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Predictive Control Considering Model Uncertainty
for Variation Reduction in Multistage

Assembly Processes
Jing Zhong, Jian Liu, and Jianjun Shi

Abstract—Active control for dimensional variation reduction in
multistage assembly processes (MAPs) is a challenging issue for
quality assurance. It is desirable to implement a system-level con-
trol strategy to minimize the end-of-line product variance, which
is propagated from upstream manufacturing stages. Research has
been conducted to realize such objective, based on the variation
propagation models derived from the nominal parameters of
product and process design. However, due to the uncertainties
induced by the significant changes of process parameters, such
designated model will be different from that of the actual process,
and will not precisely represent the actual physics of the process.
This model discrepancy may lead to the performance deteriora-
tion of the controllers. This paper proposed a feed-forward MAP
control strategy that explicitly takes into account the uncertainties
of model coefficients. The case study demonstrates that, when the
model uncertainties are significant, the controller derived from the
proposed approach outperforms that derived without considering
the model uncertainty.

Note to Practitioners—This paper was motivated by the develop-
ment of the programmable toolings (PTs), which are increasingly
used in multistage manufacturing processes. The PTs serve as
tooling locators in a certain operation stage and can be pro-
grammed to adjust the parts and/or subassemblies positions to
compensate the errors that have been introduced in the preceding
stages. Therefore, the control of the PTs to make optimal adjust-
ments is a challenging issue for the variation reduction purpose.
The application of feed-forward control strategies based on vari-
ation propagation model can implement automatic adjustments
on a part-by-part basis. However, due to the unavoidable random
errors, the actual variation propagation model may randomly
deviate from the nominal model derived according to the nominal
product/process design parameters. The random errors may
be introduced by the part fabrication process or by preceding
assembly process. They may change the actual values of the
model coefficients and cause the model uncertainty in practice.
This type of model uncertainty may significantly deteriorate the
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performance of PTs when the magnitude of variation is large. This
paper proposed an innovative control strategy taking into account
the uncertainty of the variation propagation model. When the
magnitude of process variation is large, the control action derived
based on the proposed strategy will outperform that derived
without considering model uncertainty. A case study is conducted
to demonstrate its effectiveness.

Index Terms—Model uncertainty, multistage assembly pro-
cesses, predicative control, variation reduction.

NOMENCLATURE:

number of stages in a MAP;

total number of parts to be assembled;

, two locating points of part at stage
;

, two locating points of subassembly
at stage ;

, the nominal, the true and the
random deviation of the distance
between the two locating points
of part/subassembly at stage ,
respectively;

, , the nominal, the true and the random
deviation of the angle between the
line linking and
and the horizontal axis of the global
coordinate system, respectively;
the vector of dimensional deviation
of part at stage ;
the vector of overall control actions
taken at stage ;
the vector of deviations of key
product characteristics at stage ;

, , the nominal, the true and the
random deviation of the matrix ,
respectively;

, , system matrices of the state-space
model;

, matrices depicting the relationship
between final product quality and
process inputs, which are the series
product of , , and ;

, weighting matrices in the
optimization index;
optimization index at stage .
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I. INTRODUCTION

D IMENSIONAL variation reduction is a critical yet chal-
lenging problem in quality assurance of multistage as-

sembly processes (MAPs). In MAPs, multiple operation stages
are involved in generating designated Key Product Character-
istics (KPCs) or functionality of a product. At a certain stage

, special causes, such as part fabrication error, fixture error,
welding gun error, and robot positioning error, will increase the
variation of some KPCs to a level that exceeds their specification
limits. In conjunction with the input quality transmitted from
preceding stages, these quality problems will be further prop-
agated to the downstream stages and accumulated to the final
product. This variation propagation makes the variation reduc-
tion for MAPs especially challenging.

In order to improve the process stability and reduce the
product variation, three types of approaches are widely adopted
in practice: i) robust process design, which aims to reduce
the impact of variation sources at the product and/or process
design phase, such as robust locator pin layout design [1];
ii) Statistical Process Control (SPC), which detects process
parameter changes from quality measurements of KPCs; and
iii) in-process active control, which compensates the error
based on in-process measurements. Among them, robust design
is usually conducted in the design phase of product realization
and will not react to in-process disturbances. SPC focuses
mainly on fault detection, rather than process adjustment, and
in-process control actively corrects deviation of each assembly,
and can thus achieve variation reduction on a part-by-part base.

