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Abstract

In this paper we show that a variant of the long-step affine scaling algorithm (with variable
stepsizes) is two-step superlinearly convergent when applied to general linear programming (LP)
problems. Superlinear convergence of the sequence of dual estimates is also established. For
homogeneous LP problems having the origin as the unique optimal solution, we also show that
% is a sharp upper bound on the (fixed) stepsize that provably guarantees that the sequence of
primal iterates converge to the optimal solution along a unique direction of approach. Since the
point to which the sequence of dual estimates converge depend on the direction of approach of the
sequence of primal iterates, this result gives a plausible (but not accurate) theoretical explanation
for why % is a sharp upper bound on the (fixed) stepsize that guarantees the convergence of the

dual estimates.

Keywords: Interior point algorithms: Affine scaling algorithm; Linear programming; Superlinear convergence;
Global convergence

1. Introduction

The affine scaling (AS) algorithm, introduced by Dikin [6] in 1967, is one of the
simplest and most efficient interior point algorithms for solving linear programming
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(LP) problems. Because of its theoretical and practical importance, there are a number
of papers which study its global and local convergence [4,6-8,12,16,25,26,28-31] as
well as its continuous trajectories [3,16,32]. For computational experiments and imple-
mentation issues related to the AS algorithm. we refer the reader to [1,2,5,18,21,22].

Recently, Dikin [8)] and Tsuchiya and Muramatsu {29] proved global convergence of
the long-step version of the AS algorithm [31] for degenerate LP problems. This long-
step version is the one in which the next iterate is determined by taking a fixed fraction
A € (0,1) of the whole step to the boundary of the feasible region. Assuming that
A= %, Dikin [8] showed the sequence of primal iterates converges to a point lying in
the relative interior of the optimal face and that the sequence of dual estimates converges
to the analytic center of the dual optimal face. Independently, Tsuchiya and Muramatsu
[29] obtained an analogous result under the less restrictive condition that A < % They
also demonsirated that the asymptotic reduction rate of the objective function value is
exactly 1 — A, under the same assumption that A < % A simplified and self-contained
proof of these results can be found in the recent survey by Monteiro, Tsuchiya and
Wang [19].

In this paper we focus our attention on the asymptotic convergence properties of the
long-step AS algorithm with variable stepsizes Ag. Specifically, we develop a variant
which is two-step superlinearly convergent by properly choosing the sequence of step-
sizes {A;}. The algorithm is based on a centrality measure in the space of the “small”
variables. When this measure is small, we show that, asymptotically, it is possible to
take stepsizes sufficiently close to 1 to force the reduction rate of the objective function
value as close to 0 as desired without loosing too much centrality. At the next step, if
necessary, we select the stepsize Ay = % to recover the centrality of the iterate.

This paper is organized as follows. In Section 2, we introduce basic assumptions,
terminology and notation. The long-step AS algorithm and some of its basic properties
are also reviewed.

The main content of the paper is given in Sections 3, 4 and 5. The main result obtained
in Section 3 is somewhat independent of (though related to) the results of Sections 4
and 5. It deals with the case of the AS algorithm applied to a homogeneous LP problem
with the origin as the unique optimal solution. In this case, we show that, when the

sequence of stepsizes {A;} satisfies liminf,_,_ Ay > 2, the direction of approach of

the primal iterates towards the (unique) optimal solution always oscillates. This result
contrasts with the case where Ay = A < % for all £k > 0, for which it is shown that the
direction of approach is unique. Since the point to which the sequence of dual estimates
converges depends on the direction of approach of the sequence of primal iterates, this
result gives a plausible (but not accurate) theoretical explanation for why % is a sharp
upper bound on the (fixed) stepsize A that provably guarantees the convergence of the
dual estimates. Specific examples illustrating that % is indeed sharp in the above sense
were given by Tsuchiya and Muramatsu (29] and Hall and Vanderbei [13].

The above result is obtained by observing that the sequence of points obtained by
conically projecting the sequence of the AS iterates for the homogeneous problem onto a

constant-cost hyperplane (that is, a hyperplane where the objective function is constant)
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is exactly the sequence obtained by applying Newton's method (with variable stepsizes)
to the optimization problem defining the analytic center of the polyhedron determined
by the intersection of the constant-cost hyperplane with the feasible (conical) region
of the homogeneous problem. In conjunction with this, we also show that the projected
sequence converges quadratically to the analytic center when Ay = A = % for all £ > 0.
This result suggests that the AS iteration with A; = % can be used as a kind of centering
step to keep the iterate “well-centered”.

In Section 4, we show that the relation established in Section 3 between the AS
algorithm for the homogeneous problem and Newton’s method for the analytic center
problem can be used to analyze the sequence of AS iterates for general LP problems.
Close to a constant-cost face, it is possible to approximate the original problem by
a homogeneous problem in the sense that the AS directions at a point x for the two
problems asymptotically approach each other as x approaches the face. Hence, near
a constant-cost face, the iterates generated by the AS algorithm applied to a general
problem behave very much like the ones generated by the AS algorithm applied to a
homogeneous problem. The analysis of Section 4 forms the basis for the development
of the superlinear AS algorithm presented in Section 5.

We show in Section 5 that the new variant of the AS algorithm, whose sequence of
stepsizes asymptotically alternate between A, = % and Ay ~ 1, is two-step superlinearly
convergent with Q-order 1+ p with respect to the sequence of objective function values,
where p is any a priori chosen constant in the interval (0, %). Superlinear convergence
of the sequences of primal iterates and dual estimates to a point in the relative interior
of the optimal face and to the analytic center of the dual optimal face, respectively, with
R-order 1+ p is also shown. Finally, we give some remarks in Section 6.

The following notation is used throughout our paper. We denote the vector of all ones
by e. Its dimension is always clear from the context. The symbols R”, R and R ,
denote the n-dimensional Euclidean space, the nonnegative orthant of R” and the positive
orthant of R”, respectively. The set of all m x n matrices with real entries is denoted
by R™*". If J is a finite index set then |J| denotes its cardinality, that is the number
of elements of J. For J C {1,...,n} and w € R", we let w, denote the subvector
[w;lies; moreover, if E is an m x n matrix then E; denotes the m x |J| submatrix
of E corresponding to J. For a vector w € R", we let max(w) denote the largest
component of w, diag(w) denote the diagonal matrix whose i-th diagonal element is w;
fori=1,...,n and w™! denote the vector [diag{w))'e whenever it is well-defined.
The Euclidean norm, the 1-norm and the oo-norm are denoted by |- ||, || ||\ and || - [|ccs
respectively. The superscript T denotes transpose.

To avoid introducing several constants throughout the paper, we use the following
notation. Given functions g;(x) and g,(x) which are defined for points on a set E,
we say that g1 (x) = O(g2(x)) for every x € E if there exists some constant M such
that ||gi1(x)|| < M| lg2(x)| for every x € E. When the conditions g1 (x) = O(ga(x))
for every x € E and g2(x) = O(g(x)) for every x € E hold then we simply write
gi(x) ~ go(x) for every x € E.
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2. Affine scaling algorithm

In this section, we state the main terminology and assumptions used throughout our
paper and describe the AS algorithm. We also review some basic properties of the AS
algorithm that are needed in the subsequent sections.

Consider the following LP problem

minimize, cTx

. (D
subject to Ax=b, x 20,
and its associated dual problem
maximize y. s by
(2)

subject to Aly+s=¢, 520,

where A € R"*" ¢, x,s € R” and b,y € R™.

We next introduce some notation and definitions which will be used throughout
our paper. Given a point x € R”, let B(x) = {i : x; # 0} and N(x) = {i : x; = 0}.
Clearly, (N{x).B(x)) determines a partitionof {1,...,n}. Associated with any specific
partition (N, B) of {1,...,n}, we let

Py={xeR": Ax =b,xy =0}, (3)
Py ={x€Py:xp 20}, (4)
Pyt ={xe€Pn:xp >0}, (5)
Dp={(v,5) ER" xR": ATy +5=c,55 =0}, (6)
Dy ={(y,5) € Dp : sy 2 0}, (7
Dyt ={(y,5) € Dy : sy >0}. (8)

When N = (), we denote the sets Py, Py and Py by P, P* and P**, respectively.
The sets P™ and P*+ are the sets of feasible solutions and strictly feasible selutions
of problem (1). Similarly, when B = ), we denote the sets Dg, D and D" by D,
D+ and DT+, respectively. Dt and D¥* are the sets of feasible solutions and strictly
feasible solutions of problem (2).

