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This paper presents a simplified and self-contained global convergence proof for
the affine scaling algorithm applied to degenerate linear programming problems.
Convergence of the sequence of dual estimates to the center of the optimal dual face
is also proven. In addition, we give a sharp rate of convergence result for the sequence
of objective function values. All these results are proved with respect to the long step
version of the affine scaling algorithm in which we move a fraction A, where
A € (0,2/3], of the step to the boundary of the feasible region.

9 Introduction

The affine scaling algorithm, introduced by Dikin [6] in 1967, is one of the
simplest and most efficient interior point algorithms for solving linear program-
ming (LP) problems. Because of the theoretical and practical importance of the
affine scaling algorithm, there are a number of papers which study its global and
local convergence 3, 6-8, 11, 16, 19-24] and the behavior of its associated con-
tinuous trajectories [2, 4, 16, 25]. As in the simplex algorithm, the analysis of the
affine scaling algorithm for (primal) degenerate LP problems is much harder than
for (primal) nondegenerate LP problems.
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Recently, Dikin [8] and Tsuchiya and Muramatsu [22] have succeeded in
proving the global convergence for degenerate LP problems of the long step version
of the affine scaling algorithm, that is, the version in which the next iterate is deter-
mined by taking a fixed fraction A € (0, 1) of the whole step to the boundary of the
feasible region. Their studies have definitely settled satisfactory answers to the case
where A € (0,2/3].

Unfortunately, none of these two papers are self-contained. In order to fully
understand Tsuchiya and Muramatsu’s paper, it is necessary to read two of
Tsuchiya’s preceding papers (20, 21] which contain nontrivial matrix decompo-
sition results and long derivations. The same can be said about Dikin’s paper which
refers the reader to Tsuchiya’s paper [20] in some important steps.

The main goal of this paper is to give a compact and self-contained global
convergence proof of the long step version of the affine scaling algorithm. Two
major simplifications are made in our analysis compared to the analysis of [22].
The first one is obtained when showing that the sequence of primal iterates con-
verges. The way we prove this result is based on techniques contained in Tseng
and Luo [19]. Another major simplification is obtained by showing that the non-
trivial and long matrix decomposition results derived in Tsuchiya [20, 21] are no
longer needed. Instead, we use techniques which have been employed in Adler
and Monteiro [2].

All the main results given in this paper have already been proved in the
revised version of Tsuchiya and Muramatsu [22]. Namely, assuming that A < 2/3,
we show that the sequence of primal iterates converges to a point lying in the
relative interior of the primal optimal face and that the sequence of dual estimates
converge to the analytical center of the dual optimal face. Under the same assump-
tions, we also show that the sequence of objective function values converges
Q-linearly with convergence rate equal to 1 — A. As a natural consequence of the
results of this paper, we also derive the global convergence of the long step version
of the affine scaling algorithm under primal nondegeneracy, for any fraction
A€ (0,1).

The history behind the affine scaling algorithm is as follows. The affine scal-
ing algorithm was introduced by the Russian mathematician Dikin [6] in 1967, who
published a convergence proof [7] in 1974. Dikin assumes primal nondegeneracy
and takes a full step to the boundary of the inscribed ellipsoid. In 1985, the affine
scaling algorithm was rediscovered in the western community by Barnes [3],
Karmarkar and Ramakrishnan [15] and Vanderbei et al. [24] following the introduc-
tion of the projective scaling algorithm by Karmarkar [14] in 1984. Both Vanderbei
et al. [24] and Barnes [3] assume primal and dual nondegeneracy in the global
convergence analysis, but, as opposed to the ellipsoid version of Barnes [3] and
Dikin [7], Vanderbei et al. study the long step version of the affine scaling algorithm
for any A € (0,1). The long step version was also studied by Gonzaga [11] under
primal nondegeneracy only. Results demonstrating the good performance of the
long step version (with A =0.95 or A =0.995) of the affine scaling algorithm
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have been reported in several papers (e.g., Adler et al. [1] and Monma and Morton
[17.

The papers mentioned in the previous paragraph all assume primal nonde-
generacy. Several papers gradually showed that this assumption could also be
removed. Adler and Monteiro [2] and Witzgall et al. [25] independently investi-
gated the convergence of the continuous trajectories of the affine scaling algorithm
and their associated dual estimate trajectories without imposing any nondegeneracy
condition. Assuming only dual nondegeneracy, Tsuchiya [21] shows the global con-
vergence of the ellipsoid version of the affine scaling algorithm with fraction < 1/8.
In a subsequent paper, Tsuchiya [20] shows that the dual nondegeneracy condition
could be removed from the analysis of [21]. One of the main ideas used in these two
papers is the use of a potential function to analyze the local behavior of the affine
scaling algorithm near the boundary of the feasible region. This potential function

was also used in the subsequent analysis of Dikin [8] and Tsuchiya and Muramatsu .

[22]. Slightly prior to [20], Tseng and Luo [19] proved the global convergence of a
very short step version of the affine scaling al%orithm under no nondegeneracy
condition, where the step-size is taken to be 2-°) and L is the input size of the
problem.

Finally, the long step version was studied for degenerate LP problems by
Dikin [8] and Tsuchiya and Muramatsu [22] with the fraction A satisfying
A <1/2and A < 2/3, respectively. Convergence of the sequence of dual estimates
to the analytical center of the dual optimal face is also discussed in these two
papers. One of the important ideas used in these two papers is given in the paper
by Dikin [9] which analyzes the reduction of the potential function using long steps.

The global convergence of the affine scaling algorithm when the fraction A is
larger than 2/3 is still an open problem. However, as was conjectured by Tsuchiya et
al., [12] shows that the sequence of dual estimates may no longer converge when
A > 2/3 (see also section 6 of the revised version of [22]).

Our paper is organized as follows. In section 2, we show that the sequence of
primal iterates converges to a point lying in a dual degenerate face, for any fraction
A € (0,1). We end the section showing how this result can be used to derive the
global convergence of the affine scaling algorithm when applied to primal nonde-
generate LP problems. In section 3, we show the global convergence of the affine
scaling algorithm when applied to degenerate LP problems, for any A < 2/3. In
section 4, also assuming that A < 2/3, we show that the sequence of dual estimates
converges to the analytical center of the dual optimal face and that the sequence of
objective function values converges to the optimal value Q-linearly with conver-
gence rate equal to 1 — A.

One may find that some “well-known results” about the affine scaling
algorithm, including its global convergence for nondegenerate LP problems, the
boundedness of the sequence of dual estimates etc., are duplicated in this paper.
Our aim was to make the paper as much self-contained as possible, and to present
most of the important convergence results on the affine scaling algorithm in an
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organized way. Consequently, this article is also a survey or review on the conver-
gence theory of the affine scaling algorithm. (While this paper was being revised for
publication, we learned of another, more recent survey article by Saigal [18].)

