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Abstract

This paper proposes an efficient adaptive variant of a quadratic penalty accelerated
inexact proximal point (QP-AIPP) method proposed earlier by the authors. Both the
QP-AIPP method and its variant solve linearly set constrained nonconvex compos-
ite optimization problems using a quadratic penalty approach where the generated
penalized subproblems are solved by a variant of the underlying AIPP method. The
variant, in turn, solves a given penalized subproblem by generating a sequence of
proximal subproblems which are then solved by an accelerated composite gradient
algorithm. The main difference between AIPP and its variant is that the proximal
subproblems in the former are always convex while the ones in the latter are not
necessarily convex due to the fact that their prox parameters are chosen as aggres-
sively as possible so as to improve efficiency. The possibly nonconvex proximal
subproblems generated by the AIPP variant are also tentatively solved by a novel
adaptive accelerated composite gradient algorithm based on the validity of some key
convergence inequalities. As a result, the variant generates a sequence of proximal
subproblems where the stepsizes are adaptively changed according to the responses
obtained from the calls to the accelerated composite gradient algorithm. Finally,
numerical results are given to demonstrate the efficiency of the proposed AIPP and
QP-AIPP variants.
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1 Introduction

This paper presents a practical variant of the quadratic penalty accelerated inexact
proximal point (QP-AIPP) method studied in [15].

The QP-AIPP method of [15] is designed for solving the linearly—constrained
nonconvex composite optimization problem

min {f(z) + h(z) : Az=b, z € R"}, (1.1)

where A : R" — R? is a linear operator, b € R”, h : R" — (—o0, 00] is a closed
proper convex function, and f is a real-valued differentiable (possibly nonconvex)
function whose gradient is L-Lipschitz and which, for some 0 < m < L, satisfies

F) > @) +(Vf@)u—2z) - %Ilu —zI*> Vzu € dom h. 1.2)

The QP-AIPP method solves (1.1) via a quadratic penalty method, i.e., a sequence of
penalty subproblems of the form

min {f(z) +h@)+ Sz = bl : z € ER”}, (13)

for an increasing sequence of positive penalty parameters c, is solved by the acceler-
ated inexact proximal point (AIPP) method (discussed below) in which each penalty
subproblem is solved using a common starting point z, € dom# (i.e., a cold—start
strategy is adopted).

We briefly outline the AIPP method of [15]. First, note that (1.3) is a special case
of

¢, :=min {P(z) := g(z) + h(z) : z€ R") (1.4)

where g(z) :=f(z) + c||Az — b||?/2 is a function satisfying

M
~Z =2l < ) ~ [8@) + (Vs@.u=2)] < Tlu~2l’ Vz.u € dom h

1.5)
where M = L + ¢||A||>. In the general setting of (1.4)—(1.5), the AIPP method gener-
ates a sequence {z; } using an inexact proximal point (IPP) framework (see for exam-
ple [31, 32]), i.e., given z;_, € dom A, it computes z; as a suitable approximate solu-
tion of the proximal subproblem

min{g(z)+h(z)+Lllz—zk_lll2 : ZEER”} (1.6)

for some prox-parameter 4, > 0. Note that the first inequality in (1.5) implies that
the objective function of (1.6) is convex as long as 4, is not larger than 1/m. The
AIPP method sets 4, = 1/(2m) for every k and uses an accelerated composite gradi-
ent (ACG) variant (see for example [4, 23, 27]) to approximately solve (1.6).

Since the larger 4, is the faster the above IPP framework converges to a desirable
approximate solution, the main goal of this paper is to develop an aggressive AIPP
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variant, and subsequently an aggressive QP-AIPP variant, which possibly chooses
A, substantially larger than 1/m despite potential loss of convexity of (1.6). An
important ingredient in obtaining this aggressive AIPP variant is the development
of a relaxed ACG (R-ACG) algorithm that approximately solves (1.6) according to a
more relaxed termination criterion. More specifically, within a reasonably number of
iterations, the algorithm: (1) either solves the possibly nonconvex subproblem (1.6)
according to the relaxed criterion or stops with failure due to 4, being too large; and
(2) always solves (1.6) according to the relaxed criterion when its objective func-
tion is convex. The aforementioned relaxed AIPP (R-AIPP) variant starts with a
relatively large initial prox parameter and, in each one of its steps, calls the R-ACG
algorithm to solve the corresponding prox subproblem. If a key descent inequality
fails, then the prox parameter /A, is halved, the prox center z;_, is maintained, and
the R-ACG algorithm is invoked once again to solve the resulting prox subproblem;
otherwise, the prox parameter 4, is preserved and z; takes the place of z;_,.

