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SGL-PCA: Health Index Construction With Sensor
Sparsity and Temporal Monotonicity for Mixed

High-Dimensional Signals
Feng Wang , Andi Wang , Tao Tang , Senior Member, IEEE, and Jianjun Shi

Abstract— With advancements in sensor technology, high
dimensional signals such as functional curves and images are
typically collected from multiple sensors to characterize the
degradation of a system. Data fusion methods are employed to
integrate multisensor signals generated from the system into a
scalar health index (HI) to understand the degradation status of
the system. This paper develops sparse group LASSO-principal
component analysis (SGL-PCA), a method that constructs HIs
for image and profile data. First, we remove the smooth back-
ground from each sensor signal. Then, we solve the degradation
patterns and the degradation paths through a rank-one matrix
approximation problem, with the consideration of the sparsity
of the measurements related to the degradation process and the
monotonicity of the degradation paths. Results from a simulation
study and a case study illustrate that the HI constructed by
the proposed method outperforms the benchmark methods in
identifying the measurements subject to the degradation process
and predicting the remaining useful life of the system.

Note to Practitioners—In practice, sensors generating multiple
high-dimensional curves and images are often installed in sys-
tems to characterize their degradation status. Compared with
scalar sensor signals, the information that associates with the
degradation process often appears in sparse regions from the
sensor signals. Therefore, identifying the degradation information
accurately is important in the health index (HI) construction
for degradation modeling and prognostic analysis. This article
proposes a method that simultaneously selects the degradation
information and estimates the optimal weights for integrating
multi-sensor signals in constructing the HI. The proposed method
is applicable in the case where the systems degrade under a
single failure mode, and multiple sensors are used to monitor the
degradation processes. Practitioners can implement our method
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to predict the remaining useful lives of in-service systems through
three steps: (1) estimate the backgrounds of each sensor and
derive data-fusion model using a historical dataset; (2) construct
the HIs of in-service systems; (3) predict the remaining useful
lives of these systems based on the developed HIs.

Index Terms— Sparse group LASSO, PCA, health index,
degradation modeling, high dimensional data.

I. INTRODUCTION

DEGRADATION of machines or toolings is inevitable in
industrial systems. To avoid unexpected failures caused

by degradation, practitioners attempt to schedule maintenance
activities before the breakdown of a system through estimating
the remaining useful life (RUL) of the system during its
operation [1]. To accurately predict RUL, multiple sensors
have been installed in a system to collect signals related to
the underlying degradation process, which are referred to as
degradation signals [2]. Given these multisensor signals, data
fusion methods [2]–[4] are usually used to construct a one-
dimensional health index (HI) to comprehensively characterize
the degradatation status of the system. The constructed HI
is then used for degradation modeling and RUL prediction.
As will be discussed in the literature review, the existing
methods [2]–[8] for HI construction assume that the degrada-
tion signals to be integrated are scalars. In many applications
nowadays, however, it is common that a system generates
high-dimensional data, such as functional curves, images and
videos [9]. These heterogeneous data generally contains rich
information about the degradation process and has multiple
characteristics, which further leads to challenges in construct-
ing appropriate HIs.

First, a particular degradation process only involves a small
number of profiles among all available sensor signals and a
small region within each degradation-related profile. Given
these data, a challenging question for HI construction is how
to accurately locate these degradation related information in
these signals and then integrate them, which is our major
focus. One concrete motivating example we introduce here
is the railway point (Fig. 1), which is a critical and safety
related system that guides trains to pass from one track to
another. To monitor the health status of a railway point,
multiple sensors have been installed either indoor or outdoor
as shown in Fig. 1. Those sensors collect heterogeneous data
including oil-pressure signal, power curve, thermal image of
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Fig. 1. A real-world railway point system with a ZYJ7-type machine and
the monitoring devices.

Fig. 2. Power signals associated with the degradation on the sliding chair
plates.

relays, and gap image. A common degradation in this system
is caused by the rusting of its sliding chair. Analytically,
this degradation process is reflected by the power signal and
the oil-pressure signal as they indicate the operating forces
to drive the movable rails. However, the signals are usually
contaminated by random noises, which make the monotonicity
of the degradation related information imperfect, thus will
challenge the identification of such information. We use the
power signal as an illustrating example. As shown in Fig. 2, the
degradation process is demonstrated only in a small segment
of the power curve that involves switching on the sliding chair.
Furthermore, the switch phase in the power curves at different
cycles only shows an increasing trend, but they are not strictly
increasing.

Second, random disturbances exist in the sensing signals.
For example, the starting and protection relays operate sequen-
tially to connect and cut off the circuit of railway point system,
where the starting relays are used to connect or disconnect
the motor circuit and the protection relay is used to protect
the motor in case of issues such as phase break. When a
relay starts to operate, a peak current may occur when the
action nodes connect with the static nodes, which results in
randomly local disturbances in the thermal image. In contrast,
the degradation in a component, such as the air switch or
the coil of indication relay, causes an increasing trend of the
resistance value and thus leads to increasing heat in a fixed
region of the thermal image until its failure. Therefore, it is

critical for HI construction methods to be robust against the
random disturbances and only aggregates the observations that
are indeed related to a particular degradation process.

In summary, the degradation dataset is composed with
heterogeneous data including functional curves and images
generated from multiple sensors, only small regions within
some sensor signals are related to a particular degradation
process, and these signals are subject to noises and random
disturbances.

In this paper, we propose a sparse group LASSO-principal
component analysis (SGL-PCA) method to construct the HIs
for high dimensional data. This method can simultaneously
(i) remove random disturbance, (ii) locate the anomalies and
signals that reflect the degradation process, (iii) estimate
the fusion coefficients for HI construction, and (iv) provide
information for potential diagnosis of the root causes of
degaradation. Our key idea is to capture the effects of the
degradation process from all sensors of every unit using a rank-
one matrix after removing the background information from
all sensor signals. This rank-one matrix is the outer product of
a common sparse vector representing the effect of degradation
on all sensor signals and another vector representing the
monotonic degradation path of every unit. A block coordinate
descent (BCD) algorithm is proposed to solve this problem.

The remaining parts of this article are organized as follows.
A literature review is presented in Section II. Section III
presents the main methodology, including the problem setup,
background removal, and the optimization problem formu-
lation to construct the HI. After that, a simulation study is
conducted to validate the proposed method in Section IV.
Section V presents a real case study using a degradation
dataset from a railway point system. Section VI concludes
the paper.

II. LITERATURE REVIEW

Degradation modeling has been investigated for more than
a decade. At the very beginning, the literature started with the
modeling of a single sensor signal [10]–[13]. For example,
Gebraeel, et al. [10] proposed an exponential degradation
model and developed a Bayesian method to estimate the para-
meters online using real-time univariate sensor measurements.
To better characterize the stochastic nature of the degradation
process, Si, et al. [11] proposed a Wiener process based
degradation modeling method by considering the unit-to-unit
variabilities. Later, Wen, et al. [12] proposed a Bayesian
model to characterize a multiple-stage degradation process and
predict the RUL. Cao, et al. [13] proposed to characterize the
degradation process using a non-linear model, which achieves
good prediction performance. Although these methods perform
well if a single signal sufficiently describes the system degra-
dation, they cannot be effectively used for complex systems
with multiple signals involved in its degradation processes.