A constant-cost face of an LP problem is a nonempty face of the feasible polyhedron
over which the objective function is constant. Every nonempty face F of P* is uniquely
determined by a partition (N, B) in the sense that P = F and Pi* # 0. Every
partition ( N, B) which is uniquely associated with a constant-cost face of (1) is called
a constant-cost partition. If (N, B) is a constant-cost partition then the constant value
of the objective function cTx over P} is denoted by vy. The partition associated with
the optimal face of (1) is referred to as the optimal partition.

The following result can be easily shown.
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Lemma 2.1. The following statements hold:
(a) (N, B) is a constant-cost partition if and only if Py # 0 and Dy # 0;
(b) if (N, B) is a constant-cost partition then c'x — vy = §yxy for any x € P and
(¥.%5) € Dp.

We impose the following assumptions throughout this paper.
Assumption 1. Rank(A) =m.

T

Assumption 2. The objective function ¢'x is not constant over the feasible region of

problem (1).
Assumption 3. Problem (1) has an interior feasible solution, that is P** # 0.
Assumption 4. Problem (1) has an optimal solution.

We now introduce important functions which are used in the description and analysis
of the AS algorithm. For every x € R, let

y(x) = (AX2AT) ' AX7c, (9a)
s(x)=c—ATy(x), (9b)
d(x) = X%s(x) = X[I ~ XAT(AX?AT) "AX] Xc, (9¢)

where X = diag(x). Note that Assumption 1 implies that the inverse of AX?AT exists

for every x > 0. The quantities (y(x),s(x)) and d(x) are the dual estimate and the AS
direction associated with the point x, respectively. For the purpose of future reference,
we note that (9c) implies

X~ 'd(x) = Xs(x). (10)

Lemma 2.2. The following statements hold.:
(a) for any (¥,5) € D, d(x) is the (unique) optimal solution of
maximize;, §'d — 3| X'd||?
(11)
subject to  Ad=0;

(b) if (N, B) is a constant-cost partition then there exists a constant Co > 0 such
that

X5 dp(0)]| < Coll Xz ' || Xnllll Xy dn(x)]| Vx> 0.

Proof. The proof of (a) is straightforward. The proof of (b) is given in Monteiro et
al. [19, Lemma 3.6]. O
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We are ready to describe the AS algorithm. For a good motivation of the method, we
refer the reader to Dikin [6], Barnes [4], Vanderbei, Meketon and Freedman [31] and
Vanderbei and Lagarias [30].

Algorithm 1 (Affine Scaling Algorithm)
Step 0. Assume x° € P*+ is available. Set k := 0.
Step 1. Choose Ay € (0,1), and let

d* =d(x"), (12a)
x* = diag(x*), (12b)
= K $—d", (12¢)

T max((Xk)—1ak)

Step 2. k:=k+ 1 and return to Step |.

We note that Assumptions 1-4 imply that, for every x € P**, the direction d{(x)
must have at least one positive component so that max{(X~'d(x)) > 0. Hence, the
expression which determines x**! in the AS algorithm is well-defined. Observe also
that if A, were equal to 1, the iterate x**1 would lie in the boundary of the feasible
region. Thus, since we choose A; € (0, 1), x**! is ensured to be a point in P+*,

The following basic result whose proof can be found in Vanderbei and Lagarias {30,
p. 118] or in Monteiro et al. [19, Proposition 2.8] will be needed later on.

Proposition 2.3. For any full row rank matrix A € R"*" and any vector ¢ € R", the
set {(y(x),s(x)) : x > 0} is bounded, where (y(x),s(x)) is defined in (9).

We next summarize the main results that have been proved for the AS algorithm.
Proofs of these results can be found in Tsuchiya and Muramatsu [29] and in the survey
paper by Monteiro et al. [19]. The results below are stated in more general terms than
they have been stated originally to accommodate the needs of the current paper. But
their proofs follow along the same lines pursued in the above two references. Let {x*}
denote the sequence of iterates generated by Algorithm 1 and let {(y*,s*)} denote the
sequence of dual estimates defined as (yk. s = {(v(x*),s(x*)) forall k£ > 0.

Proposition 2.4. The following statements hold.:
(a) the sequence {x*} converges to some point x* € P*;
(b) there exists M > 0 such that ||x* — x*|| < M(c"x* — cTx*) forall k = 0;
(c) the sequence {(y*,s%)} is bounded.
If, in addition, we have liminf,_,__ Ay > O then:
(d) (Ni,Bi) = (N(x*),B(x*)) is a constant-cost partition, or equivalently, the
smallest face containing x*, namely Py, , is a constant-cost face;
(e) every accumulation point (y*,s*) of {(y*,s5)} is in Dp, (hence, X*s* =0).
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The analytic center of the optimal face of problem (2) is the (unique) point defined
as

(7,59 :argmax{ Z logs;: (y,s) € D;{;}, (13)
JENa

where (Ngpi, Bopt) denotes the optimal partition of (1).

Proposition 2.5. [f the sequence { A} satisfies Ay < %for all k 2 0 and liminf,_,__ A4
> 0, then the following statements hold.:
(a) {x*} converges to a point x* lying in the relative interior of the optimal face of
(1) (hence, (N.,By) = (N(x*),B(x*)) is the optimal partition of (1));
(b) {(y*.s5)} converges to (32,5%);
(¢) liMgooo Xy 5K /(cTxk = cTx*) = ¢/|N.|;
(d) for any (¥,5) € Dg,, we have

k =ay—1
Xy (59) An.xn, € Range(Ap,)
lim —— = = argmax logx;: . (14
k—oo cTxk — cTx* [N & j;,: e Sﬁtx;v, =1, xy, >0

Remark. Statement (d) is not explicitly stated in [19] and [29]; however, the first
equality in (d) follows immediately from (b) and (c), while the second one follows
by verifying that (3¢)~!/|N,| satisfies the optimality condition for the optimization
problem in (14) (see Lemma 4.7).

3. Asymptotic behavior of the AS algorithm for a homogeneous problem

It was shown in the original version of Tsuchiya and Muramatsu [29] that the
sequence of dual estimates {(y*,s*)} converges to the analytic center (7%,35%) of the
dual optimal face whenever Ay = A € (0, %) for all £ > 0 (see Proposition 2.5(b)).
Later, Tsuchiya and Muramatsu [29] pointed out that their result holds even for A; = %
Furthermore, they [29] and Hall and Vanderbei [13] gave specific examples showing
that the bound % on the (fixed) stepsize is tight with respect to the property that
limg oo (Y%, 55) = (59,5%). In this section, we give a plausible explanation for the
tightness of the bound %

Specifically, we show for any homogeneous LP problem that % is a sharp upper bound
on the fixed stepsize that provably guarantees that the sequence {x*} converges to the
optimal solution along a unique direction of approach. For an arbitrary LP problem and
for A < %, the uniqueness of the direction of approach of {x*} follows as a consequence
of Proposition 2.5(¢) and Lemma 4.9. The main result of this section shows that the
direction of approach of {x*} towards the optimal solution is not unique, whenever the
sequence of stepsizes {A;} satisfies liminf, , _ Ax > % (eg, g =A> % forall k > 0),
the LP problem is homogeneous and 0 is its unique optimal solution.
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Since the accumulation points of the sequence {(y*,s*)} are determined by the set
of directions of approach of {x*} (this fact can be proved by using similar arguments as
in Adler and Monteiro [3, Theorem 4.1]), the above result gives a plausible theoretical
explanation for why % is a tight bound on the (fixed) stepsize that guarantees the
convergence of {(y*, si‘)} to the analytic center ( §9, §). This explanation is not accurate
though since existence of two or more directions of approach of {x*} does not imply
(but is likely to result in) nonconvergence of the sequence {(v*,s*)}.

The main observation used in this section is that the sequence of points {7} obtained
by conically projecting {x*} onto a constant-cost hyperplane (that is, a hyperplane
where the objective function is constant) is exactly the sequence obtained by applying
Newton’s method with a sequence of variable stepsizes {74} to the optimization problem
defining the analytic center, say r*, of the polyhedron determined by the intersection
of the constant-cost hyperplane with the feasible (conical) region of the homogeneous
problem. One important consequence of this observation is that the sequence {rk}
converges quadratically to »* when A; = A = % for all & 2 0. This result suggests that
the AS iteration with A; = % can be used as a kind of centering step to keep the iterates
“well-centered”. Another important consequence is that when Ay = A > % for all £ 2 0,
the corresponding sequence of Newton stepsizes {73} satisfies liminf,_,__ 74 > 2 from
which nonconvergence of the sequence {r*} easily follows.