This paper also considers a more general version of (1.1) in which the linear
constraint Az = b is replaced by the linear set constraint Az € S, where S C R? is
a closed convex set. Clearly, when S = {b}, the more general problem reduces to
(1.1). Under the assumption that dom /4 is bounded and all penalty subproblems are
solved by the AIPP variant using the aforementioned cold—start strategy, it turns out
that the iteration complexity of the QP-AIPP variant for finding the desired approxi-
mate solution is considerably worse than that of the QP-AIPP method of [15]. If, on
the other hand, the QP-AIPP variant adopts the warm-—start strategy in which the
R-AIPP method for solving the current penalty subproblem starts from the approxi-
mate solution found for the previous subproblem, then the iteration complexity of
this relaxed QP-AIPP (R-QP-AIPP) variant is shown to be the same as that of the
QP-AIPP method of [15], up to a logarithmic factor.

The proposed AIPP and QP-AIPP variants are compared with three state-of-the-
art optimization methods on five different optimization problems. The computa-
tional results obtained show that the variants can substantially outperform most of
the competing methods on many problem instances.

Related works We first discuss papers dealing with related algorithms for solv-
ing the convex version of (1.1) and other related monotone problems. Iteration-com-
plexity analysis of quadratic and exact penalty methods for solving (1.1) under the
assumption that f is convex and % is a convex indicator function was first studied
in [16, 17] and further explored in [2, 26, 33]. Iteration-complexity of first-order
augmented Lagrangian methods for solving the latter class of linearly constrained
convex programs was studied in [3, 18, 21, 22, 26, 30, 34]. Inexact proximal point
methods using accelerated gradient algorithms to solve their prox-subproblems were
previously considered in [7, 12—-14, 25] in the setting of convex-concave saddle
point problems and monotone variational inequalities.

We now discuss papers dealing with related algorithms for solving (1.1) when f
is nonconvex and the assumptions mentioned after (1.1) hold. Paper [15] is, up to
our knowledge, the first one to consider a proximal method with acceleration strat-
egy for solving (1.1). Previous works using acceleration strategies were concerned
with the unconstrained problem (1.4). Namely, [9] proposed an accelerated gradient
framework to solve (1.4) with better iteration complexity than the usual composite
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gradient method. Since then, many authors have proposed other accelerated frame-
works for solving (1.4) under different assumptions on the functions g and 4 (see,
for example, [5, 8, 10, 19, 29]). In particular, by exploiting the lower curvature m,
[5, 8, 29] proposed some algorithms which improve the iteration-complexity bound
of [9] in terms of the dependence on the upper curvature M. Finally, there has been
a growing interest in the iteration complexity of methods for solving optimization
problems using second order information (see, for example, [5, 6, 24, 28]).

Organization of the paper Section 1.1 provides some basic definitions and nota-
tion. Section 2 begins with presenting some background materials and transitions
into defining a general descent (GD) framework for solving the nonconvex optimi-
zation problem (1.4). Section 3 presents and derives the complexity of an R-ACG
algorithm which attempts to solve (1.6) even when it is not convex. Section 4 pre-
sents a relaxed variant of the AIPP method proposed in [15]. Section 5 presents a
relaxed variant of the QP-AIPP method proposed in [15]. Section 6 presents numeri-
cal results to illustrate the efficiency of the AIPP and QP-AIPP variants. Finally,
Sect. 7 presents some concluding remarks.

1.1 Basic definitions and notation

This subsection provides some basic definitions and notation used in this paper.

