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Part I of this paper (Zhang and Shi, 2015, “Stream of Variation Modeling and Analysis
for Compliant Composite Part Assembly—Part I: Single-Station Processes,” ASME J.
Manuf. Sci. Eng.,) has studied the variation modeling and analysis of compliant compos-
ite part assembly in a single-station process. In practice, multiple assembly stations are
involved in assembling the final product. This paper aims to develop a variation propaga-
tion model for stream of variation analysis in a multistation assembly process for com-
posite parts. This model takes into account major variation factors, including part
manufacturing error (PME), fixture position error (FPE), and relocation-induced error
(RIE). With the help of a finite element method (FEM), a state space model (SSM) is
established to represent the relationships between the sources of variation and the final
assembly variation. The developed methodology is illustrated by using a case study of
three composite laminated plates assembled in a two-station assembly system. The valid-
ity of the developed SSM is verified by Monte Carlo simulation (MCS), which is imple-
mented on the basis of FEM. The SSM provides a potential application for diagnosis of
variation sources and variation reduction. [DOI: 10.1115/1.4033282]
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1 Introduction

In the past decade, composite parts have been widely used in
aircraft, automotive, marine, etc., due to their superior properties,
such as low density, high strength and stiffness-to-weight ratio,
excellent durability, and design flexibility [1]. Since it is difficult
to or cannot be processed by traditional machining methods, com-
posites require new manufacturing technologies [2]. Due to the
limitation of manufacturing capability, each part and fixture may
have some dimensional errors in a composite part assembly pro-
cess. In general, a large number of composite parts and assembly
stations are needed to construct a final composite product. Thus, a
dimensional variation will be introduced in each assembly station,
and further propagated to the downstream stations, and finally
accumulated in the final product. In order to ensure the dimen-
sional quality of the assembled product, it is important to model
and analyze the variation and its propagation in a multistation
composite part assembly process. In such a modeling and analysis
effort, both the variation in a single assembly station as well as
variation propagation effects in multiple stations should be con-
sidered. The variation modeling and analysis for composite parts
in single-station assembly process was studied in Part I of this
paper [3]. This is the Part II of the paper that will investigate the
modeling and analysis for multistation composite assembly
problem.

In the literature, various efforts have been made to model varia-
tion and its propagation in multistation sheet metal assembly pro-
cess. One of early efforts in the variation modeling and analysis is
to assume that the sheet metal parts are rigid. Under this assump-
tion, the part and tooling deviation can be represented by kine-
matic relationships. Along this line, Jin and Shi [4] and Ding et al.

[5] developed an SSM for 2D sheet metal assembly. In their study,
the part deviation caused by both the locator errors and the reloca-
tion errors were considered. Based on those works, Huang et al.
[6,7] expanded the concepts to 3D variation model in a multista-
tion machining process with a state space modeling methodology.
The model was further improved by utilizing differential motion
vectors to represent the geometric deviations of a part [8]. An
explicit expression for all the system matrices was given in this
model. The 3D model was further studied to model 3D rigid part
assembly in a multistation assembly process by considering both
tooling errors and part errors [9]. Though the 3D variation propa-
gation model [8,9] has been significantly improved in terms of
accuracy and applicability in practice, it still has some limitations
due to the lack of modeling strategies for the datum features, mat-
ing features, or the measurement features. To overcome these lim-
itations, Liu et al. [10] developed a more generic state space
approach to model 3D variation propagation by considering those
types of variation factors in the general multistation assembly
process.

In the analysis of compliant part assembly, the deformation of
the parts should be taken into consideration during the assembly
process modeling. In a typical compliant part assembly process,
the part deformation may occur due to the forces applied to the
parts for closing the gaps between two assembled parts. Chang
and Gossard [11] proposed a computational framework for pre-
dicting the output deviation of an assembly system with compliant
parts. However, no analytical models were given for variation
analysis in the multistation compliant assembly systems. Based on
the linear mechanics and FEM, Camelio et al. [12] and Hu and
Camelio [13] developed an SSM to evaluate the dimensional vari-
ation propagation in a multistation compliant assembly system. If
the size of the sheet metal is large, such as parts used in aerospace
or marine, the effects of the gravity on the assembly deformation
cannot be ignored. Therefore, Lin et al. [14] proposed a variation
propagation model to simulate the assembly deviation for a
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Fig. 2 Assembly process of three parts in a two-station assembly process. (a) Station 1: locating parts to fixtures, (b) station 1:
clamping parts to nominal position, (c) station 1: joining two parts together, (d) station 1: releasing clamps and assembly spring-
back, (e) station 1: releasing locators and assembly springback, (f) station 2: relocating subassembly at the nominal locating fix-
tures, (g) station 2: locating a subassembly and a part to the actual fixtures, (h) station 2: clamping a subassembly and a part to the
nominal position, (i) station 2: joining a subassembly and a part together, (j) station 2: releasing clamps and assembly springback,
and (k) station 2: releasing locators and assembly springback.

Fig. 1 Definition of the RIE
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compliant assembly system with large size of parts, in which the
impact of the gravity was considered by using FEM.

In literature, there is no research reported on variation propaga-
tion modeling for compliant composite parts in a multistation
assembly process. It is known that the dimensional variation for
composite part is more complex due to the anisotropy properties
of composite material, tension (or compression) deformation, and
shear deformation created when a bending load is applied to a
nonsymmetric laminated composite plate [15]. Therefore, varia-
tion modeling for compliant composite part assembly is much
more challenging than that for sheet metal parts, especially con-
sidering multistation assembly processes.

