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A Novel Positive Transfer Learning Approach for
Telemonitoring of Parkinson’s Disease
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Abstract— Telemonitoring is the use of electronic devices to
remotely monitor patients. Taking the Parkinson’s disease (PD)
as an example, the use of at-home testing device (AHTD) enables
remote, internet-based measurement of PD vocal symptoms.
Translating AHTD measurement into a unified PD rating scale
(UPDRS) through predictive analytics enables cost-effective,
convenient, and close tracking of PD progression. Building a
predictive model between AHTD measurement and UPDRS is
not straightforward because PD patients are highly heteroge-
neous, which requires patient-specific models. Learning a patient-
specific model faces the challenge of limited data. Transfer
learning (TL) tackles this challenge by leveraging other patients’
information to make up the data shortage when modeling a target
patient. Among different TL methods, the category of parameter
transfer methods is more appropriate for the telemonitoring
application because it transfers patient-specific model parameters
but not patients’ data. However, existing parameter transfer
methods fall short because not every other patient’s information
is helpful and blind transfer causes the problem of negative
transfer. To tackle this limitation, we propose a positive TL (PTL)
method. We provide an in-depth theoretical study on the risk and
condition for negative transfer to happen, which further drive
the development of novel PTL algorithms that are robust to
negative transfer. We apply PTL to predict UPDRS of 42 PD
patients using their AHTD vocal measurement. PTL achieves
significantly better accuracy compared with single learning and
one-model-fits-all approaches.

Note to Practitioners—This paper was motivated by the
growing use of telemonitoring devices to facilitate remote, close
tracking of disease progression. These devices are usually paired
up with predictive analytics to translate the measurement signals
into a clinical indicator of disease progression. This is a challeng-
ing task because the predictive model needs to be patient specific
in order to account for patient heterogeneity. This paper proposes
a TL method called PTL that can leverage other patients’
information when building a predictive model for a target patient.
The unique feature of PTL is that it can intelligently select
which patients to transfer from, and thus preventing negative
transfer. PTL is a just-in-time development for the emerging
healthcare paradigm of telemonitoring and telemedicine by
providing predictive analytics models and algorithms to address
the unique challenges and contributing to the use of these remote
devices to improve patient care.
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I. INTRODUCTION

FOR many aggressive diseases, effective treatment needs
close monitoring of the disease progression. Convention-

ally, clinical indicators of the disease progression, such as
symptoms, biomarkers, and image phenotype, can only be
measured with the patient’s physical presence in a clinic. This
is costly and logistically inconvenient for both the patient and
medical staff. As a result, insufficient clinical examinations
are not uncommon, which lead to suboptimal treatment as
the treatment always lags behind the progressing disease.
To improve this situation, the emerging telemonitoring tech-
nology shows great promise. Telemonitoring is the use of
electronic devices or simply smart phones to remotely monitor
patients so that patients do not need to come to the clinic. Next,
we give an example of using telemonitoring for the Parkinson’s
disease (PD).

PD is the second most common neurodegenerative disorder
and currently affects around seven million people world-
wide [1]. At present, there is no available cure, whereas
treatment can only alleviate some symptoms and mildly slow
down the progression. Tracking PD progression is impor-
tant for managing the disease, which is typically done by
measuring a unified PD rating scale (UPDRS) repeatedly
over time. However, measuring UPDRS needs the patient’s
physical presence in a specialized clinic and trained med-
ical professionals to administer the test. This is costly and
inconvenient. If a simple surrogate test for UPDRS could
be done by each patient on their own at home, which has
a high correlation with UPDRS, management of PD would
be significantly advanced and patients’ quality of life would
be greatly improved. At-home testing device (AHTD) is a
recently developed telemonitoring system that enables remote,
internet-based measurement of PD symptoms, especially the
vocal symptoms [2]. Vocal impairment is a common symp-
tom of PD with ample evidence showing deteriorating voice
performance correlated with PD progression [3], [4].

Telemonitoring devices are typically paired up with pre-
dictive analytics that “translates” the monitoring signals into
clinical indicators of the disease progression. In the previous
PD example, this means building a predictive model between
the voice signal measured by AHTD and UPDRS. This pre-
dictive modeling is not straightforward because PD patients
are highly heterogeneous in terms of demographics, genetic
risk factors, comorbidity, staging, and treatment regimen. As a
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result, each patient has a different voice-UPDRS relationship,
which means that a distinct model should be learned for each
patient. Learning a patient-specific model faces the difficulty
of the limited data. Ideally, one would want to wait until
abundant data has been collected before building the predictive
model. However, this would need a long time period of
tryout experiments for data collection before the device can be
actually used to track the patient’s PD progression, by when
the opportune time window for treatment may have been
missed.

To build a patient-specific predictive model with limited
data, we propose to use transfer learning (TL), a machine
learning method that can leverage other patients’ information
to make up the data shortage when modeling a target patient.
Existing TL methods fall into three major categories: instance
transfer, feature transfer, and parameter transfer. Parameter
transfer is more appropriate for the telemonitoring application
because it transfers patient-specific model parameters but not
patients’ data. Patient data sharing is difficult because of
the need for the protection of private information. However,
existing parameter transfer methods fall short because when
modeling a target patient, not every other patient’s information
is helpful and TL from some patients may hurt the modeling
of the target patient. This problem is called negative transfer.
Therefore, selection of an appropriate subset of other patients
to transfer from is a critical research question.

To address the aforementioned challenge, we propose a
positive TL (PTL) model that can intelligently select other
patients to transfer from when modeling a target patient and
that does not need disclosure of other patients’ data. The main
contributions of this paper are summarized as follows.

A. Theory

PTL is built upon a Bayesian parameter transfer (BPT)
model we proposed in [5]. However, the risk of negative
transfer for BPT was not assessed previously. In this paper,
we perform the theoretical study and derive the generalization
bound of BPT, which reveals that the risk of negative transfer
exists in BPT. After confirming the existence, we perform
further the theoretical study to investigate what is the key
element in BPT that causes negative transfer and identify
a sufficient and necessary condition for negative transfer to
happen. This points out the direction where PTL can make
an improvement. Note that although negative transfer has
been recognized as an important issue by the TL research
community, there is a lack of theoretical study on evaluating
the risk of negative transfer for a TL method and identifying
what causes the negative transfer. Our work fills in this
gap.

B. Algorithm

Driven by the theoretical insights, we extend BPT to a new
method, i.e., PTL, which is robust to negative transfer. We pro-
pose two PTL algorithms with and without incorporation of a
sparsity constraint, respectively. The former is developed for
predictive modeling with high-dimensional data.