The set of natural numbers is denoted by N. The set of real numbers is denoted
by R. The set of non-negative real numbers and the set of positive real numbers
are denoted by R, and R, respectively. Let R” denote a real valued n—dimen-
sion inner product space, whose inner product and its associated induced norm are
denoted by (-, -) and || - ||, respectively. Let (-, -} - denote the Frobenius inner product.
Let S denote the cone of positive semidefinite n—by—n matrices. For # > 0, define
log/ (1) := max{logz,1}. The set of proper lower semi-continuous convex functions
defined on R" is denoted by Conv(R"). Given a linear operator A : R" — RP, the
operator norm of A is denoted by ||A|| := sup{||Az||/llz]| : z € R",z # O}

Let v : R" > (—o0,+00] be given. The effective domain of y is denoted by
domy :={x € R" : w(x) < oo} and y is proper if domy # @. If y is differenti-
able at z € R", then its affine approximation ¢,,(-;7) at Z is denoted by

2,22 =@ +(Vy(@),z2-7) VzeR" (1.7)
Also, for € > 0, its e-subdifferential at z € dom y is denoted by
dw@ ={veR" tyw) 2w+ (vu—2z)—¢VueR"}. (1.8)

The subdifferential of y at z € dom v, denoted by oy (z), corresponds to dyy(2).

For a given X C R", the closure of the set X is denoted by cl X, the indicator func-
tion of X, denoted by 6y, is defined as 6y(x) = 0 if x € X and 6y(x) = oo if x & X.
Moreover, the normal cone of X at a point x € X is denoted by

Ny() 1= {ue R™ : (u,xX' —x) <0,Vx' € X} = 05x(x).
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2 A general descent framework

As discussed in Sect. 1, all the penalized subproblems (see (1.2)) that arise dur-
ing the execution of the QP-AIPP method, as well as the R-QP-AIPP method, are
of the form (1.4). Hence, efficiently obtaining a solution of (1.4) is of paramount
importance for both the QP-AIPP and R-QP-AIPP methods. While the QP-AIPP
method uses the AIPP method to solve (1.4), the R-QP-AIPP method uses the
R-AIPP method which will be discussed in Sect. 4. The discussion of this section (as
well as Sect. 3) will essentially pave the way towards the presentation of the R-AIPP
method.

More specifically, this section presents and analyzes a GD framework for solv-
ing (1.4) that makes use of a black box (see step 1 of the GD framework below). In
addition, it describes: the assumptions and relevant quantities underlying problem
(1.4), the notion of approximate stationary point of (1.4) adopted in this section and
Sect. 4, and the relationship between the GD framework and the GIPP framework of
[15], of which the AIPP method is an instance of.

Our problem of interest in this section and Sect. 4 is (1.4) which is assumed to
satisfy the following assumptions:

(A1) h e Conv(R"),
(A2) gisanonconvex differentiable function on dom / and there exist a scalar M > 0
such that

IVg(w) — Vg@)Il < Ml|lu—z|| Vu,z € domh; .1
(A3) ¢, > —co.

In addition, the analysis in Sect. 4 makes use of the quantity
m = inf{m ER,, g > fg(u;z) - %”u —z||2 Yu,z € domh}, 2.2)

which is positive in view of assumption (A2). While it is generally difficult to
compute the above quantity, it is well known that assumption (A2) implies that
m € (0, M]. Moreover, it is shown in Proposition 4.2 below that the smaller m is, the
better the iteration complexity of R-AIPP method in Sect. 4 becomes.

It is well-known that a necessary condition for z* € dom % to be a local minimum
of (1.4) is that z* be a stationary point of ¢, i.e., 0 € Vg(z*) + dh(z*). A relaxation
of this inclusion leads to the following definition of an approximate stationary point
of (1.4): given a tolerance p > 0, a pair (Z, ¥) is said to be a p—approximate stationary
point of (1.4) if

v € Vg(2) + 0h(2), Il < 5. (2.3)

Given a general quadruple (4,z7,z,v) € R, X R" x domh x R”", the following
simple refinement procedure shows how to obtain a pair (Z, V) satisfying the inclu-
sion in (2.3) with a technically useful bound on the residual ¥ (see Proposition 2.1
below)
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Refinement procedure.