The purpose of this paper is to develop a methodology for vari-
ation modeling and analysis for compliant composite parts in a
multistation assembly system. The model will describe how varia-
tion propagates from different subassemblies to the final product
with compliant composite laminated plates. In this study, we
expend the assembly process described in Refs. [12] and [13] and
extract six main steps in a multistation assembly process: (i) parts
are loaded to the fixtures, (ii) parts are clamped to their nominal
positions, (iii) parts are joined together by riveting or welding,
(iv) clamps are released and the subassembly springback is gener-
ated, (v) the subassembly obtained in the current station is
released from the locators, which leads to the part deformation,
and (vi) the subassembly is relocated to a new set of fixtures.

The remainder of the paper is organized as follows. Section 2
discusses the variation factors considered in this study, and then
lists the assumptions for the model. Section 3 describes the

multistation assembly process and analyzes the effect of RIE and
deformation caused by releasing the subassembly from fixtures on
the assembly deviation. Based on the model obtained in the
single-station assembly process [3], an SSM is developed in Sec.
4 to represent the relationships between the main sources of varia-
tion and the final assembly variation for the multistation assembly
processes. Finally, a case study with three parts and two-station
assembly process is conducted in Sec. 5 to verify the validity of
the model. The conclusions are drawn in Sec. 6.

2 Variation Factors and Assumptions

2.1 Variation Factors. There are two types of variation fac-
tors in a multistation assembly process: station level variation fac-
tors and RIE. Station level variation factors include PME and
FPE, both of which have been defined and discussed in Part I of
this paper [3]. The RIE was proposed by Shiu et al. [16] and
revealed the relocation phenomenon in a multistation assembly
process. The relocation has two essential characteristics: (1) repo-
sitioning of a subassembly, which is assembled in previous sta-
tions, in the current assembly station, and (2) the locators used in
the current station are different from that used in previous stations.
As shown in Fig. 1, after the two parts are joined together in sta-
tion k� 1 (marked as the dotted-dashed lines), the subassembly is
transferred to station k (marked as the solid lines). The subassem-
bly deviates from its nominal state (marked as the dotted lines)
even if the relocation fixtures are perfect at station k. The RIE is

Fig. 2 (Continued)
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defined as the deviation of the key points (which are specified in
Part I of the paper [3]) from their nominal positions after a subas-
sembly is relocated at a set of new nominal locating fixtures. The
RIE of the key point JP3 on the part is represented as RIE�Pm

JP3

(m¼ 1,2), which shares the same nomenclature with other varia-
tion factors given in Part I of the paper [3].

2.2 Assumptions of Models. In the variation propagation
model, the following assumptions have been made:

(i) Parts and subassemblies are deformable bodies with their
deformation in the range of linear elasticity, while fixtures
are rigid without deformation.

(ii) In the analysis of multistation assembly process, only the
PME, FPE, and RIE in the normal direction of plates are
taken into account.

(iii) Sources of variation are small enough that parts stiffness
matrices, assembly compliance matrix, and sensitivity
matrix do not change during the assembly process. Those
matrices are equal to that of the structures with the nomi-
nal geometry located at the nominal fixtures.

(iv) In each assembly station, only one incoming part is con-
sidered. In other words, only two subassemblies are
assembled in each assembly station.

(v) The deformation caused by the gravity is not taken into
account here in the modeling.

3 Description and Analysis of Composite Assembly in

Multistation Assembly Processes

In this section, we discuss the variation and its propagation phe-
nomena with an example of a multistation assembly process con-
sisting of two assembly stations with three compliant composite
laminated plates. In the discussion, we decompose the whole
assembly process into 11 steps, as shown in Fig. 2. In the figure,
the dotted lines, dotted-dashed lines, and solid lines represent
ideal parts and ideal locators, parts and locators in the last assem-
bly step, and parts and locators in the current assembly step,
respectively. The following discussions will explain those 11 steps
and use them to illustrate how the part errors and fixture errors are
propagated and accumulated into the final assembled parts.

Steps 1–4: Single-station assembly process. Figures 2(a)–2(d)
showed the first four steps of assembling two parts in a single-
station assembly process, which has been discussed in detail in
Part I of the paper [3]. Thus, it will not be repeated here.

Step 5: Releasing locators and subassembly springback. For
compliant structures, the N-2-1 locating scheme is adopted to pre-
vent excessive deformation [17,18]. However, a subassembly is
overconstrained by such an N-2-1 holding fixtures, which will stif-
fen the structures, and thus reduce the deformation of a subassem-
bly during the assembly process. That phenomenon will lead to
inaccurate prediction results of assembly deviation. Therefore, the
extra locators in the fixtures should be released from the subas-
sembly before the relocation in the current fixture, which will lead
to a 3-2-1 locating scheme to get an accurate subassembly devia-
tion, as shown in Fig. 2(e). The forces caused by releasing locators
in the fixtures engender subassembly deformation, and the releas-
ing forces have the same magnitude as the reaction forces exerted
by the released locators in the fixture but in the opposite direction.
The reaction forces are created by the deformation of each part
composing the subassembly before the locators are released. Con-
sequently, the reaction forces are the summation of the reaction
forces generated in all those steps of the current assembly station.
The deformation caused by releasing the locators in the fixture
can be calculated with the consideration of following four causes:

(1) The reaction forces caused by the holding fixture deviation
(HFD). The actual positions of the holding fixtures are
probably different from the positions of holding fixture
points (HFPs) on the parts after the parts are located at the

actual locating fixtures. When the gaps between holding
locators and HFPs on the parts are closed by clamps, the
displacements of HFPs generate reaction forces at all FPs
on the parts. The relationships of reaction forces at the FPs
and displacements of the HFPs are established by running
finite element models with the nominal geometry. A unit
displacement load in the z direction is applied at each HFP
of an assembled part. The reaction forces generated at all
the released fixture points (RFPs), which will be released in
the later steps, are recorded and sorted in the matrix
HFDK

