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Abstract. This paper studies the asymptotic behavior of the central path (X (v), S(v), y(v)) as v | O for a
class of degenerate semidefinite programming (SDP) problems, namely those that do not have strictly com-
plementary primal-dual optimal solutions and whose “degenerate diagonal blocks” X7 (v) and S7 (v) of the
central path are assumed to satisfy max{|| X7 )|, |ST()|I} = O(/v). We establish the convergence of
the central path towards a primal-dual optimal solution, which is characterized as being the unique optimal
solution of a certain log-barrier problem. A characterization of the class of SDP problems which satisfy our
assumptions are also provided. It is shown that the re-parametrization t > 0 — (X (r*), S(t*), y(t*)) of the
central path is analytic at = 0. The limiting behavior of the derivative of the central path is also investigated
and it is shown that the order of convergence of the central path towards its limit point is O(/v). Finally,
we apply our results to the convex quadratically constrained convex programming (CQCCP) problem and
characterize the class of CQCCP problems which can be formulated as SDPs satisfying the assumptions of
this paper. In particular, we show that CQCCP problems with either a strictly convex objective function or at
least one strictly convex constraint function lie in this class.

Key words. Limiting behavior — Central path — Semidefinite programming — Convex quadratic programming
— Convex quadratically constrained programming.

1. Introduction

In this paper we will study the asymptotic behavior of the central path (X (v), S(v), y(v))
for a class of degenerate semidefinite programming (SDP) problems, namely those that
do not have strictly complementary primal-dual optimal solutions and whose “degen-
erate diagonal blocks” X7 (v) and S7(v) of the central path are assumed to satisfy
max{|| X7 W), |STW)|} = O(/V). In reality, we will only assume that these blocks
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satisfy the (apparently weaker) condition that || X7 (V)| [|ST(v)|| = O(v), which we
will show to be equivalent to the previous one.

Properties of the central path have been extensively studied on several papers due to
the important role it plays in the development of interior-point algorithms for cone pro-
gramming, nonlinear programming and complementarity problems. Early works deal-
ing with the well-definedness, differentiability and limiting behavior of weighted central
paths in the context of the linear programming and the monotone complementarity prob-
lem include [1-3, 8-11, 17, 23-25, 27, 28, 31, 33, 35-39].

Kojima et al. [16] showed that the central path associated with a monotone linear
complementarity problem converges to a solution. In [18], Kojima et al. claim that sim-
ilar arguments as the ones used in [16] can also be used to show that the central path
of a monotone linear semidefinite complementarity problem (which is equivalent to
SDP) converges to a solution of the problem. More generally, Drummond and Peter-
zil [8] established convergence of the central path for analytic convex nonlinear SDP
problems. An alternative proof based on a deep result from algebraic geometry (see for
example Lemma 3.1 of Milnor [26]) of the convergence of the central path for an SDP
problem was given by Halicka et al. [14]. Characterization of the limit point of the cen-
tral path has been obtained by de Klerk et al. [6] and Luo et al. [21] for SDP problems
possessing strictly complementary primal-dual optimal solutions. Using an approach
based on the implicit function theorem described in Stoer and Wechs [36, 37], Halicka
[12] showed that the central path of an SDP problem possessing a strictly complemen-
tary primal-dual optimal solution can be extended analytically as a function of v > 0
to v = 0. For more general SDP problems, the above issues regarding the central path
still remain open but some advances have been made on a few papers. These include de
Klerk et al. [5] and Goldfarb and Scheinberg [7] who proved that any cluster point of the
central path must be a maximally complementary optimal solution. Also, Halick4 et al.
[13] and Sporre and Forsgren [35] provided partial characterizations of the limit point
of the central path as being the analytic center of some convex subset of the optimal
solution set and the unique solution of a perturbed log barrier problem over the optimal
solution set, respectively.

A couple of papers have dealt with the issue of existence and asymptotic behavior
of weighted central paths in the context of SDP. Monteiro and Pang [29] and Monteiro
and Zanjacomo [32] have studied the existence of weighted central paths for SDP. Also,
Preif} and Stoer [34], Lu and Monteiro [19, 20] have studied the asymptotic behavior of
these paths for SDPs possessing strictly complementary primal-dual optimal solutions.
In addition, these papers show that the weighted paths can be analytically extended to
the optimal face under suitable parametrizations.

The organization of our paper is as follows. In Subsection 1.1, we list some ba-
sic notation and terminology used in our presentation. In Section 2, we review the
notion of the central path, introduce the assumptions that will be used in our presenta-
tion and state some basic results about the central path and its underlying structure. In
Section 3, we derive some important estimates on the off-diagonal blocks of the central
path. In Section 4, we establish the convergence of the central path towards a primal-dual
optimal solution, which is characterized as being the unique optimal solution of a certain
log-barrier problem. We also characterize the class of SDP problems which satisfy our
initial assumption on the degenerate diagonal blocks of the central path. In Section 5, we
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look at a different scaled version of the central path and, as a by-product, we conclude
that the re-parametrized central patht > 0 — (X ), S, y(t4)) is analytic at r = 0.
We also analyze the limiting behavior of the derivative of the central path and conclude
that the order of convergence of the central path towards its limit point is O(4/v). In
Section 6, we apply our results to the convex quadratically constrained convex program-
ming (CQCCP) problem and characterize the class of CQCCP problems which can be
formulated as SDPs satisfying the assumptions of this paper. In particular, we show that
CQCCP problems with either a strictly convex objective function or at least one strictly
convex constraint function lie in this class.

1.1. Notation and terminology

The following notation is used throughout our presentation. If J is a subset of Y,
we sometimes denote its complement with respect to Y by J. SR” denotes the p-
dimensional Euclidean space and, for a given subset / of {1, ... , n}, KR! denotes the set
of all real tuples (x; : i € I) indexed by I. The (i, j)-th entry of a matrix Q € RP*7 is
denoted by Q;; and the j-th column is denoted by Q ;. The set of all symmetric p x p
matrices is denoted by S”. The cone of positive semidefinite (resp., definite) p x p
symmetric matrices is denoted by S_l,: (resp., Sir). For P, Q € S?,Q > P(or P < Q)
means that Q — P € S_f and Q > P (or P < Q) means that Q — P € S£+. The
trace of a matrix Q € RP*? is denoted by tr Q = Zle Q;;. Given P and Q in RP*4,
the inner product between them is defined as P ¢ Q = tr PTQ = fz’ql’ =1 Pij Qij-
The Frobenius norm of the matrix Q is defined as || Q|| = (Q o Q)'/?. The image (or
range) space and the null space of a linear operator [P will be denoted by Im(P) and
Null(P) respectively; the dimension of the subspace Im(PP), referred to as the rank of
PP, will be denoted by rank(IP). Given a linear operator F : E — F between two finite
dimensional inner product spaces (E, (-, -)g) and (F, (-, -) ), its adjoint is the unique
operator F* : F — E satisfying (F(u), v)p = (u, F*(v))g forallu € Eandv € F.
Given functions f : 2 — Eand g : 2 — (0, +00), where 2 is an arbitrary set and € is
a normed vector space, and a subset Q C Q, we write f(w) = O(g(w)) forall w € Q
to mean that, for some constant M > 0, || f(w)|| < Mg(w) forall w € Q. Moreover, if
¢ =Nand f(w) > 0forall w € Q, we write f(w) = O(g(w)) for all w € Q to mean
that f(w) = O(g(w)) and g(w) = O(f (w)) forall w € Q.