The following homogeneous problem is considered in this section. Given a vector
¢ € R” and a subspace H C R”, the problem is to

minimize {¢'%¥:% € H, ¥ > 0}. (15)
Define
H*"={xe H:x >0},
Hi*={3c H™: % > 0},
Hit={zec ™" : %=1}
Throughout this section we assume that HI " # 0, or equivalently,f[f* # 0.
The AS direction at a point ¥ € H*7 is the (unique) solution d(%) of the problem

maximize {¢'d — }||X7'd|”: % € H}, (16)

where X = diag(%).

One of our goals in this section is to give the relationship between the direction d (%)
and the Newton direction at the point r = ¥/éT% € H ™ with respect to the following
maximization problem:

P
maximize { Zlog riire Hf“+}. (17)
i=1

Given r € H{'t, the Newton direction of (17) at r is the (unique) solution n(r) of the
problem
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maximize {(r~")T(~9) = i9"R™p 9 € H, n =0}, (18)

where R = diag(r) and the variable » belongs to R”. With this n(r), one iteration of
the Newton method with a unit stepsize at the point 7 is written as 7! = rk — 5 (r¥).
The proof of the following result is straightforward.

Lemma 3.1. Assume that HYT # (. Then, the following statements are equivalent:
(a) ¥ =0 is the unique optimal solution of (15);
(b) H{™" is nonempty and bounded,
(c) problem (17) has a (unique) optimal solution.

The optimal solution of (17), when it exists, is denoted by r*. The following result
plays an important role in several parts of the paper.

Lemma 3.2. The following statements hold.
(a) the function r — m(r) is continuous on H|++;
(b) forr e H{", m(r) #0 if and only if r is not the optimal solution of (17);
(c) if the optimal solution r* of (17) exists then

[r—r" = n()|

lim sup T < 00, (19)
r—re. r€H* -

, r

lim sup HI— =1 (20)

r—rx, rEHiH

Proof. The proof of (a) and (b) are straightforward. Relation (19) is a standard
property of Newton methods and it holds whenever some reduced Hessian (see Fletcher
[11, p. 260]) of the objective function of (17) is nonsingular at r*. This last property
follows due to the fact that the (full) Hessian of 7 logr; is negative definite at r*.
Relation (20) follows as an immediate consequence of (19). O

Lemma 3.3. Assume that {r} C H[™" is a sequence determined by the recurrence
relation r*+1 = r¥ —pm(r*), where {7:} is a sequence of scalars such that liminf,_, __ 74
> 2. Then
(i) r* =r* holds for all k sufficiently large (this can happen only if r* exists), or
(ii) {r*} can not converge to a point in H|*.

Proof. Assume that (i) does not hold. We will show that (ii) must hold. Indeed, in
view of Lemma 3.2(b), we know that if r* = r* for some kg then #* = r* for all
k > ko. Since we are assuming that (i) does not hold, we conclude that r* # r* for all
k = 0. To show that (ii) holds, assume for contradiction that {r*} converges to a point
r>® € Hy*. The relation r*! = r* — 7, (r*) and the fact that liminf,_, 74 > 2 imply
that limy_, o, n(r"') =0. By (a) and (b) of Lemma 3.2, we conclude that »* = r*, and
hence that limy .o, r* = r*. Using the relation r**! = 7 — 7;7(r*) and Lemma 3.2(c),
we obtain
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k+1 _ = _ o k koo X
liminfkk—w iminf = (T = D (r )k+ (Z r =)
koo IFE =l k— 00 | — ]

_ k _ k% i
>1iminf(” Dp(r)|i : [ (rF = r = ()|
k—oc H?’ —I’*“
=hminf(ry — 1) > 1.
k—o00

Hence, we conclude that ||#**! — r*|| > |[r* — r*|| for every k sufficiently large, which
contradicts the fact that {r*} converges to r*. [

Given a point ¥ € HZ T, we define

X-'d(xy

ux) = i (21)
Yo
r(¥) = T3 (22)
where X = diag(%).
Lemma 3.4. The following relations hold for every X € HI*:
&d(z) = | X"'d(®|> (23)
efia(x) =1, (24)
1X~'dx| < (1 Xe), (25)
. . d(x) . (%)
(r(¥))y=-—r(x) + ————— =R(X) (—e+ — 7), (26)
7 X LSk
where R(%) =diag(r(X)).
Proof. Let ¥ € H!* be given. Since d(%) is a solution of (16), we have
¢—-X*d(x)eHY,  d(%) €H, (27)

where H* denotes the orthogonal complement of H. Multiplying the first relation in
(27) on the left by d(%)T and using the second relation, we obtain (23). Multiplying
the first relation in (27) on the left by & and using the fact that ¥ € H, we obtain
é'% = ¢T(X~'d(%)), which is equivalent to (24), due to (21). Using (23) and the
Cauchy-Schwarz inequality, we obtain

X1 ()= (Xe)T(X~1d(x)) < ||Xe| | X~ 'd(D)],

which clearly implies (25). It remains to show (26). To simplify notation, let r = r(X).
Since n(7) is the unique optimal solution of (18), the first equality in relation (26)
follows once we show that —r + d(%)/||X~'d(%)|]? satisfies the optimality condition
for (18), thatis, p = —r + d(%) /|| X~ 1d(%)|? satisfies

— ! —R_anHJ‘—HRc, 7 € H, ETn=O, (28)
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where Rc = {Ac: A € R} and R =diag(r). Indeed, relations (22) and (27) imply

o e d(%) )__ R2d(%)
TR (Hllff“ff(%)ll2 ESEENE
T2 29-2 70 %
CORHD g
I1X='d(x)]|?

Since H is a subspace, ¥ € H and (i(i) € H, we conclude that

. dx d(x)
IX-'d®)|2 - &F |X-d(n)?

Using (22) and (23), we obtain
6T<—r+ d(%) >=—(5Tr ~ ddx) )
[ X=1d (%) 1X-1d (%)

G170 7112

=_<1 x| ) o
[X=td(x)|]2

Hence, the first equality in (26) follows. The second equality in (26) follows from

(21) and (22). U

Given a point ¥ € H:™ and a scalar A € (0,1), let

N 631

() = max(i@(%))’ (29)
A -

¥+ A =~:_—~ ¥ . 30

(A =% max()?‘ld(.i‘))d(X) (30)

Lemma 3.5. Let X € HI" and A > 0 be such thar X* (A) € HI". Then, the following

relations hold:

T () =&x(1 — A6(R)), (31)
7 <lam | < 0(x) < % (32)

P (¢ . 3
r(XT(A)) =r(%) VT _w(x)n(r(X))- (33)

Proof. Let ¥ = 37 (A). Using (21), (23), (29) and (30), we obtain
=1 J¢ =y 2
5%*:51”(1— _r (x)) =¢ 1(1 T dfx)”~ - )
max(X~1d(%)) (&T%) max(X~'d(%))

Ali(®) |2 "

—ete(1 - AEOWEN sy s,
max (#(%))

and hence (31) follows. The first and second inequalities in (32) follow from (24) and

(29). Since ¥ and ¥* are in H*™, relation (31) imply that 1 — AG(%) > 0, from which

2,
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the third inequality in (32) follows. We next show (33). Using (30), (21) and (29),
we obtain

X

1}
>t

A i\ . A
S — V(€ 0 J [P ———
(e ma(X-dan (”> X(" max(m))“(”)

- - a(x)
=X — AB(X .
(" 0 uf«(i-)uz)

This relation together with (31) yield

¥t Xe— (A8 /a(D)|» ax)]

) = Fx(1 - AB(3))
R [e — (MG /a0 1P #(D)]
- I — AB(%)

AB(F) . (%)
—————R(¥)| - .
1 — AB(F) m( °r lIﬁ(i)IIz)

where R(%) = diag(r(%)). Combining the last relation with (26), we obtain (33). [l

=r(x) —

In the remaining part of this section, we let {¥#} and {A¢} denote the sequence
of iterates and stepsizes for the AS algorithm applied to problem (15) and define
7 = r(%%) = ¥ /&"7* for all k > 0. When A¢ = A € (3, 1) for all k > 0, the following
result shows that {3*} can not converge to ¥ = 0 along a unique direction of approach.

Theorem 3.6. Assume that {Ac} C (%, 1) satisfies iminf,_,  Ax > % and that {¥*} C
HIT. Then, the following statements hold:
(a) limiooo & %% = O (hence, if O is the unique optimal solution of (15) then
limg_ o *=0);
(b) {7} does not converge (i.e, {F} has at least two accumulation points), or
7 = r* for all k sufficiently large.