Pm

HFP�RFP (m¼ 1, 2). The matrix represents the forces
response of the RFPs to a unit displacement load applied at
HFPs. Therefore, the reaction forces of the RFPs caused by
the HFD can be represented as

HFDFP
RA¼HFDKP

HFP�RFP � VP
HFP�MLFVP

HFP

� �
(1)

where

HFDFP
RA ¼

HFDF
P1

RA

HFDF
P2

RA

( )
;HFDK

P
HFP�RFP

¼
HFDK

P1

HFP�RFP 0

0 HFDK
P2

HFP�RFP

" #
;VP

HFP�MLFVP
HFP

¼ V
P1

HFP�MLFV
P1

HFP

V
P2

HFP�MLFV
P2

HFP

" #

and V
P1

HFP�MLFV
P1

HFP and V
P2

HFP�MLFV
P2

HFP are the displacements of
the HFPs on the two assembled parts caused by an HFD. The reac-
tion forces generated at the locating FPs (LFPs) and HFPs are
denoted as

HFDF
P1

RA ¼ HFDF
P1

RALF1

HFDF
P1

RALF2

HFDF
P1

RAHF1

HFDF
P1

RAHF2

h iT

and

HFDF
P2

RA ¼ HFDF
P2

RALF3

HFDF
P2

RAHF1

HFDF
P2

RAHF2

h iT

(2) The reaction forces caused by clamping parts to the nomi-
nal position. Reaction forces are created at all FPs due to
the deformation of the assembled parts in the process of
clamping parts to their nominal positions. CK

Pm
JP�RFP

(m¼ 1,2) represents the stiffness matrix sorting the reaction
forces generated at the RFPs caused by a unit displacement
load applied at all joined points (JPs). The reaction forces
generated at the RFPs are represented as

CFP
RA¼cK

Pm
JP�RFP�PTDVP

JP (2)

where

CFP
RA¼

CF
P1

RA

CF
P2

RA

( )
;CKP

JP�RFP¼
CK

P1

JP�RFP 0

0 CK
P2

JP�RFP

" #
;

PTDVP
JP¼

PTDV
P1

JP

PTDV
P2

JP

" #
;CF

P1

RA¼ CF
P1

RALF1

CF
P1

RALF2

CF
P1

RAHF1

CF
P1

RAHF2

h iT

and CF
P2

RA ¼ CF
P2

RALF3

CF
P2

RAHF1

CF
P2

RAHF2

h iT

�PTDV
P1

JP and PTDV
P2

JP are
the part total deviation (PTD) of JP caused by all sources of varia-
tion, such as PME and FPE. Part I of this paper [3] has described
the procedures of gaining PTD.

(3) The reaction forces caused by releasing clamps and assem-
bly spring-back deformation. At this step, two parts have
been assembled as a subassembly. Thus, the stiffness
matrix of the subassembly is denoted as RCK

A1

JP�RFP. Similar
to the two previous stiffness matrices, this matrix also
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contains the reaction forces generated at all RFPs. The
reaction forces of the assembly caused by the releasing
clamps are represented as

RCK
A1

RA¼RCK
A1

JP�RFP�RCV
P1

JP or RCK
A1

RA¼RCK
A1

JP�RFP�RCV
P2

JP (3)

where

RCF
A1

RA ¼ RCF
P1

RALF1

RCF
P1

RALF2

RCF
P1

RAHF1

RCF
P1

RAHF2

RCF
P2

RALF3

h
RCF

P2

RAHF1

RCF
P2

RAHF2

iT

and RCV
P1

JP and RCV
P2

JP are spring-back displacement vectors of JPs
on parts 1 and 2 after clamps are released. Since JPs of parts 1 and
2 are joined together, we have RCV

P1

JP¼RCV
P2

JP .
(4) Spring-back deformation caused by releasing locators. Up

to now, the reaction forces created in each step have been
obtained; hence, the total reaction forces can be represented
as

F
A1

RA¼HFDFP
RAþCFP

RAþRCFP
RA (4)

The locator releasing forces and the reaction forces are equal in
the magnitudes and opposite in the directions, which is denoted as
F

A1

RF ¼ �F
A1

RA.
The relationships between the releasing forces and the displace-

ments of the measured points (MPs) can be expressed by a com-
pliance matrix RFC

A1

RFP�MP, which is comprised of the
displacements of MPs caused by a unit releasing force. The
spring-back displacements of the MPs can be represented as

RFV
A1

MP¼RFC
A1

RFP�MP � F
A1

RF

Step 6: Relocating a subassembly to the nominal locating fixtures.
In general, there are multiple potential datum points (or locating
points) in a part. Therefore, different sets of datum (or locating)
points may be used in different assembly stations. If different
datum points are used, the orientation and position of the part will
change. Figure 2(f) presents the assembly states before and after
relocation with dotted-dashed lines and solid lines, respectively.
After relocation, the deviations of the key points should be recal-
culated. In addition, an FPE exists in the relocation fixtures, which

also have significant effects on the deviations of the key points.
For ease of calculation, the procedure of calculating the deviations
of the key points is divided into two stages: The first one is to gain
the deviations by assuming that the subassembly is relocated at
the nominal locating fixtures. The second one is to attain the devi-
ations with consideration of the FPE of the relocation fixtures. In
fact, step 6 is a virtual step to help calculate the RIE, which is not
observed as a separate step in the actual assembly process.

