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Abstract This paper presents a new accelerated variant ofNesterov’smethod for solv-
ing composite convex optimization problems in which certain acceleration parameters
are adaptively (and aggressively) chosen so as to substantially improve its practical
performance compared to existing accelerated variantswhile at the same time preserve
the optimal iteration-complexity shared by these methods. Computational results are
presented to demonstrate that the proposed adaptive acceleratedmethod endowedwith
a restarting scheme outperforms other existing accelerated variants.

1 Introduction

The methods of choice for solving large-scale convex optimization problems, spe-
cially when high accuracy is not needed, are first-order methods due to their cheap
iteration cost (time and memory). In [11] (see also [13]), Nesterov presents a scheme
for accelerating first-order methods, more specifically, the steepest descent method for
unconstrained convex optimization and,more generally, the projected gradientmethod
for constrained convex optimization. He shows that the rate of convergence of these
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32 R. D. C. Monteiro et al.

methods, namely O(1/k), where k denotes the iteration count, can be improved to
O(1/k2) by considering their corresponding accelerated variants. Due to its wide use
for solving large-scale convex optimization problems arising in several applications,
other accelerated variants of Nesterov’s method for the aforementioned problems,
and more generally the composite convex optimization problem, have been proposed
and studied in the literature (see for example [1,3,5,6,8,10–12,14,15,18]). Moreover,
there has been an increasing effort towards improving the practical performance of
these methods (see for example [6,16]) in the solution of large-scale convex optimiza-
tion problems.

All of the accelerated variants mentioned above use certain accelerated parame-
ters which are obtained by using well-known update formulas. This paper presents a
new accelerated variant for composite convex optimization in which the acceleration
parameters are adaptively (and aggressively) chosen so as to substantially improve
its practical performance in comparison to these aforementioned variants while at the
same time preserve the optimal iteration-complexity shared by these methods. More
specifically, the new accelerated variant chooses the acceleration parameters at every
iteration by solving a simple two-variable convex quadratically constrained linear
program. Moreover, its iteration cost is comparable to the aforementioned accelerated
methods since it only computes a resolvent (or proximal subproblem) and possibly a
projection at every iteration.

For the purpose of our computational experiments, we have implemented the new
accelerated variant endowed with two restarting schemes in order to improve its prac-
tical performance. The first restarting scheme is an aggressive one which restarts the
method from the last iterate whenever the objective function increases (also proposed
in [16]). The second restarting scheme is a more conservative (and more robust) one
which restarts themethodwhenever the objective function increases and the number of
iterations at that point is sufficiently large. Finally, computational results are presented
on several conic quadratic programming instances showing that the new accelerated
variant endowed with either one of the restarting schemes is faster and more robust
than other existing Nesterov’s variants.

Our paper is organized as follows. Section 2 presents a class of accelerated first-
order methods, and corresponding iteration-complexity results, for solving composite
convex optimization problems. Moreover, this section proposes a specific instance of
the latter class which adaptively chooses the sequence of acceleration parameters so as
to greedily minimize an upper bound on the primal gap. Section 3 presents computa-
tional results comparing the latter instance (endowed with one of the aforementioned
restart schemes) with other existing variants of Nesterov’s method. Finally, Sect. 4
presents some final remarks.

2 An accelerated first-order method

This section introduces an accelerated first-order method presented in [10] for solving
composite convex optimization problems. First, we propose a method with general
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An adaptive accelerated first-order method for convex optimization 33

acceleration parameters satisfying certain conditions which still guarantee an optimal
iteration-complexity. Next, for the purpose of improving the practical performance of
the method, we propose a specific way for choosing these parameters that greedily
minimizes an upper bound on the primal gap.

Let R denote the set of real numbers and define R̄ := R ∪ {±∞}. Also, let X
denote a finite dimensional real inner product space with inner product and induced
norm denoted by 〈·, ·〉 and ‖ · ‖, respectively.

In what follows, we refer to convex functions as 0-strongly convex functions. This
terminology has the benefit of allowing us to treat both the convex and strongly convex
case simultaneously. Our problem of interest is the composite convex optimization
problem

φ∗ := min
x∈X

φ(x) := f (x) + h(x) (1)

where:

C.1 for someμh ≥ 0, h : X → R̄ is a proper closedμh-strongly convex (possibly
nonsmooth) function;
C.2 f is a real-valued function which is differentiable and convex on a closed
convex set

� ⊇ dom h := {x ∈ X : h(x) < ∞} ;

C.3 ∇ f is L-Lipschitz continuous on � for some L > 0, i.e.,

‖∇ f (x ′) − ∇ f (x)‖ ≤ L‖x ′ − x‖ ∀x, x ′ ∈ �;

C.4 for some μ f ≥ 0, function f is μ f -strongly convex on�, and hence satisfies

f (x ′) ≥ f (x) + 〈∇ f (x), x ′ − x〉 + μ f

2
‖x ′ − x‖2 ∀x, x ′ ∈ �;

C.5 the set X∗ of optimal solutions of (1) is non-empty.

There are many accelerated variants of Nesterov’s method for solving (1) under
assumptions C.1–C.5. In this paper we are interested in studying the properties of
the following accelerated variant of Nesterov’s method whose statement uses the pro-
jection operator �� : X → � onto � defined as

��(x) = argmin {‖x − u‖ : u ∈ �} ∀x ∈ X .
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34 R. D. C. Monteiro et al.

