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a b s t r a c t

Rapid developments in sensing technology have significantly increased the accessibility of processing
condition information. Yet product quality may be primarily affected by a few critical process variables.
Identifying key process variables will aid efficient process information collection and focused process
monitoring. In this paper, key process variables are identified through a two-step procedure, where
globally important process variables are identified on the basis of overall quality variables. Localized
identification of key process variables for specific quality characteristics is performedusing the regression
coefficient matrix and direct clustering algorithm. On the basis of the latent variable modeling approach,
in-line process monitoring is performed as well as prediction of the quality features. Real data sets
collected from a crankshaft forging are used to evaluate the performance.

© 2008 The Society of Manufacturing Engineers. Published by Elsevier Ltd. All rights reserved.
1. Introduction

The forging process produces a wide range of products. The
process itself is usually composed of a series of plastic deformation
steps such as pre-forming forging, main forging, and precision
forging. Aside from deformation, other steps such as trimming,
extrusion, twisting, and/or punching may be involved as well.
A series of process steps results in many process variables that
influence the final quality of the product (Table 1). Owing to recent
developments in sensor technologies, large amounts of process
information canbe obtained froma forging site. Efficient utilization
of the information for improved process condition assessment
is a challenging issue. On the other hand, quality inspection in
forging is time-consuming relative to the high process throughput.
Delayed actions regarding abnormal process conditions would
result in a large number of defective products.

To monitor the plastic deformation process, Bayesian rules
and subjective probability were applied to construct a diagnostic
expert system [1]. The relationship between the forging load
and the velocity of the upper die was established by analyzing
the kinetic energy of the crank mechanism [11]. The force
displacement model in a multi-step forging process was studied
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5-Ka, Anam-Dong, Sungbuk-ku, 136-701 Seoul, Republic of Korea. Tel.: +82 2 929
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in [16]. A scalable predictive monitoring and diagnosis systemwas
proposed in [13].

In the aforementioned research, the tonnage signal is gen-
erally not utilized for condition monitoring. The tonnage sig-
nal represents the forging force required for plastic deformation.
It is recorded through strain gauges installed on the press. An
example of a forging press with multichannel tonnage signals is
shown in Fig. 1 [4]. Acknowledging that the tonnage signal is one
of the key process variables indicating process condition changes,
patterns in a single tonnage signal were extracted for forming
process monitoring [2,3,5] using principal component analysis.
Wavelet analysis was performed on a single-channel or an av-
eraged tonnage signal from multiple channels to extract fault-
sensitive coefficients [8]. Segmentation of tonnage signals was
combined with the wavelet analysis to identify and isolate pat-
terns for specific segments [7,9] and for data reduction as well [2].
More recently, multiple channels of tonnage signals were contem-
plated concurrently to consider interactions among signals. Princi-
pal curves and segmentation was used to construct discrimination
charts for forging processes [4] without directly modeling prod-
uct quality features. These researches confirm that tonnage signal
based monitoring is an effective approach in determining process
condition changes.

Nevertheless, it might be advantageous to simultaneously
consider other process variables for improved process condition
monitoring. It is a challenging issue to select relevant key process
variables and relate the process variables to quality features.
This paper aims at identifying key process variables for process
condition monitoring based on latent variable modeling.
ed by Elsevier Ltd. All rights reserved.
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Nomenclature

A number of components
N number of samples
XN×K predictor variables (process variables)
YN×M response variables (quality variables)
bm regression coefficient vector of the mth y, size (K ×

1)
BK×M [bT

1, b
T
2, . . . , b

T
M ]

T , matrix of regression coefficients
EN×K X residuals
FN×M Y residuals
LV [LV 1, . . . , LV A]

T , latent variables of X and Y
pa PLS X loadings vector of component a
PK×A [pT

1, p
T
2, . . . , p

T
K ]

T , loadings matrix of X
qa PLS Y loadings vector of component a
QM×A [qT

1, q
T
2, . . . , q

T
M ]