As shown in Fig. 1, the dotted lines, dotted-dashed lines, and
solid lines represent the ideal parts, parts located at the original
fixtures, and parts located at the relocation fixtures, respectively.
The corner points of the double dotted-dashed triangle and the
relocation FPs share the identical x and y coordinates. Since relo-
cating a subassembly at the locating fixtures can be treated as a
rigid translation and rotation process, the relative position relation
of any two points remains constant in the process of relocation. In
Fig. 1, dP

JP3
represents the distance from the point JP3 on the

dotted-dashed lines to the double dotted-dashed plane, and RIE�P
JP3

denotes the distance from the point JP3 on the solid lines to the
dotted plane. Based on the analysis above, this equation holds
RIE�P

JP3
¼ dP

JP3
. The double dotted-dashed plane can be represented

as

x� xP1

LFP3
y� yP1

LFP3
z� zP1

LFP3

xP2

LFP1
� xP1

LFP3
yP2

LFP1
� yP1

LFP3
zP2

LFP1
� zP1

LFP3

xP2

LFP2
� xP1

LFP3
yP2

LFP2
� yP1

LFP3
zP2

LFP2
� zP1

LFP3

��������

��������
¼ 0 (5)

where (x, y, z) is the coordinates of the key points on the dotted-
dashed lines in the coordinate system established based on the
ideal assembly as shown in Fig. 1. The coordinates (x, y, z) share
the same nomenclature with the deviation representation of the
key points.

After appropriate derivation, Eq. (5) can be represented as

axþ byþ czþ d ¼ 0 (6)

Furthermore, the distance dP
JP3

can be represented as

dP
JP3
¼

axP
JP3
þ byP

JP3
þ czP

JP3
þ dffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

a2 þ b2 þ c2
p (7)

Fig. 3 Illustration of (a) variation propagation in a multistation assembly process and (b)
variation propagation in assembly station k
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Thus, the RIE of the point JP3 can be obtained. In the same way,
the RIE of all the other key points can be attained. Furthermore,
the RIE vector of the MPs (it is assumed that there is one MP on
each part) is presented in Eq. (8) according to Eq. (7)

RIE�A1

MP ¼ A�RF�A1

MP þ D (8)

where

A ¼ cffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
a2 þ b2 þ c2
p I2�2 and

D ¼
xP1

MP1
yP1

MP1
1

xP2

MP1
yP2

MP1
1

2
4

3
5

affiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
a2 þ b2 þ c2
p

bffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
a2 þ b2 þ c2
p

dffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
a2 þ b2 þ c2
p

2
666666664

3
777777775

The RIE vector of all the other key points can be obtained with
the same method.

Step 7: Locating a subassembly to the actual fixtures. In step 6,
the RIE of the subassembly is indicated on the basis of locating
the subassembly at the nominal locating fixtures. Depending on
the definition of the PME and the RIE, the RIE of a subassembly
is equivalent to the PME of a part. In this step, the two subassem-
blies are located in the actual fixtures. The subassembly total devi-
ation (STD) caused by the RIE and the FPE can be realized by the
same approach as PTD prediction of a part introduced in Part I of
this paper [3].

Steps 8–11: Assembly process of a subassembly and a part. The
assembly process is the same as the single-station assembly pro-
cess [3], so the method applied in the single-station assembly can
be utilized again.

4 SSM for Compliant Composite Assembly in

Multistation Processes

An assembly process is to attach interactive parts together in a
sequential manner to create a finished product. Depending on the
complexity of the final product, an assembly process may consist
of multiple stations, in each of which two or more parts and/or sub-
assemblies are assembled together. If a locator or a part has devia-
tions from its design intent position, dimensional deviations will
be generated on the subassembly. Furthermore, there are always
deformations of the part and subassembly during the assembly
process due to the compliant nature of a composite part. This de-
formation generated during assembly is called as process-induced
deviation, as discussed in Sec. 3. All these deviations mentioned
above will be transmitted to downstream stations as shown in Fig.
3. According to the stream of variation (SoV) theory [19], the vari-
ation and its propagation in a multistation assembly process can be
formulated as a linear discrete SSM, as shown in Eq. (9).

X kð Þ ¼ A kð Þ � X k � 1ð Þ þ B kð Þ � U kð Þ þ D kð Þ þW kð Þ
Y kð Þ ¼ C kð Þ � X kð Þ þ V kð Þ

(9)

where A kð Þ � X k � 1ð Þ þ D kð Þ represents the deviation transmit-
ted from upstream station (k� 1) by relocation movements; B kð Þ �
U kð Þ represents the deviations induced in the current station k;
X(k) is the state vector, which is defined as the accumulated as-
sembly deviation after station k; U(k) is the input vector including
all the sources of variation induced in station k; C(k) is the obser-
vation matrix; Y(k) is the measurement matrix; and W(k) and
V(k) are the system noise and measurement noise, respectively.
Detailed expression of the system matrices A(k), D(k), B(k), U(k),
and X(k) will be derived in this section.

4.1 State Vector X(k). An SSM can track the deviation of
any points as the assembly process moves forward to downstream
stations. For a compliant part, a precise representation of its
dimension requires an infinite number of points. In order to bal-
ance the model accuracy and the computational efforts, a subset
of points that are essential in the dimensional control and variation
reduction are selected to represent the dimensional quality. These
points are named as MPs. Consequently, at station k, a state
vector, which incorporates the information of all the MPs in an
assembly with M parts, is denoted as

X kð Þ ¼ XP1 kð Þ XP2 kð Þ � � � XPm kð Þ � � � XPM kð Þ
� �T

XPm kð Þ ¼ vPm
MP1

kð Þ vPm
MP2

kð Þ � � � vPm
MPg

kð Þ � � � vPm
MPGm

kð Þ
h iT

where vPm
MPg

kð Þ represents the deviation of the MPg on part m at
station k, and it is assumed that there are Gm MPs on part m.