Accelerated Class: A class of accelerated algorithms for (1)

0) Let λ ∈ (0, 1/(L − μ f )] and x0 ∈ X be given, and set μ := μ f + μh , A0 = 0, y0 = x0, function
�0 : X → R as �0 ≡ 0, and k = 1;

1) compute ak , x̃
k , x̃k�, yk and function γk : X → R as

ak :=
λ(Ak−1μ + 1) +

√
λ2(Ak−1μ + 1)2 + 4λ(Ak−1μ + 1)Ak−1

2
,

x̃k := Ak−1

Ak−1 + ak
yk−1 + ak

Ak−1 + ak
xk−1, x̃k� = ��(x̃k ),

yk := arg min
u∈X

{
pk (u) + 1

2λ
‖u − x̃k‖2

}
,

γk (u) := pk (y
k ) + 1

λ
〈x̃k − yk , u − yk 〉 + μ

2
‖u − yk‖2 ∀u ∈ X ;

where

pk (u) := f (x̃k�) + 〈∇ f (x̃k�), u − x̃k�〉 + μ f

2
‖u − x̃k�‖2 + h(u) ∀u ∈ X ;

2) choose a pair (A′
k−1, a

′
k ) = (A′, a′) ∈ R × R such that

A′ ≥ 0, a′ ≥ 0, A′ + a′ ≥ Ak−1 + ak , (2)

(A′ + a′)φ(yk ) ≤ inf
u∈X

{
(A′�k−1 + a′γk )(u) + 1

2
‖u − x0‖2

}
, (3)

with the safeguard that A′
0 = A0 = 0 when k = 1;

3) compute Ak and xk as

Ak = A′
k−1 + a′

k , (4)

xk = arg min
u∈X

{
Ak�k (u) + 1

2
‖u − x0‖2

}
(5)

where �k is the function defined recursively as

�k (u) = A′
k−1

A′
k−1 + a′

k
�k−1(u) + a′

k
A′
k−1 + a′

k
γk (u) ∀u ∈ X ; (6)

4) set k ← k + 1, and go to step 1.

Observe that (3), (4) and (6) imply

Akφ(yk) ≤ inf
u∈X

{
Ak�k(u) + 1

2
‖u − x0‖2

}
. (7)

Also, note that theAccelerated Class does not specify how to choose (A′
k−1, a

′
k) ∈ R×

R satisfying (2) and (3). Different choices of the pair (A′
k−1, a

′
k) determines different

instances of the class. For example, if the pair (A′
k−1, a

′
k) is chosen as (A′

k−1, a
′
k) =
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An adaptive accelerated first-order method for convex optimization 35

(Ak−1, ak) then, using equation (33) of Lemma 4, it can be shown that the Accelerated
Class reduces to Algorithm I of [10]. Moreover, if (A′

k−1, a
′
k) = (Ak−1, ak) and

� = X (and hence the gradient of f is defined and is L-Lipschitz continuous on the
wholeX ), then the Accelerated Class reduces to a well-known Nesterov’s accelerated
variant, namely FISTA [1]. On the other hand, this paper is concernedwith the instance
of the above class which chooses the pair (A′

k−1, a
′
k) which maximizes Ak subject to

conditions (4) and (7).
The following result not only shows that the pair (A′

k−1, a
′
k) = (Ak−1, ak) satisfies

(2) and (3), but that any instance of the above class has optimal iteration-complexity.

Proposition 1 The following statements hold for every k ≥ 1:

(a) (A′
k−1, a

′
k) = (Ak−1, ak) satisfies (2) and (3), and hence the Accelerated Class

is well-defined;
(b) �k is a quadratic function with Hessian μI which minorizes φ and (7) holds;
(c) there holds

Ak ≥ λmax

{
k2

4
,

(
1 +

√
λμ

2

)2(k−1)
}

;

(d) there holds

φ(yk) − φ∗ ≤ d20
2Ak

(8)

where d0 is the distance of x0 to X∗.

Proof Statements (a), (b) and (c) follow from Lemma 4 in Appendix 1. Letting x∗
denote the projection of x0 onto X∗, (d) follows from (c) and the fact that (7) and (b)
imply that

Akφ(yk) ≤ Ak�k(x
∗) + 1

2
‖x∗ − x0‖2 ≤ Akφ

∗ + 1

2
d20 .

��
Observe that Proposition 1(d) implies that any instance of the Accelerated Class with
λ = 1/(L − μ f ) has the optimal iteration-complexity

O
(

(L − μ f )d
2
0 min

{
1

k2
,

(
1 + 1

2

√
μ

L − μ f

)−2(k−1)
})

.

Moreover, based on the fact that (4) and (8) imply that

φ(yk) − φ∗ = O
(

1

A′
k−1 + a′

k

)
,
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36 R. D. C. Monteiro et al.

our new accelerated variant chooses the pair (A′
k−1, a

′
k) as

(A′
k−1, a

′
k) ∈ argmax

A′,a′ {A′ + a′ : A′ ≥ 0, a′ ≥ 0 and (A′, a′) satisfies (3)} (9)

so as to greedily reduce the primal gap φ(yk) − φ∗ as much as possible.
We will now establish that (3) is equivalent to a convex quadratic constraint,

and hence that (9) is a simple two-variable convex quadratically constrained linear
program. We first state the following simple technical result whose proof is straight-
forward.

Lemma 1 Assume that q : X → R is a quadratic function whose Hessian Q : X →
X is a positive definite operator. Then, for any given u0 ∈ X and χ ∈ R, the following
conditions are equivalent:

(a) min{q(u) : u ∈ X } ≥ χ ;
(b) 〈∇q(u0), Q−1∇q(u0)〉 + 2[χ − q(u0)] ≤ 0.

The following result gives the aforementioned characterization for condition (3).

Proposition 2 For every k ≥ 1, condition (3) holds if and only if

2A′[φ(yk) − �k−1(x
0)] + 2a′[φ(yk) − γk(x

0)]
+ ‖A′∇�k−1(x0) + a′∇γk(x0)‖2

1 + μ(A′ + a′)
≤ 0. (10)

Proof This result follows from Lemma 1 with q = A′�k−1 + a′γk + ‖u − x0‖2/2,
χ = (A′ + a′)φ(yk) and u0 = x0, and the observation that the Hessian of q is
[1 + μ(A′ + a′)]I in this case. ��

Note that (10) is a simple convex constraint on the scalars A′ and a′. Note also that
(10) reduces to a convex quadratic constraint whenμ = 0. Hence, the new accelerated
method based on (9) chooses the pair (A′

k−1, a
′
k) as an optimal solution of the simple

two-variable convex constrained program

max A′ + a′

s.t. 2A′[φ(yk)−�k−1(x0)]+2a′[φ(yk)−γk(x0)]+ ‖A′∇�k−1(x0)+a′∇γk (x0)‖2
1+μ(A′+a′) ≤ 0,

A′, a′ ≥ 0.