The application of in-process control in MAPs is complex,
in the sense that variation is propagated and accumulated
throughout the production line. Therefore, a successful control
strategy for MAPs should systematically compensates error
at an intermediate stage with the aim to achieve the overall
best quality at the final stage, rather than the best quality at an
intermediate stage where the control action is taken. In other
words, the system-level optimal, not the stage-level optimal,
should be the control objective.

In-process control for MAPs has received intensive study and
promising results have been reported in literatures. An optimal
control scheme was proposed for mechanical assembly process
using state transition models [2]. This approach treats control as
stochastic discrete-time linear optimal regulator problem, and
obtains a deterministic controller with parts considered as the
only source of variation in the process. A similar optimal control
problem is analyzed, for the application in semiconductor man-
ufacturing [3]. The authors used Dynamic Programming (DP)
as the optimization tool. The decision variables include the con-
trol magnitudes in every direction on every individual part, and
controllable environmental variables in an individual manufac-
turing stage.

Variation reduction using feedback control requires the exis-
tence of autocorrelation in the variation sources. However, in the
discrete part multistage manufacturing processes, the process
induced variations will be different from part/subassembly to
part/subassembly, the autocorrelation does not exist or is very
weak [4], [5]. As the control actions taken to compensate devi-
ations are in a part-by-part manner, the control actions executed

on the current part/subassembly would be based on the deviation
measurements collected from the previous part/subassembly if
a feedback control strategy was adopted. For instance, a dimen-
sional deviation is observed on part A and the control action can
be derived based on the observed deviations, which reflect the
magnitudes of process deviations affecting part A at that partic-
ular time. However, when the control action is taken, the mag-
nitudes of process deviations affecting another part, say part B,
has already been different. With the absence of autocorrelations,
such control actions would not be effective and might lead to
overcontrol actions and thus even increase process variations.

The use of feed-forward control strategies, through adjust-
ments or reconfigurations of tools and fixtures, has shown a
promising future in improving final product quality of multi-
stage machining processes [6], [7] and MAPs [8], [9]. These
feed-forward control strategies are implemented through the
integration of in-line measurements, programmable toolings
(PTs) and variation propagation models, which mathematically
describe the induction, transition and accumulation of random
process errors along process stages. A fundamental assumption
for these studies is that the underlying variation propagation
model used for deriving the control action is precise and accu-
rate. However, the models used in designing the control actions
are typically obtained from the nominal product and process
design information. In practice, there are unavoidable random
errors that lead to the random deviations of the actual model
from the nominal model. This type of model uncertainties may
generate negative impacts on the control performance.

The problem of model uncertainty has drawn much atten-
tion in the system and control community. In control systems,
due to the imperfect data, limited process knowledge and com-
plex system dynamics, models of the system to be controlled
always have inherent errors. Different control methodologies
have been developed to address the issue of model uncertainty,
such as Model Reference Adaptive Control (MRAC), con-
trol [10]–[12], and Fuzzy Control [13], which is capable of con-
trolling a system without the complex mathematical modeling.
However, due to the difference between the dynamic model for
system control and the variation propagation model for varia-
tion reduction, such methodologies cannot be directly applied
to the control of MAPs.

In this paper, a feed-forward predictive control methodology
with considering model uncertainty is developed to optimally
determine the control action. To the best of our knowledge, it
is the first methodology that explicitly takes into account the
model uncertainty to optimally reduce the KPC’s dimensional
variation of MAPs. This problem will be investigated with
two steps: (i) improving the variation propagation modeling
methods by incorporating the variations introduced by in-
coming parts or subassemblies in the model and (ii) developing
a predictive control approach to deriving the control actions
of one PT installed in an intermediate stage of a MAP. The
proposed research deals with MAPs where control is performed
on one out of all the stages. The control strategy for multiple
controllable stages is not a simple addition of this single control
situation, because the control taken in later stages may interfere
with the result of the action performed in previous stages. The
extension to multiple control stages can be a future direction
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Fig. 1. Illustration of variation propagation in a MAP.

of the research. The rest of this paper is organized as follows:
Section II introduces the extension of the state-space model
to explicitly represent potential model uncertainty. Section III
derives predictive control strategy based on this model consid-
ering uncertainties. Section IV demonstrates the effectiveness
of the proposed method with a case study motivated by a
real-life assembly process. Concluding remarks can be found
in Section V.