Input: a scalar M > 0, a pair of functions (g, h) satisfying assumptions (A1) and (A2), and a quadruple
(A z7,2,0) € Ryy X R" x domh x R™;

Output: a triple (2,9, A) € domh x R™ x R, 4 satisfying (2.8);
(0) set

My =AM +1, fr:=Ag+ %H 2P = (v, ha = AR (2.4)
(1) compute
2 i argauin { (V132 u =)+ = 217+ o)} (2)
0= 5 [0+ 2 =)+ My(s — 2)] + Vg(2) - Vg(2) (26)
A= (fa+ha)(2) = (fa + ) (2); (2.7)

(2) return the triple (2,9, A).

For the sake of brevity, we write (Z, 7, 4) = RP(4,77,z,v) to indicate that the tri-
ple (Z, ¥, 4) is the output of the above refinement procedure with inputs M, (g, #), and
(4,77,z,v). We now state an important property of this procedure, whose proof can
be found in “Appendix A”.

Proposition 2.1 Let a pair of functions (g, h) satisfying (A1)-(A3) and a quadru-
ple (A4,z7,z,v) € R, X R" x domh X R" be given and let (2,9, A) = RP(4,77,2,V).
Then, A > 0 and

D e Vgl +0h@), APl <Iv+z —zll +2v/2M,4 2.8)

where M, is as in (2.4).

The above proposition shows that the pair (2, ), computed as in (2.5) and (2.6),
clearly satisfies the inclusion in (2.3) and that the quantity A||9|| has an upper bound
expressed in terms of the two quantities: ||v + z~ — z|| and 1/M, A. Given a tolerance
p > 0, it will be shown in Proposition 2.2 below that the GD framework stated next
generates a sequence of iterates { (4, z, ;) } whose corresponding refined sequence
{ (%, ;) ) obtained as (2, V) = RP(A, 24—y, % V) for every k > 1yields a p—approxi-
mate stationary point of (1.4).
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GD framework.

Input: a scalar M > 0, a function pair (g, h) satisfying assumptions (A1)—(A3), an initial point zg € domh,
and a scalar pair (6,7) € R% ;

(0) set ¢:=g+hand k=1;
(1) find a triple (g, 2k, vi) € Ry x domh x R™ such that its corresponding refined triple

(Zk, Drs Ak) = RP(Ag, 21, 2k, Vk)
satisfies

ok + zr—1 — 21]|? < ONk[p(26-1) — D(21)], (2.9)
2 (MM +1) Ay < 7ok + 261 — 211 (2.10)

(2) set k=k+ 1 and go to step 1.

We now make three remarks about the GD framework. First, no termination cri-
terion is added to the GD framework so as to be able to discuss convergence rate
results about its generated sequence. A discussion of how to terminate it is given
after Proposition 2.2 below. Second, step 1 should be viewed as an oracle in that it
does not specify how to compute the triple (4, z;,v;). Third, Corollary 2.5 below
shows that if the stepsize 4, is chosen so that the prox subproblem (1.6) is a strongly
convex composite problem, i.e., 4, € (0,1/m) where m is as in (2.2), the point z, is
chosen as its unique optimal solution, and v, is set to zero, then the triple (4, z;, v;)
satisfies (2.9) and (2.10) with § = 2 and 7 = 0. Thus, when (0, 7) € [2, o) X [0, c0),
we conclude that: (i) there always exists a triple satisfying (2.9) and (2.10); and, (ii)
the GD framework can be viewed as an IPP method. Fourth, the R-AIPP of Sect. 4,
being a special instance of the GD framework, can also be viewed as an IPP method
which chooses (8, 7) in the open rectangle (2, o) X (0, o0) and applies an ACG vari-
ant, such as the one described in Sect. 3, to problem (1.6) in order to obtain a triple
(A 2> vy) satistying (2.9) and (2.10).