(11)

The remaining part of this section discusses the case where problem (11) is
unbounded. It will be seen that this case implies that yk ∈ X∗, in which case any
instance of the accelerated class may be successfully stopped. The following result,
whose proof is given in Appendix 2, considers a slightly more general problem which
contains (9) as a special case.
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An adaptive accelerated first-order method for convex optimization 37

Proposition 3 Suppose that x0, y ∈ X and γ1, . . . , γm : X → R are convex
quadratic functions such that, for every i = 1, . . . ,m, γi ≤ φ and either ∇2γi is
zero or is positive definite, and consider the problem

max
∑m

i=1 αi

s.t. infu∈X
{∑m

i=1 αiγi (u) + 1
2‖u − x0‖2} ≥ ∑m

i=1 αiφ(y),

α1 ≥ 0, . . . , αm ≥ 0.

(12)

Then, the following conditions are equivalent:

(a) problem (12) is unbounded;
(b) there exist not all zero nonnegative scalars ᾱ1, . . . , ᾱm such that

m∑

i=1

ᾱi∇γi (y) = 0, ᾱi [φ(y) − γi (y)] = 0, i = 1, . . . ,m. (13)

In both cases, y ∈ X∗.

It follows from Proposition 3 that problem (9) (or equivalently, (11)) is bounded
whenever yk /∈ X∗. In such case, (11) has an optimal solution since its feasible set is
compact.

In our computational experiments, we will refer to the instance of the Accelerated
Class which chooses the pair (A′

k−1, a
′
k) as an optimal solution of (11) as the adaptive

accelerated (AA) method.

3 Numerical results

In this section, we describe two restarting variants of the AA method and report
numerical results comparing them to the following variants of Nesterov’s method:

(i) FISTA (fast iterative shrinkage-thresholding algorithm) of [1] (see also Algo-
rithm 2 of [18]);

(ii) FISTA-R: restarting variant of FISTA;
(iii) GKR-2: Algorithm 2 of [7];
(iv) GKR-3: Algorithm 3 of [7].

More specifically, we compare the performance of these methods using three classes
of conic quadratic programming instances, namely:

(a) random convex quadratic programs (CQPs) (see Subsection 3.1);
(b) semidefinite least squares (SDLSs) (see Subsection 3.2);
(c) random nonnegative least squares (NNLSs) (see Subsection 3.3);
(d) random 
1 norm regularized least squares (L1LSs) (see Subsection 3.4).

We observe that we have implemented our own code for FISTA-R. Although we have
recently learned that a similar variant was implemented in [16], we have not had the
opportunity to include their code in our computational benchmark. Nevertheless, we
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38 R. D. C. Monteiro et al.

believe that our implementation should be very similar to the method in [16], and
hence should reflect the actual performance of the latter algorithm.

We stop all methods whenever an iterate yk is found such that

∥∥∥∥∥y
k −

(
I + 1

L
∂h

)−1 (
yk − 1

L
∇ f (yk)

)∥∥∥∥∥ ≤ 10−6 (14)

or when 2000 iterations have been performed. Note that for the case where h is an
indicator function of a closed convex set, the left hand side of (14) is exactly the norm
of the projected gradient with stepsize 1/L .

We now briefly describe the two restarting versions of the AA method. In the first
version, if the function value at the end of the kth iteration increases, i.e., φ(yk−1) <

φ(yk), then the method is restarted at step 0 with x0 = yk−1 and y0 = yk−1. FISTA-R
refers to the variant of FISTA which incorporates this restarting scheme. Moreover,
FISTA-R is equivalent to one of the restarting variants of FISTA discussed in [16].

In contrast to the first restarting version above, the second one allows some iterations
to increase the function value, and hence is more conservative than the first one. More
specifically, we restart this variant at the kth iteration whenever φ(yk−1) < φ(yk)
and no more than

⌈
log2(k − lk)

⌉
restarts have been performed so far, where lk is the

iteration where the last restart was performed.
We will refer to the first and second restarting variants of the AAmethod as AA-R1

and AA-R2, respectively.
All AA variants considered in this benchmark use λ = 0.99/L . Even though

theoretically we can choose λ = 1/L , our numerical experience have shown us that
λ = 0.99/L leads to more stable implementations.

The codes for all the benchmarked variants tested are written in MATLAB. All the
computational results were obtained on a single core of a server with 2 Xeon X5520
processors at 2.27GHz and 48GB RAM.

We nowmake some general remarks about how the results are reported on the tables
given below. Tables 1, 3, 5 and 7 report the times and Tables 2, 4, 6 and 8 report the
number of iterations for all instances of the three problem classes. Each problem class
is associated with two tables, one reporting the times and the other one the number
of iterations required by each benchmarked method to solve all instances of the class.
We display the time or number of iterations that a variant takes on an instance in red,
and also with an asterisk (*), whenever it cannot solve the instance to the required
accuracy. In such a case, the accuracy obtained at the last iteration of the variant is
also displayed in parentheses.

Figures 1, 3 and 5 plot the time performance profiles (see [4]), and Figs. 2, 4 and 6
plot the iteration performance profiles for each of the three problem classes. We recall
the following definition of a performance profile. For a given instance, a method A is
said to be at most x times slower than method B, if the time taken (resp. number of
iterations performed) by method A is at most x times the time taken (resp. number of
iterations performed) by method B. A point (x, y) is in the performance profile curve
of a method if it can solve exactly (100y)% of all the tested instances x times slower
than any other competing method.
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An adaptive accelerated first-order method for convex optimization 39

Table 1 Time comparison of the methods on CQP instances

Problem Time in seconds (accuracy less that 10−6)