To address this challenge, Liu, et al. [2] constructed HIs
from multiple signals to characterize the overall degradation
status of the system. Since then, the efforts of HIs construc-
tion falled into two categories in the literatures, either by
using a linear function [2], [3], [5], [8], [14] or a nonlinear
function [4], [6], [15] of multisensor signals. Among the first
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category, Liu, et al. [2] constructed the HI with a linear
combination of the process signals, where the coefficients
were determined by minimizing the violation of monotonic-
ity and encouraging the similarity of the values of failure
thresholds for all units. They further incorporated the data
fusion model with a degradation model to construct the HI [3].
Liu, et al. [5] improved the signal quality of the HI by defining
another criterion considering the signal-to-noise ratio. For the
nonlinear construction of HIs, Song, et al. [6] leveraged kernel
functions to map raw signals into a high dimensional feature
space, and constructed the HI based on the extracted features.
Recently, Wang, et al. [4] proposed a deep learning based
method to generate HIs.

The existing studies generally developed HIs on the basis of
properties of the degradation paths, defined by the trajectories
of the HIs throughout the lifetime of the systems. For example,
many studies either encouraged or required the monotonicity
of the degradation paths [2]. Some studies, like Liu, et al. [3],
Kim, et al. [8], and Song, et al. [6], further assumed that the
degradation paths should be fitted well by certain prescribed
model, such as the polynomial regression model. However, the
model for the degradation paths is generally unknown in high-
dimensional situation. Another type of requirement involves
the end values or the range of the degradation paths. For
example, Liu, et al. [2] encouraged the similarity of values
of the HI at all units’ failure times. Wang, et al. [4] specified
that the constructed HIs of all units should be varying across
a prescribed range (i.e., the difference between the initial
value and the end value of a HI). Among these criteria of the
degradation paths, the monotonicity of the degradation paths
is usually regarded as the essential property to identify the
degradation process. In addition, the property of the range
may potentially guarantee a clear trend of the constructed HI,
whereas the drawback is that the range is subject to substantial
uncertainty. To tackle this challenge, we elaborate our method
in Section III, which uses the rank-one approximation to
construct HI for high-dimensional data.

III. HEALTH INDEX CONSTRUCTION

In this study, we consider the same type of units that
generate s sensor signals during their degradation processes.
All sensor signals are in the form of profiles, either a functional
curve or an image. Notably, a scalar can be regarded as a
one-dimensional curve. Let S be the indices of the functional
curves, and I be the indices of the images. For a specific unit
i ∈ {1, . . . , m}, the measurements from sample t ∈ {1, . . . , ni }
are thus in the form of s profiles, which are denoted as Yi,t =�
Yi, j,t , j = 1, . . . , s

�
. If j ∈ S, Yi, j,t ∈ Rp j×1 represents a

functional curve of length p j ; if j ∈ I , Yi, j,t ∈ Rp j,1×p j,2

represents an image of size p j,1 × p j,2, where p j = p j,1 p j,2
represents the total number of elements. An HI is a statistic
calculated from these s profiles, indicating the degree of
degradation of this unit at the time of each measurement
under a single degradation mechanism. With the developed
HI, the degradation modeling of multiple profile data can thus
be transformed to the analysis of a univariate signal.

Motivated by the example in the introduction, the charac-
teristics of the multiple profile data are described as follows.

Fig. 3. Decomposition of a degradation image to background, anomaly, and
random disturbance.

Fig. 4. An illustration of degradation signals generated from four sensors
for a system. Solid circles mark the regions that are associated with unit
degradation, and the dotted ones circle the random disturbances that do not
have relevance with the unit degradation.

Each profile Yi, j,t is assumed to be the summation of three
components, i.e., Yi, j,t = YB

j + Ai, j,t + Di, j,t for unit i
and sensor j at time t . Fig. 3 shows an example of the
decomposition of an image. The first component YB

j is a
static and smooth background that is the same for all units
and keeps unchanged during each unit’s lifetime. The second
component Ai, j,t represents the effect of the degradation
process, and Ai, j,t characterizes the degradation patterns in
every profile. Ai, j,t equals to zero when the profiles are not
affected by the degradation process. For the profiles that are
influenced by the degradation process, a few small regions
in Ai, j,t are non-zero and their magnitudes are increasing
during the entire degradation process, which demonstrates the
degradation status at time t . However, these increasing trends
are different among units, because different units have distinct
degradation rates. The third component Di, j,t represents the
random changes and disturbances caused by the different
working conditions or tasks performed by all units. An illustra-
tion of the components in the degradation signals is illustrated
in Fig. 4. The sparse regions in Di, j,t , t = 1, . . . , T appear
in random positions of the images with random amplitude,
while the sparse regions in Ai, j,t , t = 1, . . . , T are unchanged
during the degradation process while the magnitudes of their
values increase monotonically with time t . When the high-
dimensional signals are influenced by covariates and show
seasonal trends, we may first extract the trend by modeling the
relationship between the covariates and the high-dimensional
signals under healthy conditions with regression methods [16].
Then, the seasonal component can be removed from the
degradation signals.

The proposed framework to construct the HI using the
degradation data has two steps. First, we estimate the fixed
smooth background from each sensor signal by solving an
optimization problem and obtain the estimation of the common

Authorized licensed use limited to: Georgia Institute of Technology. Downloaded on January 07,2023 at 15:41:49 UTC from IEEE Xplore.  Restrictions apply. 



WANG et al.: SGL-PCA: HI CONSTRUCTION WITH SENSOR SPARSITY AND TEMPORAL MONOTONICITY 375

smooth background YB
1 , . . . , YB

s . After that, we formulate and
solve another optimization problem to obtain a parametric
vector g representing the pattern caused by the system degra-
dation. With the estimated smooth background YB

1 , . . . , YB
s

and the degradation pattern g, we can construct the HI
for a new unit using its degradation data up to time T ,
Y∗T =

�
Y∗j,t : j = 1, . . . , s; t = 1, . . . , T

�
. Specifically, it

is achieved by first removing the background from each

profile to obtain x∗j,t = vec
�

Y∗j,t − YB
j

�
, j = 1, . . . , s;

t = 1, . . . , ni and then concatenating them from all sen-
sors and constructing the health index h∗t = x∗Tt g, where

x∗t =
�

x∗T1,t , . . . , x∗Ts,t

�T
.

In what follows, we discuss the procedure of estimating the
fixed smooth background in Section III-A, and describe how
to solve the degradation pattern g in Section III-B. After that,
we discuss the properties of the algorithms and the selection
of tuning parameters in Section III-C.