The following result shows an important property about the sequence of iterates
{4 2 V) 1

Proposition 2.2 The sequences of stepsizes { A, } and iterate pairs {(Z;,V,)} satisfy

% € Vg(&) + o), min 19,11 < 9(1 + 2ﬁ)zw, (2.11)
Jor every k > 1, where A, := Zle A
Proof Let k > 1 be fixed. The inclusion in (2.11) follows from Proposition 2.1 with
(2,7) = (&, ;) and the definitions of 2, and ¥, in step 1 of the GD framework. To

show the inequality in (2.11), first observe that (2.9) and the definition of ¢, in (1.4)
implies that
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k k
$e) = 9> Tl ) = 9l = 3 SAL zfr}gg—llv =5l

(2.12)
Now, let i>1 be arbitrary. In view of step 1 of the GD framework
we have (Z,V;,4;) =RP(4;,z,_1,%,v;). Hence Proposition 2.1  with
A7, z,v, ) = (4,212 v;» ¥;) and (2.10) with k = i imply that
N Vi + 21 = zill
I < (1+2v/7 ) =, @13
The inequality in (2.11) now follows by combining (2.12) and (2.13). O

We now make three remarks about the GD framework in light of Proposition 2.2.
First, if the GD framework stops when a pair (2, 9;) such that ||9,|| < 5 is found,
then it follows from (2.3) and the inclusion in (2.11) that (Z,,V,) is a p—approxi-
mate stationary point of (1.4). Second, if the sequence of stepsizes {4;} satisfies
lim,_, , A; = oo, then it follows from the inequality in (2.11) and assumption (A3)
that the GD framework indeed stops according to the above termination criterion.
Third, (2.11) indicates that the larger the stepsizes A, are, the faster the quantity
min,, ||¥;|| approaches zero.

For the remainder of this section, our goal is to show that the GD framework can
be seen as a relaxation of the GIPP framework studied in [15]. The proof of this fact
is not essential in establishing any results pertaining to the R-AIPP method in Sect. 4
or the R-QP-AIPP method in Sect. 5 and may skipped without any loss of continuity.

Recall that, for a given z, € dom# and o € [0, 1), the GIPP framework in [15]
considers a sequence {(4;, Z;, Vi, £,)} € R, X dom ¢ X R" X R satisfying

1
v €0, (A 3 —2t )@, Il + 26, < ol + 2, - 2P,
(2.14)

for every k > 1. We now state a simple technical result which will not only be used
in this section but also later in the analysis of the R-ACG algorithm (see Sect. 3).

Lemma 2.3 Assume thate > 0 and (4,z77,z,v) € R, X R" x dom h X R" satisfy
Ve 06</1¢+%II : —Z_||2>(z). 2.15)
Then, the quantity A defined in (2.7) satisfies A < e.
Proof Let (2, A) be computed as in (2.5) and (2.7). It follows from (1.8) and (2.15) that
2p(Z) + %”Z/ 717> 1) + %Ilz 7P+ —z)—¢ VI eR"

Considering the above inequality at the point 7/ = 2, along with some algebraic
manipulation, we have
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e2 [19@+ Sllz- I - .2)] - [Ad@ + J12 -7 P - (5] = 4

where the last equality is due to the definitions of ¢ and A4 given in (1.4) and (2.7),
respectively. O

The following result shows the relationship between the GIPP framework of [15]
and the GD framework of this section.

Proposition 2.4 If, for some z;,_; € domh, constant ¢ € [0, 1), and index k > 1, the
quadruple (A, 2, v, €;) satisfies (2.14), then (A, z;, v;) satisfies (2.9) and (2.10) for
any 0 > 2/(1 — o) and © > c(4,M + 1). As a consequence, if sup{4; : k> 1} < oo,
then every instance of the GIPP framework is an instance of the GD framework for
any (0, 7) satisfying

0> —2— > sup (oM +1) k> 1} (2.16)
(02

Proof The proof that (4,z,v,) satisfies (2.9) with 6 =2/(1 — 6) can be found
in [15, Proposition 5(a)]. Now, let kK > 1 and observe that from Lemma 2.3 with
A, 77,2,v) = (A, Z4—1- % V) and € = g, we have A < ¢,;. It follows from the last
inequality and the inequality in (2.14) that 24 < o||v, + z;_, — z||>. Combining
the previous inequality with the assumption on 7 now shows that (4, z;, v;) satisfies
(2.10). The second part of the proposition follows immediately from the first part
and condition (2.16). O