Instance n AA-R1 AA-R2 AA FISTA-R FISTA-R GKR-2 GKR-3

CQP_n5_p2 5 0.1 0.1 0.1 0.1 0.1 9.9 0.5

CQP_n5_p3 5 0.1 0.1 0 0.1 0.1 0.4 0.3

CQP_n5_p4 5 0.1 0.1 0.3 0.2 0.3 16.3 2.4

CQP_n5_p5 5 0.2 0.1 0.2 0.2 0.3 7.5 0.9

CQP_n10_p2 10 0.1 0.1 0.2 0.1 0.1 4.7 0.5

CQP_n10_p3 10 0.1 0.1 0.2 0.1 0.2 0.2 0.5

CQP_n10_p4 10 0.2 0.2 0.3 0.2 0.3 99.5*(1.2−6) 1.3

CQP_n10_p5 10 0.5 0.6 0.4 0.7 0.4 20.1 7.9

CQP_n20_p2 20 0.1 0.1 0.2 0.1 0.1 24.8 0.3

CQP_n20_p3 20 0.1 0.1 0.1 0.1 0.1 1.8 0.4

CQP_n20_p4 20 0.2 0.1 0.5 0.2 0.3 80.1 4.2

CQP_n20_p5 20 0.4 0.5 0.5 0.6 0.4 76.6 12.9

CQP_n50_p2 50 0.1 0.1 0.1 0.1 0.1 44.8 0.3

CQP_n50_p3 50 0.1 0.2 0.4 0.2 0.4 29.5 1.1

CQP_n50_p4 50 0.2 0.2 0.4 0.1 0.2 5.8 3

CQP_n50_p5 50 0.2 0.2 0.3 0.3 0.4 27.4*(1.3−6) 6.1

CQP_n100_p2 100 0.1 0.1 0.2 0.1 0.2 46.2 0.5

CQP_n100_p3 100 0.2 0.2 0.4 0.2 0.4 7.5 1.7

CQP_n100_p4 100 0.2 0.2 0.6 0.2 0.8 121.5 2.5

CQP_n100_p5 100 0.3 0.3 0.3 0.3 0.7 138.2*(2.1−6) 8.5

CQP_n200_p2 200 0.1 0.1 0.2 0.1 0.2 28.2*(1.6−6) 0.8

CQP_n200_p3 200 0.2 0.2 0.4 0.2 0.5 40.3 1.1

CQP_n200_p4 200 0.2 0.2 0.7 0.3 0.7 3.3 2.5

CQP_n200_p5 200 0.3 0.4 0.6 0.4 0.7 47.9 7.4

CQP_n500_p2 500 0.1 0.2 0.4 0.1 0.4 145.4 0.9

CQP_n500_p3 500 0.3 0.3 0.8 0.3 1.2 10.8 2.4

CQP_n500_p4 500 0.3 0.4 1.1 0.6 1.4 14.7 4.3

CQP_n500_p5 500 0.4 0.5 1.5 1 2.1 23.7 12.8

CQP_n700_p2 700 0.2 0.2 0.4 0.2 0.6 119.9 1.1

CQP_n700_p3 700 0.3 0.4 1.1 0.6 1.9 115.9 3.1

CQP_n700_p4 700 0.4 0.4 1.4 1.1 3.1 18.3 7.6

CQP_n700_p5 700 1.4 1.1 1.7 1.1 5.4 19.1 19.6

CQP_n900_p2 900 0.3 0.3 0.8 0.7 0.8 120.0*(2.2−6) 1.7

CQP_n900_p3 900 0.6 0.6 2 0.9 2.9 28.5 4

CQP_n900_p4 900 0.9 1 2.9 1.4 3.8 26.4 9.7

CQP_n900_p5 900 1.6 1.9 4.4 2.8 6.9 31.3 24.9

CQP_n1K_p2 1000 0.4 0.4 1.5 0.6 1.3 84.3*(4.0−6) 4.3

CQP_n1K_p3 1000 0.7 0.7 2.6 1.2 3.1 31.5 5

CQP_n1K_p4 1000 1.1 1.5 3.3 1.6 5.6 20 8.4
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40 R. D. C. Monteiro et al.

Table 1 continued

Problem Time in seconds (accuracy less that 10−6)

Instance n AA-R1 AA-R2 AA FISTA-R FISTA-R GKR-2 GKR-3

CQP_n1K_p5 1000 2.5 1.8 7.3 3 8.7 63.8 63.1

CQP_n2K_p2 2000 1 1.2 4.1 2.8 4.3 112.0*(3.1−6) 3.9

CQP_n2K_p3 2000 1.8 2.9 7.4 3.7 10.3 88.6 11.2

CQP_n2K_p4 2000 3 3.1 14.6 6 17.8 120.8 23.4

CQP_n2K_p5 2000 9.5 9.6 20.4 10.4 23.6 114 68.9

CQP_n5K_p2 5000 8.7 7.1 23.2 14.1 17.9 863.0*(3.2−6) 20.2

CQP_n5K_p3 5000 20.3 19 44.3 29.1 48.5 400.7 42.6

CQP_n5K_p4 5000 23.6 37.8 86.6 46.7 129.1 471.1 161.4

CQP_n5K_p5 5000 47.8 40.3 126.8 91 146.6 597.6 513.9

CQP_n7K_p2 7000 18.9 25.1 37.8 46 70.5 1544.8*(4.4−6) 65.2

CQP_n7K_p3 7000 31.4 37.8 82.2 45.9 128.1 923.9 85.5

CQP_n7K_p4 7000 25.9 29.2 141.7 63.7 167 1082.3*(1.2−6) 264.2

CQP_n7K_p5 7000 64.4 102.6 193.4 115.8 338.5 1307.1 734

CQP_n9K_p2 9000 25.4 40.3 64.6 68.3 58.9 3071.3*(5.5−6) 100.6

CQP_n9K_p3 9000 64.1 54.2 181.1 120 219 2046.5 287.3

CQP_n9K_p4 9000 95 86 344.1 129.2 483.1 1992 669.5

CQP_n9K_p5 9000 128.8 163.3 424.8 292.7 530.7 2165.3 1203.9

CQP_n10K_p2 10000 107.9 81.1 89.2 240.4 84.2 3519.7*(5.5−6) 176.1

CQP_n10K_p3 10000 84 64.3 227 113 251.8 1911.6 250.1

CQP_n10K_p4 10000 173.8 106.9 322.9 236.9 365.4 2089.7 733.5

CQP_n10K_p5 10000 141.8 202.6 596.1 451.3 688.5 2190.9 1784

3.1 Numerical results for random CQPs

This subsection compares the performance of our methods AA, AA-R1 and AA-R2
with the variants of Nesterov’s method listed at the beginning of this section on a class
of randomly generated sparseCQP instances. These instances were also used to report
the performance of GKR-2 and GKR-3 in [7].