II. STATE-SPACE MODELING AND MODEL UNCERTAINTY

The variation propagation in a MAP can be illustrated by
Fig. 1. Parts from suppliers enter the production at stage 1 with
initial fabrication errors, denoted as . At stage 1, the part con-
trol action, denoted as , is applied through PT first, while
other unmodeled process errors, such as process background
disturbances, denoted as , are also introduced to the process.
The designed operation at stage 1 is performed and variations on
the subassembly will present, denoted as . This subassembly
is then transferred to the next stage, and such variations propa-
gate and accumulate similarly as more parts/subassemblies are
joined together, until the whole assembly exits the production
line from the final stage, stage . The KPCs will be measured
at stage as well as some intermediate stages such as stage

, denoted as . Due to the imperfection of the measuring de-
vices, measurement error, denoted as , will also be introduced
to .

This type of variation propagation can be represented math-
ematically by a state-space model [14], [15]. When the model
uncertainty is not explicitly considered, the model is defined as

(1)

The first equation is a state transition equation, where ,
, represents the deviations of quality features at stage

and is the number of quality features considered in . Matrix
, , is the reorientation matrix that describes the

error transferred from previous stage through part reorientation.
Matrix , , describes the impact of the PT control
actions on . The second equation is an observation equation,
where matrix , , represents how the deviations
of quality features are transformed to the deviations of KPC
measurements denoted by , . The un-modeled
disturbance and the measurement errors are denoted as and

, respectively, and and .
Modeling variation propagation in a MAP is a procedure of

deriving the model coefficient matrices, ’s, ’s, and ’s.
This is done by representing and investigating random devia-
tions of features and parts with respect to different coordinate

Fig. 2. Representation of part deviation. (a) Single Part. (b) Subassembly.

systems (CSs), based on the given product and process design
information [14], [16].

A. Representation of Part Deviations and Model Uncertainty

Two types of CSs are used to properly represent parts’ devia-
tions, namely, global (or body) CS and part CS. The global CS
remains unchanged for all stages, and part CS is attached onto
a particular part or a subassembly. Each part is characterized
by its deviation from the nominal position. In automotive body
assembly process, the deviations of sheet metal assembly can
be simplified into a 2-D case if parts are joined on slip planes
[16]. Thus, the deviations can be represented by two transla-
tional coordinates, X and Z, and one rotational coordinates, ,
as shown in Fig. 2. The subscript in Fig. 2(a) indicates that
the coordinate variables are for part located at stage , where

, , and is the total number of
parts, and is the total number of stages in a MAP. When a
subassembly that consists of multiple parts is located, the sub-
script becomes with , , denoting the index
of subassembly, where is the number of subassemblies to be
assembled at stage .

In a 2-D rigid part assembly process, a four-way hole and
a two-way slot that are usually used to locate a part or a sub-
assembly. The center of the hole and the center of the slot are
chosen as the reference points, which are used to represent a part
coordinate system in a 2-D space. These two points are denoted
as and for a part, and as and
for a subassembly. The position of a subassembly at stage can
then be represented by the position of , i.e., ( ,

) in the global coordinate system, and the angle, ,
between the line connecting and and the axis
of global coordinate system, as shown in Fig. 2(b).

Under ideal production conditions, parts are located in their
nominal positions, without fixture variations or part variations.
However, in real production, locating tools and/or part features
are not perfect. This imperfection will make the parts or sub-
assemblies deviate from their nominal positions. Instead of di-
rectly using the global coordinates, the actual position of part in
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space is described by its deviations from the nominal positions,
i.e.,

(2)

denotes the random deviations with respect to the three co-
ordinates (X, Z and ) of part at stage . For all the parts
assembled in a MAP, the deviations of the whole assembly on
stage can be defined as

(3)

which is the state vector of the model. If part has not yet ap-
peared at stage , the corresponding . With the same
definition scheme, the deviations of a subassembly at stage of
a MAP is defined as , where

(4)

At an assembly stage with PTs, parts or subassemblies are
located by the actuators, such as PTs. The actuator that control
the location of subassembly is defined as (5) shown at the
bottom of the page, where an element of represents the
adjustment of a reference point ( or ) along a
coordinate ( or ). Based on this definition, the actuator control
action vector at stage , , can be denoted as