Proof. Since, by assumption, {¥*} C H1*, we have ¢'3* > 0 for all k > 0. Moreover,
(32) and the assumption that Ay > % imply that liminf,_, AB(F%) > 0. Since, by
(31), we have &Tx*"! = ek (1 - A0(x%)), we conclude that limy_, e &lxk = 0. We
next show (b). If # = r* holds for some k = ko, then, we see, in view of (33) and
the fact that 7 = r* implies ¥ = ¢/|N| due to (26), that # = r* holds for all k > k.
Now we deal with the case where # # r* for all k. Assume for contradiction that {7}
converges to some point 7. It follows from relation (33) that

AB(FH)

i:k+l =":/\ _ -
1 — A B (F)

n(#) Vk = 0. (34)

This relation together with the fact that {#} converges and liminf,_, ., A8(¥) > 0
imply that

Jim () =0. (35)
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By (26), we have

ik
g 20 (36)

where ii* = #(x*) and R* = diag(7*). We now consider two cases: 1. 7° > 0 and 2
7> % 0, and show that both of them are not possible. Consider first case 1. In this case,
it follows from (35) and (36) that -

(RY™'p(#)=—e+ ——

u
o 2~ G

and hence, in view of (29), we obtain
5ok —1 i
lim 8(x*)~' = i — | =
Jim 364" = tim man (1)

This relation together with the assumption that liminf, _, Ay > 5 2 yield

b (3) - lim %

— = > 2.
k—oo 1 — MB(FF)  k—oo 1 — A

Hence, in view of Lemma 3.3, we conclude that #* can not converge to a point 7 > 0.
This shows that case 1 can not occur. We now consider case 2 in which 7 % 0. Let
Z ={i: 7 = 0}. It is shown in Lemma 3.7 below that lim;_,oc [(R*) "'n(#)]7 = —e,
and hence that nz(#) > 0 for every k sufficiently large. This observation together
with (34) clearly imply that r"” > 7% for every k sufficiently large, a conclusion that
contradicts the fact that 0 = 7 = limy_o. 7. O

Note that the assumption {¥*} C H* in Theorem 3.6 is automatically satisfied if
X =0 is the unique optimal solution of problem (15).
We next state and prove the result that was needed in proof of Theorem 3.6.

Lemma 3.7. Let a sequence {r*} C H{™ and an index set Z C {1,...,p} be given
such that limy_,oo % = 0. Then, limy_.oo [(R¥) "'n(r*) 12 = —e, where R* = diag(r*).

Proof. Let % be an arbitrary point in HZ* and A be a full row rank matrix such
that Null(A) = H. Then, it is easy to see that d(%) = X%5(X), where §(%) = ¢ —
AT(AX2ATy -1 AX?& Hence, we obtain

X~'d(x)  X3(%)
&y &z

(%) = = R(X)5(%), (38)

where R(%) = diag(r(X)). By Proposition 2.3, there exists a constant Ly > 0 such that
I5(Z)|| € Lo for all > 0. This observation together with (38) imply

l]uz(x)” L0||rz(x)|| VX € Hi+. (39)
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Let {¥} be a sequence such that (&%) = r* (for example, ¥* = r* for every k). From
(39) and the assumption that limy_. 7% = 0, we conclude that lim_, o iz (¥) = 0.
Using this observation together with (24) and (26), we obtain

lim (R (™) 2= tim (—e~ 28D N, g
Pl 2T % (x5 |2 '
We close this section with a result showing that the sequence {7} converges quadrat-
ically to r* whenever r* exists and Ay = A = 5 for all k > 0.

Theorem 3.8. If r* exists and Ay = % for all k > O then {#*} converges quadratically
to r*.

Proof. Assume that r* exists and that Ay = % for all k > 0. We first show that {#}
converges to r*. Indeed, by Lemma 3.1 and the fact that r* exists, we conclude that
X = 0 is the unique optimal solution of (15). By Proposition 2.5(a), it follows that
x* = limy_n ¥ = 0 and. and hence that N, = N(x*) = {I,...,p}. Hence, if A
is a full row rank matrix such that # = Null(A) then, by Proposition 2.5(d) with
(¥,5) =(0,¢), we conclude that

~k I
. ~k . X - - T =~ ~
lim # = lim — = argmax{ E logx; : Ax =0, = 1, ¥ > 0} =r*,

k—o0 k—oo ¢1 K -
J=1

where the last equality follows from the definition of r*. It remains to show that {7}
converges quadratically to r*. In view of (34), quadratic convergence follows once we
show that

B (55 n
—_— =140 . 40
W e (Nl (FH1D (40)

First observe that (29) and (36) imply that

Sk
G = 1 =max< “

) = (R 1nr) =00,

k02

Using the fact that Ay = _|2_ for all & >0, it is now easy to see that the above relation
implies (40). O

It is easily scen that any other fixed stepsize A € (0, %) such that A # 3 would yield
only linear convergence of the sequence {7} to r*. Hence, the above result shows that
A= 7 is the best stepsize as far as the speed of convergence of the sequence {#} to r*
is concerned.
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4. Technical results

In this section, we show that the relation between the conical projection of the AS
sequence {%*} for the homogeneous problem (15) and the Newton iterates for the
analytic center problem (17) carries over to the context of general LP problems. The
main idea is to approximate the original LP problem by a homogeneous LP problem
near a constant-cost face in the sense that the AS directions at a feasible point x for the
two problems approach cach other as x approaches the constant-cost face. We can then
apply the techniques developed in the previous section to the approximate homogeneous
problem and thereby obtain conclusions about the AS sequence {x*} for the original LP
problem. The results of this section are rather technical but they form the basis for the
development of the superlinearly convergent algorithm of Section 5.

Associated with a given constant-cost partition (N, B), there is a homogeneous LP
problem defined in the xy-space. Near the face ’P,\j the AS direction associated with this
homogeneous problem provides a good approximation of dy(x) as we will see below
in Lemma 4.3. To motivate and introduce the homogeneous LP problem associated with
(N, B), consider the following problem

minimize, c',f,x,v + c;x B
(41)
subject to  Anxy -+ Apxg=b, xy =0,

obtained by removing the constraint xg > 0 from (1). The homogeneous LP problem
is obtained by eliminating xp from the above problem as follows. Let (7,5) € Dg be
given and note that b € Range(Ag) since P, # #. Due to Lemma 2.1(b), problem
(41) can be written as

C . T
minimize, Syx

_ NN (42)
subject to  Anxy € Range(Ag), xy =0,

which is the homogencous problem associated with (N, B). This problem can be iden-
tified as a problem of the form (15) by letting & = 5y, ¥ = xy and H = Hy = {¥ €
RIM . AnNX € Range(AB)}. The corresponding problems (16), (17) and (18) in this
case become:

.. 7 1 -1 7
maximize; ~ Sydy — E”X_)vldNH2

dy A (43)
subject to Andy € Range(Ap),
maximize,, ZieN logr;
subject to  Ayry € Range(Ag) (44)

f},rN =1, ry>0,

and
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maximize,, (r,T,l)T(—r]N) — %nNRgan
subject to  Aymy € Range(A;) (45)
syv =0, nn > 0.
respectively, where Ry = diag(ry).
We now introduce the notation needed for the development in this and the next
section. Unless otherwise specified, (N, B) denotes a constant-cost partition of (1). Let

Qv ={x|xe P, cTx—wvy >0}, (46)

and, given x € QF ", define

X~'d(x) _X~'d(x)

= = 4
u(x) cTx — vy shan (47
_ AN _ XN
rN(x) = CT.X' — oy - E};,XN, (48)
3 Xytde(x)  Xy'dw(x)
iy (x) = Tp—os = S (49)

X — vy Shan

where dy(x) denotes the (homogeneous) AS direction of problem (42) at xy, that is,
the optimal solution of (43). (Note that dy(x) and iiy(x) are really functions of xy
but for simplicity of notation we view them as a function of x. Note also that the vector
u(x) depends on (N, B) but this dependence is ignored for simplicity of notation.)
Given x € Q};*, we let ny(x) denote the Newton direction associated with (44) at the
point ry = ry{(x), that is, the optimal solution of (45). (It would be more accurate to
view 7y (-) as a function of ry but for simplicity of notation, we view it as a function
of x.) Clearly, it follows that n(x) = n(ry(x)) for every x € QF". Finally, given
x€ Pt and A > 0, we let
A
max(X~1d(x))
The following result provides a preliminary relation between the AS direction d(x)
and the homogeneous AS direction du(x).

TN =x-— d(x). (50)

Lemma 4.1. For every x € PtF, the vector (8y,8p5) = (dy(x) — dy(x), dg(x)) is
the (unique) optimal solution of the following QP problem:
minimize(sy s, 31X5 On ] + 311Xz 851 (51)
subject to AnOn + Apbp = —Andy(x).