C. Real-World Application

We apply PTL to predict UPDRS for 42 PD patients
using their AHTD vocal measurement. PTL achieves signifi-
cantly better accuracy compared with single learning (SL) and
one-model-fits-all (OMFA) approaches. SL refers to classic
machine learning models that build a predictive model using
only the target patient’s data without the knowledge transfer
from other patients. OMFA refers to machine learning models
built on pooled data across all the patients. We envision that
the initial success of PTL on telemonitoring of PD provides the
great promise of using remote sensing devices to improve the
monitoring, treatment, and care of many aggressive diseases.

The rest of this paper is organized as follows. Section II
reviews the related work and point out limitations. Section III
introduces our previously developed BPT model, which is
the basis of development for PTL. Section IV presents the
development of PTL, which includes Sections IV-A and VI-B.
Section IV-A performs a theoretical study to assess the risk of
negative transfer for BPT and further identify a sufficient and
necessary condition for negative transfer to happen. Driven
by the theoretical insights from Section IV-A, Section IV-B
develops the PTL algorithms that are robust to negative trans-
fer. Section V presents the simulation experiments. Section VI
presents the application of PTL in telemonitoring of PD using
real data. Section VII is the conclusion.

II. RELATED WORK

A. Transfer Learning

TL is a subfield of machine learning for which existing
methods fall into three major categories: instance transfer,
feature transfer, and parameter transfer [6]. Instance transfer
reuses data from the source domain to augment the data in
the target domain. For example, Chattopadhyay et al. [7] pro-
posed a multisource domain adaptation approach that adopted
a reweighting scheme to identify weighted samples in the
source domains. Lin et al. [8] employed a bootstrapping-
based double-selection process to reduce the impact of reusing
irrelevant data in the source domains.

Feature transfer aims to find a joint feature representa-
tion shared by the source and target domains. For example,
Pan et al. [9] proposed a spectral feature alignment algorithm
to discover common latent features with the same marginal
distribution across the source and target domains. Ruckert
and Kramer [10] and Gong et al. [11] proposed kernel-based
techniques to adjust learning bias by choosing a suitable kernel
for the target domain.

Parameter transfer assumes that closely related domains
should have similar parameters in their respective models,
and encourages source and target domains to share some
model parameters. For example, Tommasi et al. [12] pro-
posed to share the support vector machines hyperplane
information of each source domain with the target domain.
Argyriou et al. [13] proposed to use a sparse representation-
based l1 regularization to enable joint parameter estimation
across related domains.

This paper focuses on the application of TL in telemonitor-
ing. In this context, the source and target domains where TL
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happens are different patients. This makes parameter transfer
methods more appropriate than the methods in the other two
categories because the former only need sharing of patient-
specific model parameters but not patients’ data. Patient data
sharing is difficult because of the need for protection of private
information. The proposed PTL model is a parameter transfer
method.

B. Negative Transfer

An important issue with TL is negative transfer. This is
the situation when TL from a source domain results in a
worse model for the target domain than that without TL. The
latter is a classic machine learning model that uses only the
data in the target domain and is typically referred to as an
SL model. Only a few methods have been developed which
embrace an explicit consideration to guard against negative
transfer. Seah et al. [14] proposed a predictive distribution
matching regularizer to identify and remove irrelevant source
samples. Gong et al. [11] proposed a rank of domain metric
to rank sources domains in terms of how suitable they are for
helping model the target domain. Duan et al. [15] proposed a
domain selection machine for selecting source domains to be
used to help prediction on the target domain. Ge et al. [16]
proposed a two-phase TL framework to prevent negative
transfer, which first assigned supervised local weight to each
source domain and then built a reproducing kernel Hilbert
space (RKHS) classifier for the target domain that balanced the
prediction error on labeled data and consistency with weighted
predictions from source domains on unlabeled data.

In summary, although negative transfer has been recognized
as an important issue in TL, only limited work has been done
so far. The existing methods do not suffice for telemonitoring.
The method by Duan et al. [15] is conceptually more similar
to ensemble learning than TL. The methods proposed by
Seah et al. [14] and Gong et al. [11] fall into the categories
of instance and feature transfer, respectively. As mentioned
earlier, a parameter transfer method is more appropriate for
this application because it naturally prevents the sharing of
patients’ data. The method by Ge et al. [16] is closest to
what is needed for telemonitoring. However, the predictive
model was built on the RKHS space, and therefore, it cannot
explicitly show the predictor-response relationship to facilitate
predictor selection and model interpretation. A white-box
model is more preferred.

III. INTRODUCTION TO BAYESIAN PARAMETER

TRANSFER MODEL

The proposed PTL is built upon a white-box BPT model we
proposed in [5]. This section provides an introduction to BPT.
While the original BPT was proposed as a generic TL model,
we will describe it within the context of telemonitoring.

Suppose there are K patients. For each patient i ,
i = 1, . . . , K , let Xi and Yi be the set of Q predictors
and the response variable, respectively. A linear regression
has the form of yi = Xi wi + εi , where wi contains model
coefficients, εi ∼ N(0, σ 2). To model the relatedness of the K
patients, we consider that the patient-specific coefficients,

W = (w1, . . . , wK ), share a common prior

p(W) ∝
K∏

i=1

Laplace(wi ;b) × M N(W; 0,�, I) (1)

where Laplace(wi ; b) is a Laplace distribution to impose
sparsity on model estimation with high-dimensional predic-
tors. M N(W; 0,�, I) is a zero-mean matrix-variate normal
distribution with � ∈ R

K×K and I ∈ R
Q×Q being the

covariance matrices between patients and between predictors,
respectively.

Furthermore, we can derive the conditional prior of the
coefficients for each patient (called the target) given the
coefficients for all other patients (called the sources). For
example, if patient K is the target, we can get

p(wK |W̃ ) ∝ Laplace(wK ;b) × N(wK ; μK ,�K ) (2)

where W̃ = (w1, . . . , wK−1). Integrating (2) with the data
of the target patient, xK and yK , we can get the posterior
distribution of wK and further derive the Bayesian maximum
a posteriori (MAP) estimator for wK as

ŵK = argmin
wK

1

ntr
‖yK − XK wK ‖2

2 + λ1‖wK ‖1

+ λ2(log|�K | + (wK − μK )T �−1
K (wK − μK )) (3)

where

μK = W̃�̃−1� K (4)

�K = (
ςK − � T

K �̃−1� K
)
I (5)

where �̃, � K , and ςK are the submatrices of

� =
[

�̃ � K

� T
K ςK

]
. That is, � K contains covariances between

each source and the target patient, �̃ is the covariance matrix
between all source patients, and ςK is the variance of the
target patients. λ1 and λ2 are the tuning parameters. ‖ · ‖2
and ‖ · ‖1 are the l2- and l1-norm, respectively. TL is enabled
by the last term in (3) in the sense that the minimization
pushes wK to be close to μK which represents a weighted
sum of coefficients of the source patients according to (4).
The model in (3) is a convex optimization problem with given
λ1 and λ2, and can be efficiently solved by a convex solver.