(6)

which contains the control actions of all the actuators of the
locator pairs used at stage . In this paper, represents the PT
control actions only. It is true that these actions may also intro-
duce variations into the process due to the controller variability,
but it is also reasonable to ignore such variations in this research
frame. Using superscript “ ” to represent the control action cal-
culated by control law, and superscript “ ” to represent the ac-
tuator errors, the state transition equation can be further repre-
sented as , where

represents the random deviations induced by controller vari-
ability. However, these deviations are comparatively very small
since the PTs employed in current MAPs are with high precision
[17]. It provides some confidence on the precision. For example,
the repeatability of Fanuc robot F-200iB is , which is
significantly smaller than the control magnitude. In this situa-
tion, the magnitude of is significantly larger than , and
thus the third term can be neglected.

The general state-space modeling procedures discussed in lit-
eratures [14] and [15] assume that the model coefficients are
constants. However, in real production, the unavoidable process
errors and parts imperfections will cause the random deviations
of those model coefficients. This type of model uncertainty will
deteriorate the performance of the control actions derived based

on the nominal model. In this paper, model uncertainties will be
explicitly considered in deriving the state-space model. New no-
tations will be introduced to differentiate the designated process
models and their true counterparts. A coefficient matrix with a
“ ” is with true process parameters, whereas a matrix with a
“ ” is the deviation of the corresponding true matrix from its
nominal matrix, e.g., . A matrix without a su-
perscript is the nominal matrix derived from design parameters.
With this notation scheme, two lemmas can be proposed based
on the model derivation in [15].

Lemma 1: If subassembly at stage is located at points
and , then its deviations due to small deviations

of the locators can be derived as

(7)

where

(8)

is the true distance between and , where
, and represents the random dimen-

sional deviation of the distance between the two locating holes.
is the true angle between the line linking and

and the horizontal axis of the global coordinate system.
The next lemma characterizes the reorientation operation,

which induces deviations on parts when a subassembly is
transferred from a preceding stage, even if the locating points
in the current stage are free of error.

Lemma 2: Suppose that subassembly is located at
and at stage and these two locating points are free
of error, the deviations of subassembly , when it is transferred
from stage to stage , can be calculated by a linear combi-
nation of deviations accumulated in its locating points,
and , at the previous stage

(9)

where

(10)

(5)
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The above two lemmas will be used to derive the state-space
model with consideration of the uncertainties induced by
random process errors.

B. State Space Model With Part Induced Uncertainty

As aforementioned, the random process deviations will not
only appear as part errors in state vector as considered in lit-
eratures, but also change the system matrices derived from the
nominal design parameters, leading to the unavoidable model
uncertainties. And the uncertainty of the system matrices,
and , can be introduced by dimensional variations of part
features. For instance, the term in (7) is determined by
the dimensional variation of the distance between the two lo-
cating holes, i.e., . The magnitudes of the uncertainty of
the system matrices can be estimated based on the standard de-
viation of part features, , which may come from the tolerance
specifications provided by suppliers. This will be used to de-
rive/estimate the mean vector and variance/covariance matrix of
the system matrices. With the same notation mechanism used in
(1), the state-space model can be reformulated as

(11)

where

(12)

and denote the true system matrices, whose coefficients
randomly deviate from that of the nominal matrices, and ,
by and , respectively. Observation matrix is consid-
ered as a constant matrix, which means the locating points are
monitored directly and precisely.

The coefficient matrices , and are derived ac-
cording to the given product and process design information,
with consideration of model uncertainty. Following the mod-
eling method in [15] and [16], these matrices are functions of

and defined in Lemmas 1 and 2, respectively. A
state transition matrix

(13)

is defined to model the deviation transition between stage and
, where , and , where is an identity

matrix. Thus, the model (11) can be written in an input-output
form as

(14)

where

(15)

and

(16)

It is assumed that if measurements taken at stage , , is
known, can be obtained through the inverse of observation
equation in (11), as , where “ ” represents a gen-

eralized inverse of matrix . Based on , the final deviations
of KPC measurements (collected at stage ) at stage is esti-
mated as

(17)

In this paper, we consider the scenario that one actuator
installed at an intermediate stage, stage , of a MAP. Thus,
the term in (14) is reduced to . It should also
be noted that the sensors are not necessarily to be installed
at the same stage as the actuators. This formulation relaxes
the requirements proposed in previous works [8]. By using
(11) through (17), the model uncertainty can be explicitly
considered in control algorithm development.