Proof. The vector (dy(x) — dn(x). dg{x)) is clearly feasible for problem (51). To
prove that (dy(x) — dy(x), dg(x)) is optimal for (51), it is sufficient to show that

(X;Z(dN(x) —dn(x))

R A, 52
X5dp(x) )E ange(A”) 2
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Fix some (¥,§) € Dp # 0. Since 53 = 0, a7N(x) solves (43) and, by Lemma 2.2(a),
d(x) solves (11), we have

§v — X5 2dn(x

(SN ’(V) N(x)) € Range(AT), (53)
Sv — X52d

W VO ) Range(AT). (54)
_XB dp(x)

Combining (53) and (54), we obtain (52). O
The following technical lemma is well-known and is used in the proof of next result.

Lemma 4.2. Let F € RP*Y be given. Then, there exists a constant C; = C\(F) with
the following property: for any f € R such that the system Fw = f is feasible and any
z € RY, there exists a solution w of Fw = f such that

W=zl <Cillf - Fz|.

Lemma 4.3. The following statements hold:
(a) [lug ()| = OUXG | 1Xnll Nuw () for all x € O}
(b) |liin(x) — un ()| = O X5 1P Xw)2|un (X)) for all x € QuT such that
IX5 | 11 Xnl is sufficiently small.

Proof. The proof of (a) follows immediately from (47) and Lemma 2.2(b). We next
show (b). Fix x > 0. Since ANJN(.X) € Range(Ap) and Apdp(x) = —Aydn(x), it
follows from Lemma 4.2 that there exists dg(x) such that

Apdp(x) = —Andyn(x), ||dp(x) = dp(x)|| < Calldn(x) — dn(x)], (55)

where C; is a constant independent of x. Using the second relation in (55), we obtain
1X5 " (da(x) = dg )| < |1X5 | 1da(x) — dp(x)|
< Call X5 | lldn(x) ~dn(0) |
<SCIXG TIXN X5 dv(x) = X3 du (). (56)

The first relation in (55) implies that (8y,85) = (0,dp(x)) is feasible to problem
(51), and hence, by Lemma 4.1, we obtain

X5 ' de (O + | Xy (dn(x) — dn (x> < ||X5 da ()| (57)
Thus, we obtain
X5 (dn(x) — dyC) 1P < |1XG e (0|1 — [|X5 da () |
= [X5'(dp(x) + dp(x) 1T [ X5 (dp(x) — dp(x))]
< |1X5 (dp(x) +dp(e)| | X5 (dp(x) ~ dg(x)]]. (58)
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Combining this last relation with (56), we obtain
1X5" (dn(x) = dy(0) | < CoXG NI XnIl I X5 (d(x) + ds ()]
< Gl X5 1wl {2015 da ol + 11X ' (ds(x) = ds ()]}
<2C|XG L Xl I1XG  da ()]
+ CEIX P IXWIPIX G di () = X dw (0l
from which we conclude that

X3! (dn(x) — dy(x)) || < 4ClIX5 [ Xn] 11X da(x)

E
whenever C3(|X; "1 || Xn|> < 4. The last relation together with (a) imply

%5 (dw(x) — dw())] = 0<||X5'||2 1] llxa'dN(x)H)
After dividing both sides of this relation by ¢'x — vy, we obtain the desired result. [
Lemma 4.4. The following relations hold:

eliy(x) =1 Vxec Q4 (59)

and

leTun(x) = 1] = OUXG P Xw P lun () ), (60)

for every x € Q5" with || X5 | Xn sufficiently small.
N B s

Proof. Relation (59) is an immediate consequence of (24). Using (59) and Lemma
4.3, we obtain

leTun(x) — 1] = |eT (up(x) — fin(x))]
<llell fluw(x) = an(x) ||
= 01X 1P Xn P lun (1)),

for every x € Q4* with ||X;'|| || Xw| sufficiently small. O

Lemma 4.5. The following relations hold:

cTxT(A) —wy=(1 —A0())(c'x —wy) VxePHH, (61)
and
g B AB(x) N un(x)
rv(xT(A)) = ra(x) ——I_AB(A_)RN(-X)( e+ ||u(x)||2>’ (62)

for every x € Q%Y and A > 0 such that x*(A) € Q%*, where Ry(x) = diag(ry(x))
and

JuC)|I?

3
max(u(x))’ (63)

G(x) =
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Proof. The proof of (61) is similar to the proof of (31) and uses the fact that cTd(x) =
| X~ 1d(x) ||2 Also, the proof of (62) follows along the same line as the proof of (33).
We omit the details. O

The next lemma is the main result of this section. It generalizes relation (33) of
Lemma 3.5 to the context of general LP problems.

Lemma 4.6. We have:
AG(x)

rn(xT(A)) =ra(x) - m(mv(-r) + Ry(x)hn(x)), (64)
where
=(- un(x) e ) = —1y2 2
() = (e 2 — R (o ) = OGPV, (65)

for every x € Q" such that | X5 || | Xn]| is sufficiently small.

Proof. First note that (59) and Lemma 4.3 imply that
- 1 lldn ()| 1
()| 2 —=. > ,
VIN] 2 2y/IN

for every x € Q4" with || X;'|l | Xn]| sufficiently small. Due to relation (26), we have

(66)

[luw ()| 2

R () mn(x) = Ry (O mu(rn(x)) = —e + ”l—:’”((—x"))lT (67)
and hence,
uv(x) ()
By (x) = _
MO = E T Tano
_ _in(x) (llaN(x)||2_1> uy (x) — iy (x)
lliin (x) (]2 \ [|ze(x) |2 lu(x)|?
Thus, we obtain
[in ()2 = lu()?] Juy(x) — v (2]
hn(x) | < LB v
R N S L

< Nug Qo) [|2 + v (x) — un (|| Han O]+ (v () ][]
h llitn Cx) | luew ()1

fluw(x) —dn(x)]|

[lun (x)])2
_ [|ug(x) |2 lliin(x) — un(x)|| leew (x) — i () ||
lan e Nuw () N? - Nlaw GOl lan () ]2 fluw ()12

(68)

Now, using (66) and Lemma 4.3, ii is easy to see that each one of the terms in the
right hand side of the above expression is O(||X;'|2l|Xwv||?) for every x € Q4" with
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(1 X5'1l || Xn]|| sufficiently small. Hence, (65) follows. Relation (64) is an immediate
consequence of (62) and (65). O

A natural question to be asked is: for which constant-cost partitions (N, B) does
problem (44) have an optimal solution? The following result shows that the optimal
partition is the only one. Recall that (79, 5) denotes the analytic center of the dual
optimal face, that is, the point defined in (13).

Lemma 4.7. Let (N,B) be a constant-cost partition. Then, problem (44) has an
optimal solution if and only if (N, B) is the optimal partition of (1), in which case
(3%) 7' /|N| is the (unique) optimal solution of (44).

Proof. If r} is the optimal solution of (44) then by considering the optimality conditions
of (44), we can easily show that

((rm—‘/lNi

0 ) € Range(AT) + Re. (69)

Hence, D} # 0. Due to the assumption that (N, B) is a constant-cost partition, we have
P+ # (. Hence, we conclude that (N. B) is the optimal partition of (1). Conversely,
by considering the optimality conditions of (13), we can easily verify that (5%)~'/|N|,
where (5%)~! = [diag(5%)] e, satisfies the optimality conditions of (44) with Sy =
§%. We omit the details of the proof. [

Lemma 4.8. Let (N, B) be a constant-cost partition and assume that {ax} C R*T,
{%¥} C P** and {(5*.5%)} C D are sequences satisfying the following conditions:
(a) {¥%/ar} is bounded,
(b) limg—yoo (X458) /ax = an > 0, where X% = diag(*%) and ay is some |N|-
dimensional vector,
(¢) limg_.o 5% =0 and {3%} is bounded.
Then, (N, B) is the optimal partition of (1) and we have:

Jim (57,55 = (3.5, (70)
kli)rgﬁx]};-/akz(SN)_'aN, (71)

where Sy = diag(3y) and
(7.%) Eargmax{Zaj]ogsj: (y.5) ED,§+}. (72)
JEN
In particular, if ay is a positive multiple of the vector of all ones then (¥,3) is equal
to the analytic center (¥°,3%) defined in (13).