Let Rn denote the n-dimensional Euclidean space, Sn denote the set of all n × n
symmetric matrices and Sn+ denote the cone of n × n symmetric positive semidefinite
matrices. Given Q ∈ Sn+, b ∈ R

n , l ∈ {R ∪ {−∞}}n and u ∈ {R ∪ {∞}}n such that
l ≤ u, the box constrained convex quadratic programming problem is defined as

min
x∈Rn

{
xT Qx + bT x : l ≤ x ≤ u

}
. (15)

Letting f and h be defined as

f (x) = xT Qx + bT x, h(x) = δB(x), ∀x ∈ R
n,
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Table 2 Number of iterations comparison of the methods on CQP instances

Problem # of iterations (accuracy less that 10−6)

Instance n AA-R1 AA-R2 AA FISTA-R FISTA GKR-2 GKR-3

CQP_n5_p2 5 26 25 105 35 59 913 48

CQP_n5_p3 5 41 38 53 35 53 18 20

CQP_n5_p4 5 89 92 300 104 314 1491 195

CQP_n5_p5 5 176 94 179 152 215 397 75

CQP_n10_p2 10 39 44 152 40 94 315 37

CQP_n10_p3 10 41 46 178 58 140 16 44

CQP_n10_p4 10 130 95 239 146 254 2000*(1.2−6) 114

CQP_n10_p5 10 462 483 391 536 425 579 907

CQP_n20_p2 20 23 32 129 33 65 483 18

CQP_n20_p3 20 47 40 65 46 61 49 36

CQP_n20_p4 20 118 89 417 114 289 1132 407

CQP_n20_p5 20 374 360 504 459 423 1041 1422

CQP_n50_p2 50 27 36 95 33 58 525 29

CQP_n50_p3 50 64 93 305 90 289 334 95

CQP_n50_p4 50 126 132 316 164 353 873 416

CQP_n50_p5 50 183 165 251 247 308 2000*(1.3−6) 398

CQP_n100_p2 100 37 48 129 49 124 618 46

CQP_n100_p3 100 88 93 383 118 338 948 176

CQP_n100_p4 100 116 130 538 186 576 1726 256

CQP_n100_p5 100 232 235 499 321 659 2000*(2.1−6) 861

CQP_n200_p2 200 41 52 160 61 140 2000*(1.6−6) 62

CQP_n200_p3 200 69 80 359 96 326 525 104

CQP_n200_p4 200 134 139 574 183 584 391 219

CQP_n200_p5 200 232 259 541 298 645 628 803

CQP_n500_p2 500 57 74 199 77 151 1926 58

CQP_n500_p3 500 110 134 461 125 406 939 155

CQP_n500_p4 500 164 163 786 241 710 1384 307

CQP_n500_p5 500 293 294 954 377 1017 1374 1063

CQP_n700_p2 700 51 72 182 111 163 1598 63

CQP_n700_p3 700 95 134 474 130 421 1567 178

CQP_n700_p4 700 169 189 712 238 686 801 346

CQP_n700_p5 700 336 346 874 462 929 1168 1008

CQP_n900_p2 900 52 72 196 120 179 2000*(2.2−6) 62

CQP_n900_p3 900 105 131 455 143 398 1148 137

CQP_n900_p4 900 155 168 693 225 641 889 350

CQP_n900_p5 900 320 372 958 431 998 1443 1086

CQP_n1K_p2 1000 58 68 232 83 197 2000*(4.0−6) 76

CQP_n1K_p3 1000 111 125 486 169 433 1206 170
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Table 2 continued

Problem # of iterations (accuracy less that 10−6)

Instance n AA-R1 AA-R2 AA FISTA-R FISTA GKR-2 GKR-3

CQP_n1K_p4 1000 164 192 791 258 721 857 379

CQP_n1K_p5 1000 329 377 1226 432 1274 996 1289

CQP_n2K_p2 2000 63 76 226 85 187 2000*(3.1−6) 70

CQP_n2K_p3 2000 133 159 498 179 428 1113 172

CQP_n2K_p4 2000 160 185 851 277 769 1540 414

CQP_n2K_p5 2000 313 341 1100 438 1102 1021 1076

CQP_n5K_p2 5000 83 87 260 103 215 2000*(3.2−6) 79

CQP_n5K_p3 5000 194 199 540 263 453 1240 169

CQP_n5K_p4 5000 290 299 934 388 825 1066 412

CQP_n5K_p5 5000 356 447 1284 522 1265 1391 1161

CQP_n7K_p2 7000 85 94 261 102 219 2000*(4.4−6) 77

CQP_n7K_p3 7000 136 138 555 195 473 1341 176

CQP_n7K_p4 7000 190 226 976 275 871 2000*(1.2−6) 388

CQP_n7K_p5 7000 369 539 1404 611 1385 1392 1264

CQP_n9K_p2 9000 85 93 259 221 225 2000*(5.5−6) 78

CQP_n9K_p3 9000 152 225 538 204 463 1378 176

CQP_n9K_p4 9000 299 343 1051 337 916 1203 523

CQP_n9K_p5 9000 397 537 1378 673 1379 1333 1259

CQP_n10K_p2 10000 204 210 261 225 225 2000*(5.5−6) 80

CQP_n10K_p3 10000 183 198 565 264 487 1422 186

CQP_n10K_p4 10000 236 258 1022 393 918 1338 408

CQP_n10K_p5 10000 459 541 1509 727 1473 1318 1316

where B = {x ∈ R
n : l ≤ x ≤ u}, we can easily see that (15) is a special case of (1)

with � = X = R
n

Figures 1 and 2 plot time and iteration performance profiles of all variants of
Nesterov’s method for solving this collection of random sparse CQP instances, respec-
tively. Tables 1 and 2 report the time and number of iterations taken by each method,
respectively.