Given a matrix X € W"*" and a subset J of {(k,£) : £,k = 1,...,n}, we let
X7 = Xpe : (k,£) € J) and think of it as a “submatrix” of X. When J = B x N,
where B and N are two subsets of {1, ... ,n}, we will denote X 7 simply by Xpn;
moreover, if J = B x B then X 7 is denoted simply by X with the understanding
that B = B x B. Asubset J C {(k,¢) : £,k = 1,...,n} is said to be symmetric if
(k, ) € J implies that (¢, k) € J. For a symmetric set 7 of {(k,£¢) : L,k =1,... ,n},
we will denote by 87 the set of all “symmetric matrices” (Xy¢ : £,k = 1,...,n)
satisfying Xz¢ = Xy for all (k, £) € J, and will often denote an element X of s7
by X 7 to emphasize its indexing by 7. Clearly, any element of S7 is a usual matrix
in the case where J is a Cartesian product of two subsets of {1,...,n}. 87 can be
thought as a subset of S” by identifying X € S with the matrix ¥ € S” such that
Y7 =XandY; = 0. Given amap U : " — E and a symmetric subset J of
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{(k,€) : £,k =1,...,n}, we denote by U s the restriction of U to S7. Also, given a
map A : §" — N, a symmetric subset 7 of {(k,£) : £,k = 1,...,n} and a subset
I of {1,...,m}, we denote by A; 7 : ST — 9! the map defined for every X € S7
by A;7(X) = (u; : i € I), where u = A 7(X). For given vector spaces €, ..., &,
and §1,...,$p and given linear operators P;; : €; — §; ,fori = 1,...,p and
Jj =1,...,q,the matrix operator of the P;;’s, denoted by

Py . qu

P=|: .. |,
Ppi... Ppy

or simply by (P;;){"{ , is the linear operator P : €; x ... x €; — §| X ... x F, defined
as

Py Pig\ [ Yo Pujx;
Py, ....xg)=| : - = :
Pp1 -+ Ppg) \xq Z?:1ijxj
for every (x1,...,x4) € € x --- x &;. Itis easy to verify that the adjoint of above

operator is the matrix operator (P%){'{ .

2. Preliminaries

In this section, we describe our problem and the assumptions that will be used throughout

the paper. We also describe the central path that will be the subject of our study in this

paper. Some preliminary results about this path are also stated besides previous results.
We consider the semidefinite programming problem

(P) min{CeX:AX =0b, X > 0},
and its associated dual SDP

(D) max{bTy:A*y—{—S:C, S:O},

where the data consists of C € S, b € 0™ and a linear operator A : " — N, the
primal variable is X € §”, and the dual variable consists of (S, y) € §" x ™. We write
F(P) and F (D) for the sets of feasible solutions to (P) and (D) respectively, and cor-
respondingly F 0(P) and FO(D) for the sets of strictly feasible solutions to (P) and (D)
respectively; here “strictly” means that X or S is required to be positive definite. We also
write F*(P) and F*(D) for the sets of optimal solutions of (P) and (D) respectively.

Throughout this paper, we assume that the following two conditions hold without
explicitly mentioning them in the statements of our results.

Al) A: 8" — N is a surjective linear operator;

A2) FO(P) x FO(D) # @.
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Assumption A1 is not really crucial for our analysis but it is convenient to ensure
that the variables S and y are in one-to-one correspondence. We will see that the dual
central path can always be defined in the S-space. The goal of Assumption Al is just
to ensure that this path is also well-defined in the y-space. Assumption A2 ensures that
both (P) and (D) have optimal solutions and that the optimal values of (P) and (D) are
equal. It is also important to ensure the existence of the central path.

Our interest in this paper is to study the set of solutions of the following system of
nonlinear equations parametrized by the parameter v > 0:

XS =vI, v>0, (1)
A*'y+S=C, §>0, )
AX =b, X »0. 3)

When v = 0, the set of solutions (X, S, y) € S} x S x R™ of (1)-(3) is exactly the set
F*(P) x F*(D). Moreover, for each v > 0, it is well-known that system (1)-(3) has a
unique solution in &’ x S} x A", which we denote by (X (v), S(v), y(v)) (see for exam-
ple Monteiro and Todd [30]). The central path is the pathv > 0 — (X (v), S(v), y(v)),
which is known to be an analytic map (see for example Theorem 3.3 of [4] or Theorem
10.2.3 of [30]).

A point (X*, §*, y*) € F*(P) x F*(D) is said to be a maximally complementary
solution pair if it maximizes rank(X) + rank(S) over F*(P) x F*(D). It is known that
the set of maximally complementary solution pairs coincides with the relative interior
of F*(P) x F*(D). Kojima et al. [18] (see also Halicka et al. [14]) have shown that
the central path converges to a point in F*(P) x F*(D) as v | 0 and Goldfarb and
Scheinberg [7] have shown that its limit point is a maximally complementary solution
pair.

Let (X*, $*, y*) be a maximally complementary solution pair and assume that P
is a nonsingular matrix such that P7 X* P and P~!5*P~T are both diagonal matrices.
Since X*S* = 0, and hence the matrices X* and S* commute, we know that there exists
an orthonormal matrix Q € R"*” such that Q7 X*Q and Q7 §*Q are both diagonal.
Hence, the existence of a matrix P as above is guaranteed by simply letting P = Q.
Performing the change of variables X = P” X P and (S, ) = (P~'SP~T, y) on prob-
lems (P) and (D) yield another pair of primal and dual SDPs which has a maximally
complementary solution pair (X*, §*, 5*) such that X* and §* are both diagonal. We
observe that the central path in the original space corresponds to the central path in the
scaled space, i.e. the map v > 0 — (PTXW)P, P'S(wv)P~T, y(v)) is exactly the
central path in the scaled space. Hence, there is no loss of generality if we introduce the
above scaling and study the central path in the scaled space. To keep the same notation
we have been using so far, we will assume without loss of generality that the original
(P) and (D) already have a maximally complementary solution pair (X*, $*, y*) such
that

X500 00 0
x*=[0o00], s=[000 |, )
000 00 S}
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where X3 € SLB_l and S}, € SLA;' Clearly, |B| + |N| < n. Here the subscripts B
and N are the subsets of {1, ..., n} consisting of the row (or column) indices of the
rows of X* and $* containing the rows of X} and S5, respectively. We define T =
{1,...,n}\ (B UN). The triple (B, T, N) will be referred to as the optimal parti-
tion associated with (P) and (D). Throughout this paper, we make the following extra
assumption.

A3) T #0.

In other words, assumption A3 means that there exists no strictly complementary primal-
dual optimal solution, i.e. a pair (X, S, y) € F*(P) x F*(D) such that X+S>0We
observe that the assumption A3 implies that N # @ and B # &. To see that, suppose for
contradiction that B = &. Then, by (4) we have X* = 0, and hence b = 0. Clearly, this
implies that 7*(D) = F(D). Since F°(D) # @ by A2, it follows that F*(D) contains
a positive definite matrix, yielding the contradiction that T = &. Hence, we must have
B # @. The proof that N # & is similar.

Notice that (X, S, y) € F*(P) x F*(D) if and only if (X, S, y) € F(P) x F(D),
XS8* = 0and X*S = 0. Hence, using (4) and the fact that (X*, $*, y*) is a maximally
complementary solution pair, it is easy to see that

FYP)={XeF(P): Xz=0}, FD)={(S.y)eFD):Sy=0}. (5

Given a (X, S, y) € F(P) x F(D), we will consider throughout the paper the decom-
positions of X and S according to the optimal decomposition (4) as follows:

XB XBr XBN S SBT SBN
X=\|Xrp X7 X8|, S=|Sr8 ST Stn§
Xng XnT XN SNB SNT SN

The next result states some basic properties about the order of convergence of the
different blocks of X (v) and S(v) asv | 0.