The following notation is used throughout our paper. We denote the vector
of all ones by e. Its dimension is always clear from the context. R", R} and R,
denote the n-dimensional Euclidean space, the nonnegative orthant of R" and the
positive orthant of R", respectively. The set of all m x n matrices with real entries
is denoted by R™". Given an index set J C {1,...,n} and a vector w € R", we
denote by w; the subvector of w corresponding to J. Similarly, if Eis an m x n
matrix then E; denotes the m x |J| submatrix of E corresponding to J. For a vector
w, we let x[w] denote the largest component of w. The Euclidean norm, the 1-norm
and the co-norm are denoted by ||-||, ||-|l; and |||, respectively. The diagonal
matrix corresponding to a vector w is denoted by diag(w). If J is a finite index set
then |J| denotes its cardinality, that is, the number of elements of J. The superscript
T denotes transpose.

2. Convergence of the primal sequence

In this section, we state the main terminology and assumptions used through-
out our paper. We then briefly describe the affine scaling algorithm. The main result
of this section (stated as theorem 2.6 and theorem 2.9) shows that the sequence of
primal iterates generated by the affine scaling algorithm converges to a point lying
in a dual degenerate face of the feasible region, that is, a face on which the objective
function is constant. Using this result, we give an alternative proof of the global
convergence of the affine scaling algorithm applied to primal nondegenerate LP
problems (see theorem 2.11).

The most crucial result used in the proof of the convergence result mentioned
above is theorem 2.5. This theorem is based on theorem 2 of Tseng and Luo [19].

Consider the following linear programming problem

minimize, ¢ x

(1)

subject to Ax =5b, x20,
and its associated dual problem

maximize, ;) bt y @

subject to ATy +s=¢, 520,

where 4 € R™", ¢, x,s € R" and b,y € R™.

We next introduce some notation which will be used throughout our paper. We
frequently consider (possibly, empty) subsets of the affine space {x|4x = b} or of the
feasible region {x|4x =b,x >0} obtained by making some components of the
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vector x equal to 0. We adopt the convention of denoting by N the set of indices for
which the associated variables are enforced to be equal to 0, and by B the complement

of N with respect to {1,...,n}. Formally, we consider the following notation:
Py ={x e R"|Adpxp = b,xy =0}; (3)
9"; = {x € Py|xz > 0}; (4)
Pyt = {x € Pylxg > 0}; (5)
Dy = {(y,5) €R™ x R"|Apy = cp, Ayy + sy = cn, 55 = 0}; (6)
D5 ={(r,5) € Dylsy 2 0}; (7)
25" ={(»,5) € Dulsy > 0}. (8)

When N = 0, we denote the sets 2y, Z5 and 25" by 2, Z* and 2, respectively.
The sets 2+ and 27 are the sets of feasible solutions and strictly feasible solutions
of problem (1). Similarly, when N = {1,...,n}, we denote the sets 2, 2 and 25
by 2, 2% and 2, respectively. 2% and 2 are the sets of feasible solutions and

strictly feasible solutions of problem (2).
We impose the following assumptions throughout this paper.

ASSUMPTION 1
Rank(A) =

ASSUMPTION 2

The objective function ¢’ x is not constant over the feasible region of (1).

ASSUMPTION 3
Problem (1) has an interior feasible solution, that is 2+ # 0.

ASSUMPTION 4

Problem (1) has an optimal solution.

We now introduce important functions which are used in the description and
in the analysis of the affine scaling algorithm. For every x € R, let

y(x) = (AXPAT) ' A X7, (9a)
s5(x) = ¢ — ATy(x), (9b)
d(x) = X’s(x) = X[I - XAT(AX*A")~' 4X) Xc, (9¢)
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where X = diag(x). We note that assumption 1 implies that the inverse of 4X>4T
exists for every x > 0. The pair (y(x),s(x)) is called the dual estimate associated
with the point x. d(x) is referred to as the affine scaling direction associated with x.

The following result provides characterizations of the affine scaling direction
d(x) and the dual estimate (y(x), s(x)) as optimal solutions of certain quadratic pro-
gramming problems.

PROPOSITION 2.1

The following statements hold.

(a) For every x > 0, d(x) is the unique optimal solution of the following QP
problem:

maximize, ¢'p - 1 | X" p|)? (10)
subject to Ap =0,

where X = diag(x).
(b) For every x>0, (y(x),s(x)) is the unique solution of the following QP
problem:

minimize,, ;) 4 || Xs||?
Ons) 2 (1)

subject to ATy +s=c.

We leave the trivial proof of proposition 2.1 to the reader.

We are now in a position to describe the affine scaling algorithm. For a good
motivation of the method, we refer the reader to Dikin [6], Barnes [3], Vanderbei et
al. [24] and Vanderbei and Lagarias [23].

AFFINE SCALING ALGORITHM

initially: Choose a fixed constant A € (0, 1) and assume that x° € 2% is available;
fork=0,1,2....

d* = d(x*);
X* = diag(x*); (12)
kK A k

RO

end for
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Recall that x[-] is used to denote the maximum component of a vector.
We note that assumptions 1-4 imply that d(x) must have at least one positive

component so that x[X~'d(x)] > 0. Hence, the expression which determines x

k+1

in the affine scaling algorithm is well-defined. Observe also that if A were equal to
1, the next iterate would lie in the boundary of the feasible region. Thus, since we

choose A € (0, 1), the next iterate is ensured to be an interior point.

LEMMA 2.2

For any (7,5) € 2, there holds
§Td(x) = c'd(x) = |\ X~'d(x)|* = | Xs(x)|?, Vx>0,

where X = diag(x).
Proof

By proposition 2.1, we know that
Ad(x) =0, ATy(x)+s(x)=c.
Hence, we obtain
§Td(x) = (c — A™9)Td(x) = c"d(x) — 7T Ad(x) = c"d(x).
From (14), we have that (y(x),s(x)) € 2. Hence, using (15) we obtain
cTd(x) = s(x)Td(x)
= [Xs(x)]T[x " d(x)]
= [lx~"d(x)|?
= [|lXs(x)|?,

where the third equality follows from (9¢).

(13)

(14)

(15)

O

From now on, we denote the sequence of dual estimates {(y(x*),s(x*))}
simply by {(y", sk )}. The following basic result has been proved in several papers
(see for example Vanderbei and Lagarias [23]). For the sake of completeness, we

give its proof here.
PROPOSITION 2.3

The following statements hold for the affine scaling algorithm.
(@ xFe2*™ forallk>0.
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(b) The sequence of objective function values {ch"} strictly decreases and con-
verges to a finite value.

(€ X*s* — 0ask — oo, where X* = diag(x*).
Proof

Assume that x* € #**. Using (12), we obtain

ky=1 sk
LS 5 ssdemill=Nit b

ky=1_k+1 _ ,
)= = e =2 i 2

from which (a) follows. using (12) and lemma 2.2, we obtain

A
T k+l _ T _k T jk
A -
T k (x*)-1ak 2 (16)

- e e
lI(x*)~ ak|
= clx* = Mlx*s|,
and hence
0 < [JX**) € X" x* - X)), Yk20,
from which (b) and (c) obviously follow. O
Proposition 2.3 does not guarantee that the sequence {xk} converges and not
even that {x*} is a bounded sequence. We now concentrate our efforts in showing
that the sequence {x*} converges. The following result, which is due to Hoffman,
plays an important role in proving this fact. For a proof of the result below, we
refer the reader to Hoffman [13].
LEMMA 2.4
Let F € RP*9 be given. Then, there exists a constant C = C(F) with the fol-

lowing property: for f € R” such that the system Fw = fis feasible and z € RY, there
exists a solution w of Fw = f such that

W —z|| < C|lf - Fz|.