Furthermore, when μK and �K are unknown, (3) can be
extended to a more general form as

(ŵK , μ̂K , �̂K )

= argmin
ŵK ,μ̂K ,�̂K

1

ntr
‖yK − XK wK ‖2

2 + λ1‖wK ‖1

+ λ2
(

log |�K | + (wK − μK )T �−1
K (wK − μK )

)
. (6)

Equation (6) can be solved by an iterative algorithm that alter-
nates between solving two subproblems: 1) given μK and �K ,
(6) becomes (3) and 2) given wK , (6) becomes an optimization
with respect to μK and �K , and can be solved analytically [5].

Note that BPT is a parameter transfer method because it
only includes the regression coefficients of the other patients
in μK , not their respective raw data. From the coefficients,
the raw data cannot be retrieved. Since PTL is built upon
BPT, PTL is naturally a parameter transfer method.
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IV. DEVELOPMENT OF THE PROPOSED PTL APPROACH

A. Risk of Negative Transfer for BPT

PTL is motivated by the risk of negative transfer for BPT
and aims to provide a better approach to mitigate this risk.
In this section, we first derive the generalization bound of
BPT, which was not studied in the previous paper, and reveal
that this risk exists in BPT. After confirming the existence,
we further investigate what is the key element in BPT that
causes negative transfer, with the purpose of providing con-
crete guidance on the direction where PTL can make an
improvement.

We follow the definition in [17] and define the gener-
alization bound as deviation of the generalization error to
leave-one-out (LOO) error on a training set. Without loss of
generality, we focus our discussion on the model in (3) with
only the TL term for the simplicity of presentation, that is,

ŵK = argmin
wK

1

ntr
‖yK − XK wK ‖2

2

+ λ((wK − μK )T (wK − μK )). (7)

For the model in (7), let S = {(x1, y1), . . . , (xntr , yntr )} be a
training set for a target patient. The generalization and LOO
errors are

MSPE(λ, S) � ES[l( fS(x), y)

M̂SPEloo(λ, S) � 1

ntr

ntr∑

i=1

l( fS\i (xi ), yi )

where fS and fS\i are BPT on the entire training set and on
the subset with the i th sample left out, respectively. l is a loss
function for which we focus on the commonly used squared
loss in this paper, also known as mean square prediction
error (MSPE).

Theorem 1 (Generalization Bound): Assume ‖xi‖ ≤ 1 for
the training set. Let MSPE(μK ) be the MSPE of a “complete
transfer” model that uses the source patient model for the
target patient directly without using any data from the target
in training. We have the following generalization bound for
BPT with probability 1 − δ

MSPE(λ, S) ≤ M̂SPEloo(λ, S) + MSPE(μK )

ntrλ

(
1

λ
+ 1

)

×
√

(12 + 24ntrλ + 2ntrλ2)

δ
. (8)

The proof can be found in Appendix A. Interestingly, the
generalization bound is influenced by MSPE(μK ); larger
MSPE(μK ) increases the generalization error. This makes
sense because larger MSPE(μK ) means the lack of fit in
using the source patient model for the target patient’s data,
indicating a significant difference between the source and
target. When this happens, BPT’s TL ability may actually harm
its performance by having a large generalization error. This
means that BPT can perform worse on data not included in
training, such as a separate test set, than a SL model (i.e., one
using target patient’s data alone without TL from the source).
This is when the negative transfer happens.

With Theorem 1 confirming the possibility of a negative
transfer for BPT, our next step is to discover what causes
the negative transfer. This is discussed in Theorem 2, prior to
which we give the formal definition of negative transfer.

Definition (Negative Transfer): When λ = 0, (7) becomes
an SL model. Let MSPEte(0) and MSPEte(λ) be the MSPEs of
SL and (7) on a test set, respectively, λ > 0. Negative transfer
happens when MSPEte(λ) > MSPEte(0).

Theorem 2: Negative transfer happens if and only if λ > η,
where

η = 2
∑Q

i=1 γiσ
2

ntr
∑Q

i=1 α2
i γi − ∑Q

i=1 γiσ 2
. (9)

See the proof in Appendix B. Equation (9) suggests that
negative transfer is caused by λ being too large, i.e., large than
a threshold η. Two parameters in η, αi and γi , have not been
previously defined. We provide their definitions as follows.

αi is the i th element (corresponding to the i th predictor) of
vector α = (μK −wK ). α characterizes the difference between
source and target model coefficients. γi = ‖xtei ‖2

2/‖xtri ‖2
2,

where xtei and xtri contain samples for the i th predictor in the
test and training sets, respectively, under the assumption of
orthogonal design matrices. Now revisit Theorem 2: it makes
sense for negative transfer to be related to the inherent source-
target difference, reflected by α, and the discrepancy between
test and training data of the target, reflected by γi .

Note that although α in unknown in real-world problems,
Theorem 2 suggests that a careful selection of the tuning
parameter λ is needed in order to prevent negative transfer.
Conventionally, tuning parameter selection favors a full-range
search for λ ∈ [0, U ], where 0 is the smallest possible
number and U is the largest number that computation can
possibly afford or no improvement can be seen by further
increasing this number. This is based on the rationale that
a full-range search has the best chance to find the optimal
estimator (e.g., “optimal” in terms of minimizing MSPE on
a validation set or through a LOO cross validation scheme).
However, Theorem 2 indicates that if the optimal λ∗ from
the full-range search is greater than η, there will be negative
transfer when the trained model is applied to a separate test
set. Therefore, choosing λ < λ∗ with some sacrifice on the
optimality may provide a safe guard against negative transfer,
which motives the development of PTL.

B. PTL—A TL Model Robust to Negative Transfer

Based on the theoretical results in Section IV-A, we develop
a TL model, PTL, to achieve robustness to negative transfer.
To properly assess the risk of negative transfer for each source
patient, we propose to use the one-standard-error (OSE) rule
to select the tuning parameter λ. This is similar to the OSE
rule used in LASSO and smoothing splines to give preference
over less complex models to avoid overfitting [18], [19]. Here,
we customize the OSE rule to serve the purpose of reducing
the risk of negative transfer.