A. Background Removal

Our goal is to estimate YB
j , the smooth background for each

profile j . At the beginning of a unit’s lifetime, the degree of
degradation is generally small. We thus estimate the s smooth
backgrounds given a prescribed number of initial observations
from every unit, so as to minimize the effects of system
degradation. We represent the background of each profile j
using smooth B-spline, and solve the smooth background for
every sensor j from the following optimization problem

min
θ j

1

mk

�m

i=1

�k

t=1

		yi, j,t − B j θ j
		2

2 + λsθ
T
j R jθ j . (1)

In this expression, yi, j,t = vec


Yi, j,t

� ∈ Rp j is the
vectorization of Yi, j,t , representing all elements in the profile
obtained from unit i and sensor j at time t . The matrix
B j ∈ Rp j×d j is the B-spline basis for representing the smooth
background of sensor j . If j ∈ S, the columns of B j

are the one-dimensional B-spline basis on interval
�
1, p j


;

and if j ∈ J , B j = B j,1 ⊗ B j,2 where the columns of
B j,1, B j,2 correspond to the one-dimensional B-spline basis on
interval

�
1, p j,1


and

�
1, p j,2


respectively, and the operator⊗

represents the Kronecker product. The matrix R j ∈ Rd j×d j is
the second-order difference matrix that smooths the B-spline
coefficients θ j . The values of k should be determined by m,
the total number of historical units. When m is large, we may
set a small number of initial samples, e.g., k = 2 or 3. When m
is small, the smooth-sparse decomposition method and change-
point detection model can be used to determine the incipient
fault time of each unit [17], based on which the value of k
can be set. The selection of the tuning parameter λs will be
discussed in Section III-III-C.

Problem (1) has the closed-form solution θ̂ j =�
BT

j B j + λsR j

�−1
BT

j y·, j,·, where y·, j,· = 1
mk

�m
i=1

�k
t=1

yi, j,t , the average of the first k profiles of sensor j from
all units. After calculating θ̂ j , the estimation of the smooth

background YB
j can be reshaped from vec

�
YB

j

�
= B j θ̂ j .

Then, we remove the background from each profile and obtain
the remainder Xi, j,t = Yi, j,t − YB

j . Notably, the background
of a scalar sensor can be estimated directly using the sample
mean of the initial k samples from available units.

B. Estimation of Degradation Pattern and Degradation Paths

The remainder Xi, j,t has information on both degradation
process and random disturbances. To construct the HI, it is
essential to extract the information related to the degradation
process from Xi, j,t . We vectorize all measurements obtained

from unit i at time t as xi,·,t =
⎡
⎢⎣

vec


Xi,1,t

�
...

vec


Xi,s,t

�
⎤
⎥⎦ ∈ R

�s
j=1 p j×1.

Recall that there is a single root cause of degradation that
affects the system. We therefore model the remainder for unit
i at time t by

xi,·,t = hi,t g + εi,t , (2)

where g =
⎡
⎢⎣

g(1)

...

g(s)

⎤
⎥⎦ ∈ R

�s
j=1 p j×1 characterizes how this root

cause affects each measurement obtained from the sensors.

The subvectors g( j ) =
�
g( j )

1 , . . . , g( j )
p j

�T ∈ Rp j×1 correspond

to the p j measurements from the j th profile, the value of hi,t

represents the magnitude of degradation for unit i at time t ,
and εi,t ∈ R

�s
j=1 p j×1 summarizes the random disturbance

of the sensor measurements. During the degradation process
of unit i , the magnitudes of degradation are represented by a
sequence of hi,1, hi,2, . . ., and this sequence should be increas-
ing. Based on the assumption of the degradation component
of the data, most g(1), . . . , g(s) should be zero, a nonzero
component g(i) �= 0 should include a small number of non-
zero elements. Therefore, we formulate the following problem
to estimate the pattern of degradation g and the degradation
paths hi =



hi,1, . . . , hi,ni

�T for each unit i

min
g,h1,...,hm

1

2m

�m

i=1

			Xi − ghT
i

			2

F

+ λg

�s

j=1

√
p j

			g( j )
			

2
+ λ �g�1

subject to: hi,1 ≤ hi,2 ≤ . . . ≤ hi,ni for i = 1, . . . , m,

and �g�22 = 1. (3)

In this expression, Xi =
�
xi,·,1, . . . , xi,·,ni


is the collection

of all measurements for unit i , approximated by a rank-
one matrix ghT

i . The first term of this expression represents
the magnitudes of the estimated random disturbance for all
units. The second term is the group LASSO penalization
that selects the profiles related to the degradation process,
in which the factor

√
p j accounts for the different dimensions

of the s profiles [18]. The third term is applied because
the anomalies appear only in some elements of each profile.
By solving the above optimization problem, we can obtain
the vectors g and hi , i = 1, . . . , m. The vector g represents
how the measurements from all sensors are affected during
the degradation process and at the same time it is a weight
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vector from which we can calculate the HI for a new unit. The
vector hi is an auxiliary vector representing the underlying
degradation path of unit i at time 1, …, ni .

Solution procedure of Problem (3)
Write the objective function of problem (3) as

f (h1, . . . , hm, g) = 1

2m

�m

i=1

			Xi − ghT
i

			2

F

+ λg

�s

j=1

√
p j

			g( j )
			

2
+ λ �g�1 .

(4)

We use a blockwise coordinate descent (BCD) algorithm to
solve it. The procedure is to solve two subproblems in Step 1
and Step 2 of the Algorithm 1, which we detail as follows.

Algorithm 1 The BCD Algorithm to Solve Problem (3)
Initiate every element of h1, . . . ,hm as independent U (0, 1)
random variables.
Loop:

g← arg ming:||g||2=1 f (h1, . . . , hm , g) (Step 1)
For i = 1, . . . , m :

hi ← arg min�
hi:hi,1≤·≤hi,ni

� f (h1, . . . , hm , g) (Step 2)

Until convergence.

1. Solve the Optimization Problem in Step 1 of
Algorithm 1: We use an alternating direction method of mul-
tipliers (ADMM) [19] to solve Step 1. First, we introduce the
variables g1, . . . , g4 of the same dimension as g and transform
the problem into problem (5)

min
g1=g2=g3=g4

1

2m

�m

i=1

			Xi − g1hT
i

			2

F
+ λ �g2�1

+ λg

�s

j=1

√
p j

			g( j )
3

			
2
+ IC (g4), (5)

where C = �
g : �g�22 = 1

�
and IC (g4) =

�
0, g4 ∈ C

+∞, g4 /∈ C
.

Let

f1 (g1) = 1

2m

			X− g1hT
			2

F
,

X = [X1 . . . Xm] ∈ R(
�s

i=1 pi)×(�m
i=1 ni),

h =
⎡
⎢⎣

h1
...

hm

⎤
⎥⎦ ∈ R(

�m
i=1 ni)×1;

f2 (g2) = λ �g2�1 ; f3 (g3)

=
�s

j=1
λ j

			g( j )
3

			
2
, λ j = λg

√
p j ;

and f4 (g4) = IC (g4) .