The following crucial result is based on theorem 2 of Tseng and Luo [19]. Its
proof uses Hoffman’s lemma.
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THEOREM 2.5

Let v € R? and E € R™ be given. Then, there exists a constant L = L(v, E)
with the property that for any diagonal matrix D > 0, the (unique) optimal solution

p* =p'(D) of
maximize, vp— % ||Dp||1

subject to Ep =0

satisfies

Ip*|l < Lo"p". (18)

Proof

If v € Range(E") then p*(D) = 0 for every diagonal matrix D > 0, and (18)
obviously holds if we choose any L > 0. We may therefore assume that
vg‘é Range(ET). In this case, it is easy to verify that v'p* >0 for every
p" =p*(D). To show that (18) also holds in this case, assume by contradiction
that there exists a sequence of positive diagonal matrices {D*} such that

2"
kll-n:ov pk o (19)

where p is the (unique) optimal solution of (17) with D = D, This implies that
there exist a constant M > 0, an index set J C {1,...,q}, J # 0, and a subsequence
{p* }x e x With the property that

|p’I<M Vk € K,V ¢ J; (20)
vpk

. |ij| "

Eig}mT—pk—oo, VielJ. (21)

Consider the following linear system

vp=v'pk, (22a)
Ep =0, (22b)
pi=pf ViglJ, (22¢)
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and note that p" is a solution of this system. By lemma 2.4, (22) has a solution ﬁ"

such that

1% < C(Ivrp"l + }:ipﬁ)

jgJ
(23)

JEJ

=C (va" +> Ip}‘l) ,
where C is a positive constant depending only on v and E. Hence, we have by (20)
that
1641l < Cl™p* + (n = ) Mv"p"]
=C[l + (n—|J|) M p* (24)
=M IUTP k&

for all k € K, where M, = C[1 + (n — |J|)M]. Also, (21) implies that there exists
!> 0suchthat forallk >/ ke K

lpf‘l 5 Mlvfpk, VjieJ. (25)
From (24) and (25), we have
\pf1 > 15, Vi€ J,Yk>1VkeK. (26)
Hence, it follows from (22c) and (26) that
ID*3 12 = > _(Dff)* + > _(Dfpf)

jed j¢J
< > (Dfpf)* +>_(Dfpf) (27)
jeJ j¢J

= |D*p*|?, . Vk>1LVk € K.
Relations (22a) and (27) then imply
vTp* — D P > vTp* — JID*PHIP, Wk > LV e K, (28)

which together with (22b) contradicts the fact that p* is an optimal solution of (17)
with D = D*, 0
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The following result was proved in Tseng and Luo [19] and Tsuchiya [20].
Our proof, which is an immediate consequence of theorem 2.5, is based on
the presentation of Tseng and Luo [19]. (See also [5] and [18] for alternative
proofs.)

THEOREM 2.6

For the affine scaling algorithm, the following statements hold.
(a) There exists a constant M = M(c, A) > 0 such that

Id%|| < McTd*, vk > o. (29)

(b) The sequence {x"} converges to a point x* € 2%,
(c) For all k>0, we have ||x*—x*|| < M(c"x* —v*), where v*' =¢'x" =
limg _, cTxk.

Proof

By proposition 2.1, we know that the affine scaling direction d* is the optimal
solution of

maximize, ¢'p —1||(X*)"'p|?
subject to Ap =0,

where X* = diag(x*). Then, (a) follows directly from theorem 2.5. We now prove
(b). Using (29), we obtain

A k

T A x
W‘i .M (Wd), Vk > 0,

which, in view of (12), is equivalent to

lx*+ = x*|| < M(cTx* - cTx**Y), vk>o. (30)

Since {chk} converges, (30) implies that

[==]
z Ix**! = x¥|| < lim M(c"x° - "x¥) < .
k=0 ]
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This implies that {x"} is a Cauchy sequence, and therefore a convergent sequence.
Clearly, lim,_, ., x* = x* € #*. We now show (c). From (30), we also obtain

lx" = x¥|| < M(Tx* - "x!), Vi>k>o0.
Letting / — oo, we obtain

lx* = x*|| < M(c"x* —v*), Vk>o0.
O

The constant M(c, A) appearing in theorem 2.6 will henceforth be denoted
by M. We will now show that the smallest face containing the point x* is a dual
degenerate face. First, we formalize the notion of a dual degenerate face. A non-
empty set of the form 25, where N C {1,...,n}, is called a face of 2. The face
is called dual degenerate if the objective function ¢” x is a constant over the face.
If the set 2 is a dual degenerate face and 25+ # 0 then we call N a dual degener-
ate index set. The following result gives conditions under which N is a dual
degenerate index set.

PROPOSITION 2.7
Let NC {1,...,n} be 1given. The index set N is dual degenerate if and only if
Pyt # 0 and ¢z € Range(Ap).

The equivalent condition stated in proposition 2.7 can also be simply stated
as 25" # 0 and Dy # (. We leave the trivial proof of proposition 2.7 to the reader.
We now define the following index sets associated with x*:

B, = {ilxi > 0}, (31a)
N, = {i|x] = 0}. (31b)

Then, the smallest face containing x* is the set 25 .
The following result is well-known and its proof can be found in Vanderbei

and Lagarias [23]. For the sake of completeness, we give in the appendix a new
proof of this result based on Hoffman’s lemma.

PROPOSITION 2.8
The set {(y(x),s(x))|x > 0} is bounded. In particular, the sequence of the
dual estimates {(y ,s")} generated by the affine scaling algorithm is bounded.

Using the face that {(y*,s¥)} is a bounded sequence, we can now prove that
N, is a dual degenerate index set.
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PROPOSITION 2.9

The set N, is dual degenerate and the smallest face 2 which contains x* is
dual degenerate.

Proof

The last assertion follows immediately from the first one. Since {(y*,s*)}
is a bounded sequence, it must have an accumulation point (y*,s"). Clearly,
ATy* +5* =c. Using proposition 2.3(c), we obtain X's*=0, where
X" = diag(x"). Since xp,_ > 0, this implies that sz = 0. Hence, A}_ y* = cp, which
shows that ¢z € Range(A} ). By proposition 2.7, it follows that N, is a dual degen-
erate index set. O

Before moving to the proof of the global convergence of the affine scaling
algorithm under primal nondegeneracy, we give one more basic result on the local
linear convergence property of this algorithm. This result was established under the
primal nondegeneracy assumption by Dikin and Zorkaltsev [10] and more recently
by Barnes [3]. A proof of this result that does not require primal nondegeneracy was
finally given by Tseng and Luo [19, theorem 1 and lemma 2(c)]. We use this result in
section 4 to show global convergence of the sequence of dual estimates and to obtain
a sharper convergence rate for the case in which A € (0,2/3]. For the sake of
completeness, we give a proof of the result below in the appendix.