4.2 Matrices A(k), D(k), B(k), and U(k). A multistation
assembly process can be regarded as the combination of a series
of sequential single-station assembly processes. There are four
major assembly steps in a multistation assembly process by sum-
marizing the assembly process discussed in Sec. 3.

4.2.1 Relocating a Subassembly at the Fixtures. As discussed
in steps 6 and 7 in Sec. 3, the analysis of relocation process can be
divided into two parts.

(1) The impact of the RIE on the assembly deviation. The RIE
is generated in the process of relocating a subassembly to
the nominal locating fixtures, which can be represented by
Eq. (8). For an assembly of M parts, the matrices A(k) and
D(k) at station k can be represented as

AðkÞ ¼

AP1ðkÞ 0 � � � 0 � � � 0

0 AP2ðkÞ � � � 0 � � � 0

� � . .
.

� � � � �

0 0 � � � APmðkÞ � � � 0

� � � � . .
.

�

0 0 � � � 0 � � � APM ðkÞ

2
6666666664

3
7777777775

m � k; APm kð Þ ¼ c kð Þffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
a2 kð Þ þ b2 kð Þ þ c2 kð Þ

p IGm�Gm
;
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m � k; DPm kð Þ

¼

xPm
MP1

yPm
MP1

1

xPm
MP2

yPm
MP2

1

� � �

xPm
MPg

yPm
MPg

1

� � �

xPm
MPGm

yPm
MPGm

1

2
66666666666664

3
77777777777775
�

a kð Þffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
a2 kð Þ þ b2 kð Þ þ c2 kð Þ

p
b kð Þffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

a2 kð Þ þ b2 kð Þ þ c2 kð Þ
p

d kð Þffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
a2 kð Þ þ b2 kð Þ þ c2 kð Þ

p

2
666666666664

3
777777777775

;

m > k; DPm kð Þ ¼ 0Gm�1

where a(k), b(k), c(k), and d(k) are the coefficients of the plane
equation as shown in Eq. (6) at station k.for k¼ 1, the two
assembled parts are located at the fixtures without relocation.
Therefore, the matrices A(1) and D(1) are represented as
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A 1ð Þ ¼ I PM
m¼1

Gm�
PM
m¼1

Gm

� 	; D 1ð Þ ¼ 0 PM
m¼1

Gm�1

� 	

(2) The impact of the FPE on the assembly deviation. When a subassembly is relocated at the actual fixtures, the FPE should be con-
sidered in addition to the RIE. As discussed in Sec. 3.2 of Part I [3], the analysis of the FPE should be conducted in two aspects
as follows:
(a) Analysis of the locating fixture deviation (LFD):

According to the illustration in Sec. 3.2.1 of Part I [3], the impacts of the LFD can be represented with a homogenous transforma-
tion matrix. As presented in Eqs. (9) and (12)–(14) in Part I of this paper [3], the deviation of MPs caused by relocation-induced
error and locating fixture deviation (RLF) can be derived as

RLFv
Pm

MPg
¼ xPm

MPg
yPm

MPg

RIEv
Pm

MPg
1

h i
� �coshPm

x � sinhPm
y sinhPm

x coshPm
x � coshPm

y zP�m

h iT

For an assembly of M parts, the deviation vector of MPs caused by the RLF at station k can be represented as

RLFVMP kð Þ ¼ CMP kð Þ � TL kð Þ

where

RLFVMP kð Þ ¼ RLFV
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Since the vector RLFVMP kð Þ involves the RIE, the deviation of MPs caused by the LFD can be represented as

LFDVMP kð Þ ¼ RLFVMP kð Þ � RIEVMP kð Þ

In the same way, the deviation of JPs caused by the RLF at station k can be represented as

RLFVJP kð Þ ¼ CJP kð Þ � TL kð Þ
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where
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Fig. 4 Diagram of an assembly process: (a) station 1 and (b) station 2

Table 1 Parameters of each part in the assembly

Part 1 Part 2 Part 3

Size (mm3) 1000� 1000� 4 1000� 1000� 6 1000� 1000� 5
Number of plies 4 6 4
Orientation of plies 90 deg/0 deg/90 deg/0 deg 90 deg/0 deg/90 deg/0 deg/90 deg/0 deg 90 deg/0 deg/90 deg/0 deg

Table 2 Deviation of all the MPs in the overall assembly
process

MP1
1 MP2

1 MP3
1

Mean deviation (mm) PME 1.0000 1.0000 1.0000
Station 1 0.9521 0.6285 1.0000
Station 2 0.8245 0.9834 1.0381

Standard deviation (mm) PME 0.3000 0.3000 0.3000
Station 1 0.2375 0.3157 0.3000
Station 2 0.3846 0.2728 0.2798
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Since h represents the number of JPs, the total number of JPs
on the (k� 1)th assembly and on the (kþ 1)th part is denoted
as HAk�1

and HPkþ1
. The other key points adopt the same

nomenclature. The deviation of the HFPs, RLFVHFP kð Þ,
caused by the RLF can be simulated by adopting the same
method.