Note that AA, AA-R1 and AA-R2 outperform the other methods on most of the
random sparse CQP instances. From Figs. 1 and 2we can see that the aggressive restart
scheme of AA-R1 performs slight better than the conservative one of AA-R2 on these
instances.

3.2 Numerical results for SDLSs

This subsection compares the performance of our methods AA, AA-R1 and AA-R2
with the variants of Nesterov’s method listed at the beginning of this section on a class
of SDLS instances.
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Fig. 1 Time performance profiles for solving CQP instances with accuracy ε̄ = 10−6. On the left we
include all the methods and on the right we include the three fastest variants, namely: AA-R1, AA-R2 and
FISTA-R
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Fig. 2 Iteration performance profiles for solving CQP instances with accuracy ε̄ = 10−6. On the left we
include all the methods and on the right we include the three fastest variants, namely: AA-R1, AA-R2 and
FISTA-R

Given a linear map A ∈ Sn → R
m and b ∈ R

m , the semidefinite programming
(SDP) feasibility problem consists of finding x such that

Ax = b, x ∈ Sn+.

We can solve the above problem by considering the SDLS reformulation

min
x∈Sn

{
1

2
‖Ax − b‖2 : x ∈ Sn+

}
. (16)
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Fig. 3 Time performance profiles for solving SDLS instances with accuracy ε̄ = 10−6. On the left we
include all the methods and on the right we include the three fastest variants, namely: AA-R1, AA-R2 and
FISTA-R
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Fig. 4 Number of iterations performance profiles for solving SDLS instances with accuracy ε̄ = 10−6. On
the left we include all the methods and on the right we include the three fastest variants, namely: AA-R1,
AA-R2 and FISTA-R

Letting f and h be defined as

f (x) = 1

2
‖Ax − b‖2 , h(x) = δSn+(x), ∀x ∈ Sn,

where ‖·‖ denotes the Euclidean norm, we can easily see that (16) is a special case of
(1) with � = X = Sn .

The SDLS instances included in this comparison are obtained via the above con-
struction from the feasibility sets (after bringing them into standard form) of four
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Fig. 5 Time performance profiles for solving NNLS instances with accuracy ε̄ = 10−6. On the left we
include all the methods and on the right we include the three fastest variants, namely: AA-R1, AA-R2 and
FISTA-R
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Fig. 6 Number of iterations performance profiles for solving NNLS instances with accuracy ε̄ = 10−6. On
the left we include all the methods and on the right we include the three fastest variants, namely: AA-R1,
AA-R2 and FISTA-R

classes of SDPs , namely: (i) randomly generated SDPs as in [17]; (ii) SDP relax-
ations of frequency assignment problems (see for example Subsection 2.4 in [2]); (iii)
SDP relaxations of binary integer quadratic problems (see for example Section 7 in
[19]); and iv) SDP relaxations of quadratic assignment problems (see for example
Sect. 7 in [19]).

Figures 3 and 4 plot time and iteration performance profiles of all variants of
Nesterov’s method for solving this collection of SDLS instances, respectively. Tables
3 and 4 report the time and number of iterations taken by each method, respectively.
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Note that AA-R1 and AA-R2 outperform the other methods on most of the SDLS
instances. From Figs. 3 and 4 we can see that the aggressive restart scheme of AA-R1
performs slight better than the conservative one of AA-R2 on these instances.

3.3 Numerical results for NNLSs

This subsection compares the performance of our methods AA, AA-R1 and AA-R2
with the variants of Nesterov’s method listed at the beginning of this section on a class
of NNLS instances randomly generated as in [9].

Given a matrix A ∈ R
m×n and a vector b ∈ R

m , the NNLS problem is defined as

min
x∈Rn

{
1

2
‖Ax − b‖2 : x ≥ 0

}
, (17)

where ‖·‖ denotes the Euclidean norm.
Letting f and h be defined as

f (x) = 1

2
‖Ax − b‖2 , h(x) = δRn+(x), ∀x ∈ R

n,

where Rn+ is the cone of nonnegative vectors in R
n , we can easily see that (17) is a

special case of (1) with � = X = R
n .

Figures 5 and 6 plot the time and iteration performance profiles of all variants
of Nesterov’s method for solving this collection of random NNLS instances, respec-
tively. Tables 5 and 6 report the time and number of iterations taken by each method,
respectively.

Note that AA-R2 outperforms the other methods on most of the NNLS instances
where a solution with the required accuracy was found. From Figs. 5 and 6 we can see
that the conservative restart scheme of AA-R2 performs better and is more robust than
the aggressive one of AA-R1 on these instances. Also, we can see that the methods
that do not incorporate a restart scheme are only able to solve less than 10 % of the
NNLS instances, while the ones that do incorporate a restart scheme solve at least
70 % of them.

3.4 Numerical results for L1LSs

This subsection compares the performance of our methods AA, AA-R1 and AA-
R2 with the variants of Nesterov’s method FISTA and FISTA-R on a class of L1LS
instances randomly generated according to [9].

Given a matrix A ∈ R
m×n and a vector b ∈ R

m , the L1LS problem is defined as

min
x∈Rn

1

2
‖Ax − b‖2 + τ‖x‖1 (18)

where ‖·‖ denotes the Euclidean norm, ‖ · ‖1 denotes the 
1 norm and τ > 0. We set
τ = 10−6 in our tests since larger values of this parameter would make the instances
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Fig. 7 Time performance
profiles for solving L1LS
instances with accuracy
ε̄ = 10−5
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harder for any of the benchmarked variants. Moreover, we set ε̄ = 10−5 for this
comparison since for ε̄ = 10−6 only 30 % of the instances were solved by the best
variant (in at most 2000 iterations).

Letting f and h be defined as

f (x) = 1

2
‖Ax − b‖2 , h(x) = τ‖x‖1, ∀x ∈ R

n,

we can easily see that (18) is a special case of (1) with � = X = R
n .