LEMMA 2.10

The sequence {x"} generated by the affine scaling algorithm satisfies

T k+1 *

c -0 A
Im s < ] ——, 32
Tl.soop cixk -yt ~ N (32)

Now, using theorem 2.6(b), we give a different global convergence proof for
the affine scaling algorithm applied to primal nondegenerate LP problems.
THEOREM 2.11

Assume that (1) is primal-nondegenerate, that is (AXZAT)'l exists for all
x € #%, where x = diag(x). Then, the following statements hold:

(@) The limit x* of the sequence {x*} generated by the affine scaling algorithm is
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an optimal solution of (1) and the sequence of dual estimates {(y(x*), s(x*)}
converges to the unique optimal solution (y*,s") = (y(x"), s(x")) of (2).

(b)  The pair of optimal solutions x* and (y*, s*) satisfies strict complementarity,
or equivalently x" lies in the relative interior of the optimal face of (1).

Proof

We first prove (a). Under the primal-nondegeneracy assumptlon the function
(y(x) s(x) ) defined in (9) isa coutmuous function of x € #*. Since {x*} converges
to x* € #*, the sequence {(y s%)} also converges to 0", s") = (p(x"),s(x")) € 2.
By lemma 2 3(c), we have x"s" = 0, where x* = diag(x"). Hence, it is sufficient to
show that s* > 0 in order to prove that x* and (y*,s") are optimal solutions for
(1) and (2), respectively. Indeed, since xp > 0 we have sz = 0. Next, we show
that sy, > 0. Assume by contradiction that there exists a j € N, such that 5; <0.
Then we can find an integer K > 0 such that

sf <0, Vk>K

Hence, usipg (12) we obtain

k+l k
X =X - ak(xj).s;, > xf, Vk>K,

where a; = \/x[(X ")‘ldk] >0 and x* = diag(x*). But this contradicts the fact
that xf converges to x; = 0 We next prove (b). Let Z = {j|s; > 0}. Using (9)
and the fact that s* = ¢ — A47y" and s ; = 0 for all j ¢ Z, we obtain

si(x) = 5} — (4)T(AX*4AT) 4 X5 o8
= —(4)(AXAT) Az X5s5, Vi€ Z,

where A; denotes the jth column of A. It is easy to see that (33) implies that there
exists C;, > 0 such that

Isf| < Cil|x51%, Yk>0,Vj¢ Z. (34)
We will now show that
00
> allxz]? < co. (35)
k=0

Indeed, since 57 > 0 and limk_.ms§ = 57 > 0, there exist an integer ky > 0 and a
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scalar x > 0 such that
55> pe, k> k. ' (36)

Hence, if j € Z we have

00 o0
k -
Do <ut Y a(xf)sf
k=kq k=Fko

o0

4 kK k+l 37

o, (xk — xk*1) (37)
k=kgy

— l(xjko_xj)=ﬂ lxj0<°°:

which obviously implies (35). We finally prove that xj > 0 for all j ¢ Z and hence
that statement (b) holds. Indeed, let C, > 0 be a constant such that

Ix*] < €, Vk>o0. (38)

Using (34), (35) and (38), we obtain

N |Jf'k+1 —x'k| 5 k k = k2
Z-’—-—"-— s Zak]xj 5| < Clczzak”xz]l <oo, Vj¢Z. (39)
k=0

%
X k=0 k=0

It is easy to verify that this last relation implies

00 - - o0 xjk—i—l
|long+ —long|=Zlog( k) <00, Vg 2Z,
k=0 k=0 Xj
which in turn implies that lim; _, o, x}‘ =xj>0,forallj¢ Z. O

-~ Global convergence of the affine scaling algorithm

This section is organized as follows. In subsection 3.1, we show that the limit
x" of the primal sequence {x"} is an optimal solution of (1). In this subsection, we
state theorem 3.2 without proof. Subsection 3.2 contains important technical
lemmas which are used to derive asymptotic estimates near dual degenerate faces
for several quantities associated with the affine scaling algorithm. These estimates
are then used in subsection 3.3 to derive a proof of theorem 3.2.
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3.1.  MAIN THEOREMS

We have shown in section 2 that the primal sequence {x*} converges to some
x* € 2%, In this section, we show that x* is an optimal solution of problem (1) if the
fraction A € (0,2/3]. An important ingredient used in the proof of these results is a
potential function which in general can be defined with respect to any degenerate
index set N. This potential function was used in the global convergence of the affine
scaling algorithm presented in Tsuchiya [20, 21], Dikin [8] and Tsuchiya and
Muramatsu [22].

We start by introducing the aforementioned potential function.

DEFINITION 1

Let N be a dual degenerate index set and let vy denote the constant value of
¢"x over the face 2. The potential function with respect to N is defined as

¥n(x) = |N|log (c"x — vy) — ) _logx; (40)
JEN

for every x € 2%+ such that ¢"x > vy.

Note that when N = N,, we have vy = v". Hence, the potential function with
respect to the dual degenerate index set N, can be written as

¥y, (x) = [N, |log (¢"x — v*) - Z log x;. (41)
JEN,

The fact that the limit point x* is an optimal solution of problem (1) follows
from two results stated below, namely lemma 3.1 and theorem 3.2. Lemma 3.1
follows as an immediate consequence of theorem 2.6(c). The proof of theorem 3.2 is
the main goal of subsection 3.3. Theorem 3.3 combines these two results to obtain
the conclusion that x* is an optimal solution of (1).

LEMMA 3.1

For the affine scaling algorithm, there exists a constant € > 0 such that

Tk
B "> .Vk>0. (42)
Zje N, x;‘

Proof

By theorem 2.6(c), we know that for some M > 0,

lx* = x*|| < M(c*x* —v"), Vk>0.
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Since xy, = 0, this implies
Iy | < M(cTx* o), Vk>0.
Then, we obtain

S xf < VINJIxh Il < VINIM(TxF = v'), vk 0.

JEN,

Letting e = 1/(1/|N,| M), we obtain (42). O

The proof of the next result is one of the main goals of this section and is
postponed to a later stage of this section after several preliminary results have
been proved. Theorem 3.2 has been proved in Tsuchiya and Muramatsu [22]. How-
ever, our proof of this result differs in many ways from and is considerably simpler
than the one given in [22] which uses complicated matrix decomposition results in
[20].

THEOREM 3.2
For the affine scaling algorithm, assume that A < 2/3. If x* is not an optimal

solution lying in the relative interior of the optimal face of problem (1) then there
exist a constant ¢ > 0 and an integer K such that

oy, () =gy (x*) < =¢, VK> K. (43)

Combining lemma 3.1 and theorem 3.2, we can now show that x* is an
optimal solution of problem (1).
THEOREM 3.3

For the affine scaling algorithm, assume that A < 2/3. Then the limit x* of the

primal sequence {xk} is an optimal solution lying in the relative interior of the
optimal face of problem (1).