Lemma 1. Let (B, T, N) denote the optimal partition associated with (P) and (D).
Then, for all v > 0 sufficiently small:

Xp(v) = O(1), SN ) = 01, ©)
X ) = OW), SB() = OW), ™
Xpn(v) = O (), Sgn(v) = O (Vv), )
Xrp) = O (IXz W), Srp) =0 (VolszmI?),  ©)
Xrn) = O (VoIXz0I2), stvo) =0 (IsTmll'?). (10)

Proof. The proof of (6) and (7) is similar to the one of Lemma 3.2 of Luo et al. [21]
(see also Halick4 et al. [13]). Using the fact that X (v) > 0 and S(v) > 0, we obtain that
Xii(v) >0, §;(v) >0,

VXi(WXj;(v) > |X;;(v) and /S;; (v) S5 (v) > |Si; ()], (11)

for all i,j € {l,...,n}. The estimates in (8), (9) and (10) follow from (6), (7)
and (11). O
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Note that the estimates on the order of convergence of the off-diagonal blocks (9)
and (10) are functions of || X7 (v)| and ||S7(v)||. For a general SDP problem, it is an
open and difficult problem to accurately predict the exact order of these blocks based
on the description of the problem. To make the problem more tractable, we will assume
throughout most of the paper that the following estimates hold:

Ad) X7(v) = O/v), and ST(v) = O(V).
Note that A4 is a particular case of the following (apparently) weaker condition.
A®) IXTWIIISTW)I = OO).

We will prove in Section 4 that A4 and A4’ are actually equivalent (see Theorem 4).

3. Some technical results

Our main goal in this section is to show that the estimates in (9) and (10) can be improved
when either condition A4 or A4’ is in force. The main results obtained in this section are
stated in Theorem 1 and Corollary 1. In fact, we recommend the reader on a first reading
to skip their highly technical proofs and only read their statements.

Lemma 2. Let (J, J) be a partition of the index set {1, ... ,n}. If X, S € 8%, is such
that XS = vI for some v > 0, then

2 2
—1/2 1/2 1/2 —1/2]~,
a) HXJ X,;8Y H :—S”-QX”-=HXJ S,755 H :
b) Sg/v = X\
Proof. The equality XS = vl implies
XgS;5+X;787 =0, (12)
XgS87+X,;;85, =vl. (13)

Multiplying (12) on the leftby X j , X 31 and taking the trace of both sides of the resulting
expression, we obtain the first equality in a). Multiplying (12) on the right by S}l Sj;and
taking the trace of both sides of the resulting expression, we obtain the second equality
in a). By (12), we have X ; ;7 = —XJS“-S}]. This expression together with (13) then
implies statement b) as follows:

lsj = x7 - Lxix, sy, = x4 LsisTsT = xo
N T T AT IRy g TR = g
O
Lemma 3. Forevery J C {1, ..., n}, we have liminf, o | X 7 (W) IS7zW)I/v > O.
As a consequence,
X S
fiminf ZXZO0 6 g 52O (14)
v—0 v v—0 v
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Proof. By Lemma 2(b), we have

1]
X7’
which clearly implies that liminf, o | X 7 (W) IS7(W)|I/v = [II]| > 0. Relation (14)

follows from the previous relation and the fact that max{||X 7 (V) |, Sz (W) |I} = O(1).
O

BIOL - 1x 700710 =
Vv

One immediate consequence of the above result is that, when T # @, the central
pathv > 0 — (X (v), S(v), y(v)) can not be extended analytically to an interval of
the form (—e¢, +00), for some € > 0. Indeed, if this were true then we would have
max{[| X7 W), IST(WI} = O(v), and consequently lim,o X7 W) ISTW)II/v =
0, which contradicts the first statement of Lemma 3 with J = 7. (See also [7] for
another proof of this fact.)

The first statement of Lemma 3 with 7 = 7 has a few other interesting implications
in addition to the one observed in the previous paragraph. First, it implies that condition
A4’ is equivalent to the (apparently stronger) condition that | X7 (V)| ||S7 (V) || = ©(v).
Second, if the estimates X7 (v) = OW?) and S7(v) = O((v?) hold for some scalars
p,q > 0, then we must have p + ¢ < 1. Third, if the estimates X7(v) = O®W?P),
S7(v) = O(v?) hold for some scalars p, g > 0 such that p +¢ = 1, then condition A4’
is satisfied and we must have || X7 (v)|| = ®(v?) and ||S7(v)| = ®(v?). In particular,
we conclude that condition A4 is equivalent to the (apparently stronger) condition that
X7 = ©w'/?) and |ST(v)|| = ©(v!/?). Since we will prove in Section 4 that
conditions A4 and A4’ are actually equivalent (see Theorem 4), it follows that a situation
where X7(v) = O(w?) and S7(v) = O(v?) with p,q >0, p+¢q = 1 and p # g can
not happen.

Lemma 4. Let (J, J) be a partition of the index set {1, ... ,n}. IfU,V € S is such
that V > U2, then
Uz U, ,) (0 (IvzI'?) o )
U= = , 15
<U,—, U; 0@ O(IvI7?) (15)

where ¢ = ¢(V) = min{||[V7||'/2, |V 7]|'/?}.

Proof. The assumption that V > U? implies that V.7 > (U%) 7 = U7U7 + U”-UJTJ-,
and hence

nVall z Vg = (UgUg +U,5077) = U717 + 11U, 712
> max{|UglI*, U, ;1%}.

Since we can prove the inequality n||V 7| = max{|U 7||*, |U,;||*} in a similar way,
relation (15) follows. O

Lemma 5. There holds

. {nxmmn IX7n W)l ISTE W)l IISTn W)l
IX7W) IV 012 X727 012 ST (1S ()]

} = O ().
(16)
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where h : (0, +00) — [0, +00) is defined by

IX7n(v) @ STy (V) + X7(v) @ Spp(v)|1/?

h(v) = ,

Vv > 0. (17)

Proof. Lemma 2(a) with J = T and the definition of 4 (v) imply that

[ %7 201X, 7 S0 = X7y ) o Srv ) + Xr5(0) o S7p0) 2

= h(v)v'/2.

Using the fact that |A/2B| < ||A||'/?||B|| for any A, B € &Y and the above relation,
we then conclude that
1/2 —-1/2 1/2
[ 0820 = 1X7 0I21XF W)X 1 0520

=0 (h) v 21Xz )'?). (1s)

By Lemma 2(b) with J = T, we know that X+ (v)/v > S#(v)~L. Since Xp(v)/v =
O@w™y and X zr(v)/v = O(1) due to Lemma 1, it follows from Lemma 4 that

B —1/2 _ O(Uil/z) O(l)
S7(v) _< om  om): (19)

Noting that

Xrp) XrvO) = Xr70) = (X7 0S¥ 0) s7720)

and using the estimates (18) and (19), we easily see that

Xrp) = O (h) 1X7 W), Xry() = O (h) v X7 (0)]'/2)
holds. In a similar way, we can prove that

Sra) = O () 2 ISTWI'2), Sryv) = O (h®) ISTW'?).
We have thus shown that (16) holds. O

Theorem 1. If condition A4’ holds, then the limits

o XTEO) LX)
w0 [ X727 w0 v 2| X7 ()12
lim —STB(U) and im M
v—0 V12| Sz (v)|[1/2 v=0 || ST()||1/?

are all equal to 0.
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Proof- By Lemma 5, it is sufficient to prove that lim, ¢ h(v) = 0. Let C = N UTN U
NT. Applying Hoffman lemma to the linear system AX = b, Xxc = 0, we conclude
that there exists a set of points {X (v) : v > 0} such that

AX()=b, Xx(v) =0, Yv>0, (20)
Xew) = Xg) = OUXkD = 0 (vV2IXrmI"2), @

where the last equality in (21) follows from (7), (10) and (14) with .7 = 7. Also, apply-
ing Hoffman lemma to the linear system S € Im (A*) + C, Sy = 0, we conclude that
there exists a set of points {S(v) : v > 0} such that

S)eIm (A*) +C, Sgv) =0, Vv>0, (22)
Sn () = Sy () = O(ISgm) = O(”ST(V)HI/Z), (23)

where the last equality in (23) follows from (7), (8), (9), (10) and (14) with 7 = 7.
By (20),_(22) and the fact that (X(v)l S(v), y(v)) satisfies (2) and (3), we conclude that
}_((v) — X () € Null(A) and S(v) — S(v) € Im(A*), and hence (X (v) — X (v)) o (S(v) —
S(v)) = 0. This equality together with (20) and (22) then implies that

(X () = Xe(v)) @ Sg(v) +2X7N (1) @ STN (V) + XA (V) @ (S (v) — Sy (1)) =0,
and hence

21X7Nn () @ SN (W] < [ X () = Xg M ISg W+ [ XA WIHISA () = Sy ).
(24)

By (7), (8), (9) and (14) with J = 7, we have
Se(n) =0 (max {vl/z, ||ST(v)||]) , and X (v) = O(). (25)

Substituting the estimates (21), (23) and (25) into the inequality (24) and using condition
A4’ we obtain

Xy () o Sty )] = O (v 21 X7 )12 max {72, 157 )1} +viIsTw)'?)