Fig. 5 Deviation distribution of all the MPs in the overall assembly process: (a) MP1
1 before station 2, (b) MP2

1 before sta-
tion 2, (c) MP1

1 after station 2, (d) MP2
1 after station 2, and (e) MP3

1 after station 2
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Fig. 6 Procedures of the MCS: (a) the procedures of calculating the assembly deviation with
ANSYS and (b) details of the calculation of the output results specified in Fig. 6(a)
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(b) Analysis of the HFD:
The HFD can cause assembly deformation, and furthermore generate extra deviations at the key points. Depending on the
method proposed in Sec. 3.2.2 of Part I [3], the deviation of MPs and JPs caused by the HFD can be represented as

HFDVMP kð Þ ¼ HFDSHFP�MP kð Þ � VHFP kð Þ � RLFVHFP kð Þ
� �

HFDVJP kð Þ ¼ HFDSHFP�JP kð Þ � VHFP kð Þ � RLFVHFP kð Þ
� � (10)

where HFDVMP kð Þ and HFDVJP kð Þ utilize the same representation as the RLF of MPs and JPs, RLFVMP kð Þ and RLFVJP kð Þ

VHFP kð Þ ¼ V
Ak�1

HFP kð Þ V
Pkþ1
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h iT

V
Ak�1

HFP kð Þ ¼ vAk�1

HFP1
kð Þ vAk�1

HFP2
kð Þ � � � vAk�1

HFPj
kð Þ � � � vAk�1

HFPJAk�1

kð Þ
h iT
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h iT
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666666666666666666664
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m¼1

Gm � JAk�1
þ JPkþ1ð Þ

(11)

HFDSHFP�JP kð Þ ¼
HFDS

Ak�1�Ak�1

HFP�JP kð Þ 0

0 HFDS
Pkþ1�Pkþ1

HFP�JP kð Þ

" #
HAk�1

þHPkþ1ð Þ� JAk�1
þJPkþ1ð Þ

(12)

On the basis of the illustration in Sec. 3.2.2 of Part I [3], each submatrix in Eqs. (11) and (12) can be obtained.
(3) The STD. According to the analysis above, the STD of JPs caused by the RIE and the FPE can be represented as

STDVJP kð Þ ¼ RLFVJP kð Þ þ HFDVJP kð Þ (13)

The deviation of MPs caused by the FPE can be represented as

FPEVMP kð Þ ¼ LFDVMP kð Þ þ HFDVMP kð Þ

4.2.2 Clamping a Part and a Subassembly to the Nominal Position. Section 3.2.3 in Part I of this paper [3] proposed an approach to
estimate the deformation deviation of MPs resulted from the process of clamping a part to the nominal position. For an assembly of M
parts, the deviation of MPs at station k can be represented as

CVMP kð Þ ¼ CSJP�MP kð Þ � �STDVJP kð Þ
� �

(14)

where CVMP kð Þ and CSJP�MP kð Þ use the same representation as RLFVMP kð Þ and HFDSHFP�MP kð Þ.

4.2.3 Joining a Part and a Subassembly Together and Then Releasing Clamps. According to the method proposed in Sec. 3.2.3 of
Part I [3], the deviation of MPs on an assembly of M parts caused by releasing clamps at station k can be represented as

RCVMP kð Þ ¼ RCSJP�MP kð Þ � STDVJP kð Þ (15)

RCVJP kð Þ ¼ RCSJP�JP kð Þ � STDVJP kð Þ (16)

where RCVMP kð Þ and RCVJP kð Þ adopt the same representations as RLFVMP kð Þ and RLFVJP kð Þ
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4.2.4 Releasing a Part and a Subassembly From the Locators. The releasing forces cause the assembled part and the subassembly
to deform, and furthermore create the displacement deviation of MPs. The releasing forces are equal to the reaction forces, which are
caused by the deformation of the subassembly and the part assembled in the current assembly stations, but in the opposite direction.
According to the discussion in Sec. 3, the deviation of MPs caused by releasing locators is represented as

RFVMP kð Þ ¼ RFCRFP�MP kð Þ � �FRA kð Þð Þ (17)

where

RFCRFP�MP kð Þ ¼ RFC
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RFP�MPg
kð Þ is a vector with dimension 1� Lk, and Lk is the number of degrees-of-freedom of the RFPs at station k.

Based on Eqs. (1)–(4), (10), (13), and (16), the reaction forces at station k can be represented as

FRA kð Þ ¼ HFDKHFP�RFP kð Þ � HFDSHFP�JP kð Þ
� ��1 � STDVJP kð Þ � RLFVJP kð Þ

� �
þ CKJP�RFP kð Þ � STDVJP kð Þ

þ RCKJP�RFP kð Þ � RCSJP�JP kð Þ � STDVJP kð Þ (18)

And then, the reaction forces can be rewritten as

FRA kð Þ ¼ HFDKHFP�RFP kð Þ � HFDSHFP�JP kð Þ
� ��1 þ CKJP�RFP kð Þ þ RCKJP�RFP kð Þ � RCSJP�JP kð Þ

h i
� STDVJP kð Þ

þ HFDKHFP�RFP kð Þ � HFDSHFP�JP kð Þ
� ��1 � �RLFVJP kð Þ

� �
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h i
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Finally, the extra deviation of MPs caused by all the sources of variation including relocation process at station k can be represented as

X kð Þ ¼ A kð Þ � X k � 1ð Þ þ D kð Þ þ LFDVMP kð Þ þ HFDVMP kð Þ þ CVMP kð Þ þ RCVMP kð Þ þ RFVMP kð Þ þW kð Þ (19)
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Substituting Eqs. (14), (15), (17), and (18) to Eq. (19) gives

X kð Þ ¼ A kð Þ � X k � 1ð Þ þ D kð Þ þ LFDVMP kð Þ þ HFDVMP kð Þ þ f�CSJP�MP kð Þ þ RCSJP�MP kð Þ � RFCRFP�MP kð Þ�
HFDKHFP�RFP kð Þ � HFDSHFP�JP kð Þ