Specifically, for the j th source patient, we first identify the
set of λ’s, denoted by �, with which the MSPE of BPT is
smaller than that of SL on a validation set, that is,

� = {λ|MSPEval(λ) < MSPEval(0)}. (10)
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This is the set of BPT models with different tuning parameters
but all performing better than SL. Note that MSPEval can
also be computed using an LOO cross-validation scheme if
the training set is so small that splitting out a validation
set is inappropriate. Furthermore, we compute the standard
deviation of the MSPEval(λ ∈ �), denoted by σ�. This reflects
the variability of performance improvement of BPT over SL.
Among the MSPEval(λ ∈ �), the smallest one corresponds to
the optimal λ∗ from the full-range search, that is,

MSPEval(λ
∗) = min

λ∈�
MSPEval(λ).

Conventional tuning strategies would use λ∗ as the final
parameter. However, based on the results from Section IV-A,
we know that although λ∗ minimizes MSPEval, it is likely
to cause negative transfer on a separate test set. Therefore,
we propose to use the OSE rule which is based on the notion
that any λ with MSPEval(λ) greater than MSPEval(λ

∗) by one
standard deviation σ� should not be considered as statistically
significantly different. The same notion was adopted in the
OSE rule used in LASSO and smoothing splines [18], [19].
Within those statistically different λs, we prefer to choose
λ < λ∗ which is less likely to go above the threshold η
in Theorem 2 to cause negative transfer. To minimize the
likelihood of negative transfer, the OSE rule goes with the
smallest λ within all that are smaller than λ∗. In summary,
the selection of λ according to the OSE rule can be achieved
by solving the following optimization:

λ∗
r = min

λ<λ∗, λ∈�
λ

s.t. MSPEval(λ) ≤ MSPEval(λ
∗) + σ�. (11)

Under the OSE-selected tuning parameter in (11), we can
further assess the improvement of TL from each source
compared with SL. If the improvement is smaller than a
threshold α, this source patient will not be included in the TL
to the target patient. This source-screening process provides
a second layer of safe guard against negative transfer. Finally,
for the remaining sources, we refit a BPT to enable TL from
these source patients in combination but not others. We use the
OSE rule in selecting the tuning parameter for this BPT for the
same reason mentioned earlier. The complete PTL algorithm
is presented in Algorithm 1.

In addition, realizing that Algorithm 1 does not incorporate
the sparsity constraint on the estimation of wK , i.e., ‖wK ‖1,
we develop a sparse version of PTL, which is more suitable
for applications with high-dimensional predictors. Adding
the sparsity constraint results in a model with two tuning
parameters, λ1 for sparsity and λ2 for TL (the same role as λ in
the nonsparse version). The sparse PTL algorithm is presented
in Algorithm 2.

The key difference between Algorithm 2 and Algorithm 1
is that because of the addition of one more tuning parameter,
i.e., λ1, we need to select two tuning parameters. This pri-
marily affects the subblock of “tuning parameter selection
using OSE rule for each source” in the algorithm. Our current
strategy is to search λ1 and λ2 on a 2-D grid with λ2 selected
following the OSE rule and λ1 searched by the following
LASSO solution path from the least angle regression [20].

Algorithm 1 Non-Sparse PTL
Input: data for the target patient K , XK and yK , split into

a training set Dtr and validation set Dval; K − 1 source
patients, S = {s1, s2, . . . , SK−1} with regression
coefficients {w1, w2, . . . , wK−1}; parameter α

Output: Model coefficients of the target domain, wK .
Initialization: Fit a LASSO model using Dtr to obtain

the initial value for wK .
Tuning Parameter selection using OSE rule for each source:
1: for j = 1 to K − 1 do
2: for λ ∈ [0, U ] do
3: Fit BPT using Dtr and w j under λ
4: Compute MSPEval(λ)
5: end for
6: Make a set � = {λ|MSPEval(λ) < MSPEval(0)}
7: Solve λ∗

r = minλ<λ∗,λ∈� λ
subject to MSPEval(λ) ≤ MSPEval(λ

∗) + σ�

8: end for
Source screening
9: for j = 1 to K − 1 do
10: if MSPEval (0)−MSPEval (λ

∗
r )

MSPEval (0) ≤ α × 100% then
11: exclude s j from S
12: end if
13: end for
Estimation of wK

14: Fit BPT using Dtr and the remaining sources in S.
15: Apply OSE rule to select λ∗

r
16: Estimate wK by BPT under λ∗

r .

We acknowledge two limitations of this strategy: First, since
the search will go through every point on the grid, computa-
tional time increases.

Second, even with searching on every grid point, the algo-
rithm does not guarantee to find the global optimal solution
because the problem is not convex with λ1 and λ2 considered
as unknown parameters. This challenge has also been pointed
out by other researchers for general regularized frameworks
with tuning parameters [21], [22]. Further research is needed
for tuning parameter selection leading to better optimality
while being computationally thrifty.

V. SIMULATION STUDY

A. Simulation Experiments for the Nonsparse PTL Model

In this section, we use simulation data to demonstrate
the performance of nonsparse PTL. The simulation data are
generated as follows: first, we sample the coefficients of each
source domain w1 from a N(1, 1) distribution. To create
relatedness between the target and source domains, we gen-
erate the coefficients of the target domain by w2 = w1 + δ,
where δ is sampled from N(0, σ 2

δ ). The size of σ 2
δ determines

the relatedness between the target and source domains; the
smaller the σ 2

δ , the more related the two domains. Next, we
generate the data for the target domain. Data for the Q pre-
dictors are generated from a multivariate normal distribution,
i.e., X2 ∼ M N(0, �x ), where the predictor correlations are
created by having �x,i j = 0.5|i− j |. �x,i j is the covariance
between the i th and j th predictors. Data for the response
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Fig. 1. (a) Percentage of negative transfer and (b) average reduction of MSPE over SL on the test set with varying σ2
δ values under σ 2

1 = 5.