=0 (vmax {ixz "2, 157 0)1'2}).

Since we can similarly prove that | X7 (v) @ S7p(v)| can be bounded by the same term
above, we conclude that

Xrn () @ Sta ) + Xra() o Srp)] = O (vmax {IX7 012, 157012} ),
which in view of (17) implies that A(v) = O(max{|| X7 )[4, ||S7()||'/*}). This
clearly implies that lim,, .o A (v) = 0. |
Corollary 1. If condition A4 holds, then the limits

lim X7p(V) lim X7n () lim Ste(v) and Tim Stv(v)
v—=0 v1/4 ’ v—0 1)3/4 ’ v—>0 v3/4 ’ v—>0 v1/4

are all equal to 0.

Proof. Since A4 implies A4’, the conclusion of Theorem 1 holds. This fact together with
A4 can be easily seen to imply the corollary. O
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4. Convergence of the central path

In this section we will study the limiting behavior of the central path v > 0 —
(X(v), S(v), y(v)) as v approaches zero. Towards this end, we will introduce a cru-
cial change of variables that will play an important role in this and the next section. We
will also be able to characterize those SDP problems which satisfy condition A4 and
show that the latter is equivalent to condition A4’.

For t+ > 0, let P, and D, denote the block diagonal matrices given by P, =
Diag (Ip, =, t72Iy) and D; = Diag (+t—21g,t Y Ip, Iy). Consider the following
re-parametrization of the central path given by

(X(0), §(1)) = (PtX(z“)Pt, DtS(t4)Dt>, Vi > 0. (26)
Then,
3 Xp(*) 7' Xpr(t?) 12 Xpn (%)
X)) = | 7' X7t t72X7(tY 173 XN () (27)
172X 3 XN () X v (%)
and

i =4Sty 173Spr(th) 172 SpN (1Y)
Sty = t73Srpt*) t72S7¢Y) t~1Srah |- (28)
728y t7 SN (tY) S (th)

In view of the way the above blocks are scaled by different powers of #, it is natural
to introduce the following groups of “blocks”:

J1=B, FH=BTUTB, J3=TUBNUNB, J4=TNUNTand J5=N.
(29)

The following result gives some fundamental properties of the path (f( (1), S (1)) and
its accumulation points as ¢ |, 0.

Lemma 6. Suppose condition A4 holds and let (X*, S*, y*) € F*(P) x F*(D) be
given. Then, the following statements hold:

a) for everyt > 0, (X(t), S(t)) is the unique solution in 8" | x S of the system

given by
XS=1, (30)
DS D7 — 5% € Im(AY), (31)
PTIXP7! — X* e Null(A); (32)

b) the patht > 0 — (X (1), $(t)) remains bounded as t approaches 0 and any
accumulation point (X*, S*) of this path as t approaches 0 satisfies (30) and the
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following linear equations

A‘j‘)}j}:b, LE‘jlelrn(A}l)’
X7 =0, 87, =0,
(P A Xz eIm(hg,). (SD)]O. §7) €Im (A}l:z,A’f%),
X7, =0, S7,=0,
AgXgs elm(Agy,). ©. $7) € (Cgp4. Cz5) +1Im (A%,AT%),

where Jio =N U and Ji.a = T U U T3U Ts.

Proof. We first prove a). Fix t > 0 and let (X, 5) = (X(t*), S(*)) and (X, §) =
(X (1), S(¢)). Using the definition of the central path and the fact that AX™ = b and
S* € C +Im A¥, it is easy to see that (X, S) is the unique point satisfying

X —X*eNulld, S—S"eImA*, XS=rI (33)

Note that by (26), we have X =P XP,and S = D,SD;. Using these relations and the
identity P;D; = I/t2, it is now easy to see that (X, §) satisfies (33) if and only if (f(, S‘)
satisfies (30)-(32), from which a) follows.

We next prove b). Using Lemma 1 and Corollary 1, it is easy to see that the path
t >0 — (X(),S()) remains bounded as 7 J 0 and that any accumulation point
(X*, §%) of this path as ¢ | O satisfies the second and fourth relations of systems (SP)
and (SD). The fact that (f( * S’*) satisfies (30) follows immediately from a). It remains
to prove that (5( * 5*) satisfies the first, third and fifth relations of (SP) and (SD). We
will prove this fact only for S* since the proof for X* is similar. Let {f;} C %4, be a
sequence converging to 0 such that §* = limy_, 4o, S(#). Since S (t,f) — §* € ImA*

for all k and 8%, = 0, it follows that 87, (1) = Sz7,()/1¢ € Im (A}l ) for all k, and
hence that the first relation of (SD) holds. A similar argument shows that

Sjl:z(tlf) S SJI:Q(II?) SJ3(tI?)
<T,Sg3<zk> = (. Pt ) emay, Ay

from which the third relation of (SD) follows upon noting that lim; . S7,,, /12 =0,
due to Lemma 1 and Corollary 1. Finally, the fifth relation of (SD) follows from the
relation

(714 (1), S.75(0)) = (S7,(t), Sz (1) € (Cryr Cp) +Im(AY |, AY)
and the fact that lim,_,¢ S 7,,,(t*) = 0. O

Our aim now will be to show that the path t > 0 — (X(), St)) converges ast | 0
and to provide a characterization of its limit point. We will first prove the following
technical result.

Lemma 7. Let AX and AS satisfy systems (SP) with b = 0 and (SD) with C = 0,
respectively. Then, AX ¢ AS = 0.
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Proof. We will show that
AXg, 0 AS7, =0, j=1,....5, (34)

from which the lemma easily follows. We will prove (34) only for j = 3 since the proof
for j = 5is similar and for j = 1, 2, 4 is trivial. Since A X satisfies the third relation of
(SP), there must exist V7, , such that A 7, V7, + A7, AX 7, = 0. Hence, we have

(lezz’ AX 7, 0j4:5) € Null A, (35)

where J4.5 = J4 U J5. Since AS satisfies the third relation of (SD), there must exist
Ayhe IR such that A}m Ay =0and Ai“% Ay = AS7,. Thus, letting W7, ; = A*ﬂ;s Ay,
we have

(0712 AS7, W) € ImA™.

Relation (35), the last relation and the fact that Null A and Im A* are orthogonal sub-
spaces then imply that (34) holds for j = 3. O

Let

T(P) = {x € 8", : satisfying (SP)} . T(D) = {S e §", ¢ satisfying (SD)} .

The following result shows that the path (X)), S@)) converges as ¢ |, 0 and provides
a characterization of its limit point as being an optimal solution of a certain log-barrier
problem over the set T (P) x T (D).

Theorem 2. Suppose condition A4 holds and let ()_(, S, )7) € F*(P) x F*(D) be given.
Then, the path (X(@), S(t)) converges to (X*, $%), where

X* = argmax [logdet(f() —SeX: XeT(P) }, (36)

S* = argmax {logdet(S‘) —XeS: SeT(D) } . (37)
In particular, the central path converges.