III. FEED-FORWARD PREDICTIVE CONTROL WITH

CONSIDERING MODEL UNCERTAINTY

At stage of a MAP with control capability, the measure-
ments of the deviations that have already been built into the
parts and/or subassemblies will be the inputs to the predictive
controller. These inputs are achieved from the measurements
collected in a preceding assembly stage. The controller then de-
cides the control action based on these measurements. In this
paper, it is assumed that the control actions are performed by a
controller that is installed in one given intermediate stage. This
controller is called model predictive controller because it is de-
signed based on the variation of KPCs at the final stage, pre-
dicted by the state-space model.

This section proposes a predictive control strategy using the
state-space model with uncertainty. The decision of control ac-
tion is formulated as an optimization problem with objective set
to minimize the expectation of the quadratic form of the final
product quality and that of the control cost.

A. Optimization Index of the Model Predictive Control (MPC)

Model predictive control (MPC) refers to computer control
algorithms that utilize an explicit process model to predict the
future response of a process [18]. The controller employed can
be any control algorithms, such as Linear-Quadratic-Gaussian
(LQG), and common model forms such as input-output (IO),
first-principles (FP), that are widely used in linear and non-
linear systems [19]. MPC has been widely used in applications
such as chemicals processes [20], mining processes, and auto-
motive actuator design [21]. Due to the lack of analytical vari-
ation propagation model for MAPs, the application of MPC in
MAPs was limited since it requires a mathematical model to
predict the final product quality with respect to the process ad-
justments. The development of state-space model has made it
possible to implement the predictive MPC for the variation re-
duction in MAPs.

The objective of MPC for variation reduction in MAPs is to
improve quality and minimize the variances of the KPC mea-
surements, . Besides, the objective should also take into ac-
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count the magnitudes of the control actions. Therefore, the per-
formance of a control action at stage , , can be evaluated by

(18)

where denotes the product quality at the final stage that
is predicted at stage , and is the dimension of the con-
trol action . The constraints define the upper and lower PT
actuation limits that can be applied on each part/subassembly.
The control action limits, and , are selected consid-
ering physical limitations of PTs workspace at each stage. This
optimization index takes the form of the widely accepted cost
function of a linear-quadratic regulator [22], and thus, satisfies
the common requirements in control theory. The optimization
index for determining the optimal control action is formulated
as:

(19)

where , , is assumed to be positive semi-def-
inite, and , , is a positive definite matrix.

B. Deviation of Optimal Control Action

In order to achieve , the following assumptions are
necessary:

A1) The expectation of an uncertainty matrix is assumed
to be zero, e.g., , and the covariance be-
tween two uncertainty matrices are assumed known,
e.g., . The latter covariance can be
obtained from the theoretical derivation or the Monte
Carlo simulation with given variation inputs. The ex-
pectation of higher order interactions are ignored.

A2) The expectations of unmodeled system errors and mea-
surement noises are zero, i.e., and

, , and their covariance matrices are
assumed known.

Under the above two assumptions, the optimal control ac-
tions, , that minimizes the performance index, , can be ob-
tained by solving . The solution to this optimiza-
tion problem is

(20)

where the parameter matrices , , and are defined
in (15) and (16). The detail derivation procedure is presented in
Appendix I. The minimum is guaranteed by the positive-definite
second-order derivative for an unconstrained objective function.

The optimization is a convex optimization problem, and with the
proposed type of constraints, the results will either be the op-
timal solution as given by the control law, or the solution on the
constraint boundaries. This solution on boundaries is selected
as the control action when the optimum obtained in (11) falls
outside the feasible region, i.e.,

if
if or

(21)

where , . The reason to include
the second term with weighting matrix, , in the optimization
index is to ensure the invertibility when calculating the control
action with (20).