T , loadings matrix of Y
R2 multiple correlation coefficient; the amount of Y

explained
TN×A [tT1 , tT2 , . . . , tTA ]

T , common score matrix of X and Y
ST sample covariance matrix of score T
wa PLS weights of component a
WK×A [wT

1,w
T
2, . . . ,w

T
A]

T , weights matrix
9l clusters of Y (l = 1, . . . , L)
4l key process variables for cluster 9l (l = 1, . . . , L)

2. Latent variable based process monitoring and key process
variable identification

2.1. Overview of latent variable modeling

There are severalmodels available formodeling the relation be-
tween the predictors X and the response variables Y, for example,
the standard multivariate regression model, reduced-rank regres-
sion model, and errors-in-variables multivariate regression (EIVR)
model. Latent variable modeling is a method for constructing pre-
dictive models when the predictors and/or response variables are
many and highly collinear. X and Y are assumed to have the com-
mon underlying latent variables LVwith LV = [LV1, . . . , LVA]

T . LV
reduces X and Y spaces into a low-dimensional subspace spanned
by LV. The subspace is expected to grasp the most relevant infor-
mation and structures from X and Y spaces. LV has the property
that its elements are orthogonal to each other. The latent variable
model is given as [12]
X = TPT

+ E (1)

Y = TQT
+ F (2)

where each row of scorematrix T corresponds to one realization of
LV. T can be directly computed from X as

T = XW(PTW)−1 (3)
where W is the weights for X, P is X loadings, and Q is Y loadings.
The unmodeled noise terms are E and F.

Y can be expressed in a regression form as
Y = XB + F (4)
with B = W(PTW)−1QT . X and Y need to be mean-centered and
scaled to unit variance prior to fitting the model.

Among different model-fitting approaches used to find W,
P, and Q, projection to latent structures (PLS) selects LV by
maximizing the covariance between X and Y [12], and it has been
widely applied in chemical processes for process calibration and
process monitoring [10]. This paper adopts PLS because historical
data for Y could be used to set a benchmark for X, that is, relating
process variables with quality variables. (The PLS algorithm can be
found in [14].)
2.2. Forging process monitoring methodology using latent variables

Due to the large number of forging process variables, X,
and potential existence of high collinearity, PLS seems to be a
natural solution for building the relationship between quality
characteristics Y and X. However, direct application of PLS may
encounter the following problems: (1) when Y is a measure of
different activities and is influenced by different sets of process
variables, the PLS model tends to have many components and
may be difficult to interpret; (2) when a cluster of quality
characteristics, Y, is mainly influenced by a few critical process
variables, X, identifying the correlated groups among Y and
X would improve the interpretation of causality and process
monitoring.

As shown in Fig. 2, the proposed approach first identifies
clusters inY using principal component analysis (PCA). Next, latent
variables are extracted using PLS on both X and clustered Y. Global
key process variables are identified using a correlation coefficient
and variable importance for the projection (VIP) [15]. Using the
LVs, T 2 control charts are employed for monitoring purposes,
and future predictions are also made. Using correlation coefficient
matrix clustering, localized key process variables are identified.

2.3. Response variables analysis

To ascertain whether the Y variables are correlated or not, PCA
analysis of the Y matrix is performed. This will give information
about the rank of Y in practice, that is, the number of components,
A, in the PC model. If A is small compared to the number of Y
variables (M), it can be concluded that the Y’s are correlated, and
that a PLSmodel of all theY’s together in combination iswarranted.
If distinct clusters are found from the PCA, this is an indication that
a separate PLS model for each group of Y’s is warranted.
• Step 1. Calculation of the rank of Y

PCA involves determining the eigenvalues and eigenvectors
of a covariance/correlation matrix. Because of the widely
different units in Y, a correlation matrix, R, is used in the
analysis. Then the eigenvalue problem is defined as (R −