Figures 7 and 8 plot the time and iteration performance profiles of all variants
of Nesterov’s method for solving this collection of random L1LS instances, respec-
tively. Tables 7 and 8 report the time and number of iterations taken by each method,
respectively.

Note that AA-R1 and AA-R2 outperform the other methods on most of the L1LS
instances where a solution with the required accuracy was found. Also the methods
that do not incorporate a restart scheme are not able to solve any of the L1LS instances,
while the ones that incorporate a restart scheme solve at least 90 % of them.

4 Concluding remarks

We have observed in our computational experiments that AA-R2 quickly stops per-
forming restarts, while AA-R1 periodically continues to perform restarts.

Figures 9 and 10 plot the time and iteration performance profiles of all variants of
Nesterov’s method on the collection of instances obtained by combining all the three
instance classes described in Sect. 3.1, 3.2 and 3.3. From these plots we can see that the
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Fig. 8 Number of iterations
performance profiles for solving
L1LS instances with accuracy
ε̄ = 10−5
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Fig. 9 Time performance profiles for solving all the three problem classes (CQPs, SDLSs and NNLSs)
with accuracy ε̄ = 10−6. On the left we include all the methods and on the right we include the three fastest
variants, namely: AA-R1, AA-R2 and FISTA-R

overall performances of AA-R1 andAA-R2 are very close to one another, with AA-R2
turning out to be more robust, as it solves more problems to the specified accuracy
10−6 than any other of the variants tested. We can see that AA-R1 and AA-R2 are
the two fastest variants among the seven ones used in this benchmark in terms of both
time and number of iterations.

Finally, our implementation of the AA method and its restarting variants can be
found at http://www.isye.gatech.edu/~cod3/COrtiz/software/.
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Fig. 10 Iterations performance profiles for solving all the three problemclasses (CQPs, SDLSs andNNLSs)
with accuracy ε̄ = 10−6. On the left we include all the methods and on the right we include the three fastest
variants, namely: AA-R1, AA-R2 and FISTA-R
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Appendix 1: Technical results used in Section 2

This section establishes a technical result which is used in the proof of Proposition 1
of Sect. 2, namely, Lemma 4.

This section assumes that the functions φ, f and h, and the set�, satisfy conditions
C.1–C.5 of Sect. 2. Before stating and giving the proof of Lemma 4, we establish two
technical results.

Lemma 2 Let A ≥ 0, λ > 0 and x0, y ∈ X be given and assume that � : X → R̄

is a proper closed convex function � : X → R̄ such that A� is Aμ-strongly convex.
Assume also that the triple (y, A, �) satisfies

A� ≤ Aφ, Aφ(y) ≤ min
u∈X

{
A�(u) + 1

2
‖u − x0‖2

}
. (19)

Also, define x ∈ X , a > 0 and x̃ ∈ X as

x := arg min
u∈X

{
A�(u) + 1

2
‖u − x0‖2

}
, (20)
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a := λ(Aμ + 1) + √
λ2(Aμ + 1)2 + 4λ(Aμ + 1)A

2
, x̃ := A

A + a
y + a

A + a
x .

(21)

Then, for any proper closed convex function γ : X → R̄ minorizing φ, we have

min
u∈X

{
aγ (u) + A�(u) + 1

2
‖u − u0‖2

}
≥ (A + a)θ

where

θ := min
u∈X

{
γ (u) + 1

2λ
‖u − x̃‖2

}
. (22)

Proof Note also that the definition of a in (21) implies that

λ = a2

(A + a)(Aμ + 1)
. (23)

Now, let an arbitrary u ∈ X be given and define

ũ := A

A + a
y + a

A + a
u.

Clearly, in view of the second identity in (21), we have

ũ − x̃ = a

A + a
(u − x).

In view of (19), (20), the last two relations, and the fact that γ is a convex function
minorizing φ and the function A�(·) + ‖ · −x0‖2/2 is (Aμ + 1)-strongly convex, we
conclude that

aγ (u) + A�(u) + 1

2
‖u − x0‖2

≥ aγ (u) + Aμ + 1

2
‖u − x‖2 + min

u∈X

{
A�(u) + 1

2
‖u − x0‖2

}

≥ aγ (u) + Aμ + 1

2
‖u − x‖2 + Aγ (y)

≥ (A + a)γ (ũ) + Aμ + 1

2
‖u − x‖2

= (A + a)

[
γ (ũ) + (A + a)(Aμ + 1)

2a2
‖ũ − x̃‖2

]
≥ (A + a)θ

where the last inequality is due to (23) and the definition of θ in (22). Since the above
inequality holds for every u ∈ X , the conclusion of the lemma follows. ��
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Lemma 3 Let λ > 0, ξ ∈ X and a proper closed μ-strongly convex function g :
X → R̄ be given and denote the optimal solution of

min
x∈X

{
g(x) + 1

2λ
‖x − ξ‖2

}
(24)

by x̄. Then, the function γ : X → R defined as

γ (u) := g(x̄) + 1

λ
〈ξ − x̄, u − x̄〉 + μ

2
‖u − x̄‖2 ∀u ∈ X

has the property that γ ≤ g and x̄ is the optimal solution of

min
u∈X

{
γ (u) + 1

2λ
‖u − ξ‖2

}
. (25)

As a consequence, the optimal value of (25) is the same as that of (24).

Proof The optimality condition for (24) implies that (ξ − x̄)/λ ∈ ∂g(x̄), and hence
that γ ≤ g in view of the definition of γ and the fact that g is a proper closed μ-
strongly convex function. Moreover, x̄ clearly satisfies the optimality condition for
(25), from which the second claim of the lemma follows. Finally, the latter conclusion
of the lemma follows immediately from its second claim. ��

The main result of this appendix is as follows.