Proof. We will prove only (36) since the proof of (37) is similar. Since (36) has a unique
solution, it is sufficient to show that any accumulation point X* of the path X (r) as ¢ | 0
satisfies the optimality conditions for (36), that is [(X*)~! — §] e AX = 0 for every
AX e S" satisfying system (SP) with b = 0. Indeed, using (5), the assumption that
S € F*(D) and Lemma 6, we see that (f( *)~1 and § are both solutions of system (SD),
and hence that ()~( *)~1 _ § is a solution of (SD) with C = 0. Hence, by Lemma 7, it
follows that [(X*)~! — §] e AX = 0 for every AX € S" satisfying system (SP) with
b=0. |

In the rest of this section, we will characterize the class of SDPs satisfying condition
A4 and also show that this condition is equivalent to A4’. We first state the following
very intuitive result.
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Lemma 8. Let a convex set ) #C C S’} , be given. If the problem
max {logdet(X) : X € C}, (38)
has an optimal solution then C is bounded.

Proof. Let X be an optimal solution of the above problem. This is equivalent to the
condition that

X le(X-X)<0, VX eclC. (39)

Let H € 8" be a direction of recession of ¢l C so that X +tH e ¢l C C &'t for every
7 > 0. In view pf (39), it follows thait X! . H < 0. Letting % > 0 denote the minimum
eigenvalue of X 1 and noting that X —1 _XI = 0, we obtain for every T > 0 that
nzX e (X4tH) = (X" =31) e (X +oH)+ile (X +7H)
> 1o (X +cH) = 11X +cH| = & (cIHI - 1X1).
The last inequality holds for all 7 > 0 only if ||H|| = 0O, or equivalently H = 0. Since
we have shown that cl C does not have any nonzero direction of recession, it follows

from Proposition 2.2.3 of Chapter III of Hiriart-Urruty and Lemaréchal [15] that cl C,
and hence C, is bounded. O

We will now derive a necessary condition for condition A4 to hold. Later, we will
establish that this condition is also sufficient.

Theorem 3. If condition A4 holds, then the system
Ar(AX7)elm(Ag,), AXreS!! (40)
0, AST) € Im (A%, A%), ASresS)!, (41)
where I = J1.o U BN U NB, has (AX 71, AST) = (0, 0) as its unique solution.

Proof. We will only prove that AX7 = 0 is the unique solution of (40). The proof that
A ST = 0 is the unique solution of (41) is similar. Consider the optimal solution X* of
(36) and define

C(P)E{XGT(P): Xz = X%, Xz, =5(*js}.
Using Theorem 2, it is easy to see that X*isan optimal solution of (38) with C = C(P).

Hence, it follows from Lemma 8 that C(P) is bounded. Moreover, it is easy to verify
that

) 0 0 0
X*+al0oaxr 0| ecp), vr>o.
0 0 0

Hence, due to the boundedness of C(P), we must have AX7 = 0. |
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At afirst sight, there seems to be a lack of symmetry between (40) and (41). However,
(40) and (41) are equivalent to the existence of matrices Ug € SIBl Urp € RITIXIBI
Wry € RITXINFand W, € SV such that

Ug Ufg O 00 0
Urg AX7 0| € Null(A) and | 0 AS7 Wry | € Im (A*).
0 0 0 0 W, Wy

Note that the latter conditions illustrate well the symmetry between (40) and (41).
The following result gives some useful properties about the systems (40) and (41).

Lemma 9. The following statements hold:

i) system (40) has no strictly feasible solution, if, in addition, A 7, = Othen AX7 =
0 is the only solution of system (40);

ii) system (41) has no strictly feasible solution; if, in addition, A 7, = 0 then AST =
0 is the only solution of system (41);

Proof. We will only prove i) since the proof of ii) is similar. Suppose for contradic-

tion that system (40) has a feasible solution AX 7 € S_lﬂ_ This means that there exist
AXp € S'Bland AX gy € RIBIXITI guch that

AXp AXpT O
AX = | AXE, AX7 0] e NullA. (42)

0 0 0
Hence A(X* + tAX) = b forevery © € R. Using the fact that X3 > 0 and AX7 > 0,
we easily see that X* + tAX > 0 for every t > 0 sufficiently small Since %, =0

and (X* +1AX) 7 = 0, it follows that (X* +7AX)eS* = Oforall T € K. Therefore
we conclude that X* 4+ tAX € F*(P) for every T > 0 sufficiently small. However, this
contradicts the description of F*(P) given by (5) since (X* + tAX)7 = tAXT # 0.

Assume now that A 7, = 0. If system (40) had a feasible solution 0 # AX7 € S \T\’
this would enable us to take AXpr = 0 in (42) to obtain the desired contradiction by
using similar arguments to the ones used in the previous paragraph. O

The next lemma essentially establishes that the converse of Theorem 3 holds.
Lemma 10. The following statements hold:
i) if X7(v) = O/V) does not hold, then there exists an accumulation point AX T
of
X7(v) .
X7l

which is a solution of (40); hence, AXT # 0 and AXT ¢ Sf_“_,
i) if ST(v) = O(J/v) does not hold, then there exists an accumulation point AST

of

{AXT(U) = e (0, 1]} , 43)

ST(v) )
ST

which is a solution of (41); hence, A\ST # 0 and ES'T ¢ S_‘ﬂ_

{AST(v) _ € (0. 1]} , (44)
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Proof. We will prove only 1) since the proof of ii) is similar. First note that the assump-
tion means that limg_, 4 o w72 /11 X7 (vr) |l = 0 for some sequence of positive numbers
{vi} converging to zero. By passing to a subsequence if necessary, we may assume
that AX7(vx) converges, say to ﬁT. Clearly, 0 # Z)\(T € Sfl. Now, let £ =
BNUNBUJ4U Js5. Since, by Lemma 1, we have X £ (v) = O(vl/z), we conclude that

Xeon) o Xe) w!'?

k—+oo [IXT (Il k—too el X7 (Il

Using the fact that b € Im(Ag) and AX(v) = b, we obtain that A7 X7 (vx) +
ArXp() € Im(Ag,,). Dividin/g\this expression by || X7 (ve)|l, letting k - © and
using (45), we conclude that A7 AX7 € Im(A 7,,). We have thus shown that AX 7 is
a nontrivial solution of (40). By Lemma 9(i), we know that AX T ¢ SL_T_J_. O

(45)

The following result follows as an immediate consequence of Lemma 10.
Corollary 2. The following statements hold:

i) if AX7 = 0 is the only solution of system (40), then X7(v) = O(/V);
ii) if AST = 0 is the only solution of system (41), then S (v) = O(/V).

The following result gives some sufficient conditions for condition A4, or part of it,
to hold.

Corollary 3. The following statements hold:

i) if |T| = 1, then the condition A4 holds;
ii) if Az, = 0, then the condition X1 (v) = O(y/v) holds;
iti) if Az, =0, then the condition ST (v) = O(4/v) holds.

Proof. The statement i) follows from Lemma 10, by noting that AX7(v) = 1 and
AS7(v) =1, for all v > 0. The other ones follow from Lemma 9 and Corollary 2. O

Lemma 11. Assume that the condition A4’ holds. Then, any accumulation points AX T
and AST of (43) and (44), respectively, are in Sﬂﬂ

Proof. The equality X (v)S(v) = v I implies
XrpW)Spr(v) + X7(VST(V) + Xrn (W) SNr (v) = V1.
Dividing the above identity by v, we obtain

a(v)( Xrp(v) Spr (V)
IX7 W2 1S ()||1/201/2

+a(v)AX7(v)AST(v))
Xrn() Snt(v) >
I X7 W)[T20172 | S ()12

where a(v) = (| X7 )|l |S7()]I/v)'/2. By condition A4’ and Lemma 3 with J = T,
we conclude that o(v) is bounded above and away from zero as v | 0. Hence, letting
v | 0 in the above expression and using Theorem 1, we conclude that

lim a(W)?AXT(WAST(v) = 1.