Proof

Assume by contradiction that x* is not an optimal solution lying in the rela-
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tive interior of the optimal face of (1). By theorem 3.2, it follows that

lim ¥y (x*) = —o0. (44)
k—co %
Noting the fact that

N, |log ( ¥ x}‘) - Y logxf > |N.|log|N,|,

JEN, JEN,

we obtain

Tk *
g X =1
by, (x*) = |V, | log (_Z____) +IN.Jog 3 x}‘) - ) logxf
jeN, Xj €N. JEN.
T k s (45)
X —v

> |N,|log (W) + |V, |log|N,|.
EN, f

Relations (44) and (45) then imply

A *
. X =%
hm_—o’

k— o0 Zj €N, xjk
which contradicts lemma 3.1. O

In the next two subsections, we concentrate our efforts in the proof of
theorem 3.2. Before going into the details, we provide below an intuitive justifi-
cation for using the potential function (40) and for the result of theorem 3.2. As
is obviously seen from its form, the potential function (40) is based on Karmarkar’s
potential function [14]. As was observed in Bayer and Lagarias [4], Karmarkar’s
algorithm is equivalent to the affine scaling algorithm applied to a homogeneous
linear programming problem. For the homogeneous linear programming
problem, we can show that the affine scaling algorithm uniformly reduces the
associated Karmarkar’s potential function at every iteration.

We apply the above observations to our context as follows. Consider the LP
problem

minimize, cy,xy, + cp, (Xa, — X3,) -
subject to Ay xy, + Ap (x5, —x3,) =0, xy 20,

which arises from (1) by discarding the constraints x5 > 0. By introducing a new
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variable vy = xp — xj, one can transform this problem to a homogeneous LP
problem. Then the potential function (41) is the associated Karmarkar potential
function for this problem. As mentioned above, we can reduce (41) by taking
long steps of the affine scaling algorithm applied to this homogeneous problem.
On the other hand, we can show that the affine scaling direction for problem (46)
at x* asyrnptoucally converges to the affine scaling direction for problem (1) at
xk, as long as xﬁ_ is uniformly bounded away from zero. Hence, by moving along
the affine scaling direction for (1), we should also be able to asymptotically reduce
the potential function (40).

Although a proof along the above lines could be pursued in this paper, we use
a slightly different approach. We note, however, that the above idea is used in the
approach of Tsuchiya and Muramatsu [22].

3.2. TECHNICAL LEMMAS

In this subsection, we prove some technical results to analyze the asymptotic
behavior of the affine scaling direction and the dual estimate in a neighborhood of a
dual degenerate face. Lemma 3.6 and lemma 3.7 play an important role in the
approach used in this paper. Although they can be implicitly obtained from the
approach of Tsuchiya and Muramatsu [22], they are stated explicitly for the first
time here. In addition, their proofs are new.

LEMMA 34

Let N C {1,...,n} bea dual degenerate index set and let (7, 5) € 2 be given.
Then, the following statements hold:
(@ c'x—uy= E}xN, Vx € @,

(b)  Shdy(x) =3§Td(x) = c'd(x) = | X"'d(x)|* = | Xs(x)|*, x>0 and X=
diag(x);

© ||X7'd(x)| < || XySyll, Vx> 0 and X = diag(x).
Proof

We first prove (a). We know that vy = ¢' % for any ¥ € #};. Using the fact
that A(x — X) = 0, we obtain

Tx—vy= T (x — %)
= (A5 +5)T(x - %) (47)
..T(

=§(x— %) = §kxn,
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where the last equality follows from the fact that ¥y =0 and 55 = 0. Hence,
(a) is proved. Statement (b) is an immediate consequence of lemma 2.2 and
the fact that §3 = 0. Using lemma 2.2 and the Cauchy-Schwartz inequality, we
obtain

X~ d(x)||? = 5" d(x)
= (X35)7(X'd(x))
< ||X3) X~ d(x) |
= || Xysyll| X~ d(x)]),

from which (c) follows. O

LEMMA 3.5
Let N C {1,...,n} be a dual degenerate index set and let (7, 5) € 2 be given.

Then, the affine scaling direction d(x) is the unique solution of the following QP
problem:

maximize, Sypy — 3 [|X ' p||? (48)
subject to Ap = 0,

where x = diag(x).

Proof

The proof of this lemma follows as an immediate consequence of proposition
2.1 and lemma 3.4(a). O

The estimates obtained in the following two results play a crucial role in
simplifying the proof of theorem 3.2.
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LEMMA 3.6

Let N be a dual degenerate index set. Then, there exists a constant C > 0 such
that

1X5 " ds(x)l| < ClIX5" lllxewllll X5 dn(x)ll, Vx> 0.

Proof

By lemma 3.5 we know that d(x) solves problem (48) where 5§y
is the N-component of a vector (7,5) € 2y. It follows that dp(x) solves the
problem

minimize,, 1 || X5 pal® (@9)
subject to Agpp = —Aydy(x).

By lemma 2.4, we know that the system A gpp = —Aydy(x) has a solution jz € R/
such that

123l < Clldn(x)ll,
where C is a constant independent of x. Hence, we have
1X5" da(x)]| < 11X5" Bl
< 11Xz 15l
< X5 [Clldy(x)]
< ClXE NIXw 1 Xx dy ()|
< CIXE 1wl Xa" du()-

LEMMA 3.7

Let N be a dual degenerate index set. Then, there exists a constant C > 0 such
that for all x > 0,

min {||s(x) — 5| |(y,5) € Dx} < ClIX5" | l|xwll, (50)

where X = diag(xp).
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Proof

Recall that any point (y,s) € 2y is a solution of the linear system

A}y = Cp,
ARy + sy = e,

SB‘—‘O.

By applying lemma 2.4 with z = (y(x), s(x)), we know that there exists a constant
C); 2 0 with the following property: for every x > 0, there exists (5(x),§(x)) € 2y
such that

lls(x) = 3(x)ll < Cllsa(x)]l- (51)

Squaring both sides of this expression and using the fact that §3 = 0, we obtain

llsa(x)I* + llsw(x) = Sn(x)I* < CHllsa(®)I,
or equivalently,

llsw(x) = Sn(x)II> < (€T = Dllsa(x)[1*. (52)

By proposition 2.8, we know that {s(x)|x > 0} is bounded. Using (52), it also
follows that {§y(x)|x > 0} is bounded. Then, let M > 0 be such that for all x > 0,

lsC)ll < M, [ISn(x)]] < M. (53)

On the other hand, using the fact that (y(x), s(x)) is the optimal solution of (11) and
that ((x), §(x)) is feasible to (11), we obtain

1 Xasa(x)II* + | Xnsn(x)[1* < 1 Xndn(x)II,
where Xy = diag(xy), and this implies

lss()II* < X5 1211 Xas8(x) 1

< 1XE {1 XN N = [ Xwsn ()17}
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= | X5 P [Xnén(x) + Xnsn(x)]T [Xndn(x) — Xysy(x)]
< 11X P X ndn (x) + Xnsw () || Xndn(x) = Xysy(x)]|
< 11X P 1 X NP 115w (%) + sy (x)l18n(x) = s ()]l

< 2M(C} = V)2 X5 2wl llss (),

(54)

where the last inequality follows from (53) and (52). From (54), it immediately
follows that

lsa(e)ll < 2M(CF = 1)1 X5 |l xn]I*.
In view of (51), this last relation gives
ls(x) - §(x)| < 2MCy(CT - 1))\ x5 P |lxn11%,

which implies (50) if we let € = 2MC,(C} — 1)/, O

3.3. PROOF OF THEOREM 3.2

The main goal of this subsection is to provide a proof of theorem 3.2.