Algorithm 2 Sparse PTL
Input: data for the target patient K , XK and yK , split into

a training set Dtr and validation set Dval; K − 1 source
patients, S = {s1, s2, . . . , SK−1} with regression
coefficients {w1, w2, . . . , wK−1}; parameter α

Output: Model coefficients of the target domain, wK .
Initialization: Fit a LASSO model using Dtr to obtain

the initial value for wK .
Tuning Parameter selection using OSE rule for each source:
1: for j = 1 to K − 1 do
2: for λ1 ∈ [0, U1] do
3: for λ2 ∈ [0, U2] do
4: Fit BPT using Dtr and w j under λ1, λ2
5: Compute MSPEval(λ1, λ2)
6: end for
7: end for
8: Make a set � = {(λ1, λ2)|MSPEval(λ1, λ2) <
MSPEval(λ

∗
L ASS O, 0)}

9: Solve (λ∗
1r , λ

∗
2r ) = minλ2<λ∗

2,(λ1,λ2)∈�(λ1, λ2)
s.t. MSPEval(λ1, λ2) ≤ MSPEval(λ

∗
1, λ

∗
2) + σ�

10: end for
Soure screening
11: for j = 1 to K − 1 do
12: if

MSPEval (λ
∗
L ASSO,0)−MSPEval (λ

∗
1r ,λ

∗
2r )

MSPEval (λ
∗
L ASSO,0)

≤ α × 100% then
13: exclude s j from S
14: end if
15: end for
Estimation of wK

16: Fit BPT using Dtr and the remaining sources in S.
17: Apply OSE rule to select (λ∗

1r , λ
∗
2r )

18: Estimate wK by BPT under (λ∗
1r , λ

∗
2r )

variable are generated by Y2 = X2w2+ε2, where ε2 is sampled
from N(0, σ 2

ε ). Finally, considering model uncertainty of the
source domain, i.e., w1 is estimated from the finite samples,
we use ŵ1 ∼ N(w1, σ

2
1 I) in the TL model instead of the

true w1. The size of σ 2
1 determines the level of uncertainty in

the model/knowledge transferred from the source domain to
the target domain.

We consider 20 predictors and 50 samples in the training,
validation, and test sets, respectively. We set σ 2

δ to range

from 1 to 100 to represent different levels of relatedness
between the target and source domains, and set σ 2

1 to range
from 1 to 100 to represent different levels of uncertainty in
the model/knowledge of the source domains. We consider
100 source domains to potentially transfer from and apply
the nonsparse version of PTL. The nonsparse version is
appropriate because the sample size well exceeds the number
of predictors. We leave the demonstration of the sparse version
of PTL to Section V-B.

We consider two competing TL methods: the first method is
ignorant about the risk of negative transfer so it transfers from
all available sources using BPT. Call this method “baseline
TL.” The second competing method has some level of aware-
ness for the negative transfer so it performs source-screening
like PTL, but uses a full-range search for the optimal tuning
parameter instead of the OSE rule. Call this method “TL with
the full-range search.” We compare the three TL methods
in terms of the following metrics: 1) percentage of negative
transfer, for which we compare the MSPE of a TL method
and that of SL on the test set, and compute the percentage of
times that the former MSPE exceeds the latter and 2) average
reduction of MSPE over SL on the test set.

There is one parameter for PTL α which is the threshold for
source screening, i.e., a source patient will not be included in
TL to the target if the MSPE by using BPT under the OSE rule
improves over SL by a percentage smaller than α. We choose
α = 10% in our experiments while other values show similar
trends. The results are shown in Figs. 1 and 2. We can draw
the following observations.

First, Fig. 1(a) and (b) shows the performance comparison
when the target and source have varying levels of relatedness,
with σ 2

δ = 0 representing that the target and source have
exactly the same model coefficients. The larger is σ 2

δ , the less
similar between the target and the source. It can be seen
that PTL outperforms the two competing methods in terms
of having a lower percentage of negative transfer [Fig. 1(a)]
and a larger average reduction of MSPE over SL [Fig. 1(b)].
The outperformance of PTL is more significant with larger σ 2

δ ,
i.e., when the target and source are less similar. The first com-
peting method, i.e., baseline TL, in general, performs the worst
because it does not have any safe guard against negative trans-
fer. The second competing method, i.e., TL with full-range
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Fig. 2. (a) Percentage of negative transfer and (b) average reduction of MSPE over SL on the test set with varying σ2
1 values under σ 2

δ = 5.

Fig. 3. (a) Percentage of negative transfer and (b) average reduction of MSPE over SL on the test set with varying σ2
δ values under σ 2

1 = 5.

search, performs source screening like PTL, which provides
a chance to exclude dissimilar sources from TL to the target.
However, its performance is still worse than PTL because it
adopts full-range search for the tuning parameter, which runs
the risk of negative transfer. This implies the importance of
the OSE rule in PTL for preventing the negative transfer.

Second, Fig. 2(a) and (b) shows the performance compari-
son with varying levels of uncertainty in the model/knowledge
of the source, with σ 2

1 = 0 representing zero uncertainty,
i.e., the source model coefficients used in TL are the true
coefficients. Larger σ 2

1 means higher likelihood for the source
model coefficients to be different from the true coefficients due
to reasons like sampling uncertainty. It can be seen that PTL
outperforms the two competing methods in terms of having a
lower percentage of negative transfer [Fig. 2(a)] and a larger
average reduction of MSPE over SL [Fig. 2(b)]. The outper-
formance of PTL is more significant with larger σ 2

1 , i.e., when
there is more uncertainty in the source model coefficients. This
result further demonstrates the robustness of PTL to negative
transfer against uncertain/noisy source domain knowledge.

B. Simulation Experiments for the Sparse PTL Model

In this section, we generate simulation data to demonstrate
the performance of sparse PTL in Algorithm 2. We consider
100 predictors with 10 having nonzero coefficients in the
source domain. The nonzero coefficients w̃1 are sampled from

a N(5, 1), and then padded with zeros to make up w1. Let
w̃2 = w̃1 + δ, where δ is sampled from N(0, σ 2

δ ). Compose
coefficients of the target domain w2 by padding w̃2 with
predictors with nonzero coefficients. Next, we generate data
of the predictors and response for the target domain in the
same way as the nonsparse experiments in Section V-A.
To create a “small-n-large-p” scenario for sparse models, we
include 20 samples in the training, validation, and test sets,
respectively. Finally, considering the model uncertainty of the
source domain, we replace w̃1 by ˆ̃w1 ∼ N(w̃1, σ

2
1 I) in the

coefficients of the source domain.
We set σ 2

δ to range from 1 to 20 to represent different levels
of relatedness between the target and source domains, and
set σ 2

1 to range from 1 to 20 to represent different levels of
uncertainty in the model/knowledge of the source domains.
We consider 100 source domains to potentially transfer from
and apply the sparse version of PTL. The results are shown
in Figs. 3 and 4. Similar observations to the nonsparse exper-
iments can be drawn, which show that PTL outperforms the
two competing methods in terms of having a lower percentage
of negative transfer and a larger average reduction of MSPE
over SL across different values for σ 2

δ (Fig. 3) and σ 2
1 (Fig. 4).