’

+a(v) <

The lemma now is easily seen to follow from the last relation and the fact that «(v) is
bounded above as v | 0. |
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We have already shown in Theorem 3 and Corollary 2 that condition A4 is equivalent
to (AX7, AST) = (0, 0) being the only solution of (40) and (41). We record this fact
in the next result, which also establishes that these two conditions are in turn equivalent
to condition A4’.

Theorem 4. The following statements are equivalent:

i) condition A4 holds,
ii) condition A4’ holds;

iii) (AX7, AST) = (0, 0) is the unique solution of system (40)—(41).

Proof. In view of the comments made on the paragraph preceding the theorem and the
fact that A4 clearly implies A4’, it suffices to prove that ii) implies i). Assume for con-
tradiction that A4’ holds but A4 does not. Without loss of generality, we may assume
that X7(v) = O®w'?) does not hold. Then, Lemma 10(i) implies the existence of an
accumulation point ﬁq— ¢ SLTJ_ of {AX7(v) : v > 0}as v | 0. However, in view
of condition A4’, Lemma 11 implies that AX 7 must be in Sﬂﬂ, yielding the desired
contradiction. |

5. Convergence of the derivative of the central path

Even though the central path (X (v), S(v), y(v)) is analytic in the open interval (0, +00),
we have seen in the paragraph after Lemma 3 that the central path in this parametrization
can not be extended analytically to an interval of the form (—e, +00), for some € > 0.
In this section we will show that the re-parametrized central path t — (X ), Sh))
can be extended analytically to an interval of this form. Using this analyticity result, we
also derive results about the order of convergence of the central path towards the set
F*(P) x F*(D) and the limiting behavior of the normalized derivative of this path.

Throughout this section, we assume that condition A4 is in force. Hence, we will not
explicitly mention it in the statements of the results of this section.

For the sake of brevity, it is convenient to introduce the following definition.

Definition 1. Letw : (0, +00) — E be a given function where E is a finite dimensional
normed vector space. The function w is said to be analytic at O if there exist € > 0 and
an analytic function ¥ : (—€, €) — E such that w(t) = ¥ (¢t) forall t € (0, €).

The basic result that we use to establish that a function w : (0, +00) — F is analytic
at 0 is the following corollary of the analytic version of the implicit function theorem.

Proposition 1. Let w : (0, +00) — E be a given function where E is a finite dimen-
sional normed vector space. Assume that there exists an analytic function H : A X
(—=38,8) > E, where § > 0 and A is an open subset of E, such that w = w(t) is the
unique solution of H(w,t) = 0in A for every t € (0,6). Assume also there exists
w € A such that H(w, 0) = 0 and H&) (w, 0) is nonsingular. Then, w is analytic at 0
and, as a consequence, lim; o w(t) = w and the limits of all the derivatives of w(t) as
t | 0 exist.
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Our first goal will be to show that the path ¢t > 0 — (X(), S(t)) defined by (26) is
analytic at ¢ = 0. Our point of departure will be the fact that (X (1), S (t)) is the unique
solution of system (30)—(32), for every ¢t > 0. Our approach will be to apply Proposition
1 to a specific system of equations characterizing the path t > 0 — (X (1), $(1)). The
utilization of system (30)—(32) towards this end is not appropriate since its Jacobian
with respect to (X, S) is generally singular at # = 0 (even though for ¢ > 0 it is always
nonsingular).

We will now show how the linear equations (31) and (32) can be reformulated as
equivalent linear equations for every ¢t > 0. Moreover, the new linear equations have
the property that their rank remains constant for every t € . We start by recalling a
standard result from linear algebra but stated in terms of operators.

Lemma 12. Let A : 8" — R™ be an onto linear operator. Let (J1,...,Jp) be
a given partition of the set {(k,£) : k,£ = 1,...,n}. Then, there exist a partition
(1, ..., 1p) of the set {1, ..., m} (possibly with some I; = @), an isomorphism U :
R" — RN x ... x R, and a collection of linear operators AI,-J,- - 8T — ml,
i <jefl,...,p}, whose diagonal ones AI,-JN i=1,...,p, areall onto, satisfying

p P P
UoA)X = ZA,]JJ,X%,...,ZA,@X@...,ZA,’,%X% , VX e S",
j=1 j=i j=p

or equivalently, after we identify 8" with SN x ... x 8Tp,

Ath AI]&72'.' A11.71;
Uoa=| O An% (46)

. ' A]p Ty
0 - 0 Apg

The next result describes a suitable system of equations which characterizes the
re-parametrized central path and whose rank does not change as ¢t becomes zero.

Lemma 13. Let (X*, S*, y*) € F*(P) x F*(D) be given. Consider the partition
(J1, ..., Js) defined in (29) and the corresponding partition (11, ... , Is) and collec-
tion ofopemtors Al,j STi - mli i <je{l,...,5), asin the Lemma 12. Then,

there exists an analytic curve y : R — R such that, for everyt > 0, (X, S(), y())
is the unique solution in 8" | x 8" | x \™ of the system

X '+85=0, 47)
Ay +85—5* =0, (48)
A, (X — x*) —0, (49)
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where

Ang ti&lljz tzf&ll‘% t3‘§11‘74 t41§11‘75

. 0 Apg tf%12\73 tzf&hﬂ t31§12;75

A=) 0 0  Apg thpg PApg|. (50)
0 0 0 A14$1 tf%bajs
0 0 0 0 A7

Proof. Fix some t > 0. We claim that (X, S) € 8", x S, satisfies (30)~(32) if
and only if it satisfies (47)—(49) for some y € ™. Using this claim and Lemma 6(a),
it follows that the unique solution of (47)—(49) is (X(), $(1), y(t)), where y(t) =
(A,A;")’IA,(S* — 8(1)). Since this curve ¥ is clearly analytic, the lemma follows.

We will now show the above claim. First, note that (47) is obviously equivalent to
(30). We will next show that (49) is equivalent to (32) by using Lemma 12. By identifying
S" with STt x - x 8J5, we have

PP - Xt = (;zjl — X%, X, PR g, PR, ﬁgjs)
and hence, in view of (46) with p = 5, (32) is equivalent to

A11\71 t1§11\72 t2‘§11\73 t31§11\74 t4§11\75 5(.71~_ X7

0 1ALy, t21§12‘73 t31§’234 t41§’2J5 X7 7

0 0 I2A13% I3A]3j4 I4A13:75 )?\7% =0.
0 0 0 I3A14J4 I4A1455 }?Jzt

0 0 0 0 r*AL7 X 7,

Dividing the second, third, fourth and fifth blocks of rows in the above system by ¢, 2,
3 and 14, respectively, we obtain (49).

Finally, we will show that the condition § — §* € Im A;“ is equivalent to (31). First
note that Lemma 12 implies that

1%71\71 i 0 0 0 0
‘%71 Mg ‘{%72‘72 5 0 0 0
Im(A*) =Im[(Uo A)*] =Im A ALz ALy O 0
1%71 VA {&7234 ‘%73‘74 ‘%?4;74 - 0
L A71 Js AZJs AZJS AZJs AZJS
[ (1*A55 0 0 0 0
tM}’;l 7% my;z 5 0 0 0
= Im t4‘§§1‘1;73 t3‘1§72;73 t2‘§73;73 ~0 0
t4%71‘74 t3%’1ﬁz‘74 t2‘§73;74 “%74‘74 5 0
\MA3 g PA AT A 2 AT
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Hence, (31) is equivalent to

37 t‘h@jl 5 O 0 0 0
_ t3‘§52 t41~¥;1\72 3A>;2‘72 0 0 0
D7'Sp;! —s*=| 287 |eIm||*A] o PAY L PAY 0 00 0
S,jtS_‘Z‘S " tiézl A jAZZﬂ zAZﬂ “”%24‘74 *O

> Is ! Ahjs A12\75 Alzjs tAIUs AISJS

Dividing the first, second, third and fourth blocks of rows in above system by 413,12
and ¢, respectively, we conclude that S — S* € Im A}, or equivalently that (48) holds

for some y € R". O

Theorem 5. The following statements hold:

i) the patht > 0 — (X(), S@), (1)) is analytic at t = 0, and hence, all its
higher-order derivatives converge as t |, 0;
ii) the patht > 0 — (X(t4), S, y(t4)) is analytic at t = 0.