λiI)ei = 0 for i = 1, . . . ,M , where λi is the eigenvalue of
R, ei is the associated eigenvector of λi, and I is the identity
matrix. The value of λi is chosen such that |R − λiI| = 0. The
correlation matrix R has M eigenvalues, say, λ1, λ2, . . . ,λM , in
decreasing order. The M eigenvalues generate M eigenvectors,
e1, e2, . . . , eM . Then, the sample variances of the M principal
components are λ1, λ2, . . . ,λM , respectively. Rank can be
obtained as follows:

Rank (A) = mini

{
i∑

j=1

λj

/ M∑
j=1

λj ≥ threshold

}
(5)

If A � M , then Y is a highly correlated set and therefore
it can be treated as one cluster (Y = 9L, L = 1). Otherwise,
geometric analysis is required. General practice for choosing the
threshold value is to pick a number of principal components
that account for 85%–90% of total variance.

• Step 2. Geometric analysis of scores
The quality characteristics of a product have M scores,

say, Y1, Y2, . . . , YM . The standardized variables are denoted as
Z1, Z2, . . . , ZM . Then the jth score is a linear combination of the
standardized variables,

PCj = e1jZ1 + e2jZ2 + · · · + eMjZM , j = 1, 2, . . . ,M (6)

where e1j, e2j, . . . , eMj are called loadings, the elements of ej that
indicate the direction and importance of the contribution of Zi
to PCj. The component scores of the ith unit are

pcij = e1jzi1 + e2jzi2 + · · · + epjzip, i = 1, 2, . . . ,N,

j = 1, 2, . . . ,M (7)
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Table 1
Process variables affecting part dimension and surface quality in forging

Material variables Die variables Interactive variables Press variables Heat treatment Misc. variables

• Mechanical properties • Die material • Forging temperature • Tonnage • Furnace temperature • Coating
• Shape, size and weight • Hardness • Holding time • Hammer speed • Cooling condition • Lubrication type
• Metallurgical factors • Die temperature • Metal flow • Center balance • Process • Dirt
• Material temperature • Alignment • Cooling rate • Ram parallelism • Human errors
• New/rework • Surface finish • Rigidity
Fig. 1. (a) Diagram of a press. (b) Four-channel tonnage signals.
Fig. 2. Flowchart of the proposed methodology.

Using the plot of the first two principal component scores
which accounts for maximum variances, Y is checked for clusters
(=91, 92, . . . , 9L).

2.4. Global key process variable selection

To explore which key process variables can be extracted for
9i, i = 1, . . . , L, two statistics are used. Regression coefficients
B = W(PTW)−1QT represent the importance that each predictor
has in the prediction of the response. Another statistic summa-
rizing the contribution that a variable makes to the model is the
variable importance for the projection (VIP) [15]. VIP represents
the value of each predictor in fitting the PLS model for predictors
and 9i:

VIPk =

√√√√ A∑
i=1

{
R2
i · w2

ki

/ A∑
j=1

R2
j

}
· N (8)

where wki is at the kth row and ith column of weight matrixW.
Predictors with a relatively small value for both the regression

coefficient and VIP are prime candidates for deletion. A value less
than 0.8 is assumed to be small for the VIP.
2.5. Localized key process variable selection

Using the screened global key process variables, PLS models
for 9i’s can be obtained. On the basis of the regression coefficient
matrix of eachmodel, the process variables can be further grouped
into localized clusters. When a group of process variables that has
large influence on a certain group of quality features in 9i can
be obtained, this information can be used to identify a subset of
process variables to monitor specific quality variables. This can
lead to further reduction of the dimension of data.

The clusters ofX can be identified by applying group technology
to the regression coefficient matrix B. The direct clustering
algorithm (DCA) proved to be useful for identifying clusters.
Developed by King and Nakornchai [6], DCA is a group technology
(GT) method that is used for optimized planning of manufacturing
processes and design of manufacturing cells. GT is based on the
idea that most of the tasks performed in any system can be
categorized into a smaller number of sets, where each set has tasks
that are very similar to each other. For each of these sets, if a
detailed plan for one task is available, this can be used as a starting
point, and minor modifications can be made to obtain the exact
plan for any other task of that set. This technique has applications
in many areas of manufacturing systems, such as design, process
planning, layout planning, and scheduling and routing. Among
several methods available for GT, DCA performs well for cases
when there are a large number of parts. Details of the algorithm
are given in Appendix A.