It is important to properly select the values of and .
In most cases, and are set to be diagonal matrices such
that the first term in (19) is a weighted sum of squared elements
in , and the second term in (19) is a weighted sum of squared
elements in , respectively. The values of elements in matrix

are determined by the relative importance under the varia-
tion reduction purposes, with a larger value assigned to the
element that corresponds to an important KPC. The selection of
the relative magnitudes of elements in and is difficult
to make and may need trial and error simulations and tests. Dif-
ferent from the consideration of the stability and transient per-
formances when selecting the weighting matrices for the LQG
control problem [23], the selection of and for this re-
search is more related to the control performance in terms of
the KPC variations at stage . This is because that the transient
performance is not a concern and the magnitudes of control ac-
tions have been constrained in the optimization set up (19). A
rule of thumb to decide the values is to make the elements of

significantly smaller than that of , but still keep as
a positive definite matrix. In this way, a significant variation re-
duction on can be expected.

If model uncertainty is not considered, the model un-
certainty terms can be ignored, and (20) will converge to

. This is the
same as the result derived using traditional optimal control,
without considering model uncertainty.

The proposed control algorithm is generic to cover both 2-D
panel-fitting assembly processes and 3-D general-assembly pro-
cesses. With additional efforts in variation propagation mod-
eling [24], [25], (19) can be used to derive the 3-D optimal con-
trol actions with consideration of model uncertainty.

IV. CASE STUDY

A case study is conducted to illustrate the effectiveness of the
control strategy developed in this paper. The case study is mo-
tivated by real industrial needs and manufacturing equipment
capability. As documented in [8], in-line Optical Coordinate
Measuring Machines have been widely adopted in automotive
assembly processes. These devices can provide accurate in-line
measurements of KPCs during production. At the same time,
PTs have been used as fixture locators that can be adjusted on
a part-to-part basis. Some study and test has been conducted in
production environment to validate the concepts of active com-
pensation with PTs for variation reduction. This case study fur-
ther evaluates the control performance in variation reduction
with considering model uncertainties.
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Fig. 3. Assembly process of the case study.

TABLE I
ASSEMBLY OPERATIONS AND LOCATING SCHEME

Fig. 4. Performance comparison for three control strategies.

The case study is conducted with a four-stage as-
sembly process that assembles four parts at three consecutive
stages and measures the final product KPCs at the fourth stage,
as illustrated in Fig. 3(a). The assembly operations, locating
schemes and measuring strategy are summarized in Table I. For
instance, in the first stage, part 1 and part 2 are located at points

and , respectively. These two parts are assem-
bled to form subassembly 1&2. The final assembly, 1&2&3&4,
is located at the 4th stage at points to collect the mea-
surements on X-direction and Z-direction deviations of the eight
points, . Thus, the number of quality variables con-
tained in is 16, i.e., . It is assumed that individual
parts are measured before being located at the first stage. These
measurements are used for calculating the optimal control ac-
tions performed by the controller installed in the first station,
where the parts are assembled together after the control actions
are carried out. The nominal product and process design in-
formation, represented as the nominal positions of the fixture
locating pins and the measurement points, are summarized in
Appendix II. Based on these predefined product and process
information, the state-space model is derived, and the nominal
system matrices are listed in Appendix III.

Dimensional variations are intentionally introduced to the lo-
cating points on Part 1 and Part 2, , to simulate the
incoming variations from part features. It is assumed that their
random deviations are normally distributed with zero means and
nonzero variances. That is, the variations of the incoming part
features are manifested as increase of variability, rather than the
mean-shift. In order to ensure the delivery of quality product,
PTs installed at stage 1 are used to adjust the positions of Part
1 and Part 2 and compensate their initial dimensional errors, as
abstractly shown in Fig. 3(b).

In the case study, it is assumed that the model uncertainties
are induced by dimensional variations of part features. Since the
parts are generally fabricated according to the same tolerance
allocation, it is assumed that the standard deviations of dimen-
sional features of all the parts are the same. Thus, without loss of
generality, a unique value, , has been set for all the features.
Six model uncertainty conditions are studied by setting the
at six different levels, i.e., , , , ,

, and , respectively. Correspondingly, the con-
trol actions denoted as are taken to adjust the X-direction and
the Z-direction positions of . Thus, the control action
vector, , is an 8 1 vector. The values of elements in
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TABLE II
COMPARISON BETWEEN �� AND �� (SAMPLE SIZE: 1000)

Fig. 5. Performance comparison of randomly selected 50 cars.

are derived according to (20), with the random terms, such
as , obtained through Monte Carlo simulation with 1000
replications. Since all the PTs are provided by the same sup-
plier, the constraints on all the elements in are the same, i.e.,

, and . Coefficient matrices,
and , are and , respectively. Three con-
trol strategies are considered, including no control, control with
model uncertainty considered, and control with model uncer-
tainty unconsidered. For all these three strategies, 1000 assem-
bled products are generated with the same incoming variations,
using Monte Carlo simulation. Their corresponding mean per-
formances [as defined in (18)], , , and , are estimated
by the sample averages and their logarithm values are compared
at different model uncertainty levels, as shown in Fig. 4.