Proof. Since (N, B) defines a constant-cost face, we have Py # (). Hence, to show
that (N, B) is the optimal partition of (1) and that (70) holds, it is sufficient to show
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that any accumulation point (¥, 5) of (7*, §) satisfies the optimality condition for (72),
namely

(7,5) € DiH, (73)
AnSy'ay € Range(Ap), (74)

where Sy = diag(5y). Indeed, let K be an infinite index set such that limgex (55, 5%) =
(¥,5). Using (c) and the assumption that {(7*,3*)} C D, we conclude (7,5) € Ds.
Moreover, (a) and (b) imply that §x > 0 and that

lim & = §5'ay. (75)

Thus, we conclude that (73) holds. Since PS5 # 0, we have b € Range(Az). This
observation together with the fact that {#} C P** imply

y
AN(X—N> € Range(Ap). (76)
ay
Relation (74) now follows immediately from (75) and (76). The limit (71) is an
immediate consequence of (70) and (b). [

Lemma 4.9. Let (N, B) be a constant-cost partition and let {#*} C O3 be a sequence
such that {ry(¥*)} is bounded and limy_ o [[(X5) V|| 1X4 || = O. Then the following
Statements are equivalent:

(a) limg oo un(X*) =¢/|NJ;

(b) limi—oo |(RE) "Lyn (%) || = 0, where RY, = diag(ry(3%));

(c) (N,B) is the optimal partition of (1) and limy_, ry () = (5%)~/|N|,
in which case, lim_.oo (y(¥*),s(Z5)) = (3%, 5).

Proof. From Lemma 4.3 and the assumption that lim_.oo [|(X%) 7' 1 X% = 0, it fol-
lows that
lim uy(%*) = ¢/|N| <= lim iy(F*) = ¢/|N|. (77)
k—oo k—o00

Due to relations (26) and (59), we have

(2t 2 Ty ( 3k
REy=lp csky 2= | a(x") N0t iy (3%) 1
||( N) nn(X )“ [ e+ ”ﬁN(ik)Hz |N( ”17!\!(5(1()“2 HQN(XI\')HZ
1
IR TMED 79

Using the fact that e iy (%¥) = 1, it is easy to see that limy_.o [|An(E)] = 1/\/i7\/_i
if and only if limy_ oo finy (F) = e/|N|. This observation together with (77) and (78)
immediately imply the equivalence of (a) and (b). The proof of the implication (¢} =
(b) follows immediately from (a) and (b) of Lemma 3.2 and Lemma 4.7. It remains to

show the implication (a) = (c). Indeed, assume that (a) holds and let oy = cT%* —wy
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and (7,5%) = (»(35),s(¥%)) for all k¥ > 0. We will show that the sequences {¥*},
{(#%,5%)} and {a;} satisfy conditions (a), (b) and (c) of Lemma 4.8 with ay = e/|N|.
Since by assumption {ry (%)} is bounded and ry (%) = #%/a, for every k, condition
(a) of Lemma 4.8 holds. Condition (a) implies that (b) of Lemma 4.8 with ay = e/|N|
is satisfied since

Xks(3%) N Xk

u()?k)= o .
c'xt —py ay

(79)

Clearly, {($*,5°)} is bounded in view of Proposition 2.3. Hence, to show that condition
(c) of Lemma 4.8 holds, it is sufficient to prove that limg_ s"f; = 0. Indeed, first
observe that (a), the assumption that lim; o [[(X%) 7' | X%]| = O and Lemma 4.3(a)
imply that {u(%*)} is bounded. Using this observation, the fact that e, = O(]|X%])) and
(79), we obtain

1550 < 11O T IR = awll (X5~ e (E ] < OIKE) T HIXND,

which, together with the assumption that limy o ||(X5) 7| | X% || = 0, clearly imply that
limg—0o 3% = 0. Using Lemma 4.8, we conclude that (c) holds and lim—.o, (y(3*), s(Z)) =
(5')11, E(I) . D

We observe that it is possible to give a direct proof of the implication (b) => (¢) by
using Lemma 3.7, Lemma 3.2(b) and Lemma 4.7. The proof given above shows instead
the implication (a) = (¢) via Lemma 4.8, which is simpler in the sense that it does
not need the machinery introduced in the Section 2 and in the first part of this section.
It also illustrates a basic principle that has been used in the convergence analysis of
the AS algorithm (see Tsuchiya and Muramatsu [29] or Moateiro et al. [ 19, Theorem
4.3]).

5. A superlinearly convergent affine scaling algorithm

In this section we present a variant of Algorithm 1 which is globally and two-
step superlinearly convergent. After we state the algorithm, its global convergence and
superlinear convergence are proved.

To describe the variant of Algorithm 1 that will be studied in this section, we assume
that two constants p and g are given such that

p.q € (0, 1), p<$- (80)

Examples of constants satisfying these conditions are: p = 0.3 and g = 0.95. Observe
that p can be chosen as close as to % as it is desired. For the purpose of future reference,
we note that (80) implies that

2(qg—p)
—1+p > g. (81}
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The following variant of Algorithm 1 will be shown later to converge two-step super-
linearly with order at least 1 + p < %

Algorithm SLA

Step 0. Assume that constants p and g satisfying (80) and a point x° € P** are given.
Set k :=0.

Step 1. Compute d* = d(x*) according to (9c) and let

Ne={i:xf < [eT[(X5)7'd*) ', (82a)
or=e ((X5)7'dy,). (82b)
_ I S (eTun, (x9)?
ék"wN"l e e e 20
Step 2. If
€ < 0}, (83)

then (Predictor step)

Ay =max(0.5,1 — af) (84)
else (Corrector step)

A =0.5.

! dk
Step 3. ok oy 4
p g T M nax ((X5) T dk)

Step 4. k:=k+ 1 and return to Step 1.

(85)

The first expression for €, is the one that should be used to compute it. The second
one is used during the analysis of the algorithm and is a consequence of (47). It is
easy to see that term within the square root of the first or second expression for €; is
nonnegative so that €; is well-defined.

The basic procedure is to alternate the choice of the stepsize between A; = 0.5 and
Ax ~ 1. Since Algorithm SLA is a variant of Algorithm 1 in which Ax = %_ for all
k > 0, we conclude that it satisfies all the statements (a)-(e) of Proposition 2.4. As in
Section 2, we denote the limit point of the sequence {x*} by x* and let (N,,B.) =
(N(x*), B(x*)). By Proposition 2.4(d), (N., B.) is a constant-cost partition. Recall
that the constant value of cTx over the face P} is denoted by vy, . Clearly, vy, = cTx*.
Throughout this section, the function u(-) refers to the one associated with the partition
(Nx,B.) and the following notation is used: u* = u(x*), @& =iy, (x*), rf, = ry. (x5,
RY, =diag(r}, ), 7% =nn, (x5), (3%, s%) = (y(x*), s(x)), for all k > 0.

The global convergence analysis of Algorithm SLA is much simpler than its super-
linear convergence analysis and is obtained in Theorem 5.3. So we next explain the
underlying idea behind the superlinear convergence analysis of Algorithm SLA. It is
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T &

shown in Proposition 5.1 that o ~ cTx* — vy, and ||x%_ || = O(cTx* — vy, ) from which
it is easy to conclude that Ny = Ny for all k sufficiently large, where { Nopts Bopt)
denotes the optimal partition of (1). Moreover, Lemma 5.2 shows that €, is a measure
of centrality for the “small” variables ).',‘V the ones that dictate the speed of convergence
of the (or, any interior point) algorithm. When the measure of centrality €, is small, a
predictor step with stepsize Ay asymptotically approaching 1 is taken. The behavior of
the predictor steps is analyzed in Lemma 5.5; the main conclusion is that the measure of
progress ¢! x — vy, is reduced at a superlinear rate while the centrality measure “slowly”
deteriorates. At the next step, if the the small variables are not well-centered (i.e., the
test (83) fails), then a corrector step is taken with stepsize Ap = % The effect of this
step is analyzed in Lemma 5.6; the main conclusion is that ¢Tx — vy, is reduced at
a linear rate while the centrality measure is improved at a quadratic rate. Lemma 5.7
shows that, asymptotically, one corrector step suffices to recover the centrality of the
small variables and hence that a predictor step is taken in every two steps of Algorithm
SLA. Using these conclusions, it is now easy to prove the superlinear convergence of
Algorithm SLA (see Theorem 5.10).

Some basic properties of Algorithm SLA which follows almost immediately from the
analysis of Section 4 are given in the following result.