The regression coefficient matrix approach is very similar to
the machine–resource allocation problem. Each of the coefficients
can be interpreted as to how much each of the process variables
(resource) is needed for a quality feature (machine). Set the values
of regression coefficients with very small values to be 0 and
replace the rest with value 1. Then the problem becomes very
similar to amachine–resource allocation problem. PerformingDCA
on B, groups of process variables and quality variables can be
obtained.
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Fig. 3. Process flow, process variables, and quality information.
2.6. Process monitoring and future prediction

Use t to denote the one realization of LV and t =

[t1, t2, . . . , tA]T . Define a statistic as

T 2
=

A∑
i=1

t2i
s2i

(9)

where s2i stands for the variance of ti for i = 1, . . . , A. s2i can
be estimated from the sample covariance matrix of T, that is, ST.
Because t1, t2, . . . , tA are orthogonal to each other, ST is a diagonal
matrix and the estimator of s2i is given by

s2i = diag[ST]ii (10)

At phase I of building a control chart, the first two latent
variables are chosen tomonitor the stability of the process, and the
T 2 statistic is approximated by a χ2

2 distribution with two degrees
of freedom [11], that is,

T 2
=

t21
s21

+
t22
s22

≤ χ2
2 (α) (11)

Using the control limits, the outlying data set can be identified.
Excluding the outliers, the revised data set can be used for
constructing phase II control limits. The phase II control chart is
designed as

T 2
=

t2new,1

s21
+

t2new,2

s22
≤

2(n2
− 1)

n(n − 2)
F2,n−2(α) (12)

where F2,n−2 is the F distribution with 2 and n − 2 degrees of
freedom [11] and n is the number of observations for constructing
the control limits.

For future prediction of the data set, the new score Tnew is
obtained as Tnew = XnewW(PTW)−1. Using this information, the
predicted Y is

_Y = XnewW(PTW)−1QT and the residuals are F =

Y −
_Y .

3. Methodology illustration with a real case study

3.1. Process feature extraction

The test site used for the case study is a forging plant producing
crankshafts. The process flow is shown in Fig. 3. The material
undergoes four different forging steps to obtain the final shape.
The deformation occurring at themain press is themost important
forging step, and therefore, tonnage signals are recorded using four
tonnage sensors. Additional process information is obtained from
other sensors.

A tonnage signal denotes the forging force required to deform
a material into a specific shape. Although the signals are
very important in understanding the forging process, the large
dimension (couple of hundred to few thousand readings per part)
of the data set deters its use in the original form. Performing latent
variable analysis of the signals in their natural state inevitably
leads to resultswith large dimensions that are difficult to interpret.
To use the tonnage signals for the analysis, data reduction is
important.

The profiles of the tonnage signals are highly influenced by
the condition of the process. Therefore, changes to the profile of
the signals can be used as the means of monitoring the change
in process condition. Reflective points within a signal indicate
sudden changes in deformation force. By identifying the phase of
the forging process with the corresponding reflective points in the
tonnage signal, key features can be extracted. The key features
are extracted from the four channels of the tonnage signals. These
features are selected from the reflective points on the signals. An
example of the relationship between the reflective point and the
deformation process was shown in Fig. 4.

The differences in the location of the tonnage sensors result in
different profiles for each of the tonnage signals. Therefore, the
key features extracted are not identical for the tonnage signals. To
extract the features, each of the four channels is first divided into
seven segments, as shown in Fig. 5 [1]. Individual segments were
searched based on engineering knowledge and correlation studies
to locate the reflective points.

The segments with reflective points are identified, and then
the local apex and nadir are located. For each of the identified
points, the location (tii) and the value (toi) are obtained. The
difference between two consecutive points is used as a key feature.
An example is shown in Fig. 6.