VI. APPLICATION IN TELEMONITORING

OF PARKINSON’S DISEASE

In this section, we present the application of PTL on
predicting the UPDRS of PD patients using their voice signals
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Fig. 4. (a) Percentage of negative transfer and (b) average reduction of MSPE over SL on the test set with varying σ2
1 values under σ 2

δ = 5.

measured by the telemonitoring device AHTD. AHTD initial-
izes a recording by audible instruction to the patient. This is
followed by a “beep” which cues the patient to begin sustained
phonation of the vowel “ahhh…” The voice signal is being
captured for 30 s or once the detected signal amplitude drops
below a threshold, whichever happens sooner.

We use the data collected by a study joined performed by
the University of Oxford in collaboration with 10 medical
centers in the U.S. and Intel Corporation. The 42 early-stage
PD patients were recruited. Sustained vowel phonation was
measured weekly by each patient using AHTD at home. The
digital signal of each sustained vowel phonation was processed
by several classical speech signal processing algorithms and
16 features, called “dysphonia measures,” were extracted.
The features included measures of variation in fundamental
frequency, amplitude, ratios of noise to tonal components,
nonlinear dynamic complexity, signal fractal scaling exponent,
and nonlinear fundamental frequency variation. Fig. 5 shows
the distributions of 16 features in 42 patients. Also, UPDRS
of each patient was administered at one of the six medical
centers involved in this paper at baseline, three months, and
six months. UPDRS is an instrument used to rate PD severity,
which consists of 42 items measuring effects of the disease
on a patient’s activities of daily living, behavior, mentation,
mood, movement, and so on. We use the UPDRS total score
in this paper, which ranges from 0 to 176, with 0 corre-
sponding to a health status and 176 as total disability. Weekly
UPDRS values were obtained by linear interpolation. A linear
trend of UPDRS as PD progresses has been validated in [2]
and [23]–[25]. The data were downloaded from the UCI
repository.

In applying PTL, each patient is considered the tar-
get and all other patients as the sources. Each patient
has 101–168 samples, which are divided into a training,
validation, and test set. Predictors (dysphonia measures) are
standardized using the sample means and sample standard
deviations of the training set. Knowledge about each source
patient is provided in the form of regression coefficients
estimated using the respective data from that patient.

The nonsparse PTL algorithm is used because the predictors
include 16 dysphonia measures which are not many. We are

Fig. 5. Histograms of 16 dysphonia measures in our data set (x-axis:
range of the measure; y-axis: frequency of observations falling into each
histogram bin).

particularly interested in finding how the training sample size
affects PTL performance, because the size is related to how
soon a good model can be built for a patient once he/she starts
using the device. We train PTL using 10%–90% of the total
samples with 10% increment for each patient. We compare
the performance of PTL with two competing TL methods that
were also used in the simulation studies [5]. We report the
absolute prediction error on test data for the three TL methods
in Fig. 6. PTL outperforms the two competing methods across
all the training sizes. The accuracy of PTL shows a converging
trend after 70% training size.

Furthermore, we compare the performance of PTL in com-
parison with SL, which builds a predictive model using the
data of the target patient alone, and with OMFA, which pools
the data of all patients together and builds a single model
for all patients. In the SL and the OMFA approaches, we try
different predictive models including linear regression [26],
Gaussian process regression [27], regression tree [28], ensem-
ble regression tree [29], and support vector regression [31].
Bayesian optimization [32], [33] was used to find the best
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Fig. 6. Performance comparison between three TL methods with different
training sample sizes.

Fig. 7. Absolute prediction error on test data averaged over all the patients
for PTL in comparison with SL and OMFA.

choice of parameter setting for each competing method. Fig. 7
shows the absolute prediction error on the test data averaged
over all the patients for each method. It is clear that PTL
outperforms all the competing methods by having a smaller
prediction error. Between OMFA and SL, OMFA models
significantly underperform SL models in this application due
to the heterogeneity between patients.

VII. CONCLUSION

In this paper, we proposed a TL method called PTL featured
by robustness to negative transfer. Our model development
was driven by theoretical study on the risk and condition
that negative transfer happens. We developed two models:
a nonsparse version and a sparse version for high-dimensional
data. We conducted extensive simulation experiments and
demonstrated that PTL outperformed competing TL methods
by having a lower percentage of negative transfer and a greater
reduction of MSPE on the test set. We applied PTL to telemon-
itoring of PD progression by building a predictive model for
each patient that links his/her AHTD vocal measurement with
UPDRS. PTL achieved a significantly higher accuracy than SL
and OMFA approaches. Future directions include extension of

PTL to model nonlinear predictive relationships, applications
on other disease domains, and evaluation using various real-
world data sets even outside the health domain since negative
transfer is a common problem when TL is used.

APPENDIX

A. Proof of Theorem 1

To prove Theorem 1, we need the following Lemma 1.
Lemma 1: Let S denote a training set for a target patient.

Let ŵK and ŵS\i be the model coefficients of fS and fS\i ,
respectively. Then, we have the following bounds:

ES[(ŵK − μK )T (ŵK − μK )] ≤ MSPE(μK )

λ
(12)

ES[(ŵS\i − μK )T (ŵS\i − μK )] ≤ MSPE(μK )

λ
. (13)

Proof of Lemma 1: From BPT objective function in (7)
Q(ŵS) = (1/ntr)‖y − XwS‖2

2 + λ((wS − μK )T (wS − μK ))
we have

Q(ŵS) ≤ Q(μK ) = 1

ntr
‖y − XμK ‖2

2 = M̂SPE(μK ). (14)

Using the fact that

λ(ŵS − μK )T (ŵS − μK ) ≤ Q(ŵS)

= 1

ntr
‖y − XŵS‖2

2 + λ(ŵS − μK )T (ŵS − μK )

we get

λ(ŵS − μK )T (ŵS − μK ) ≤ M̂SPE(μK ). (15)

When λ �= 0, (ŵS − μK )T (ŵS − μK ) ≤ ((M̂SPE(μK ))/λ).
This leads to ES[(ŵK − μK )T (ŵK − μK )] ≤
((ES(M̂SPE(μK )))/λ) ≤ ((MSPE(μK ))/λ). This proves
the bound in (12). Furthermore, to prove (13), we can follow
a similar procedure and get

Q
(
ŵS\i

) ≤ Q(μK ) = 1

ntr − 1

ntr∑

j �=i

[‖y j − x j μK ‖2
2

]
. (16)

When λ �= 0

(
ŵS\i − μK

)T (
ŵS\i −μK

) ≤ 1

λ(ntr −1)

ntr∑

j �=i

[‖y j − x jμK ‖2
2

]
.

