenarios with two different noise settings. We
apply our method denoted by tensor time-series (TTS) as well
as the benchmark, MTOT, on the generated training sequences
and compute the relative mean squared error (RMSE), defined
by

∣∣∣∣Ŷte − Yte
∣∣∣∣2

F/||Yte||2F of each method using the test data.
The average RMSE values across 100 replications are reported in
Table 1. Additionally, the boxplots of logarithm of RMSE values
are shown in Figure 2. From the table, we find that when either
temporal or spatial-temporal correlation structure of the error
is strong, our method outperforms the MTOT method.

From the table and the boxplots, it is clear that our
proposed tensor-based ARMAX method outperforms MTOT
under all setting-case combinations. The minimum improve-
ment obtained from our method is in the order of magnitude
of 10. This is because unlike MTOT, our method takes both
the spatial and temporal structures of error term into consid-
eration. Furthermore, Table 1 shows that the estimation time
of the proposed method is significantly less than that of the
MTOT indicating that our method converges in much fewer
iterations than MTOT does. This is because our method uses
the correlation information in the time-series noise.

3.3. Simulation Study for Evaluating Overall Performance

In this section, we use training and test sequences generated
in the previous section to evaluate the overall performance of
the proposed image-based control methodology including both
the offline estimation and the online control components. For
each setting, we first estimate the unknown model coefficients
from the training sequence. Then, based on the estimated coef-
ficients, we perform one-step-ahead predictive control on the
test sequence with the target tensor output of 0. We use the
UVC, PCAC, EFC methods as benchmark to compare their per-
formance with image-based control in terms of the steady state
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Table 1. Comparison between our proposed method and the MTOT method.

Case 1 Case 2

Setting 1 Setting 2 Setting 1 Setting 2

1/SNR 6.04 × 10−6 1.09 × 10−9 1.99 × 10−6 3.52 × 10−10

Method MTOT TTS MTOT TTS MTOT TTS MTOT TTS
Average RMSE 3.5 × 10−4 8.2 × 10−6 3.14 × 10−4 6.9 × 10−10 2.4 × 10−4 6.9 × 10−6 2.1 × 10−4 5.4 × 10−7

Computation time 534.88s 13.26s 536.84s 12.24s 978s 15.14s 1128s 25.28s

NOTE: Bold represents method is performing better.

Figure 2. Boxplot of log RMSE comparison between TTS and MTOT.

relative mean square deviation (RMSD) from target defined
as RMSD = Σ

Nte
i=Nte/2

∣∣∣∣yte,ac(i) − T
∣∣∣∣2

F/Σ
Nte
i=Nte/2

∣∣∣∣yte(i) − T
∣∣∣∣2

F ,
where yte,ac and yte denote the test response value after con-
trol and without control, respectively. The average RMSD is
reported in Table 2. Additionally, to compare the variability of
the methods, we plot the boxplots of log of RMSD values in
Figure 3. As can be seen from Figure 3 and Table 2, our method
outperforms all other existing controllers. In particular, for the
given examples, all the benchmark controllers will generate large
RMSD results, while our method results in small RMSDs (less
than 1.5) across all cases and settings.

To visualize the results for our method, we plot the sample
images at t = 1, 10, 15, and 20 for both with and without con-
trol for Case 1, Setting 1 in Figure 4. The color of the image
represents the relative deviation of each point from target. As
time t moves forward, the process reaches the steady state, which
means that the relative mean square error will decrease and
the spatial correlation in images will gradually be removed.
Finally, all the four case-setting combinations are controllable
as

[
B̃ÃB̃Ã2B̃ . . . Ãpq1...qd−1B̃

]
has full row rank of 27.

4. Case Study

The photolithography process is a critical stage in semicon-
ductor manufacturing and silicon wafer production. The main
objective of the photolithography process is to carve the
designed circuit pattern onto the wafer surface. During the
lithography process, with the help of the optical system, the
patterns on a mask will be projected onto a thin layer of pho-
toresist material on the wafer. The photoresist material will
quickly solidify when it is exposed to light. Then, the unexposed
material is washed away. The entire wafer is comprised of m
identical rectangular fields, on which the light exposure is per-
formed layer by layer. After completing one layer, the procedure
is repeated to print the subsequent layers.

One of the most critical quality measurements in the lithog-
raphy process is the overlay error, which represents the mis-
alignment between the photoresist materials in two subsequent
layers. Overlay error at each measurement location can be rep-
resented by a 2D vector, which denotes the relative locational
difference between two adjacent layers with the start point on
the previous layer and the endpoint on the current layer. To fully
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Table 2. Average relative mean square deviation from target.