Lemma 4 Let A ≥ 0, 0 < λ ≤ 1/(L − μ f ), x0, y ∈ X and a proper closed μ-
strongly convex function � : X → R be given, and assume that the triple (y, A, �)

satisfies (19). Let x, a and x̃ be as in (20) and (21), and define

x̃� := ��(x̃), A+ := A + a, (26)

y+ := arg min
u∈X

{
p(u) + 1

2λ
‖u − x̃‖2

}
(27)

where

p(u) := f (x̃�) + 〈∇ f (x̃�), u − x̃�〉 + μ f

2
‖u − x̃�‖2 + h(u) ∀u ∈ X . (28)

Also, define the functions γ, �+ : X → R̄ as

γ (u) := p(y+) + 1

λ
〈x̃ − y+, u − y+〉 + μ

2
‖u − y+‖2 ∀u ∈ X , (29)

�+ := A

A + a
� + a

A + a
γ (30)
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Then, �+ is a proper closed μ-strongly convex function and the triple (y+, A+, �+)

satisfies

A+φ(y+) ≤ min
u∈X

{
A+�+(u) + 1

2
‖u − x0‖2

}
, A+�+ ≤ A+φ, (31)

√
A+ ≥ √

A + 1

2

√
λ(Aμ + 1). (32)

Moreover, if � is a quadratic function with Hessian equal to μI , then the (unique)
optimal solution x+ of the minimization problem in (31) can be obtained as

x+ = 1

1 + μ(A + a)

[
x − a

λ
(x̃ − y+) + μ(Ax + ay+)

]
. (33)

Proof We first claim that

γ ≤ φ, φ(y+) ≤ min
u∈X

{
γ (u) + 1

2λ
‖u − x̃‖2

}
. (34)

To prove the above claim, note that conditions C.2 and C.3, the non-expansiveness
property of ��, and the assumption that λ ∈ (0, 1/(L − μ f )], imply that

p(u) ≤ φ(u) ≤ p(u) + L − μ f

2
‖u − x̃�‖2 ≤ p(u) + 1

2λ
‖u − x̃‖2 ∀u ∈ �.

(35)

Then, in view of (27) and the above relation with u = y+, we have

min
u∈X

{
p(u) + 1

2λ
‖u − x̃‖2

}
= p(y+) + 1

2λ
‖y+ − x̃‖2 ≥ φ(y+).

The claim now follows from the first inequality in (35), the above relation, the defini-
tions of γ and p, and Lemma 3 with g = p and ξ = x̃ (and hence x̄ = y+).

Now, using the assumption that (19) holds, the second relation in (34) and Lemma
2, we conclude that

min
u∈X

{
aγ (u) + A�(u) + 1

2
‖u − x0‖2

}
≥ (A + a)min

u∈X

{
γ (u) + 1

2λ
‖u − x̃‖2

}

≥ (A + a)φ(y+),

and hence that the first inequality in (31) holds in view of (26) and (30). Moreover, the
first inequality in (34), relations (26) and (30), and the first inequality of (19), clearly
imply the second inequality in (31).
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To show (32), let λμ := λ(Aμ + 1) and note that the definition of a in (21) implies
that

a ≥ λμ

2
+ √

λμA.

This inequality together with the definition of A+ in (26) then yields

A+ ≥ A +
(

λμ

2
+ √

λμA

)
≥

(√
A + 1

2

√
λμ

)2

,

showing that (32) holds. Finally, to show (33), first observe that the optimality condi-
tions for (20) and (31) imply that x = x0 − A∇�(x) and x+ = x0 − A+∇�+(x+).
These two identities together with relations (26), (29) and (30), and the assumption
that � is a quadratic function with Hessian equal to μI , then imply that

x+ = x0 − A∇�(x+) − a∇γ (x+)

= x0 − A∇�(x) − a∇γ (x+) + A[∇�(x) − ∇�(x+)]
= x − a

[
1

λ
(x̃ − y+) + μ(x+ − y+)

]
+ A[μ(x − x+)],

and hence that (33) holds. ��

Appendix 2: Proof of Proposition 3

First note that the equivalence between (a) and (b) of Lemma1withχ = ∑m
i=1 αiφ(y),

u0 = y and q(·) = ∑m
i=1 αiγi (·) + ‖ · −x0‖2/2 (and hence Q = I + ∑m

i=1 αi∇2γi )
imply that the hard constraint in problem (12) is equivalent to

〈(
m∑

i=1

αi∇γi (y) + y − x0
)

,

(
I +

m∑

i=1

αi∇2γi

)−1 (
m∑

i=1

αi∇γi (y) + y − x0
)〉

+ 2
m∑

i=1

αi [φ(y) − γi (y)] ≤ ‖y − x0‖2. (36)

Now, assume that (b) holds. Then, in view of (13), the point α(t) := (t ᾱ1, . . . , t ᾱm)

clearly satisfies (36), and hence is feasible for (12) for every t > 0. Hence, for a fixed
x∗ ∈ X∗, this conclusion implies that

m∑

i=1

(t ᾱi )φ(y) ≤
m∑

i=1

(t ᾱi )γi (x
∗) + 1

2
‖x∗ − x0‖2

≤ t

(
m∑

i=1

ᾱi

)
φ(x∗) + 1

2
‖x∗ − x0‖2,
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where the last inequality follows from the assumption that γi ≤ φ and the non-
negativity of t ᾱ1, . . . , t ᾱm . Dividing this expression by t (

∑m
i=1 ᾱi ) > 0, and letting

t → ∞, we then conclude that φ(y) − φ(x∗) ≤ 0, and hence that y ∈ X∗. Also, the
objective function of (12) at the point α(t) converges to infinity as t → ∞. We have
thus shown that (b) implies (a).

Now assume that (a) holds. Since the feasible set of (12) is closed convex, it must
have a nonzero direction of recession ᾱ := (ᾱ1, . . . , ᾱm). Moreover, since this set
obviously contains the zero vector, it follows that α(t) := (t ᾱ1, . . . , t ᾱm) is feasible
for (12) for every t > 0. This implies that α(t) satisfies (36) for every t > 0 and ᾱi ≥ 0
for every i . Using the latter fact, the assumption that γi ≤ φ (and hence γi (y) ≤ φ(y))
for every i , and the assumption that either∇2γi is zero or is positive definite for every i
(and hence,

∑m
i=1 ᾱi∇2γi is zero or is positive definite), we easily see that (13) holds.

��
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