Problem (5) can be solved using the ADMM consensus
algorithm [20], summarized in Algorithm 2.

In Algorithm 2, the notation prox f (v) represents the prox-
imal operator of the function f , defined as prox f (v) =
argminx



f (x)+ 1

2 �x − v�22
�
. The closed-form expressions

for the proximal operators of function η f1, . . . , η f4 are
given as

(1) proxη f1
(v)= 
1+ 
η�m

�
hTh

�−1 

v+ 
η�m

�
Xh

� ;

Algorithm 2 The Solution Procedure of Problem (5), Step 1 in
Algorithm 1
Set the step size η > 0.
Initiate every g1, . . . , g4 and u1, . . . , u4 as 0 ∈ R

�s
i=1 pi .

Loop:
For k = 1, . . . , 4:

gk ← proxη fk
(ḡ − uk)

ḡ← 1
�

4 (g1 + . . .+ g4)
For k = 1, . . . , 4:

uk ← uk + gk − ḡ
Until convergence.

(2) proxη f2
(v) =

�
v̂1, . . . , v̂�s

i=1 pi

�
, where v̂ j =⎧⎪⎨

⎪⎩
v j − ηλ, v j > ηλ

0,
��v j

�� ≤ ηλ

v j + ηλ, v j < −ηλ

, j = 1, . . . ,
�s

i=1 pi ;

(3) proxη f3
(v) = 


v̂(1), . . . , v̂(s)
�
, where v̂( j ) =�

1− ηλ j

�v( j)�2

�
+

v( j ), j = 1, . . . , s;

(4) proxη f4
(v) = ProjC [v] = v

�v�2 .

Among them, the derivation of proxη f1
is provided in

Appendix A. The expression of proxη f2
(v) and proxη f3

(v) are
given in Section 6.5 of Parikh, et al. [20]. The representation
of proxη f4

is a function that projects its input onto the set C ,
because f4 is the indicator function IC .

2. Solve the Optimization Problem in Step 2 of
Algorithm 1: The updating of each hi in Step 2 of Algorithm
1 involves solving a convex optimization problem

hi = arg min�
h:h1≤...≤hni

�
			Xi − ghT

			2

F
. (6)

Let ȟ = arg min
h

		Xi − ghT
		2

F =
XT

i g
gTg . Then, we have		Xi − ghT

		2
F =

			Xi − gȟT
			2

F
+
			h− ȟ

			2

2
. The detailed proof

is provided in the Appendix B.
We thus only need to solve

hi = arg min�
h:h1≤...≤hni

�
			h− ȟ

			2

2
. (7)

It is a monotonic regression problem, and it can be solved
efficiently by Pool Adjacent Violators Algorithm (PAVA) with
no more than O(ni ) flops (see Chapter 8.1 of .Härdle [21] for
algorithmic details). In summary, the computational procedure
for Step 2 is summarized in Algorithm 3.

Algorithm 3 The Solution Procedure of Problem (6), Step 2 in
Algorithm 2

Set ȟ← XT
i g

gTg .

Set hi ← PAVA
�

ȟ
�

, where PAVA solves the problem

min�
h:h1≤...≤hni

�
			h − ȟ

			2

2
.
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C. Selection of the Tuning Parameters

The proposed approach requires the selection of three tuning
parameters λs , λ, and λg . Among them, the parameter λs

regulates the smoothness of the estimated background, and
the parameters λ and λg control the element-wise sparsity and
the group sparsity of g.

When our objective of constructing the HIs is for degrada-
tion modeling and RUL prediction, we can select the tuning
parameters through the following K -fold cross-validation pro-
cedure. For every set of tuning parameters



λs , λ, λg

�
, we may

construct a CV score S


λs , λ, λg

�
with the procedure detailed

below. Then, we may pick the values of λs , λ, and λg that
minimize this CV score.

1. Split the degradation data collected from m units into K
equally-sized groups.

2. For k = 1, . . . , K ,

a. Select the k-th group of data as the validation
dataset Gk , and the rest as the training dataset Fk .
Use the units in the training dataset to esti-
mate the smooth background YB

1,k



λs , λ, λg

�
, . . . ,

YB
s,k



λs , λ, λg

�
, obtain the degradation pattern

gk


λs , λ, λg

�
, and construct the degradation paths

h(i)
k



λs , λ, λg

�
, i ∈ Fk using the method detailed

in Section III-A and Section III-B.
b. Based on the degradation modeling technique [22],

derive an RUL predictor function T̂k

·; λs , λ, λg

�
given these estimated degradation paths, and pre-
dict the RUL of a new unit using its esti-
mated degradation path up to the current time.
Notably, one should choose a predictive method
after the development of HI based on its charac-
teristics. In literature, the commonly used degra-
dation models include the polynomial model,
Wiener process, Gamma process, inverse Gaussian
process, etc. [23]

c. For each validation unit i ∈ Gk , select a time
ti randomly within its lifetime, representing the
time until that the degradation data is collected.
Use the degradation data obtained before time ti
to construct the degradation path h(i)



λs , λ, λg

�
and predict the RUL of unit i after time ti with
T̂k



h(i)



λs , λ, λg

� ; λs, λ, λg
�
.

d. Calculate the prediction error of the validation
unit i : T̂k



h(i)



λs , λ, λg

� ; λs, λ, λg
�− (ni − ti ).

3. Combine the validation error for all units in all validation
datasets k = 1, . . . , K , and calculate the total cross-
validation error as

S


λs , λ, λg

� = 1

m

�K

k=1

�
i∈Gk

�
T̂k

�
h(i) 
λs , λ, λg

�;
λs , λ, λg

�
− (ni − ti )

�2
.

D. Convergence and Complexity Analysis

In this part, we aim to discuss the convergence perfor-
mance and computational complexity of the proposed method.
In terms of convergence, Algorithm 1 generally does not

guarantee to converge to the global optimum since problem
(3) is non-convex. However, similar BCD algorithms have
been the state-of-art in tensor decomposition [16], dictionary
learning [24] and so on. In particular, our proposed algorithm
iteratively updates g and h1, . . . ,hm through an ADMM block
and a PAVA block. Among them, the problem for updating
g is non-convex due to the constraint �g� = 1, and thus the
global minimum is not guaranteed. However, the problem for
updating h1, . . . , hm is convex. Despite the local optimum,
the effectiveness and efficiency of the proposed algorithm are
numerically validated using two simulation studies and a case
study.