From the 10 reflective points identified, 20 features are
obtained (Table 2). By applying this method to other signals from
different channels, a total of 42 features are found.

3.2. Part and quality features

The characteristics of forged parts – strength, reliability, and
economy – are what make them ideal for vital automotive
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Fig. 4. Relationship between the features and the deformation.
Fig. 5. Segmentation of tonnage signal.

applications. Forged components are commonly found at points of
shock and stress, such as wheel spindles, kingpins, axle beams, and
shafts. The test forging plant produces crankshafts for automobiles.
The crankshaft has five main bearings, four pins, and eight
counterweights. The part is shown in Fig. 7.

Quality inspection is performed using both manual measure-
ments and CMMmeasurements. The inspection is performed once
every hour on a forged part just after it is precision forged. The
overall quality measurement procedure takes approximately 60
min. Therefore, at the production rate of 2 parts/min, 120 parts
Fig. 6. Extracted features, from segment 2.
Fig. 7. Diagram of the crankshaft.

would have passed without any assurance from quality measure-
ments. The overall loss due to late response from the quality mea-
surement is severe. Therefore, it is advantageous for this plant if an
online quality prediction method is made available.

There are 75 dimensions measured using the CMM. The
measurements can be divided into eight groups depending on
the criteria being measured. These are shown in Table 3. Among
the listed quality features, the main interest is in bendness and
underfill.
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Table 2
Extracted features, from tonnage signal

Segment # of features Description

1 2 Mean & standard deviation
2 10 ti2–ti1, ti3–ti2, ti4–ti3, ti5–ti4, ti6–ti5

to2–to1, to3–to2, to4–to3, to5–to4, to6–to5
4 6 ti7–ti6, ti8–ti7, ti9–ti8

to7–to6, to8–to7, to9–to8
6 2 ti10–ti9, to10–to9
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Fig. 8. Geometric analysis for cluster checking with 95% confidence limit.

Table 3
CMMmeasurement of the crankshaft

Type Variables Type Variables Type Variables

Mismatch Y1–Y5 Bendness Y6–Y30 Diameter Y31–Y41
Underfill Y42–Y45 Spacing Y46–Y61 Pin

Location
Y62–Y64

Thickness Y65 Fan
Angle

Y66–Y75

3.3. Application of the proposed method

First, eigenvalues of Y are obtained for λ1, λ2, . . . ,λM . The
percentage of variance is explained as follows: {90.34, 3.96, 2.91,
1.50, 0.94, 0.17, 0.12, 0.07}. Therefore, the rank of this data set is 1.
The geometric plot of the scores also shows one cluster in Y (Fig. 8).

PLS was performed and the percentage of variance accounted
for was obtained (Table 4).

Using B and VIP in Table 5, 15 variables are screened out.
Using the revised data set, PLS is performed again, and highly
correlated process variables are obtained (Table 4). The first two
latent variables account for 66% of variance for the dependent
variables.

The following are the regressionmodels for total bendness (y15)
and underfill counterweight #1 (y21). A portion of the B matrix is
shown in Appendix B.

y15 = 0.259x1 − 0.273x4 + 0.081x5 + 0.040x6 + 0.107x7
+ 0.184x8 + 0.313x9 − 0.112x11 + 0.049x12 + 0.026x14
− 0.220x16 − 0.009x17 + 0.136x18 + 0.034x19 + 0.077x20
+ 0.192x21 + 0.333x23 − 0.030x25 − 0.103x26 + 0.103x27
− 0.011x31 + 0.127x32 + 0.039x34 + 0.030x37 + 0.005x39
+ 0.105x41 + 0.057x42 − 0.412x43 − 0.049x45 − 0.108x46
− 0.031x47 − 0.011x48 + 0.163x49 − 0.125x50

y21 = −0.079x1 + 0.184x4 − 0.046x5 − 0.066x6 − 0.010x7
− 0.147x8 − 0.017x9 + 0.040x11 − 0.096x12 + 0.025x14
+ 0.135x16 + 0.044x17 − 0.087x18 − 0.073x19 − 0.042x20
− 0.007x21 − 0.253x23 − 0.107x25 + 0.021x26 − 0.018x27
− 0.114x31 − 0.046x32 + 0.036x34 − 0.098x37 − 0.091x39
− 0.084x41 + 0.022x42 + 0.137x43 + 0.047x45 + 0.077x46
+ 0.058x47 − 0.048x48 − 0.051x49 + 0.062x50.
Fig. 9. Ellipse format chart.