The following notation is used frequently in order to make the ideas clearer
and the proofs more concise. Let {7} and {#*} be two sequences of real numbers.
We write 7¥ = O(8%) to indicate that there exist an integer k, > 0 and a scalar r > 0
such that |r| < rf; for all k > ky. Clearly, if 8, > 0 for all k£ > 0 then |7;| < rf;.
holds for all £ > 0 by taking a larger scalar r if necessary.

We next examine the change in the potential function (41) at two consecutive
iterates generated by the affine scaling algorithm. Define the normalized scaled
search direction as follows:

(Xk)—ldk stk
CTxk - CTxk —y* ’

Vk >0, (55)

uk
where X* = diagg_X ). Using lemma 2.2, we obtain that the ratio between
c"x**! — »* and ¢'x* — v* in terms of u* is given as follows:

cTxktl _ oo
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» A l(x*)~"a |2
T -1 7k Tk _ o*
x[iX) d*¥] e'x*—v (56)
7 llu
x[u"]
In a similar manner, we have
A et k] X Ak
0<l1- A<l -——— (X)) & | === 1 ———u;. 51
S 1=y [ = = e o0

Using these relations, we obtain
chk+l +1
Yy, () = oy, (x*) = [N, log [ 55— ) = 3 log [ 2
- iEN,
= [N log (1 -l - Zlog( ).

JEN,

(58)

The direction (55) plays an important role in the subsequent analysis.

LEMMA 3.8

The normalized scaled search direction »* has the following properties:

@ flug, I/ luy. || = O(lx, I)-

(b)  The sequence {#*} is bounded and [|uf, || = O(||xk.|).
©  leTuy, — 1] = O(llxf, IP)-

(d)  x[u*] = x[u,] for all k sufficiently large.

Proof

Using lemma 3.6 with N = N,, we obtain

luz, Il _ 1I(X5,) ™ dg, (")l
g Il 11CXE,) " d, (%)

< Cll(xz) ™ l=w 1,
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where X §_ = diag(xﬁ_), which immediately implies (a). We now show (b). First
observe that, by theorem 2.6(c), there exists M > 0 such that

Ixk || < M(Tx* =), VK> 0. (59)

Let (7,5) € 2y, be given. Using (59) and lemma 3.4(c) with N = N,, we obtain

Ix)~tas) _ “XN S, I

k
= <M = 0.
"u " clx k _ S ]” =3 ” ”SN ”1 Vk >0

Hence {u*} is bounded and in view of (a), this obviously implies that ||u3 || =
O(||x,v II). We now show (c). Using lemma 3.7 with N = N,, we find that for all
k > 0, there exists (5*,5%) € Dy, such that

1%, = sk.ll = O(llxk. I). (60)
Since (y ) € Dy, we know from lemma 3.4(a) with N = N, that
eTxk—v* = (55)Txk, Vk>0. (61)
Hence, it follows from (55), (59), (60) and (61) that

-y [ - e
N. I CTxk - ,Ut

llsx, — 5%, 1. |
= Mk

= O(|lxw.I%).

Statement (d) follows easily from (a), (b) and (c). O

The following lemma was proved by Tsuchiya and Muramatsu [22, lemma
5.1 (lemma 3.1 in the revised version)]. It is an improvement of a result obtained
in Dikin [9], and plays a substantial role in the proof of theorem 3.2. For the
sake of completeness, its proof is given in the appendix.
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LEMMA 3.9

Let w € R and p € R. Define

q
G,(w, p) = qlog (1 — p||w|*) = " log (1 - pw)), (62)
i=1

qp 117 p
( "+_2{1—p“xiw1‘}) ()

H,(w,p)=——|w—-e
o) q—p” q

and consider the set
Q={(w,p) R xRle"w=1,p||w|* < 1and pw; < 1, Vi=1,...,q}.

Then, the following inequality holds:
Gy(w,p) < Hy(w,p), V(w,p) € Q.

To make use of lemma 3.9 to find an upper bound for (58), we introduce

(64)

Note that w,’é. is obtained from uk_ by enforcing the condition eTw,{‘,_ = 1 by a coni-

cal projection. Note also that wy_ is well-defined for all sufficiently large & due to
lemma 3.8(c).

LEMMA 3.10

Consider the sequences {wﬁr_} and {p*} as above and let ¢ = |N,|. For suffi-
ciently large k, we have

(w.,p*) €9, (65)
Yy, (x*) = v, (x*) < Hy(wh., p*) + O(lIx¥. %), (66)

where (2 and H,(-, ) are defined in lemma 3.9.

To prove lemma 3.10, we need two technical lemmas.
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LEMMA 3.11

Consider the sequences {u*}, {wy. }, and {p*} which are defined in relations
(55) and (64). Then, the following statements hold:

@  [luk, - wh.Il = O, I);

()  liminfy_, o x[u*] = liminfy .  x[uy,] = liminfy .o x[W,] = 1/|N.J;
(©)  limsupg_. o x[u¥] = limsup; . o, X[uk,] = lim supy_,  x[WH.] < 1/A;
(@) liminf,_ o p* > A%

(€) limsupg_qp* < [N,A

Proof

Using statements (b) and (c) of lemma 3.8, we obtain

k

eu -1
——uNu' v =1 _ ok )
N.

k

k k
lun, — wy, || = ||un, =

and hence (a) follows. We now show (b) and (c) together. The equalities in (b)
and (c) follow from (a) and lemma 3. 8( 2 In view of (64), we have eTwﬁ. =]
and this obvmusly implies that x[wy]2>1/|N,|, for all k>0. Hence,
liminfy _, x[wN] > 1/|N,| and (b) follows To co Plete the proof of (c), we will
show that x[u*] < 1/ for all k > 0. Indeed, since ¢’ x* —v* > 0 for all k > 0, we
obtain from relation (56) that,

0<1- ”[L]]z<l—,\||u |, Vk=>0.
Hence,
32 Ikl 2 Xl V20,
as desired. Statements (d) and (e) now follow immediately from (64) and statements
(b) and (c). O
LEMMA 3.12

For sufficiently large k, we have

1-A<1—-—"—uf =1-prwf, VieN.. (67)

A
x[u¥]
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Furthermore, there exists a constant 6 > 0 such that

1% 5 wosihee

S =i ) = 1= p*[lwi II* + O(llxK, I). (68)

Proof

The inequality in (67) is obvious. Using relation (64) and lemma 3.8(d), we
can easily verify the equality in (67). We now show the equality in (68). Using (c)
and (d) of lemma 3.8 and relation (64), we can easily show that

A k
_—k—]_p

=] = Uk ). (69)

Hence,

A
“ k]2 = ok P

X[u*]

- A kX, ku2 o k. k2 k 12

= (o st + o (1t - k)