Case 1 Case 2

RMSD Setting1 Setting2 Setting1 Setting2

Image-based controller 0.23 0.21 1.0361 0.67
Univariate controller 5.83 × 107 3.65 × 1011 65.05 2.47 × 105

PCA-based method 1.94 × 104 3.76 × 1011 37.31 1.13
Feature-based method 7.2 × 1019 2.90 × 1027 2.89 × 1031 4.32 × 1035

Figure 3. Boxplot of log relative mean square deviation from target comparison among different methods.

Figure 4. Comparison of before control and after control result for image-based control for Case and Setting 1. The color represents the relative deviation from the target,
where green indicates an on-target response.

characterize the misalignment across the wafer, the overlay error
measurements are often taken at multiple sites within every
field as shown in Figure 1. In this figure, the grids represent

the boundaries of the fields; the vectors are the 2D overlay
vectors, whose value on each axis denotes the overlay error on
the corresponding direction.
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Figure 5. Boxplot of log RMSE comparison between TTS and MTOT.

The overlay error measurements can be represented as N ×
2 image data, where N is the total number of overlay error
measurements on each wafer. The control variables include the
critical settings of the lithography process including the wafer
position, lens height that are adjusted by a set of setting knobs on
the machine. In this case study, overlay error data are generated
from a simulator endorsed by a well-known semiconductor
company. The detailed procedure of generating data is illus-
trated in Appendix D, supplementary materials.

Using this simulator, we generate one training sequence with
3000 samples, one test sequence with 200 samples for validation
of offline estimation, and one test sequence with 200 samples for
validation of online control. We first estimate the model using
the training sequence. From the experience of the subject matter
expert, we set p = q = l = 1, and model between sample
variation (i.e., the error term) by an IMA process. The optimal
rank and temporal covariance matrix Σ3 can be estimated using
the proposed BIC criteria in Section 2.3. We apply our proposed
method to learn the coefficients A1 and B from the training
sequence. After obtaining A1 and B, we use the validation data
to compute the relative mean square test error and compare
it with the MTOT. The relative MSE of MTOT and TTS are
6.47×10−5 and 7.19×10−11, respectively. The boxplot is shown
in Figure 5. As expected, the results show that our proposed
TTS significantly outperforms the MTOT method since it is not
designed for time-series data.

After the model is validated, we perform online control on
the test sequence and RMSD from the target. The target value
in the online control model for the overlay error is set to 0. The
RMSD of image-based control method is 6.63 × 10−5, which is
significantly smaller than the RMSD of univariate control (1.71)
and the PCA-based method (1.70). The boxplots of RMSD
values are also plotted in Figure 6. From the results reported, it
is clear that our method outperforms the benchmarks including
UVC and PCAC. This is because, in the offline model estima-
tion, our method can extract more representative features that
capture spatial and temporal information of both the control
and response variables, resulting in a more accurate control
model. Additionally, to study the performance of the proposed
control model over time, we plot the sequence of the log RMSD
values for the test data in Figure 7. In this figure, the blue and

Figure 6. Boxplot of log RMSD from target comparison among different methods.

Figure 7. Log RMSD overlay error over time.

red lines represent the log RMSD of the overlay error with and
without applying the control strategy. It is clear from the figure
that the proposed control method can keep the overlay error
close to zero, the desired target. From the Proposition 4, we
check that

[
B̃ÃB̃Ã2B̃ . . . Ãpq1...qd−1B̃

]
has full row rank 2388,

and therefore, the system is controllable.

5. Conclusion

This article proposed a systematic approach for feedback control
when the response as well as the control variables are in the form
of high-dimensional data. Our proposed method consists of two
steps, the off-line estimation step that focused on establishing
the link model between the output and control input variables
using a training dataset. This was followed by the online control
step providing the optimal control law to ensure the minimal
deviation of the response from its target. In the offline estima-
tion step, a novel tensor time-series modeling approach was pro-
posed. After obtaining the model coefficients, an optimization
model was used to minimize the control objective function.

To validate the effectiveness of the proposed method, we
conducted simulations as well as a case study in semiconductor

https://doi.org/10.1080/00401706.2022.2157880
https://doi.org/10.1080/00401706.2022.2157880
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manufacturing. In the simulation study, both the offline esti-
mation and control actions obtained by our method outper-
formed the benchmark methods. We also applied our tensor-
based control to a set of surrogate data generated from an
overlay simulator in semiconductor manufacturing. The result
showed that our proposed method can tremendously decrease
the overall overlay error, which shows its effectiveness in design-
ing and deploying control systems with HD data. Our proposed
control framework was developed based on the premise that the
HD response (e.g., image) is spatially smooth. More research is
required to study the development of control strategies for HD
data with non-smooth characteristics, such as textured images.

Supplementary Materials

The online supplementary materials contain proofs, MATLAB codes for
implementing the proposed methodology, generating the synthetic data,
and replicating the results.
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