The above proposition shows that if {4,} is bounded and the parameter triple
(0,0, 7) satisfies (2.16), then the condition for finding an iterate (4, z, v;) in the GD
framework is more relaxed than the condition for finding an iterate (4, 2, Vi, €)
in the GIPP framework. As a consequence, under the conditions in (2.16), an opti-
mization algorithm (such as the R-ACG algorithm of Sect. 3) applied to (1.6) is
expected to find the triple (4, z;, v;) for the GD framework faster than the quadruple
(Ag» Zgs Vi €) for the GIPP framework.

The following corollary justifies the third remark following the GD framework.

Corollary 2.5 Let z,_, €domh and A, €(0,1/m) be given, where m
is as in (2.2). Then, (1.6) has a unique global minimum z, and the triple
(A 2o Vi) € R, X dom h X R" where v, = 0 satisfies (2.9) and (2.10) with 6 =2
andt = 0.

Proof The existence and unique uniqueness of z; follows from the fact that
¢ + || - =z l|*/ 4, is strongly convex. Moreover, the fact that z, is the unique global
minimum of (1.6) implies that the quadruple (4, z, vy, &), where (v, g;) = (0,0),
satisfies (2.14) with ¢ = 0. The conclusion of the corollary now follows immediately
from the first part of Proposition 2.4 with ¢ = 0. O
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3 Arelaxed accelerated composite gradient algorithm

This section presents and analyzes an ACG variant, namely, the R-ACG algorithm,
which is used as an important tool in the development of the R-AIPP method of
Sect. 4. More specifically, the R-AIPP method can be viewed as a special instance
of the GD framework where step 1 is implemented by repeatedly calling the ACG
variant of this section.

Before describing the variant, we consider its assumptions as well as the problem
that it solves. First, we describe the aSSuILlpti(ElS. LQ ¢ : R" - (—o0, 0] be given
and assume that it can be decomposed as ¢ = ¢® + ¢ where:

(B1) ¢ & Conv(R"); N B
(B2) ¢V is a differentiable function on dom ¢ such that for some M > 0,

¢~>(5)(u) < Cry(ux) + %/Illu — x> Vu,x € domy™.

7o
We now describe our problem of interest in this section.
Problem A: Given 5 : R" - (—o0, +00] satisfying the above assumptions, a point

Xp € R, and a pair of parameters (0, 7) € (2, ) X (0, o), the problem is to find a
triple (x, u, 77) € R" X R" X R, such that

Iy = -+ ul® < 0] Bxg) = B, G.1)

~ 1 ~
u€6,1<¢+§||-—x0||2)(x), 2<M+l>11$1||x0—x+u||2. 3.2)

The following simple result shows how the ability to solve Problem A allows us to
implement the “step 17 oracle in the GD framework.

Proposition 3.1 Assume that ¢ = g + h satisfies conditions (Al) and (A2), and let
Zk—1 € domh be given. Then the following statements hold:

(a) if (x, u) satisfies (3.1) with (¢, M, x,) = (A, AM, z,_,) for some A > 0, then the
triple (A, 2., vi) = (4, x, u) satisfies (%91;

(b) if(x,u,n)solves Problem A with input (¢, M, x) = (Ap, AM, z,_,) for some A > 0,
then the triple (A, 7, vi) = (4, x, u) solves step 1 of the GD framework.

Proof

(a) Assume that (x, u) satigﬁes (3.1). It follows from the fact that (4, x, u) = (A, 2, v;)
and the definition of ¢ that

leicr = 2+ vl < 0[Blai) = B = 04 oz ) - bz
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and thus the triple (4, z;, v;) satisfies (2.9).