� ��1 þ CKJP�RFP kð Þ þ RCKJP�RFP kð Þ � RCSJP�JP kð Þ
h i

g � STDVJP kð Þ

þRFCRFP�MP kð Þ � HFDKHFP�RFP kð Þ � HFDSHFP�JP kð Þ
� ��1 � RLFVJP kð Þ þW kð Þ

(20)

Rewriting Eq. (20) in the form as Eq. (9) with definition of B(n)
and U(n) as

B kð Þ ¼ I kð Þ B1 kð Þ B2 kð Þ
� �

U kð Þ ¼ FPEVMP kð Þ STDVJP kð Þ RLFVJP kð Þ
� �T

B1 kð Þ ¼ �CSJP�MP kð Þ þ RCSJP�MP kð Þ � RFCRFP�MP kð Þ

� HEDKHFP�RFP kð Þ � HFDSHFP�JP kð Þ
� ��1

h
þCKJP�RFP kð ÞþRCKJP�RFP kð Þ � RCSJP�JP kð Þ

�
B2 kð Þ ¼ RFCRFP�MP kð Þ � HFDKHFP�RFP kð Þ � HFDSHFP�JP kð Þ

� ��1

5 Case Study

5.1 Problem Description. The proposed method is illustrated
with a case study predicting the assembly deviation of an assem-
bly system with three composite laminated plates, as shown in
Fig. 4. The three parts are assembled together in two stations by
riveting techniques. The parameters of each part in the assembly
are listed in Table 1. The material properties are the same as the
ones used in the case study of Part I [3]. In station 1, the two parts
are constrained by locating fixtures and holding fixtures marked
by small triangles, the letter associated to which suggests the con-
strained direction, as presented in Fig. 4(a). After the assembly
process is completed in station 1, the subassembly is relocated to
another set of locators, as shown in Fig. 4(b). In both assembly
stations, the two assembled structures are joined by three JPs. In
this case, we consider all variation factors including the PME, the
FPE, and the RIE, which are assumed independent. The PME
of JPs, HFPs, and MPs follow a normal distribution (l ¼ 1mm;
r ¼ 0:3mm, and sample size n¼ 100). The LFD and the HFD
also follow a normal distribution (l ¼ 0:5mm; r ¼ 0:1mm, and
sample size n¼ 100). All the deviation data are generated by MAT-

LAB. The objective of the case study is to track the means and the
standard deviations of the dimensional deviations of all the MPs
in the assembly process, given the means and the standard devia-
tions of the sources of variation. The parameters of the structure
and the sources of variation data are shared by the SSM and the
MCS. The prediction results obtained from the SSM will be com-
pared with that of the MCS.

5.2 Prediction Results. Section 4 investigates how to achieve
the matrices A(k), D(k), B(k), and U(k), in turn, to establish the
SSM. Some of the matrices incorporate the stiffness matrix, the
compliance matrix, or the sensitivity matrix of the structure,
which can be specified by running finite element models with the
nominal geometry. The meshing method is identical to that was
used in Part I of this paper [3]. The deviations of all the MPs in
the overall assembly process are shown in Table 2 and Fig. 5. The
results presented in Table 2 imply that the assembly process does
not necessarily increase the output assembly deviation. In a multi-
station assembly process, the accumulated deviations of the final
assembled product may increase or decrease as the parts are

assembled. This observation is consistent with the findings in
Refs. [12] and [20].

5.3 Validation With MCS. The MCS is completely based on
finite element analysis, where no assumptions are set; thus, the
results can be treated as the true value. Some software, such as
ANSYS and ABAQUS, can be utilized to conduct the finite element
analysis. Figure 6 presents the analysis procedure using the ANSYS,
which is performed station by station following the specified as-
sembly process. Figure 6(a) presents the framework of predicting
the assembly deviation, and Fig. 6(b) shows how to obtain the
detailed information (output results) outlined in Fig. 6(a).

In station 1, the errors of the sources of variation of parts 1 and
2 are the inputs of the MCS. The process of locating parts to the
fixtures and clamping JPs to the nominal position will lead to the
structure deformations (output result 4 in Fig. 6(b)) and forces
(output result 1, output result 2, and output result 3 in Fig. 6(b)).
Those output results are the inputs of the following assembly steps
(step c—join two parts together and release the clamps and step
d—release the locators).

Figure 6(b) shows the detailed procedure of calculating the out-
put results. In the step of locating parts to the fixtures, a geometry
model is constructed on the basis of the deviations of the key
points, and the displacement loads are applied to the HFPs. The
reaction forces on FPs (output result 1) and displacements of all
the key points are the results after running the finite element mod-
els. In the step of clamping JPs to the nominal position, the origi-
nal deviation and the displacements of the key points are used to
establish the geometry model. And then, the displacement loads
are exerted on the JPs to obtain the reaction forces on FPs (output
result 2), the clamping forces on JPs (output result 3), and the dis-
placements of the key points. Combining the key point deviation
used to construct the geometry model in step b and the displace-
ments of the corresponding key points lead to the updated devia-
tion of the key points (output result 4).

In Fig. 6(a), the forces of releasing clamps (which is equal to
the clamping forces, output result 3, in the magnitude but in the
opposite direction) are applied to the subassembly geometry
model which is constructed by the output result 4, and then, the
reaction forces on FPs and the displacements of the key points are
generated in the step of joining two parts together and releasing
the clamps. Depending on the geometry model of the subassembly
and the displacements of the key points, the updated geometry
model is constructed in the step of releasing the locators. By
exerting the force loads on the FPs in step d, we achieve the dis-
placements of the key points, which are combined with the
updated deviation of the key points to attain the final deviation of
the subassembly in station 1.