Lemma 5.1. The following statements hold:
(a) the sequences {u*}, {it, } and {r/;, } are bounded,

(&) LNCXE ) IXA Y Lk, — a1y {llug 11} {eTuk, — 1} and {|Is§_ |1} con-
verge to 0 according to:

X5 )M IXRL ) = O —ww). (86)

ek, — &, || = O((c"x* = wn)?), (87)

leTul,, — 1] =O((c"x* —wy.)?), (88)

luh, || = O(c"x* = v ), (89)

550l = O((cTx* = wy.)?). (90)

(c) Ny =N, for all k sufficiently large and the following relations hold:

Tk

lim —m— =1, 91
PRlivty (cTxk —wvp,) : oD
lim o =0. (92)
E— o0

Proof. By Proposition 2.4(b) and the fact that x3_ =0, we have
xb Il < [l = 5% = O(Tx* — v ). (93)

Clearly, this implies that {r%_} is bounded and that (86) holds, since limy_.oc X5 =
xg, > 0. By (47) and (10), we have
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k ok
% X's

S 4
Tk —wy,’ o)

u
from which we conclude that uﬁh = R’;;,* sfv This fact together with Proposition 2.4(c)
and the fact that {r%_} is bounded imply that {uf,_} is also bounded. Due to Lemma
4.3, Lemma 4.4, the fact that {u}, } is bounded and (86), we conclude that (87),
(88) and (89) hold. Clearly, (87) and (89) imply that {«*} and {@,_} are bounded.
Relation (90) follows immediately from (89), (94) and the fact that limy_. -"IE. > 0.
It remains to show (c). Let 7, = eT((X*)~'d*) = (x*)Ts*. Using (88), (89) and
(94), we obtain

. T .
lim — % = lim T4k = 1,
k—o00 CT.X'k — VN, k—o00
and hence, that
Iim 7, =0. (95)

— OO0

These two relations together with (93) imply that
k=0T — o) <O <V,

for all { € N, and k sufficiently large. Moreover, (95) and the fact that limy_.o x’,‘h =
xy. > 0 imply that x¥ > /7 for all i € B. and k sufficiently large. From these two
observations and (82a), we conclude that N, = N, for all k sufficiently large. Relation
(92) follows immediately from (91), which in turn is an immediate consequence of
(88) and the fact that oy /(cTx* — vy, ) = e"ul, =eTub;_for all k sufficiently large. O

Remark. From the previous lemma, it immediately follows that o ~ c¢Tx* — vy, . This
means that any quantity appearing in the analysis below whose order is O(oy) is also

O(cx* — vy, ) and vice versa.

Lemma 5.2.

HHCRY.) 'k | — €] = O(aw). (96)

Proof. Due to relations (26) and (59), we have (see (78))
1

ICRY ) ' p 1P = [Nu] = =5 (97)
[y, |
Define
1 (eTuk )2
= — > Vk > 0. 98
“EEE T e 20 (%8)

Using the inequality (a — y)? < |a? — ¥?| for @ > 0 and y > 0, relation (97) and
Lemma 5.1(c), we obtain for every k sufficiently large that
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2

(ex — IICRE) Ik 1) < |er — 1Ry ' mf,

*

(eTu’,‘;,‘)2
[l

— I (RE) "', II?

=i|~~=|—

< el

It remains to show that |¢;| = O(o3). Indeed, using a bounding scheme similar to the
one in {68) together with (66), Lemma 4.3 and Lemma 4.4, it is easy to see that

|l = O (XB ™12 11X, 1%
This relation together with (86) and (91) imply |¢:| = (9(0%)‘ ]

The next result establishes global convergence of Algorithm SLA.

Theorem 5.3. (N..B.) is the optimal partition of (1), or equivalently, x* lies in the
relative interior of the optimal face of (1).

Proof. If the condition €; < of is satisfied for finitely many indices &, the result follows
from Proposition 2.5 since, in this case, o = % for all k sufficiently large. Assume now
that the set K of all indices k satistying €, < o is infinite. By (92) and the definition
of X, we have limgex €, = 0, and hence, in view of Lemma 5.2, we conclude that
limeexc || (R%.) ~'m},_ || = 0. Using the equivalence between (b) and (c) of Lemma 4.9,
we conclude that (N,, B,) is the optimal partition of (1). O

We now focus our attention on the superlinear convergence analysis of Algorithm
SLA. We start with the following technical result.

Lemma 5.4. Consider the function 6(x) defined in (63) with N = N, and let 8 =
6(x*) for all k > 0. For all k sufficiently large, we have:

07" = 1 < IRy ™'y || + O, (99)
where 8, = 8(x*) for all k.

Proof. By (89) and (88), we have max (%) = max(u}'v‘) for every k sufficiently large.
This observation together with (63), (65), (86) and (91) imply

o1 = max (u%, ) _
g (e |2

where Ay, (xX) = O(||(X5)~MI2IIXE.

6.1 — 1) < I[(RE )~k

=max (e + (R ) ~'nh. + hn. (54)),

2y < O(a}). Hence, we obtain

+ {1, O < IRE) b | + OCop). O

To simplify our presentation, we introduce the following set of indices:

Kp = {k : a predictor step is taken at the kth iteration}.
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In the remaining part of this section, we use rjy_ to denote the point (5%,)~'/|N.|. By
Lemma 4.7 and Theorem 5.3, we know that ry_ is the (unique) optimal solution of
problem (44) with N = N,. The main result about the predictor steps is given next.

Lemma 5.5. For every k € Kp, we have:
(a) Ik, —ry. |l = 0D

k+1 I+p

—wn,) ~ (Txk — oy )P~ o T

~p)/(l . '
= (9(0‘,(‘1]’7)/( 7)) and hence, limex, ||ri — 1y || =0.

(b) o4 ~ (c'x

(o) Irg!

*
— rN,‘

Proof. Observe that (83) implies that €, = O(o}) for all k € Kp. Using this observa-
tion, Lemma 5.2, (92) and the fact that ¢ < 1, we obtain that

(RS "'nk || = O(o?) Yk € Kp sufficiently large, (100)

and hence, limeoo [[(RE )7'nf | = 0. It then follows from Lemma 4.9 that
1My e rﬂ‘v* =r},- This observation together with Lemma 3.2(c) imply

%, — . — i |l = O, — . 1D, (101)

~ IRy "' | (102)

~ |Inf.

Irk, = ¥,

for all k € Kp sufficiently large. Statement (a) now follows from relations (100) and
(102). We next show (b). By (61), we have ¢Tx*"! — vy, = (1 - Abi) (cTxk — vy
for all £ > 0. In view of (91), (b) follows once we show that

1 — A ~ of  Vk € Kp sufficiently large. (103)
Using (100), Lemma 5.4, (92) and the fact that ¢ < 2, we conclude that
6 — 1| = O(c9) Yk € Kp sufficiently large. (104)

Using this observation and the fact that, by (84) and (92), we have Ay =1 — a‘f for all
k € Kp sufficiently large, we obtain

[(1— M) — | = [(1— MB) — (1 — A) | = Al — 1| = O(a)).

Using (92), the fact that, by (80), g > p, and the above relation, we conclude that
I — Agfy ~ aJLf, and hence (b) follows. It remains to show (c). By (64), we have

A . )
il =k~ T [k RE by (55) ). (105)
1 — Apfi

Moreover, by (65), (86) and (91), we have
h. (%) = O(|(X5 ) T P IIXR. 1) < O™ —wn)?) < O(a)). (106)

Using relations (101), (102), (103), (105) and (106), Lemma 5.1(a) and statements
(a) and (b), we obtain that, for all £k € Kp sufficiently large,
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. ¢ « Ay Ay .
Ikt =il = ‘ (r, = . =78 - (l——/\kﬁk - 1)77;(«_ - T@Rﬁ/,hm(xk) ‘
., 2Ab — 1], 4 Ad
<k v, — b+ PO g o AR, (64
[ — Abs
& s 12 “’]f‘;/, =yl 2-p
SOy, =y I+ O ——=—— | + O(o, ")
o}
<Oy < O(ad My O (107)

The main result about the corrector steps is as follows.

Lemma 5.6. Assume that K is an infinite index set such that limgex r',‘;,* =ry. and
= %for all k € K. Then, the following staremenzs hold:
(a) limgex (T2 —wy ) /(cTx* —wy) = 33
(b) limgex oksr/ok = 3;
() Irgt =ra =0k, =i I
(hence, limpex r"“ =ry.).