Next, the complexity of the proposed algorithm is discussed.
Recall that we have m units, and unit i generates s signals
at each sampling time during the degradation process of
length ni . The dimension of the degradation signal for sensor
j is p j1 × p j2 . Then we breakdown the computational effort
as follows:

1. The background removal involves calculating θ̂ j =�
BT

j B j + λsR j

�−1
BT

j y·, j,· for sensor j . Specifically, the cal-

culation of BT
j B j includes d2

j parallel operations of O(p j ),
and further solving a linear system of order d j . Hence the
total computational burden will be O(d3

j ).
2. The solution of problem (3) involves a two-block BCD

procedure, where the first step is an ADMM algorithm to
update g and the second step is a PAVA algorithm for
updating hi . For the first BCD step, the maximum com-
putational complexity of an individual proximal operator is
O

�

i ni
�

i pi
�

for updating proxη f1
(v). For the second BCD

step, updating all hi s involves m parallel computation of time
complexity no more than O (ni ).

IV. SIMULATION STUDY

In this section, we evaluate the prognostic performance
of the HI constructed by the SGL-PCA method. To this
end, two simulation experiments are conducted. In the first
experiment, we mainly compare with two benchmark methods
for HI construction, the non-parametric data fusion method
(i.e., HI-non) proposed by Liu, et al. [2] and the semi-
parametric data fusion method (i.e., HI-semi) proposed by
Liu, et al. [3], based on the signals after background removal.
To further validate the effectiveness of our method in identify-
ing degradation related information, we conduct another exper-
iment by comparing with a two-step benchmark method that
combines a decomposition method, named TV-RPCA [25],
and the existing methods for HI construction including HI-non
or HI-semi. Through decomposition of the degradation signals
using TV-RPCA, the resulted intrinsic component is expected
to contain the degradation related information, which is then
fused into the HI using HI-non or HI-semi. For both experi-
ments, the evaluation criterion is based on how an HI helps
to predict the RUL accurately with the appropriately-selected
univariate degradation modeling method [2]. An overview of
the steps in our simulation study is as follows.

1. For each experiment, we generate a training dataset and
a testing dataset. Each contains the degradation data of
m units.
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2. Given a HI construction method in comparison, we use
the training dataset to develop the corresponding HIs.
We further construct the degradation paths for the train-
ing units.

3. We then use the degradation paths of the training units
obtained from each HI construction method to obtain
a predictor of the RULs, using an existing degradation
model [2].

4. Finally, we use the testing data to evaluate the predic-
tive performance of the RUL predictors derived using
SGL-PCA, HI-non and HI-semi.

From Section IV-A to Section IV-D, we discuss these four
steps in details. In Section IV-E, we compare those three HI
construction methods in terms of the derived RUL predictive
performance.

A. Data Generation

In this study, two experiments are conducted based on two
generated datasets, and each of them contains a training and
a testing dataset. For the first experiment, we generate the
degradation profiles for m = 100 units for both training
and testing datasets. Each unit generates s = 4 profiles at
each time. Among them, sensors 1 and 2 generate functional
curves of lengths p1 = 100 and p2 = 80. Sensors 3 and 4
generates images of sizes p3,1 × p3,2 and p4,1 × p4,2, where
p3,1 = 40, p3,2 = 60, p4,1 = 30, p4,2 = 40. For the second
experiment, we set m = 50 and s = 2, based on which the
degradation images are generated for both training and testing
datasets. Since running TV-RPCA for all units is quite time-
consuming, we set relatively small sizes for two sensors, e.g.,


p1,1, p1,2
� = (6, 6) for sensor 1 and



p2,1, p2,2

� = (6, 8) for
sensor 2.

In both experiments, the degradation data for every unit is
generated independently. In particular, for unit i , we generate
Yi, j,t ’s, the measurements from sensor j = 1, . . . , s at time
t = 1, . . . , ni by the summation of the static and smooth
background YB

j , the effect of degradation Ai, j,t , and the
random disturbances Di, j,t .

Yi, j,t = YB
j + Ai, j,t + Di, j,t . (8)

The detailed generating scheme of each component is
described below:

1) The Static and Smooth Background: For all sensors
in two experiments, we generate background profiles using
Gaussian processes [26]. In the first experiment, four sensors
are assumed to assigned in each unit. For sensors 1 and 2,
we generate the backgrounds YB

1 and YB
2 based on two

univariate Gaussian processes with lengths 100 and 80. They
are with zero mean and Matern correlation function with
variance σ 2 = 1. For sensor 1, we set the scale parame-
ter ρ = 50, and the smoothness parameter ν = 16. For
sensor 2, we set ρ = 60 and v = 4. We generate the
backgrounds of sensors 3 and 4 similarly from 2D isotropic
Gaussian processes with Guassian correlation function with
the correlation parameter θ = 0.01 and variance σ 2 = 1. For
the second experiment, we assume that each unit contains two
sensors, and the images are also generated from 2D isotropic

Fig. 5. Illustration of anomalies.

Gaussian processes with the same parameters as that of image
sensors in the first experiment.

2) The Effect of Degradation: We assume that the anom-
alies Ai, j,t are driven by a degradation process that involves
degradation pattern A j , j = 1, . . . , s and degradation paths
ηi,t of every unit i , t = 1, . . . , ni . Therefore, those anomalies
are simulated via

Ai, j,t = ηi,t A j . (9)

The degradation pattern A j ’s, the lifetime ni ’s, and the
degradation paths ηi,t ’s are generated with the following
procedures:

a) Degradation Patterns: For the first experiment, let
the first and third profiles be related with the degradation
process while the others are not, thus we set A2 = A4 = O.
The degradation is assumed to cause sparse anomalies at
local regions on the profiles, which is simulated with one
spike-shaped anomaly on A1 and one hill-shaped anomaly
on A3 centered at location 40 and (16, 30), as illustrated in
Fig. 5 whose highest points are 0.1 and 0.08. For the second
experiment, we assume that only the images from the first
sensor is influenced by the degradation process. Similarly, the
degradation component of sensor 1 is generated with a hill-
shaped anomaly on A1 centered at location (1, 2).

b) Degradation Paths and Its Lifetime Duration: We gen-
erate the underlying degradation path for every unit i from a
linear model with random coefficients

ηi


t; γ i

� = γ
(0)
i + γ

(1)
i t, (10)

where the coefficient parameter γ i=
�

γ
(0)
i

γ
(1)
i

�
i.i.d.
�

N (μ,�)

with μ=
 

0
2

!
, � =

 
100 1

1 0.5

!
. To ensure a positive

degradation trend, we reject the samples with γ
(1)
i ≤ 0. The

lifetime ni of a unit i is set to be the first time passing the
threshold l. We set l = 45 and l = 20 for two experiments
separately.

3) The Random Disturbance: The random disturbances
Di, j,t for every unit i are generated by the summation of
multiple local disturbances reflecting individual usage condi-
tions and the random error, to simulate the effects of different
working conditions of the unit. All Di, j,t ’s are independent,
i = 1, . . . , m; j = 1, . . . , J and t = 1, . . . , ni . The shapes
of the local disturbances in each Di, j,t are multiple peaks
centered at random positions uniformly sampled from each
profile. Each peak on a curve randomly takes one of three
shapes: spikes, hills, and bumps; and each peak on an image
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Fig. 6. Illustration of the shapes of random disturbances: spikes, hills, and
bumps on curves, and hills, pyramids on images.