This leads to

ES[(ŵS\i − μK )T (ŵS\i − μK v)]

≤
ES

(
1

(ntr−1)

∑ntr
j �=i

[‖y j − x j μK ‖2
2

])

λ
≤ MSPE(μK )

λ
.

�
In order to derive the generalization bound in this theo-

rem, we first need to introduce the concepts of hypothesis
stability and polynomial bound introduced by Bousquet and
Elisseeff [17]. An algorithm has a hypothesis stability γ if

ES,(X,y)[|l( fS(X), y) − l( fS\i (X), y)|] ≤ γ. (17)
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With γ and M such that l( fS\i (xi , yi )) ≤ M for any
i ∈ {1, 2, . . . , ntr, the polynomial bound of an algorithm is

ES[(l( fS(X), y) − l( f S\i (X), y))2] ≤ M2

2ntr
+ 3Mγ. (18)

In our case, the predictive function f is BPT and the loss
function l is MSPE. Therefore, we need to identify γ and M
in (17) and (18) under the specific BPT model and MSPE loss,
which will further lead us to derive the generalization bound.
We present the derivations in three steps as follows.

1) Derive γ : Under the BPT model, the left side of (17)
becomes

ES,(X,y)[
∣∣(XŵS − y)2 − (XŵS\i − y)2|]

= ES,(X,y)[|(X(ŵS − μK + μK ) − y)2

− (X(ŵS\i − μK + μK ) − y)2|]
= ES,(X,y)[|(X(ŵS − μK ) − (y − XμK ))2

− (X(ŵS\i − μK ) − (y − XμK ))2|]. (19)

Using the fact that |(a − c)2 − (b − c)2| ≤ (a − b)2 +
2|(b−c)(a − b)|, (19) becomes

ES,(X,y)[|(XŵS − y)2 − (XŵS\i − y)2|]
≤ ES,(X,y)[(X(ŵS − μK ) − X(ŵS\i − μK ))2]

+ 2
√

ES,(X,y)[(X(ŵS − μK ) − X(ŵS\i − μK ))2]
×

√
ES,(X,y)[(X(ŵS\i − μK ) − (y − XμK ))2]. (20)

Next, we want to find bounds for the two different terms
in (20), that is,

ES,(X,y)[(X(ŵS − μK ) − X(ŵS\i − μK ))2] (21)

ES,(X,y)[(X(ŵS\i − μK ) − (y − XμK ))2]. (22)

For the bound of (21), we follow the Lemma 1 from [33],
and get ‖XŵS−XŵS\i ‖ ≤ (1/(ntrλ))‖xi ŵS\i − yi‖. Using this
inequality in (20), we can get

ES,(X,y)[(X(ŵS − μK ) − X(ŵS\i − μK ))2]
≤ 1

n2
trλ

2
ES[(xi (ŵS\i − μK ) − (yi − xiμK ))2]

≤ 2

n2
trλ

2
ES[‖xi‖2‖ŵS\i − μK ‖2 + (yi − xiμK )2]

≤ 2

n2
trλ

2
(ES[‖ŵS\i − μK ‖2] + ES[(yi − xiμK )2])

≤ 2

n2
trλ

2

(
MSPE(μK )

λ
+ MSPE(μK )

)

≤ 2MSPE(μK )

n2
trλ

2

(
1

λ
+ 1

)
(23)

in which the second step uses Cauchy–Schwarz inequality,
the third step uses Jensen’s inequality, and the fourth step uses
Lemma 1.

For the bound of (22), we will also use Cauchy–Schwarz
Jensen’s inequality and Lemma 1 as well and get

ES[(X(ŵS\i − μK ) − (y − XμK ))2]
≤ 2ES[(X(ŵS\i − μK ))2 + (y − XμK )2]
≤ 2(ES[‖X‖2‖ŵS\i − μK ‖2] + ES[(y − XμK )2])
≤ 2(ES[‖ŵS\i − μK ‖2] + ES[(y − XμK )2])
≤ 2

(
MSPE(μK )

λ
+ MSPE(μK )

)

≤ 2MSPE(μK )

(
1

λ
+ 1

)
. (24)

Plugging (23) and (24) into (20), we can get γ , that is,

γ = 2MSPE(μK )

n2
trλ

2

(
1

λ
+ 1

)
+ 4MSPE(μK )

ntrλ

(
1

λ
+ 1

)
. (25)

2) Derive M: The process of deriving M is similar to that
deriving γ , and is, therefore, skipped. Here, we only present
the brief steps and result

l( fS\i (xi , yi ) = (xi (ŵS\i − μK ) − (yi − xiμK ))2

≤ 2[(xi (ŵS\i − μK ))2 + (yi − xiμK )2]
≤ 2

(
MSPE(μK )

λ
+ MSPE(μK )

)

≤ 2MSPE(μK )

(
1

λ
+ 1

)
= M. (26)

3) Derive the Generalization Bound: Putting (25) and (26)
into (18), we have get

ES[(MSPE(λ, S) − M̂SPEloo(λ, S))2]
≤ 2

ntr
MSPE(μK )2

(
1

λ
+ 1

)2

+ 6MSPE(μK )

(
1

λ
+ 1

)

×
(

2MSPE(μK )

n2
trλ

2

(
1

λ
+ 1

)
+ 4MSPE(μK )

ntrλ

(
1

λ
+ 1

))

≤ MSPE(μK )2

n2
trλ

2

(
1

λ
+ 1

)2

(12 + 24ntrλ + 2ntrλ
2). (27)

According to Chebyshev’s inequality, P[X ≥ ε] ≤
((E[X2])/ε2). This means X ≤ √

((E[X2])/δ) with probability
at least 1 − δ for δ > 0. Using this property, we can get the
generalization bound from (27), that is,

MSPE(λ, S) ≤ M̂SPEloo(λ, S) + MSPE(μK )

ntrλ

(
1

λ
+ 1

)

×
√

(12 + 24ntrλ + 2ntrλ2)

δ
.