Next, DCA is performed on the B matrix to divide both X and Y
nto groups. A portion of the grouped matrix is shown in Table 6.

It can be seen that for prediction of total bendness (y15), process
ariables in group A (x1 and x4) and group D (x9, x23, and x43) are
mportant; whereas, for prediction of underfill counterweight #1
y21), group A does not play an important role. Furthermore, end-
o-end mismatch (y2) cannot be modeled well based on these sets
f process variables, which suggests that actual measurements are
equired for this quality variable.

On the basis of the LVs obtained after identifying the key
rocess variables, the following control chart is obtained (Fig. 9). It
an be seen that all eight data points are in control. Therefore, the
rediction chart can be constructed without any removal of data.
Using the results obtained, the method is validated using the

econd set of data. Prediction plots with a confidence level of 0.5
for two important features of Y, Y2 corresponding to end-to-
nd mismatch and Y9 corresponding to bendness, is in Fig. 10.
he overall performance is as follows. Out-of-control rate is [0.83%
.33%] for confidence level [±3σ , ±2σ ]. This shows that the
esults are satisfactory.

. Summary and conclusion

A newmethod for monitoring the forging process is developed.
he proposed methodology is capable of constructing a relation
odel that can be used to monitor the forging process as well as
rovide directions for root-cause analysis. In particular, the paper
ims at identifying key process variables that could be used to
redict product quality in forging processes.
The use of latent variables monitoring enables several features

hat can be attractive to industry. Not only does the method
rovide important processmonitoring information, it also provides
means of predicting quality variables as well as the possibility of
llocating additional resources that become more abundant using
he method.
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Table 4
Percentage of variance accounted for by latent variables

Number of latent variables All process variables Highly correlated process variables
Model effects Dependent variables Model effects Dependent variables
Current Total Current Total Current Total Current Total

1 40.67 40.67 19.88 19.88 49.64 49.64 21.01 21.01
2 18.78 59.45 31.51 51.39 26.64 76.28 31.22 52.23
3 14.17 73.62 17.87 69.26 8.83 85.10 17.50 69.73
4 9.37 82.99 8.95 78.20 5.07 90.18 10.14 79.87
5 8.95 91.94 8.98 87.19 4.74 94.91 7.41 87.29
6 4.58 96.52 7.67 94.86 2.53 97.45 7.90 95.18
7 3.48 100.00 5.14 100.00 2.55 100.00 4.82 100.00
8 0.00 100.00 0.00 100.00 0.00 100.00 0.00 100.00

Table 5
Process variables with regression coefficients and VIP values

Predictor B VIP Predictor B VIP

x1 0.274539 1.00106 x22 0.095315 1.817446
x2 0.242917 0.39405 x23 0.01602 0.960401

x3 0.373222 1.516816 x24 −0.24017 0.629235

x4 −0.21925 1.028672 x25 0.188534 0.521401

x5 −0.14191 0.678368 x26 −0.02787 0.411696
x6 0.094674 0.998903 x27 0.030588 1.218928
x7 0.187949 1.247622 x28 0.372132 0.301008

x8 −0.32051 0.841266 x29 0.047725 0.644967

x9 0.277037 0.823946 x30 0.371552 0.793856

x10 −0.05726 0.139808 x31 0.004079 0.460375

x11 0.178895 0.597762 x32 0.079442 1.905449
x12 0.569494 1.242914 x33 −0.1361 1.506521
x13 −0.10731 1.179825 x34 −0.1705 0.83978
x14 0.219586 1.580658 x35 −0.11002 0.53567

x15 0.208038 1.420904 x36 0.25282 0.248962

x16 −0.04181 0.863512 x37 −0.07883 0.362432
x17 −0.00388 0.976959 x38 −0.39394 1.727637
x18 −0.39895 0.996277 x39 −0.53378 2.256648
x19 0.207906 0.897226 x40 0.39528 0.888007
x20 0.1227 1.159454 x41 0.024243 1.442321
x21 0.103794 0.991454 x42 −0.17342 0.770676