Fig. 7. Framework of implementing SGL-PCA to construct HI for RUL
prediction.

randomly chooses one of two shapes, either hills or pyramids,
illustrated in Fig. 6. In the first experiment, the magnitudes
of them on the four sensors are generated randomly from
U (1.2, 3.6) , U (1, 3) , U (1, 3) , and U (1, 3). The random
errors for each sensor 1 to 4 are sampled from independent
normal distributions N

�
0, σ 2

j

�
with σ 2

1 = 1, σ 2
2 = 0.6,

σ 2
3 = 0.8, and σ 2

4 = 0.3. For the second experiment, the
magnitudes of the disturbances for both sensors are sampled
from U (1, 3), while the random errors for sensor 1 and 2 are
generated from independent normal distributions N

�
0, σ 2

j

�
with σ 2

1 = 0.8 and σ 2
2 = 0.3 respectively.

With above three components, Fig. 4 illustrates the gener-
ated sensor signals of one unit in the training dataset of the
first experiment.

B. HI Construction for Each Method

1) Procedure of Applying SGL-PCA to Construct HI for
RUL Prediction: In this part, we elaborate on the procedure
of implementing SGL-PCA to construct HIs for degradation
modeling and RUL prediction, as shown in Fig. 7. First, the
optimal hyperparameters are selected using cross validation
given a set of tuning parameters, which is discussed in detail
in Section III.C. Given the optimal hyperparameter, the static
background and degradation pattern (i.e., fusion model for
HI construction) are estimated based on the training dataset.

After the degradation signals of a new unit are available, the
HI is constructed by first removing the estimated background
from the raw signal and then integrating the residual signals
with the estimated fusion model. Given the HIs of the training
units and the new unit, the degradation model is built and the
RUL of this testing unit is predicted.

2) HI Construction for the Methods in Comparison: In the
first experiment, we first perform the background removal step
based upon Section III-A using the training dataset. Then we
construct the HIs using each method among Section III-B of
SGL-PCA and two benchmark methods [2] and [3], where
the genenerated HIs are represented by HI-non, HI-semi, and
HI-SGL-PCA. To construct the HI using the SGL-PCA
method, we first estimate the background for each sensor under
tuning parameters λ1 = λ2 = 20 and λ3 = λ4 = 0.1. Then
we estimate the degradation pattern ĝ and the degradation
paths ĥi for every training sample i = 1, . . . , 100 with the
hyperparameters λ = 3, λg = 1 and η = 5.

For other two methods, we obtain the health indices
of the training samples using the procedures detailed in
Liu, et al. [2] and Liu, et al. [3], denoted by ĥi,non, ĥi,semi. The
tuning parameter r of these two methods are selected using
cross validation as described in Section III.C in [2]. Based
on this procedure, the values of r in the first experiment are
selected to be 0.35 for HI-non and 0.3 for HI-semi.

In the second experiment, we first apply SGL-PCA on
the training dataset under the tuning parameters (λ1, λ2, λ,
λg , η) = (1, 1, 3, 1, 5), and obtain ĝand ĥi for every training
unit i = 1, . . . , 50.

Next, the benchmark method is applied to the generated
dataset for HI construction. First, the degradation signals�
Yi, j,·

�
of training unit i and sensor j are decomposed into

the background, intrinsic component and dynamic component
using TV-RPCA with L1 and L2,1norm penalized on the total
variation of the intrinsic component [25] under the default set-
ting (λ1, λ2, λ3) =

�
0.4√
p1 p2

, 2√
p1 p2

, 1√
p1 p2

�
suggested in [25]

(called “Hypar A”) and an approximately rank-one setting
(λ1, λ2, λ3) =

�
0.4

1.7
√

mn
, 2

1.7
√

mn
, 0.3

1.7
√

mn

�
(called “Hypar B”).

Then the intrinsic component obtained under each setting
is fused into HIs using HI-non and HI-semi, whose tuning
parameters here are selected to be 0.35 and 0.4 separately.
Based on the above configurations, the benchmark method in
the second experiment may produce 8 HIs, represented by
HI-TVRPCA-S1 to HI-TVRPCA-S8, as shown in Table I.

C. Degradation Modeling and RUL Prediction

Based on the health indices from two experiments, we aim
at obtaining a predictor of the RULs using an existing degra-
dation modeling technique. In practice, a proper degradation
model needs to be selected depending on the characteristics
of the degradation paths. We use a polynomial degradation
model [2] for estimating the RULs with the degradation paths
calculated during the degradation process. In this model, the
trend of the degradation path is described by an order-p
polynormal function with varying coefficients

hi,t = Γ
(0)

i + Γ
(1)

i t + . . .+ Γ
(p)

i t p + ξi,t ,
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TABLE I

NOTATIONS OF HIS DEVELOPED BY TV-RPCA
UNDER DIFFERENT SETTINGS

where hi,t represents the HI for unit i at time t , Γ i =�
Γ

(0)
i , Γ

(1)
i , . . . , Γ

(p)
i

�T
denotes the coefficients correspond-

ing to unit i that follows N (µ,�), and ξi,t represents the inde-
pendent, random error that follows N



0, σ 2

�
. We also assume

that the failure threshold follows N


μd , v2

d

�
. Given the degra-

dation paths (the sequence of the HIs) of the training units,
we select p = 1 and estimate the parameters µ,�,σ 2, μd and
v2

d corresponding to every HI in each experiment. Given the
estimated parameters, we can predict the RUL of the unit using
the health indices calculated from the system up to the current
time t . The detailed procedure of generating the prediction of
RUL is provided in Appendix C.

D. Performance Evaluation of RUL Prediction

Given every health index obtained by the methods in two
experiments, we evaluate the RUL predictive performance with
the following procedure. We randomly select a time point n�i
between 15% and 75% of the lifetime ni of every sample
i in the testing dataset, and predict the RUL T̂i



n�i
�

of this
unit i at time ni � based on its degradation signals at time
0, . . . , n�i � . Specifically, we first calculate the degradation path
up to the time n�i , and then estimate the RUL of this unit using
the degradation model. The absolute prediction error (PE) is
represented as the ratio between the prediction error of the
RUL of this unit i at time n�i and the lifetime of this unit, i.e.,

erri =
���T̂i(n�i)−Ti(n�i)

���
ni

, where Ti


n�i
� = ni − n�i is the actual

RUL of the unit i at time n�i .