2) for every k € K

Proof. The assumption limyex 7%, = rjy_ implies that limeex || (R, ) ~'nf_ || = 0, which
together with (92) and Lemma 5.4 imply limex 6 = 1. This relation together with the
assumption that Az = 1 for all k € K imply

. _ ’.:]_
lim 1~ A = §. (108)

This in turn implies (a), due to (61). Statement (b) follows immediately from (a) and
(91). We next prove (c). Since limgex r’,"v_ =ry_, Lemma 3.2(c) implies that

= O(|rk, = i), (109)
~ [[(R.) "'y (110)

I, = rv. — 7k,

Ik, =73l ~ liw,

hold for every k € K sufficiently large. Hence, by Lemma 5.4, we have

(111)

6, — 1] = O (RS )"0k || + o) = O( ||},

for every k € K sufficiently large. Using relations (108), (109), (110) and (111},
Lemmas 4.6 and 5.1(b) and the assumption that A; = % for all k£ € K, we obtain by
using an argument similar to (105), (106) and (107) that

1246 — . A‘Gk

. _ i
<l i — b+ BRI o AR, 64
1 — AuOy

Iy = ra.
<OIrk. — v 1P + O — 1| |7k, — r;‘v.n) + ow;)
<Ork. = v P+ 00),

for every k € K sufficiently large. [
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The next result shows that, asymptotically, a predictor step must occur at every two
steps as long as the set KCp is infinite.
Lemma 5.7. For every k sufficiently large, the following implication holds:
ke Kp, k+1¢Kp = k+2€Kp. (112)
Proof. Let K ={k: k€ Kp, k+1 ¢ Kp}. In view of Lemma 5.5(c), it follows that

the set K = {k+1: k € K} satisfies the assumption of Lemma 5.6. Hence, it follows
from (b) and (¢) of Lemma 5.6 that

P2 =il = O =i P + o) V€ Ky, (113)

Oks2 ~ 01 Vhk € Kp, (114)
and limgex, lr5t2 — r%. || = 0. Hence, in view of Lemma 3.2(c), we have

P82 = ri ~ it~ NRED T'ad2l - vk € KCp. (115)

Using Lemma 5.2, (115), (113), (114) and Lemma 5.5(c), we obtain

eir2 < | (RFD i3 + O(os2)

<
SOUIrV? = il + ors2)
SOUR = i IP + 0%t + 0ia2)
<O 4 o2+ o
SO(O'LQ),

for every k € K}, where s = min{2(g—p)/(1+p), 1}. By (81), we have s > g. This
observation together with the above relation imply that €, < of_,, or equivalently,
k+2 & Kp, for every k € K} sufficiently large. O

The next result shows that the set KCp is infinite. In view of the Lemma 5.7, this clearly
implies that, asymptotically, a predictor step occurs at every two steps of Algorithm SLA.

Lemma 5.8. The set Kp is infinite.

Proof. Assume for contradiction that there exists an integer kp such that k & Kp for
every k = ko. By Proposition 2.5(c), we have

lim uf_ = lim X% s& /(cTx* —wy,) = e/|N,|.

k—o0 B S ) -
This relation together with Lemma 5.1(a) and Lemma 4.9 imply that limg—co r’,‘\,* =ry..
Hence, it follows that the assumptions of Lemma 5.6 are satisfied with XC = {k: k > ko}.
By using statements (b) and (c¢) of this lemma, we conclude that limy_.co 0% /01s1 = 2
and that, for some constant Ly > 0,

N 240%) Yk >k (116)

IIr < Lo(lirk, — .

7.
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Hence, by taking a larger kg if necessary, we may assume that

oy €30 Yk 2 ko, (117)
1
k *
€ —— Yk ko 18
7y, — 7wl 187 0 (118)

where (118) is due to the fact that limy_. o r’,\, = rp.. We next show by induction that
Ik, = rr I < Lot Yk > ko, (119)

where L; = max{18L. ||r"“ ] 2 }. Indeed, (119) obviously hold for k = kg in
view of the definition of L. If (119) holds for k =1 > kg then (116), (117) and (118)

imply

I = 7l € gl = il + oot < (4 La) ot < Shot < Lo,
where the third inequality follows from the definition of L;. We have thus proved that
(119) holds. Using (119) and Lemma 3.2(c), we conclude that [[(R%_)~'nk
(9(0%) for all . This observation together with Lemma 5.2 then imply that €; = O(a,\)
for all k. Using (92) and the fact that ¢ < 1, we conclude that €; < o}, or equivalently,
k € Kp, for every k sufficiently large. Since this conclusion contradicts our initial
assumption, the result follows. O

The next result is needed in the proof that the sequence {(y*,s*)} converges two-step
superlinearly to the analytic center of the dual optimal face.

Lemma 5.9. If limy_oo rk,_ =ry. then

uj, A ’ =0(ry. —ry |+ ("X —wn)?) Wk 0. (120)

Proof. Lemma 3.2(c) together with limy_. #%_ =y imply ||(R}.) "'nk. || ~ Ik, —
Iy, {|. Using this observation, Lemma 5.1(a) and relations (67) and (78) with N = N,,

we obtain
il el [
iy — < || | — - —
N v N*( INHIHN 12 [N
@y, IRV ) "'y I II(RN,)‘WM

A
SO(Iry, = rx.ID Yk 20.

This relation together with (87) then imply

u'fv* - —

<y, — iy, || +

k e
ity — ——
X

=0k, =yl + ("X —wn)?) VEzo. O
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The next result establishes the two-step superlinear convergence of Algorithm SLA.

Theorem 5.10. Algorithm SLA has the following properties:
(a) the sequence {c'x*} converges 2-step superlinearly to the optimal value vy, =
cTx* with Q-order at least 1 + p, namely
T, k+2
. C'X — VN
limsup ———— < og; 121
M e < (121
(b) the sequence {x*} converges 2-step superlinearly with R-order at least | + p to
a point lying in the relative interior of the optimal face of problem (1};
(c) the sequence {(y*,s*)} converges 2-step superlinearly with R-order at least
1 + p to the analytic center of the optimal face of the dual problem (2), that is,
the point (¥°,5%) defined in (13).

Proof. It follows from Lemma 5.7 that if k is sufficiently large then either k € Kp or
k+ 1 € Kp. This fact together with Lemma 5 5(b) clearly imply (a). By Proposition
2.4(b), we know that ||x* — x*|| = O(c"x* ~ »y,) and hence, in view of (a), it
follows that {x*} converges 2-step superlinearly to x* with R-order at least 1 + p. We
next show (c). From (a) and (90), it follows that that {s’,‘g*} converges to 54 =0
two-step superlinearly with R-order at least | + p. We next analyze the convergence
of {s,;, }. From (a) and (¢) of Lemma 5.5 and Lemma 5.7, it is easy Lo see that
Irk, — i || = O™k — vy, )"), where t = (g — p) /(1 + p). Using this observation,
the relation r}_ = (5% ) ~'(>0) and Lemma 5.9, we obtain

, , , R*)~!
sk, — 411 = me,)—'uﬁv* - (122)
¢ [(RE) e — (R*) e
<Ry, TN A (123)
=O( - o \+ur®. —rz-*n) (124)
=OUIr = rill + (x5 = ww )P (125)
= O((cTx* —wy)"). (126)

This clearly implies that {s%_ } converges to 5%, two-step superlinearly with R-order at
least 1 +p. O

6. Concluding remarks

In this paper we have demonstrated that a variant of the long-step AS algorithm is

two-step superlinearly convergent with Q( R)-order as close to % as desired. Practical

efficiency of this algorithm is not known at this moment, but the results of this paper
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may suggest possible ways to implement the AS algorithm more reliably and efficiently.
We believe that the analysis of this paper is important from the theoretical point of
view since it shows that the AS algorithm with certain stepsizes is also able to keep
the sequence of iterates well-centered, at least asymptotically. This is in some sense an
unexpected result in view of the (pure) steepest descent nature of the AS algorithm.

One interesting research problem is to improve the order of convergence of the
algorithm of Section 5. It would also be interesting to develop a variant of the AS
algorithm with convergence order equal to any number less than or equal to two, a
property which many primal-dual algorithms (e.g. [33] and [17]) and the Iri and
Imai’s algorithm [27] have been shown to have.

We believe that our analysis can be directly applied to the long-step variant of
Karmarkar’s algorithm [15] presented in [20]. It seems possible to show that this
variant of Karmarkar's algorithm enjoys superlinear convergence without sacrificing its
polynomial complexity by properly choosing the sequence of stepsizes according to the
ideas suggested in this paper.

Another algorithm whose analysis could benefit from the techniques in this paper
is Todd’s low complexity algorithm [23]. During the predictor steps, his algorithm
moves along the AS direction with stepsize less than % {namely % of the step to the
boundary of the largest inscribed ellipsoid). Since the AS step with A; < % works as
a kind of corrector step, it seems possible to show that Todd’s algorithm may not need
any corrector step asymptotically (cf. [24]). Moreover, it seems possible to apply our
analysis to show that a variant of Todd’s algorithm is superlinearly convergent without
sacrificing its polynomial complexity.
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