Fig. 10. Model prediction with confidence intervals.
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Appendix A. DCA algorithm

Step 0. Mij = 1 if part i is manufactured in machine j; else
Mij = 0
Step 1. Calculate weight of each row, wi =
∑

j Mij
Step 2. Sort rows in descending order
Step 3. Calculate weight of each column, wj =

∑
i Mij

Step 4. Sort columns in ascending order
Step 5. For i = 1 to n, move all columns j, where Mij = 1 to the

right while maintaining the order of the previous rows.
Step 6. For j = m to 1, move all rows i, where Mij = 1, to the

top, maintaining the order of the previous columns.
Step 7. If current matrix = previous matrix, STOP; else go to

Step 5.
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Table 6
Grouped correlation coefficient matrix

A B C D E
y49 y23 y41 y61 y65 y62 y15 y34 y13 y42 y27 y4 y43 y1 y2

A x4
x1

B x16
x21
x19
x25
x6
x18

C x31
x26
x27
x49
x8
x47

D x12
x7

E x43
x23
x9

Table B.1
Correlation coefficient matrix B

y1 y15 y20 y21 y26 y1 y15 y20 y21 y26

x1 −0.098 0.259 0.246 −0.079 0.312 x25 −0.045 −0.030 −0.021 −0.107 −0.014
x4 −0.060 −0.273 −0.208 0.184 −0.298 x26 −0.048 −0.103 −0.140 0.021 −0.191
x5 −0.028 0.081 0.056 −0.046 0.117 x27 −0.017 0.103 0.058 −0.018 0.093
x6 0.113 0.040 0.113 −0.066 0.104 x31 −0.055 −0.011 −0.090 −0.114 −0.064
x7 −0.102 0.107 −0.051 −0.010 −0.004 x32 0.001 0.127 0.183 −0.046 0.181
x8 0.026 0.184 0.132 −0.147 0.142 x34 −0.043 0.039 0.115 0.036 0.082
x9 −0.115 0.313 0.268 −0.017 0.354 x37 0.008 0.030 0.111 −0.098 0.085

x11 0.016 −0.112 −0.142 0.040 −0.142 x39 −0.098 0.005 0.032 −0.091 −0.027
x12 0.088 0.049 0.060 −0.096 0.071 x41 0.013 0.105 0.057 −0.084 0.066
x14 −0.058 0.026 0.069 0.025 0.035 x42 −0.082 0.057 0.109 0.022 0.084
x16 0.032 −0.220 −0.042 0.135 −0.132 x43 0.147 −0.412 −0.287 0.137 −0.383
x17 −0.032 −0.009 −0.012 0.044 −0.013 x45 −0.051 −0.049 −0.050 0.047 −0.034
x18 0.072 0.136 0.118 −0.087 0.118 x46 −0.073 −0.108 −0.066 0.077 −0.069
x19 0.132 0.034 −0.064 −0.073 −0.026 x47 −0.064 −0.031 0.008 0.058 0.031
x20 0.008 0.077 0.023 −0.042 0.079 x48 0.123 −0.011 −0.050 −0.048 −0.048
x21 −0.070 0.192 0.091 −0.007 0.164 x49 −0.097 0.163 0.095 −0.051 0.112
x23 −0.083 0.333 0.192 −0.253 0.253 x50 0.060 −0.125 −0.036 0.062 −0.104
x25 −0.045 −0.030 −0.021 −0.107 −0.014
Appendix B. Correlation coefficient matrix B

See Table B.1.
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