< | oI+ (1, = wh e, + ) + 1P
—_— X[uk] . . - . .
= o(llck.IP)

where the last equality follows from (a) and (b) of lemma 3.8, (a) and (e) of lemma
3.11 and relation (69). This last relation shows the equality in (68). Let (7,5) € 2y
be given. We will show that the inequality in (68) holds for § = (1 — X)/(M||5y.|]),
where M is the constant introduced in theorem 2.6(c). Indeed, using (56), lemma
3.4(a), theorem 2.6(c) and (57), we obtain

B A ||uk||2 _ eTxt o M_lllxllfffl“ {1~ '\)”xﬁf” - =X = 6. (70)
x[u¥] cIxk—v T §hxk T My llllxk Il Mlsy|
O

~ Now we are ready to prove lemma 3.10.
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Proof of lemma 3.10

From (67) to (68) it is easy to see that (wN ,p%) € Q, for all k sufficiently
large, so that H, (wN ,p¥) and G (wN P ) are well-defined. From relations (58),
(63), (67) and lemma 3.9, we havc for all k sufficiently large

() = () = .o (1 =2 417 = 5~ tog (1=

JEN.,

G(WN'I )+rk

q(wN.rp )+rky

where

o L= (Ml D)1
r" = |N,|log ( T oAk P )

From relation (68) of lemma 3.12, it is easy to see 7 = O(||xy/|*). Hence the lemma
follows. O

The following result gives an upper bound for vy, (x**) - (x") in terms

of the distance between the vectors wjx, and (1/|N,])e.

THEOREM 3.13

For the affine scaling algorithm, assume that A < 2/3. For all k > 0, define.
m = |wk. — (1/|N.|)e]|. Then, for all k sufficiently large, we have

[N AR

k 2
o 4+ Ok ). ()

¥y, (¥ = vy, (xF) <

Proof

Let ¢ = |N,|. Using lemma 3.11(d), we obtain

lim inf L > gx 2>)\2. (72)
koo g—pk = g—A

Using the fact that e"w) =1 and n, = ||wk — (1/g)el|, we can easily show that
: k N, q

M _ 1+
w > +— , Yk>0. (73)
[ N] q9 4 q
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Using relations (64) and (73) and the fact that A < 2/3, we obtain

S p* TR 1
2{1 - p*x[wf 1} 2(1 =) x[wg,]
q
£ =g+ (74)
S-g+77 .
- qMe
T+m

Using lemma 3.10 and relations (63), (72) and (74), we obtain
Y, (1) = ¥w, (x*) < Hy(wh,, 0%) + O(lIxx. 1)

qpk S i _ Pk ) k 12

g
< N2 - fmk) O(l1xk
< ¥ (-2 ) + ok, )

wk

gl
=21 ok, P,

for all k sufficiently large. O
We are now in a position to give the proof of theorem 3.2.
Proof of theorem 3.2

Assume that x* is not a point lying in the relative interior of the optimal face
of (1). Assume by contradlctlon that there exists a subsequence {x*}; ¢ x for which
limy ¢ g ¥, (x¥*") = ¢y (x¥) > 0. Due to relation (71) of theorem 3.13, we have

lim ||w ell = 0.

kek

ko
LA

By lemma 3.11(a), this implies lim ¢ ¢ ]|u,’§_ — (1/|N,|)e|| = 0. By taking a subset of
K if necessary, we may assume that

1 k X ffsff
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Clearly, this relation implies that sf&_ > Oforall k € K. Hence, from theorem 2.6(c) it
follows that

X, lIs¥,
CT k

e X, SN,
2IN,| = cTxk — o

< Msy, VkeKk (75)

= <
—_v‘

X

By proposition 2.8, the sequence {(*, s* )}« < ¢ is bounded, and hence it has an accu-
mulation point (y*,s*) such that sy, > 0 due to (75). In view of proposition 2.3(c) and
the definition of B,, we have X*s* = 0 and xp_> 0. Hence, x" and ()", s*) satisfy the
strict complementarity condition. This implies that x* is a point lying in the relative
interior of the primal optimal face, contradicting our assumption. O

4. Convergence of the dual estimates

In this section we show that the sequence of dual estimates converges to the
analytical center of the optimal dual face (theorem 4.3). We also give a sharp rate of
convergence result for the sequence {ch —v"} (theorem 4.2).

The proof of the next lemma has almost been worked out in section 3. We

only need to put the pieces together.
LEMMA 4.1
For the affine scaling algorithm, assume that A < 2/3. Then,

1 1
% k = k

w = — —, ]
hm N. IN Ie and lim Uy, |N |€ ( 6)

Proof
In view of lemma 3.11(a), it is sufficient to show that the first time limit in
relation (76) holds. Assume by contradiction that the first limit in (76) does not

hold. Then there exists a constant 6 >0 such that the set & =2(f) =
{k| ||w}'f,_ —e/|N.||| = & > 0} is infinite. By theorem 3.13, we have

HI’? S;IP("/)N. (x**1) =y, (%)) < 0. (77)

As a consequence, we have

> oy, (x**T) = oy, (x*) = —c0. (78)

ked
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Moreover, theorem 3.13 also implies that
Un, (") =y, (x°) < O(llx3, 1),
and hence there exists a constant C > 0 such that
Uy (x“1) — o, (x¥) < ClIxR P, vk 2 0.

Using this relation and theorem 2.6(c) and lemma 2.10, we obtain

S o () — g () < € 3 k2

k¢ @ ki@

<ClIxk I (79)
k=1

o0
MZCZ(chk -v")? < 0.
k=1

IA

Combining relations (78) and (79), we obtain

Z¢ k+l "obNt(xk) R0

k=0
and this implies that lim; _, ., ¥y, (xk) = —o0. Using a similar argument as that
used in the proof of theorem 3.3, we can easily obtain a contradiction. Hence, (76)
holds. O

We can now show that a sharper rate of convergence holds for the sequence
{c"x* — v*} when X < 2/3.

THEOREM 4.2

The following relation holds:

=1-=A\. (80)
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Proof

Using relation (56), lemma 3.8(b) and lemma 4.1, we obtain

T k+l _ o k2
L CXx = ' u
tim S =Y o gim -l gy
k—oo ¢'x*=v*  k-oo x[u”]

475

O

The next result shows that the sequence of dual estimates {(y*,s*)} con-
verges to the center of the dual optimal face. The center of the dual optimal face

is the point (y*,s") € 9y, such that

(»*,s") =argmax Z log s;
JEN,
subject to AE_ y=cg,

A}_y+sN. =CN.» (SN. > 0)

(81)

It can be easily verified that (y*, s} ) is characterized as the unique point satisfying

the following conditions.
Sy, > 0;
Ay (k) e Range(Ap,);

[0, s;}_]r €c+ Range(AT),

where (sy.)™' = (S,'v_)"e and Sy, = diag(sy.).
We are now ready to state the main result of this section.