�

B. Proof of Theorem 2

To prove Theorem 2, we need the following lemmas.
Lemma 2: Consider orthogonal design matrices for

the training and validation sets, that is, (1/ntr)XT
tr Xtr =

diag(γtr1, γtr2, . . . , γtrQ ) and (1/nval)XT
valXval =

diag(γval1 , . . . , γvalQ ). Then, the MSPE on the validation
set is

MSPEval(λ) = σ 2 +
Q∑

i=1

γvali

(
σ 2γtri + ntrλ

2α2
i

)

ntr(γtri + λ)2 . (28)
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Proof of Lemma 2: According to the definition of MSPE

MSPEval(λ)

= E

{
1

nval
(yval − XT

valŵK (λ))T(yval − XT
valŵK (λ))

}
(29)

where ŵK (λ) is the optimal solution to (7) using the training
set, that is, ŵK (λ) = (XT

tr Xtr + ntrλI)−1(XT
tr ytr + ntrλμK ).

For notation simplicity, we omit the “(λ)” and use ŵK to
represent ŵK (λ) in the following derivations. Using an algebra
trick, (29) becomes

MSPEval(λ)

= E
{(

yval − XT
valwK + XT

valwK − XT
valŵK

)T

× (
yval − XT

valwK + XT
valwK − XT

valŵK
)}/

nval

= E
{(

yval − XT
valwK

)T (
yval − XT

valwK
)}/

nval

+ E
{
(ŵK − wK )T XT

valXval(ŵK − wK )
}/

nval

− 2E
{(

yval − XT
valwK )T XT

val(ŵK − wK )
}/

nval. (30)

The first term (30) is σ 2, where nval is the sample size in the
validation set and σ 2 is the residual variance of the regression
model. The last term becomes 2E{εT

valX
T
val(ŵK − wK )} = 0.

Therefore, (30) becomes

MSPEval(λ)

= σ 2 + E
{
(ŵK − wK )T XT

valXval(ŵK − wK )
}/

nval. (31)

To carry on the derivation, let w̌K be the SL estimator using
the training set, i.e., w̌K is the ŵK when λ = 0. Also, define
B = (XT

tr Xtr + ntrλIQ )−1 and Z = (XT
tr Xtr + ntrλIQ)−1XT

tr Xtr.
Using B and Z, we can show that ŵK = Zw̌K + ntrλBμK .
Inserting this into (31), we get

MSPEval(λ)

= σ 2 + E(Zw̌K + ntrλBμK − wK )T XT
valXval

× (Zw̌K + ntrλBμK − wK )/nval

= σ 2 + E(Zw̌K − ZwK + ZwK + ntrλBμK −wK )T XT
valXval

× (Zw̌K −ZwK +ZwK +ntrλBμK − wK ). (32)

To further simplify (32), we utilize the relationship that
Z = I−ntrλB. Multiplying both sides of this equation by wK ,
we get ZwK = wK − ntrλBwK . Then, the ZwK + ntrλBμK −
wK in (32) becomes ntrλBμK − ntrλBwK . Inserting this back
to (32), we get

MSPEval(λ)

= σ 2 + E
{
(w̌K − wK )T ZT XT

valXvalZ(w̌K − wK )
}

+ n2
trλ

2(μK − wK )T BT XT
valXvalB(μK − wK )

= σ 2 + tr
{
E
{
(w̌K − wK )(w̌K − wK )T ZT XT

valXvalZ
}}

+ n2
trλ

2(μK − wK )T BT XT
valXvalB(μK − wK )

= σ 2 + σ 2tr
{
(XT

tr Xtr)
−1ZT XT

valXvalZ
}

+ n2
trλ

2(μK − wK )T BT XT
valXvalB(μK − wK )

= σ 2 + σ 2tr
{
BZT XT

valXval
}

+ n2
trλ

2
(μK − wK )T BT XT

valXvalB(μK − wK )

= σ 2 + σ 2tr
{
B(I − ntrλB)XT

valXval
}

+ n2
trλ

2
(μK − wK )T BT XT

valXvalB(μK − wK )

= σ 2 + σ 2tr
{
BXT

valXval
} − ntrλσ 2tr

{
B2XT

valXval
}

+ n2
trλ

2
(μK − wK )T BT XT

valXvalB(μK − wK ). (33)

Consider (1/ntr)XT
tr Xtr = diag(γtr1, γtr2 , . . . , γtrQ ),

(1/nval)XT
valXval = diag(γval1 , γval2, . . . , γvalQ ), and

α = (μK − wK ) with elements α1, . . . , αQ in α. Then, (33)
becomes

MSPEval(λ) = σ 2 +
Q∑

i=1

γvali

(
σ 2γtri + ntrλ

2α2
i

)

ntr(γtri + λ)2 .

�
Lemma 3: Further consider an orthogonal design matrix for

the test set, i.e., (1/nte)XT
teXte = diag(γte1, . . . , γteQ ). Then,

the MSPE on the test set is

MSPEval(λ) = nσ 2 +
Q∑

i=1

γtei

(
σ 2γtr + ntrλ

2α2
i

)

ntr(γtri + λ)2 . (34)

The proof of Lemma 3 is similar to that of Lemma 2 and,
therefore, skipped.

Without loss of generality, we assume γtri = 1. This means
that model training will use “normalized” data in which the
original samples of the i th predictor are divided by ‖xtri ‖2

2. For
consistency, ‖xtri ‖2

2 will be used to normalize the validation,
test data as well, i.e., γi = ‖xtei ‖2

2/‖xtri ‖2
2. Then, (34) becomes

MSPEte(λ) = σ 2 +
Q∑

i=1

γi
(
σ 2 + ntrλ

2α2
i

)

ntr(1 + λ)2 . (35)

Finally, using the results of Lemma 2 and Lemma 3, we can
further derive the condition under which negative transfer will
happen

MSPEte(λ) − MSPEte(0)

=
Q∑

i=1

γi
(
σ 2 + ntrλ

2α2
i

)

ntr(1 + λ)2 −
Q∑

i=1

γiσ
2

ntr

= λ

ntr(1 + λ)2

⎛

⎝ntrλ

Q∑

i=1

α2
i γi − λ

Q∑

i=1

γiσ
2 − 2

Q∑

i=1

γiσ
2

⎞

⎠ .

Because (λ/(ntr(1 + λ)2)) > 0, negative transfer will happen
if and only if ntrλ

∑Q
i=1 α2

i γi −λ
∑Q

i=1 γiσ
2 −2

∑Q
i=1 γiσ

2 >
0, that is,

λ >
2

∑Q
i=1 γiσ

2

ntr
∑Q

i=1 α2
i γi − ∑Q

i=1 γiσ 2

which concludes the proof. �
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