Proof. The proof is based on Proposition 1. Indeed, let E = 8" x §" xR"™, A = S} | x
St xR, § =400, w : (0, 4+00) — E denote the path w(r) = (X (1), S(1), $(1)) and
H(w,t)=H ()~( S )7, t) be the map determined by system (47)—(49). By Theorem 2, we
know that the path (X(t) S(t)) converges to (X* S*) hence w(t) = (X(t) S(t) y(t))
converges to the point w* = (X*, §*, ) in A, where 7* (AOA*) LAo(S* — §%),
since lim;_q Al = Ao and Ao has full rank. We claim that the Jacobian H,, (w*, 0) is
non-singular, or equivalently, that the only solution of the homogeneous system

X*TAXX* ' + AS =0, (51)
Af Ay +AS =0, (52)
AgAX =0, (53)

is the trivial one. In fact, it follows from (52) and (53) that AX o AS = 0. Taking the
dot-product of the first equation with AX and using the last relation, we easily see that
[(X*)~12AX (X*)~1/2|| = 0, and hence that AX = 0. This together with (51), (52)
and the fact that Aé has full rank imply that AS = 0and Ky = 0. We have thus shown
that H,, (w*, 0) is non-singular. Statement i) now follows from Proposition 1. Statement
ii) follows from 1), relations (27) and (28), and the fact that y(t4) can be expressed as an
analytic function of S@H. O

Define

(52(0),3(0)) = lim (X(t) S(t)) and (5?(0),§(0)) = lim (X(t) S(t)) (54)

We will now investigate the implications of the above theorem regarding the limiting
behavior of (X (v), S(v)) asv | 0. We will see th~at limy,_0 +/v (X (v), S(v)) exists, is
nonzero and can be characterized in terms of (X*, $*) and the first and second derivatives
in (54).
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Theorem 6. There hold

X(v) — X* _ 1/.2;(8(0) Xp7(0) Xpn(0)
lin%) T = lim 2V X(v) = Xr50) X7(0) 0 #0, (55)
v— v v—0 ~
Xng(0) 0 0
0 0  Spn(0
im S =5 i amsm = o S0 §BNEO; £0. (56)
v—>0 ﬁ v—>0 °T IN ’

Snp(0) SnT(0) 1/28A7(0)

Proof. We will prove only (55) since the proof of (56) is similar. It suffices to show that
(55) holds with v = r*. First, observe that L’Hospital rule implies that
XY — X* :

lim % = lim 22X (r*),

t—0 t t—0
as long as the second limit in (55) exists. That the T -block in (55) is nonzero follows
from the fact that Lemma 6(a) implies that X7S7 = I, and hence that X7 # 0 and
ST # 0. We will now show that the second limit in (55) does indeed exist. By (27), we
have

Xgth=t""X7@m). j=1....5
Derivating the above relation and dividing the resulting expression by 2¢, we obtain

i—2 . .
202X 7. (14 = LXJ. 0+ 1=
J 2 J 2

1j_3~ .
3%z, j=1,....5. (57)

Now, using Theorem 5(i) and the above expression, we easily see that lim, o 2/v
X 7., (v) = lim;0 262X 7, (t*) = (X 7(0), 0, 0) # 0, where J3.s = 7 U BN U
NBUTNUNT UN. Since lim,—.0 X 7,(t) = f(;z = 0, it follows that

lim ‘72( )

t—0

= X 7,(0). (58)

Hence, lim, .0 22X 7, (t*) = f(jz (0) in view of Theorem 5(i), (57) and (58). An argu—
ment similar to the one used for the case j = 2 can be used to prove that lim; . 212

Xg(t* = X B(0)/2 as long as we can show that X B(0) = 0. The latter condition follows
as a consequence of the lemma stated below. O

Lemma 14. X 7,(0) = 0 and $.7,(0) = 0 for j = 1,3,5.

Proof. Derivating (49) with respect to ¢ and setting t = 0 in the resulting expression,
we easily see that

A[hj] le ) + Alljzf(\*ﬁ =0,
Apg X 7,000+ Ap gz, X% =0,

A 7.X 7.(0) =0.
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Since by Lemma 6(b), X ?72 =0and X }4 = 0, it follows from the above equations and
relation (50) with ¢ = O that

KoAXy =0, where AX( = (x 7000, 0. X 7(0), 0. X, (0)) (59
A similar argument in the S-space reveals that
RS e ImAj, where &89 = (570, 0. S0, 0. S7©).  (60)
Therefore, it follows from (59) and (60) that
AXge ASy=0. (61)

By (47) we have that X(#)S@t) = I forall 7. Derivating this expression with respect to
t and setting t = 0, we obtain

X(0) §* + X*5(0) = 0. (62)

By identifying S” with §STix...x8Ts , we can define matrices &7(1 € S8"and &:5‘1 e S"
as

RX) = (0. X700, 0, X700, o) and AS; = (0, $2(0). 0, $7,(0). 0).
(63)

In view of (59), (60) and (63), we have that (62) is equivalent to the equation
AXoS* + X*ASo = —AX; §* — X*AS,. (64)

Now, it is easy to see that the matrices on the left and right hand side of the above
equation have block structures given by

* 0 % 0x0
0%0] and 0],
* 0 % 0x0

respectively. Therefore, both sides of (64) must be zero, and, in particular, AX \ X0 S*
X *ASO = 0. Now, using this relation together with (61), we easily see that AXy = O
and ASO =0. |

6. Convex quadratically constrained convex programming

In this section we consider the problem of minimizing a convex quadratic function
subject to convex quadratic constraints. It is well-known that this problem can be refor-
mulated as an SDP problem. Our goal in this section is to derive sufficient conditions
for the resulting SDP reformulation of this problem to satisfy our assumptions A1-A4,
so that all the results developed in the previous sections apply to it. The basic tool we
use to verify A4 is the equivalence between statements i) and iii) of Theorem 4. It turns
out that iii) can be guaranteed to hold for an important subclass of convex quadratically
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constrained convex programming (CQCCP) problems, namely the ones for which either
the objective function or one of the constraints active at every optimal solution is strictly
convex.

Consider the following CQCCP problem

minyegzn {fo(y) : fi(¥) <0, k=1,...,¢}, (65)

where, for some Qy € S™, by € " and o € R, fr(y) = yI Qry — kay — oy, for
every y € W and k = 0, ..., £. Let C and C* denote its set of feasible solutions and
optimal solutions, respectively. Throughout this section, we assume that:

B1) there exists yg € SR™ such that fi;(yp) <Oforallk =1,...,¢;
B2) C* # @ and {(— f1(}), ..., —fe(¥)) : y € C*} is bounded.