It can be seen that the performances, in terms of the loga-
rithm mean control index, of the processes with control (
and ), are uniformly better than that of the process without
control . In order to differentiate and , the compar-
isons are also conducted by statistically testing the hypothesis

: versus : , under different
. The sample mean and variance of the 1000 simulation repli-

cations corresponding to different ’s, as well as the hypoth-
esis test results represented as the -values are summarized in
Table II. It is noted that when the variation of incoming part
features are small, e.g., , the model uncertainty level
will be low and thus the performance difference between the
two control strategies are not significant. When the incoming
parts are with worse quality, which introduce more uncertainty
to the state-space model, the performance of the control action
derived with considering the model uncertainty, , will signif-
icantly outperform that derived without considering the model
uncertainty, . Also tested are the hypotheses comparing the
means of and that of , i.e., : versus :

, under different . The hypotheses are uniformly
rejected, indicating that the control actions are indeed necessary.
This comparison verifies the effectiveness of the proposed con-
trol methodology.

Fifty simulation results are randomly selected from the 1000
simulated samples to illustrate the relationships between the in-
coming part quality, , and output quality, , as shown
in Fig. 5. It can be seen that the feed-forward control without
considering modeling error can generally reduce the impacts of
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the incoming part variation on the final product. The proposed
control can further reduce the impact that model uncertainty has
on the controlled performance.

V. CONCLUSION

Random part fabrication and process induced errors will in-
troduce uncertainties to the variation propagation models de-
rived from the nominal product/process design of a MAP. A
control methodology without considering such model uncer-
tainty will result in a degradation of the controller performance
in practice. A controller that is robust to model uncertainties is
desirable. This paper proposes a mathematical MAP variation
propagation model with considering the deviations of incoming
parts and tooling features from their designed positions. For the
first time, the optimal control actions are determined with ex-
plicit consideration of model uncertainties. Based on the pro-
posed model, a predictive control strategy is derived with ex-
plicit consideration of model uncertainty. When the model un-
certainty is significant, the control actions derived based on the
proposed strategy will outperform the control without consid-
ering the model uncertainty. The effectiveness of the proposed
approach is demonstrated through a case study of a simulated
assembly processes.

Further investigations of the control for variation reduction
in MAPs may be considered. As aforementioned, MRAC,
control, and fuzzy control are also potential methodologies to
address this problem. Although the effectiveness of the feed-for-
ward predictive control approach has been demonstrated in this
paper, a comparison study of different methodologies, in terms
of their effectiveness and efficiency, will be an interesting topic
for both researchers and practitioners. In addition, the approach
proposed in this paper is generic to rigid-body MAPs, and the
application in compliant part manufacturing would be one of
the promising future direction of this research. In order to deal
with the control of MAP involving nonrigid parts/components,
additional research efforts are needed to model variation prop-
agation of nonrigid parts and further use them in the control
applications.

APPENDIX I
DERIVATION OF (19)

Denoted the prediction of at stage as , which can
be expanded in similar way as (17), i.e.,

(22)

where ,
, and stage is an interme-

diate measurement stage. It can be easily observed that, is
a function of all ’s, ’s, ’s and , .
Similarly, . Equation (22)
can then be written as

(23)

Then, we can plug (23) into the expression of

(24)

The derivative of with respect to is

(25)

The two terms on the right-hand side of the above equation can
be calculated as
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Set the derivative to , thus the suboptimal can be obtained
as

The above expression takes a common format of an optimal
control action. The second derivate of with respect to is

, which is positive defi-

nite, and grantees that it is the optimal minimal point.

APPENDIX II

TABLE III
PRODUCT AND PROCESS DESIGN INFORMATION (UNIT: MM)

APPENDIX III

This appendix shows the system matrices of the state-space
model for the case study shown at the bottom of this page and
on the next page.
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