In station 2, a local coordinate system is established in the
ANSYS to obtain the deviation of the key points caused by the relo-
cation, which can be treated as the PME of the subassembly in sta-
tion 2. After considering the relocation errors, the remaining
analysis in station 2 is the same as that in station 1; thus, the
detailed procedure is omitted in Fig. 6(a). The final deviation of
the MPs in station 2 is the final assembly deviation.

As specified in Sec. 5.1, 100 sets of sources of variation are
generated by MATLAB. With the first set of sources of variation
data, the assembly deviation of the MPs during the assembly pro-
cess is calculated by ANSYS, as shown in Fig. 7. The comparisons
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of the means and the standard deviations of 100 sets of the pre-
dicted assembly deviation from the SSM and the MCS are shown
in Tables 3 and 4. The results show that the relative differences of
the means of deviations between the SSM and the MCS are
smaller than 3%, which is regarded as small error and thus verified
the validity of the SSM.

In this case study, the deviation calculated by the SSM method
is less than that predicted by using the MCS approach. However,

this is not always the case. Here are some discussions on the rea-
sons: The SSM is established based on the sensitivity matrix
which relates the assembly deviation to the part deviation. The
sensitivity matrix is constructed by using the stiffness matrices of
the parts and the compliance matrix of the assembly. In the SSM,
the stiffness matrix and the compliance matrix are obtained on the
basis of the nominal parts (or assembly) rather than the actual
parts (or assembly) with errors by assuming the small deviations
of sources of variation. In practice, the stiffness matrix of the real
parts with errors may be larger, or smaller, than that of the nomi-
nal parts, which depends on the specific deviation of the sources
of variation. Similarly, the compliance of the assembly with errors
may be larger, or smaller, than that of the nominal assembly.
Therefore, the predicted assembly deviation using the SSM may
be larger, or smaller, than the assembly deviation predicted by the
MCS, in which the assembly deviation is predicted using the
actual parts with errors.

6 Conclusions and Future Work

In this paper, a new modeling methodology is proposed for vari-
ation and its propagation analysis of compliant composite part as-
sembly in a multistation process. The model adopts a state space
representation, in which the state vector corresponds to the devia-
tion of the key points of great concern. In this model, various varia-
tion factors, including the PME, the FPE, and the RIE, are taken
into account. In this study, a multistation assembly process can be
viewed as a combination of a set of sequential single-station proc-
esses. Four main steps are used to describe the assembly sequences
in a multistation assembly process: (i) relocating a subassembly to
a new set of fixtures and locating an incoming part to the fixtures;
(ii) clamping the subassembly and the part to the nominal posi-
tions; (iii) joining two structures together and releasing clamps;
and (iv) releasing the obtained subassembly from the fixtures. The
impact of relocation process on the assembly deviation is analyzed
according to the geometric relationships of the key points. Compli-
ance matrices are adopted to represent the relationship of the struc-
ture deformation caused by releasing fixture process and releasing
forces applied by the fixtures. The releasing forces are attained by
using stiffness matrices and the structure deformation produced in
the previous three steps. A case study is carried out to verify the va-
lidity of the developed SSM by the comparison of the prediction
results from the SSM and the MCS. Additionally, the prediction
results of the case study suggest that the assembly deviation may
be reduced in the assembly process.

The proposed variation propagation model provides a basis for
model-based method for modeling, analyzing, and controlling varia-
tion of compliant composite part assembly in multistation manufac-
turing process. The model represents variation and its propagation in
a multistation system using the recursive structure of SSMs; such
models can be derived from physical knowledge based on the part
design, process design, and material properties. This model enables
the possibility of integrated design and optimization for product and
process tolerancing, allocation of distributed sensors in production
lines, and evaluation of multistation system designs. With the help of
these functions, the method can be used to achieve the objectives of
system monitoring, diagnosis, and control, and ultimately, reduces a
system’s variation during its operation. More research and develop-
ment are needed to extend the modeling and analysis methodology to
manufacturing systems with complex configurations.
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Nomenclature

FPE ¼ fixture position error
FPs ¼ fixture points

Table 3 Deviations of all the MPs in station 1

MP1
1 MP2

1 MP3
1

Mean deviation �vSSM (mm) 0.9521 0.6285 1.000
�vMCS (mm) 0.9611 0.6391 1.000

100%� j�vSSM � �vMCSj=�vMCS 0.94% 1.66% 0%
Standard deviation rSSM (mm) 0.2375 0.3157 0.3000

rMCS (mm) 0.2519 0.3469 0.3000

Table 4 Deviations of all the MPs in station 2

MP1
1 MP2

1 MP3
1

Mean deviation �vSSM (mm) 0.8245 0.9834 1.0381
�vMCS (mm) 0.8451 0.9956 1.0390

100%� j�vSSM � �vMCSj=�vMCS 2.44% 1.23% 0.09%
Standard deviation rSSM (mm) 0.3846 0.2728 0.2798

rMCS (mm) 0.4145 0.2828 0.2824

Fig. 7 Deformation deviation of the assembly in the overall as-
sembly process: (a) station 1 and (b) station 2
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HFD ¼ holding fixture deviation
HFPs ¼ holding fixture points

JPs ¼ joining points
LFD ¼ locating fixture deviation
LFPs ¼ locating fixture points
MPs ¼ measured points
PME ¼ part manufacturing error
PTD ¼ part total deviation

RFPs ¼ released fixture points
RIE ¼ relocation-induced error
RLF ¼ relocation-induced error and locating fixture deviation
STD ¼ subassembly total deviation
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