E. Result Comparison

1) Results for the First Experiment: We calculate
{erri , i = 1, . . . , m} for each HI construction method with
MATLAB R2018a on a laptop with Intel Core-i7-7500U
2.70 GHz CPU, 16 GB of RAM, where erri represents the
absolute PE, defined as the ratio between the RUL prediction
error of a given unit at current time and the lifetime of this unit.
The total computation time for the proposed SGL-PCA method
in performing Algorithm 1 is 3.5s, while the computation time
for constructing the HIs for these training units using HI-semi
and HI-non are 1801s and 984s respectively. We can see that
the benchmark methods are much slower than SGL-PCA.

Fig. 8. Convergence performance of the proposed Algorithms. (a) shows the
amount of g’s change between iteration t and t+1 in the BCD algorithm, and
(b) illustrates the convergence processes of ADMM for the first three BCD
iterations.

As there are
�s

i=1 pi = 3780 measurements in all four
profiles, both HI-semi and HI-non require to solve a quadratic
programming problem with 3780 variables, and they need to
multiply two matrices of sizes

�s
i=1 pi ×



m
�s

i=1 pi
�

and

m
�s

i=1 pi
� ×�s

i=1 pi , where m = 100 is the total num-
ber of units. Numerically, Fig. 8 illustrates the convergence
process of the proposed algorithms. Graph (a) illustrates the
convergence speed of the BCD algorithm through measuring
the amount of g’s change between iteration t and t + 1,
i.e., rg (t) = 		gt+1−gt

		
2, while graph (b) shows the primal

and dual residual errors of ADMM algorithm for the first
three BCD iterations. From the results, we observe that both
algorithms achieve desired accuracy very fast, e.g., less than
10 iterations.

Among the m testing units, we compare the absolute PEs.
Similar to Liu, et al. [2], the comparison is conducted based on
subsets of the samples with different levels of actual remaining
lifetime. In Fig. 9 (a), the x-axis denotes these subsets: the
“all” label refers to all 100 testing units, whereas the label
“50”, . . . , “10” refers to the subsets of testing units with
“50”, . . . , “10” remaining samples. The y-axis illustrates the
absolute PE. We can see that the method of HI-semi performs
the worst because HI-semi does not consider the monotonic-
ity of the degradation paths. For a clear illustration of the
performances of HI-non and the proposed SGL-PCA method,
we redraw the histogram corresponding to these two methods
in Fig. 9 (b), and we further observe that the HI-SGL-PCA
achieves the smallest absolute PE for every subset of the
samples, thereby indicating SGL-PCA outperforms two bench-
marks for using the constructed HI in RUL prediction.
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Fig. 9. Absolute PEs in RUL estimation using HI-SGL-PCA in comparison
with HIs developed by two benchmark methods.

Fig. 10. The estimated fusion coefficients by benchmark methods and the
estimated basis by SGL-PCA.

We further observed that the SGL-PCA algorithm is capable
of identifying the sensors and the measurements in the pro-
files that are related to the degradation process. All HI-non,
HI-semi, and SGL-PCA construct the health index via a
linear combination of the sensor measurements, and Fig. 10
shows their coefficients. The results show that the SGL-PCA
is capable of capturing the areas related to the degradation
from sensor 1 (centered at 40) and sensor 3 (centered at
(16, 30)) while it screens out the irrelevant sensors, i.e.,
sensors 2 and 4. In comparison, the other two methods do
not have this capability. Notably, even though HI-non can
identify the degradation related information in sensor 3, many
pixels in sensor 4 that are not related with the degradation are
assigned with large weights up to 0.06, which are comparable
with the weights of the degradation-related region in sensor
3. In other words, it may not be successful to extend HI-non
method by applying the sparse group LASSO penalty on the
fusion coefficients. These results validate the importance of
incorporating the rank-one approximation in HI construction,
which limits the selection of degradation-related pixels onto
those that have significant variations. Fig. 11 illustrates the
estimated degradation paths of several randomly selected units.
We also observe that the degradation paths derived from
SGL-PCA are subject to less noise compared to HI-semi and
HI-non since it screens out the irrelevant information.

2) Results for the Second Experiment: In the second experi-
ment, we also we compare the absolute PEs of RUL prediction

Fig. 11. The developed HIs by each method for both training units and
testing units.

Fig. 12. Absolute PEs in RUL estimation using HI-SGL-PCA in comparison
with HIs developed by TV-RPCA.

using HI-SGL-PCA and the HIs resulted by the benchmark
method under different settings. The results are shown in
Fig. 12. The meaning of two axis is similar to that of Fig. 9.
From Fig. 12 (a), we observe that the PEs of the first six HIs,
i.e., HI-TVRPCA-S1 to -S6, are quite high. The reason is that
either (i) TV-RPCA fails to extract the degradation related
information into the intrinsic component under the setting
of Hypar. A, or (ii) even though much of such information
is identified by TV-RPCA under Hypar. B, HI-semi cannot
produce good HIs since it does not consider the monotonicity
of the degradation paths.

For better illustration, we redraw the histogram in
Fig. 12 (b) by selecting the best three HIs, and we further
observe that the best two HIs resulted by TV-RPCA are worse
than HI-SGL-PCA. This is mainly because the information
that relates with the degradation is not fully and accurately
extracted and HI-non only consider the monotonicity without
incorporating rank-one approximation, which further validates
the importance of integrating the monotonicity and rank-one
approximation in SGL-PCA for HI construction.

V. CASE STUDY

In the case study, we implement and evaluate the proposed
method for HI construction on a degradation dataset collected
from a railway point system (RPS) in some railway station
in China. Specifically, this study aims to validate the perfor-
mance of SGL-PCA from two aspects: (i) the identification
of the information and sensors related to the degradation, and
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(ii) the performance of RUL prediction using the constructed
HI. In the case study, we will first introduce the railway point
system. Then, we will elaborate on the model implementation
and the experimental results, where the non-parametric data
fusion method (i.e., HI-non [2]) serves as the benchmark
method.

A. Railway Point Systems and Degradation Signals

An RPS includes three main components [27]: point
machines, rails and linkages, and the locking device, as shown
in Fig. 1. In this system, the movable rails are driven by
point machines through the switch-rod linkages. At the end
of each RPS operation, the movable rails are locked by the
locking device to ensure the safe passing of trains. One stroke
of each operation lasts 6 to 8 seconds and generally consists
of four phases: (i) the unlock phase to release the movable
rails from the stock rails, (ii) the switch phase to drive the
movable rails from one terminal to the other, (iii) the lock
phase to fix the movable rails to the stock rail by the lock
device, and (iv) the release phase to cut the circuit. From
the introduction, we know that four sensors are introduced to
monitor the conditions of the RPS. Due to confidential issue,
we only use a partial set of sensor data such as the power
signals and gap images in the case study to develop the HI
for the railway point system.