THEOREM 4.3

For the affine scaling algorithm, assume that A < 2/3. Then,
Jim (,5%) = (", 5").
Proof
By lemma 4.1, we know that
Xy sy, 1

. k .
lim uy = lim = e
k=00 " k—ooclxk —vu* |N,|

(82a)
(82b)
(82c)

(83)

(84)
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where X* = diag(x*). We next show that

‘an k

* \—1
S xw, = () (85)

Note first that by lemma 3.1, the sequence {x}_/(c"x* —v")} is bounded. Let
ay, € R™- be an accumulation point of this sequence, that is,

INtI k

lim xN_ = aN., (86)

kekelxk —o*

where K C {0,1,2,...} is an infinite set. Using (84) and the fact that {s*} is
bounded, it is easy to see that ay_ > 0. We will show that (aN_)‘1 satisfies the con-
ditions (82), where (czj\,r_)'1 denotes the vector whose components are the inverses of
the corresponding components of ay, . Clearly, (aN_)"' > 0. Also,

AN_xfr_ =b- AB_xﬁ. = Ap Xp, — Ag.xﬁ_ € Range(Ap), Yk=>0,

which implies that Ay ay € Range(Ap ) due to relation (86) and the fact that
Range(Ap ) is a closed set. Using (84) and (86), it follows that

lim s& = (ay )7\
Jim s, (an,)

Since
[sh.,s¥.]" € ¢+ Range(4T), Vk >0,
we have

0,ay,]" = lim(s,, s§,]" & c + Range(4").

Hence, (aN_)“l satisfies the conditions (82), and therefore ay = (si, )~!. Since ay, is
an arbitrary accumulation point of the sequence {x,’f,_ /(c*x* — ")}, (85) follows.
Clearly, (84) and (85) imply that lim,_, ., s* = 5". Since rank(A) = m, it also fol-
lows that lim, _ ., y* = y*. Hence, (83) follows. 0O



R.D.C. Monteiro et al.|Convergence proof of the affine scaling algorithm 477

Appendix

In this appendix we give the proofs of proposition 2.8, lemma 2.10 and

lemma 3.9.
We start with the proof of proposition 2.8. First, we need the following
lemma whose proof uses Hoffman'’s lemma.

LEMMA A.l

Let H € R™” and h € R be given such that h € Range(H). Then, there exists
a constant M > 0 such that for every diagonal matrix D > 0, the (unique) optimal
solution w = w(D) € R” of the problem

minimize,, | Dw|| (87)
subject to Hw = h

satisfies |w| < M.
Proof

Assume by contradiction that there exists a sequence of diagonal matrices
D* > 0 such that solution w* = w(D* ) of (87) satisfies

lim ||w*|| = oo
k— o0

This implies that there exist a constant L > 0, an index set J C {1,2,...,n}, J # 0,
and a subsequence {w*},c x with the property that

Wil <L, Vj¢JVkeK; (88)
k :
]}lel'n |wi'| =00, Vje€J. (89)
Consider the system
Hw=h (90a)
wi=wf, VigJ (90b)

and observe that w® is a solution of this system. By lemma 2.4, (90) has a solution w*

such that

W50 < ZolAll + D 1w, (°1)

igd
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where L, is a constant independent of k. It follows from (88) and (91) that

def

%4l < Ly(lAlly + (= J)L)E Ly, Vk €K, o (92)

which shows that w* is bounded. In view of (89), there exists an integer k, > 0 such
that

Wil > Ly, Vk > ko k€K, VjEJ (93)
Then, it follows from (90b), (92) and (93) that

IDW(* =Y (DFwf ) + Y (Djwf)?
j€T J#

<D (DFL)* + ) (Djwf)?

JeJ j¢J

< Z(Dﬁwf)z - Z(Dﬁwf)z

JjeltJ JjeJ
= | D*w*|%, Vk > ko, k € K,

which together with (90a) contradicts the fact that w* is an optimal solution of (87)
with D = DF, | O

We are now in a position to prove proposition 2.8.
Proof of proposition 2.8
By proposition 2.1, we know that (y(x),s(x)) is the unique solution of (11).
Let (7,5) € 2 and let H e R®™*" be a matrix whose rows form a basis of the
null space of 4. Then, for (y,s) € R™ x R", we have
ATy 4+ 5 =c< Hs = H5.

Therefore, s(x) is also the unique solution of the following problem

maximize, 3 [l Xs]|? (94)
subject to Hs = H,

where X = diag(x). Hence, by lemma A.l1, we know that the {s(x)|x >0} is
bounded. Since rank(A4) = m, it also follows that {y(x)|x > 0} is bounded. O

Below we give a proof of lemma 2.10.
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Proof of lemma 2.10
It is easy to verify that @/||(X*)~'d*| is the optimal solution of
ol T
maximize, ¢ p
subject to Ap = 0, (95)
Ix*)~'pll < 1,

where X* = diag(x*). Hence, since p = (x* — x*)/||(X*)~" (x* — x*)| is feasible for
(95), we obtain

¥ (x* — x*) cTadk

GG — ) = Tama ~ I =1L 60

where the two equalities follow from the lemma 2.2. Since {x*} converges to x*, it is
easy to verify that for some integer &k, > 0,

I(X*) ™ (x* = x*)[| € Vi, Yk > ko (97)

Using relations (16), (96) and (97), we obtain

chk-H =L i . “stk”
Tk — gt = Tk — o
I L
cT(xk — x*)

1
&1 = Ao
1)~ (x* = x7)]|
rAL Y.

v

Finally, we prove lemma 3.9.
Proof of lemma 3.9

Introducting a new variable # = w — e/q, we have

P o P i
l—pwf=i—5—pv.-, 1—P||W||2=1—E—P“'L’”2-
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Since w'e = 1, we obtain
0<p<ayg, (98)
" 1
x[0] = x[w] - 720 (99)
7e=0.

Using (98), we can write G, in terms of ¢ as follows:

G,(w,p) = qlog (1 —8]|5|*) Z!og (1 - 65,), (100)

where
g=-3°_
iy =0

We now make use of the following well-known inequalities:

log(1-8) < —6 (6<1),

q nw n
dllog(l-m)= Y (— ,-—-2‘——?‘—---)+ > log(l-m)
i=1 -

i >—xnl i <—x[n]
Iml”  Imil
2._ Z (—|Tli|“—5—-‘“2——'“ +__Z log (1 —m)
i:my>—x[n] L <—xnl
> Ay =gz |, 4 ~ = S =TTy
i >=x[n] 2(1 = i) t:m <=x[n] 2(1 = xIn)
>-nTe——M (meR?, 0< x[n] <1).
- 2(1 = x[n]) - i

Plugging these inequalities into (100) and using (99), we obtain
q
Gy(w,p) = qlog (1 - 6]|]|*) = > log (1 — 6%
i=1

2nmn2
< —q6||3)? +"2'(1€_—lhéj'|>]EF7ﬁ (101)

- 9||1-,|12(_q+2—(1_—$xm)’
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provided that 8x[5] < 1 and 8||5||* < 1. It is easy to see that these conditions are
satisfied under the assumptions of the lemma, since they are equivalent to

px[w] < 1 and p|w|* < 1.
Substituting the definitions of ¢ and @ into the rightmost hand side of (101),

we obtain

(o) = Faomo)

qp 1
S S_HW__e
o) g-rll ¢
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