We remark that B1 and B2 imply that condition A2 holds (see for example Proposition
4.2 of Monteiro and Zhou [33]).
Clearly, (65) is equivalent to

max {—n : fo(y) <n, fi(y) <0, k=1,...,¢}. (66)

Noting that the conditions fo(y) < n and fx(y) < 0O are equivalent to the following
semidefinite inequalities

1/2 1/2
o 1 Q y m—+1 < 1 Q y m+1
So(y,m) = 12 0 €SI, Si(y) = 12 7k €Sy,
Yoy by +ao+n) T YT bl y v T

fork = 1,..., ¢, it follows that problem (66), and hence (65), is equivalent to the
following special case of the dual SDP problem (D):

max {—y : S, = Diag (S0, m. S ... i) = 0}

We will now introduce a change of variables which enforces (4) in the new scaled
space. Fix some y* € ri(C*), and define P = Diag (Py, ..., P¢), where

P——< ! O) k=0 £
k = 2., k=0,...,¢
_)’*TQ/i/ 1

The scaled dual slack S(y, ) = PS(y, n) PT then becomes S(y, n) = Diag (So(y, n),
S1(y), ..., Se(y)), where
172 12

! Qp " (y—y9 ! 0 (=9
So(y M= 0 L Si)= k ,
o ((y—y*)TQé/2 ho(y,y*>+n> e ((y—y*)TQ}J2 hi(y, ) )

(67)

and

hiv, ) = 097 00y =207 Qv +b] y+ar=— [ i) + VAGHT 6 = 3]
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fork =0,...,£. The scaled dual SDP problem is then

max {—n : S(y, n) = Diag (So(y, m), S1(3), ..., Se(y)) > 0}. (68)

Its set of optimal solutions in the (y, n)-space is given by C* x {n*}, where n* = fo(y*).
Now, define Z* = {k > 1 : fi(y*) = 0} and note that since y* € ri(C*), we also have

T*={k>1: fi(3)) =0, Vy € C*}. (69)

Hence, from (67) and (69) it follows that

oo (1 0 .
Sk = (0 _fk(y*)> =0, kg I U{0), (70)
Sk = SoG 0" = ((’) 8) Vel Vkel an

where in the second relation we used the fact that Q llc/ 2 (y—y*) = Oforevery k € Z*U{0}
and y € C*. (The latter claim follows from Corollary 1 of Mangasarian [22] applied to
the problem min{ f;(y) : y € C*} for every k € Z* U {0}.)

By (70) and (71), we conclude that: i) for each k ¢ Z* U {0}, the block Sy is part
of the block Sxs, and: ii) for each k € Z* U {0}, the leading principal m x m block of
Sk is part of the block Sns and the (m + 1)-th diagonal element of Sy can be either in
Sp or S7. In the following, we will say that k € J for J = B, T, if the (m 4+ 1)-th
diagonal element of Sy is in S 7. Clearly, Z* U {0} = B UT. A characterization of these
sets requires us to examine the nature of the optimal set of the scaled primal problem.

We will now describe the associated scaled primal problem. Because of the block-
diagonal structure of the scaled dual problem (68), we may assume that the primal fea-

sible solutions X have the same block-diagonal structure X = Diag (Xo, X1, ..., X¢),
where each
_ (U uk m+1 _
Xk=<ukak)eS+ , k=0,1,...,¢. (72)

Moreover, itis easy to see that the set of primal feasible solutions consists of those X > 0
as above satisfying

4 l
=1 Y Mm@y —b) -2 0./ %u; = 0. (73)

k=0 k=0
The scaled primal problem is then given by
12
min {Z[l o U — 207 0 uy + ((y*)TQky* n ak) xk]: (72) and (73) hold} .

k=0
(74)
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By (70), (71) and the complementarity slackness condition, it is easy to see that a primal

optimal solution X = Diag()_(o, Xi,.... X ¢) of the scaled pair of dual problems has
the following structure:
= 00
Xk_(OXk>’ k=0,1...,¢, (75)
where g = land A = (A1, ..., Ap) € N satisfies
MO =0, =0, k=1,....,¢, (76)
[/
VG + Y MV =0. amn
k=1
We remark that the set M(y*) = {A = (A1,...,A¢) : (76)and (77) holds} is

exactly the set of the Lagrange multipliers of problem (65). Since this set does not
depend on the particular y* € C* chosen (see for example Proposition 3.1.1 of Chapter
VII of [15]), we will henceforth denote it simply by M. From the above discussion, it
is now easy to see that the following result holds.

Proposition 2. Assume that X = Diag(Xo, X1, ... , X¢) is a feasible solution for the
scaled primal SDP problem, or equivalently, that (72) and (73) holds. Then, X is optimal
if and only if (75) holds and . = (A1, ..., y) € M.

The following result whose proof is now straightforward gives a characterization of
the index set B (and hence of T').

Lemma15. B ={0}U{k: At > O forsome » = (A1, ..., e) € M}.

Based on the above discussion, it is now easy to see that our pair of scaled dual
problems (68) and (74) satisfies the requirement (4). We are now ready to state the main
result of this section, which provides a characterization for when condition A4 holds for
the pair of dual SDPs (68) and (74).

Theorem 7. Let (X (v), S(v)) denote the central path for the scaled pair of dual prob-
lems (68) and (74). Then, the following statements hold:

i) X7(v) = O(/v),
ii) condition A4 holds for the pair of dual SDPs (68) and (74) if and only if, for any
Ay € N, the conditions

bIAy =0, Vke B\{0}, (78)
OxAy =0, VkeB,
(b —20ky) Ay 20, VkeT, (79)

imply that (by —20xy*)T Ay = 0 forallk € T.

Proof. Statement i) and the fact that AX7 = 0 is the unique solution of (40) follow
from Corollary 3(ii) and Lemma 9(i), respectively, by noting that the structure of the dual
problem (68) implies that A 7, = 0. The special structure of the dual problem implies
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that AS7T = Diag (Asg : k € T), for some scalars Asy, k € T. Moreover, itis easy to see
that A S7 satisfies (41) if and only if, for some Ay € R™,0 < Asy = (by —2Qky*)TAy
forall k € T and relations (78) and (79) hold. Statement ii) now follows from the above
observations and Theorem 4. |

The following result, which is an immediate consequence of Theorem 7(ii), gives
some sufficient conditions for A4 to hold for the pair of dual SDPs (68) and (74).

Theorem 8. The following statements hold:

i) if () {Null(Q) : k € é} = {0}, then condition A4 holds for (68) and (74); in
particular, if Qr > 0 for some k € B, then condition A4 holds for (68) and (74);

ii) if Qx = Oforallk € T, then condition A4 holds for (68) and (74); in particular, if
the pair of SDPs (68) and (74) corresponds to a convex quadratic program, namely
problem (65) with Qx = 0 forallk =1, ..., ¢, then condition A4 holds for (68)
and (74).

Proof. Since the condition () {Null(Qx) : k € I§} = {0} is equivalent to Ay = 0 being
the unique solution of (79), we conclude that statement i) follows immediately from
Theorem 7(ii).

To prove ii), assume that Q; = O for all k € 7. Due to the special structure of the
dual problem (68) (see relation (67)), this implies that A 7, = 0. Therefore, by Corollary
3(iii) and Theorem 7(i), we conclude A4 holds. O

The following example shows the pair of dual SDPs (68) and (74) corresponding to
a general CQCCP problem may not satisfy condition A4.

Example 1. Consider the CQCCP problem (65), where

fo) =yi4+¥3, A1) = yi+5v3+H4yiy—y3, () = y3 23422y -2 — 3,

for every y = (y1, y2, y3) € %>. Note that yO = (0, 0, 0.25) satisfies condition B1.
Moreover, it is easy to see that C* = {(0, 0, 0)} and M = {(0, 0)} so that condition B2
is also satisfied and (é, N, f") = ({0}, 4, {1, 2}) due to Lemma 15. Moreover, it is easy
to see that Ay = (0, 1, 0) does not satisfy the equivalent condition to A4 of Theorem
7(ii). We have thus shown that the pair of dual SDPs (68) and (74) corresponding to this
CQCCP problem satisfies conditions A2 and A3 but not A4.
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