B. Model Implementation and Result Analysis

In this study, we collect the power curves and gap images
for 20 degradation processes from one railway point, and the
degradation processes are all relevant to the sliding chair of
this railway point. Notably, in case that the degradation of
the sliding chair in RPS subjects to preventive maintenances,
we may first extract the time series of signals between two
adjacent maintenances, which are regarded as from the same
degradation process. For the t-th operation of process i , the
power signal Yi,1,t and the gap image Yi,2,t are collected.
We regard a fault or a maintenance request as the occurrence
of an RPS failure. Fig. 2 shows several preprocessed power
signals associated with a degradation process about the switch
phase. For gap images from each cycle, the background, i.e.,
ruler area in the fixture and most of the indicator rods is the
same. Only potentially random deviations of the reference line
may occur among images.

Similar to the simulation study, we divide the dataset
into a training dataset and a testing dataset, and each of
them contains 10 degradation processes. We first estimate the
backgrounds YB

1 and YB
2 from the two sensors with tuning

parameters λs,1 = 0.1, λs,2 = 0.01 based on the training
dataset, estimate the degradation pattern g corresponding to
the training data with tuning parameters λ = 0.1, λg = 0.002,
η = 200 by SGL-PCA, and calculate their degradation paths
based the estimated g. For HI-non, the optimal value of tuning
parameter r is set to be 0.4. We adopt the linear degradation
model as in Section IV-C and estimate its parameters using
the constructed HI.

Fig. 13 illustrates the fusion coefficients for each sensor
obtained from HI-non and the degradation pattern estimated

Fig. 13. The first two rows of figures are the estimated weights by HI-non
and SGL-PCA for Sensor 1 and Sensor 2. The last row represents the power
curves and gap image from a randomly selected unit.

Fig. 14. Absolute PEs of SGL-PCA in comparison with the benchmark
method at different RUL levels.

by SGL-PCA, as well as the raw signals for two sensors. The
results show that the HI-non assigns non-zero weights to the
regions that are unrelated with the degradation process such
as the release phase and the non-operation phase in the end
of power signal. In addition, some pixels in sensor 2 that are
not related with degradation are assigned with large weights
up to 0.5× 10−3 by HI-non, which are comparable with the
weights of the degradation-related region in sensor 1. In other
words, it may not be successful to extend HI-non method
by applying the sparse penalty on the weights for element-
wise fusion. In contrast, the HI constructed by SGL-PCA
method completely excludes the information from the gap
camera, which benefits from the rank-one approximation with
the considerations of the sparsity of degradation pattern and
the monotonicity of the degradation paths. From sensor 1,
we know that a sparse region in the power signal is identified
by SGL-PCA, whereas the method HI-non involves irrelevant
segments in sensor 1. By comparing the raw power curves with
the degradation pattern estimated by SGL-PCA, we observe
that SGL-PCA identifies a region in the power curve that is
related to the degradation process, and further investigation
shows that the region corresponds to the switch phase of the
RPS operation. From the system, we find that the root cause of
the degradation is the lack of lubrication of the sliding chair,
caused by the sludge and dust mixed in the lubricating oil and
the oxidation of the plates after heavy rains. It is consistent
with our identification of the sensor and areas related to the
degradation process, which validates the diagnostic capacity
of SGL-PCA.
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For each unit of the testing dataset, we then predict its RUL
starting from the time t = 8, until the last time before the unit
fails, using the constructed HI and the degradation model we
develop. In total, we make 95 predictions to the RUL in the
10 degradation processes. Fig. 14 shows the results for RUL
prediction using HI-non and SGL-PCA. Its interpretation is the
same as Fig. 9 in the simulation study. Compared with HI-non,
smaller absolute prediction errors are achieved by SGL-PCA,
which further validates SGL-PCA outperforms HI-non.

VI. CONCLUSION

In this paper, we develop an HI construction method using
the degradation signals of multiple curves and images. It first
estimates and removes the background of each sensor signal,
and then solves the degradation patterns and the degrada-
tion paths through a penalized optimization problem. The
key contributions of the proposed method lie in twofolds:
(i) it is the first method of HI construction using mixed high-
dimensional signals; and (ii) it leverages the advantage of the
rank-one approximation with the consideration of the sparsity
of degradation patterns and the monotonicity of the degrada-
tion paths; These efforts facilitate the effective selection of
degradation-related regions from multiple sensor signals. The
algorithm we proposed is computationally efficient compared
with the existing methods for HI construction.

We conduct a set of simulation studies and a case study
to evaluate the performance of SGL-PCA. The results show
that SGL-PCA successfully integrates the information from
sensors and measurements that are potentially subject to the
degradation process. When the HI is used to generate degra-
dation paths for RUL prediction of the units, the prediction
error is smaller in comparison with the benchmark methods.

The proposed method for HI construction relies on two
assumptions: the first assumption is that there is only one
degradation mode in the system. Another assumption is that
the underlying health state linearly affects the degradation
signals. When such assumptions are violated, the proposed
method may perform worse. To address these limitations, a
promising future work is to construct the HI for systems
subject to multiple degradation modes and for the degradations
that cause nonlinear change of the sensor signals.

APPENDIX A

We derive the proximal operator of f1 (g)= 1
2m

		Z− ghT
		2

F
where g ∈ Rp , h ∈ RN , and Z ∈ Rp×N . From,

f1 (g) = 1
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tr
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We can see that f1 (·) is a quadratic function. The proximal
operator of a quadratic function is given in Section 6.1.1 of
Parikh, et al. [20], from which we have

proxη f1
(v)=
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APPENDIX B

From the definition ȟ = arg min((h))

		Xi − ghT
		2

F =
XT

i g
gTg

,

we know the columns of the matrix gȟT are the projections of
each corresponding column in Xi onto the line {tg : t ∈ R}.
Therefore, the residual vectors can be represented as the
column vectors of Xi − gȟT, which are all orthogonal to g:
gT

�
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�
= 0.

Then it indicates
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Because �g� = 1, for any vector α we have
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			2

F
+
			h − ȟ
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APPENDIX C

In this appendix, we give the procedure of estimating the
RUL of a unit given that its degradation path h = (h1, . . . , ht )
follows a polynomial degradation model [2],

ht = Γ (0) + Γ (1)t + . . .+ Γ (p)t p + ξt , (C1)

where � = �
Γ (0), Γ (1), . . . , �(p)

T ∼ N (µ,�),
ξt i.i.d.

�
N


0, σ 2

�
. The random failure threshold

l ∼ N


μd , v2

d

�
.

Given the observed degradation path h, the conditional
distribution of � given h is given by,

�|h ∼ Np


µ�,��

�
, (C2)

where ��=
�

�T�
σ 2 +�−1

�−1
, � =

⎡
⎢⎣

1 1 . . . 1
...

...
. . .

...
1 t . . . t p

⎤
⎥⎦, µ� =

��
�

�Th
σ 2 + �−1µ

�
, and the cumulative distribution of the RUL

T given h is calculated as
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(
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where ϕ (·) is the cdf of the standard normal distribution and
π = �

1, t + τ, . . . , (t + τ )p
T . The RUL of the unit can be

estimated by the median of this distribution.
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