(b) Assume that (x, u, n) satisfies (3.2) and define € :=#xand (z7,z,v) := (xg, X, u).
Moreover, let A be computed as in (2.7) with £ as in (2.5). It follows from
Lemma 2.3, the definition of ¢, the fact that # = ¢, and the inclusion in (3.2)
that 4 < 5. Using the inequality in (3.2) and the fact that (xg, x, u) = (Z4_y, Z V¢)
gives2(M + DA< 7|z — z + v.||? and thus the pair (z;, v;) satisfies (2.10) in
view of the definition of M. As a consequence, the triple (4, 7, v;) solves step 1
of the GD framework. a

The R-ACG algorithm presented below, which is a modified ACG variant
for minimizing the function yw := ¢ + || - —x,||?>/2, solves Problem A under the
assumption that y is convex (see Proposition 3.2(c) below). As a consequence, it
can be used to implement step 1 of the GD framework whenever 4, is sufficiently
small. More specifically, since A,¢ + || - —z;_,||?/2 is clearly convex whenever A,
is chosen in (0, 1/m], vlhere m is as in (2.2), we can use the R-ACG algorithm to
solve problem A with ¢ = A;¢ and x; = z;_;, and hence the “step 1” oracle in the
GD framework in view of Proposition 3.1(b). In fact, the AIPP method developed in
[15] is an instance of the GIPP framework (and hence an instance of the GD frame-
work) in which, given an upper bound m on m, it chooses 4, = 1/(2m) for all k and
in which step 1 is implemented with a single call to the R-ACG algorithm presented
below.

However, our main goal in this paper is the development of an instance of the GD
framework which aggressively chooses A, (possibly) much larger than 1/m since,
according to Proposition 2.2, this strategy can potentially reduce its number of itera-
tions. In this regard, the R-ACG algorithm presented below accepts as input a func-
tion d) of the form d) A for some A > 0 in which d) + || - =x,1I?/2 is not necessar-
ily convex, and terminates with either failure or by finding a triple (x, u, ) satisfying
(3.1) within O(M/2 log;r M) iterations (see statements (a) and (b) of Proposition 3.2
below). Clearly, in the second case, the triple (4, z;, v;) = (4, x, u) is guaranteed to
satisfy (2.9) but not necessarily (2.10) (see Proposition 3.1(a)). If (2.10) is satisfied
then the R-ACG algorithm clearly provides a solution of the “step 1” oracle of the
GD framework; otherwise, the stepsize A is considered large. The R-AIPP method of
Sect. 4 is an instance of the GD framework which attempts to provide a solution of
its “step 17 oracle in this manner and adaptively reduces A whenever it is found to be
large.
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R-ACG algorithm.

Input: a scalar M > 0, a function pair (J;(S),$(n)) satisfying assumptions (B1) and (B2), an initial point
zo € dom ¢, and a pair of parameters (6,7) € (2,00) x (0, 00);

Output: a triple (z,u,n) € dom &M x R x R, satisfying (3.1) or a failure status;
(0) set yo =z, Ao =0, I =0, j =1, and define

& , L () Ty 4 L (s n
P =g + L —zol?, M =g 4 ik —zol?, =9+, (3.3)

L:=M+ W= = (3.4)

(1) compute

pAj1 + 1+ \/(MA.i—l +1)2 4+ 4L(pAj 1 + 1A

Aj=A; 1 + = , 3.5
J j—1 oL (3.5)
~ A Aj— A, A, Ai— A B
Ty = ;1] Tj1 + #y,-,l, I= /J_l] Tjo1+ %iw(~,xﬁl), (3.6)
H n 1 b
yj = argmin {Fj(!/) + M (y) + JHU - Z/OHZ} ) (3.7)
y J
A, A — A,
xj = ;1] T+ L AjJ Yj (3.8)
and set
s
uj = y()A—_JJ: 7j = max {W("Lﬂ = T(y;) — ™ (yy) = (uy, a5 — .UJ>70} ; (3.9)
j
(2) if both inequalities
[ 45u; + 25 — zol|* + 24;m; < |lz; — ol?, (3.10)
P(xo) = (@) + (uj, w0 — 25) =15, (3.11)
hold, then go to step 3; otherwise, stop with failure;
(3) if both inequalities
2 (]\7+ 1) n; < 7llwo — zj + u 2, (3.12)
o = a; + | < 0 [9lwo) = o) (3.13)

hold, then return (z,u,n) = (x;,u;,n;); otherwise, increment j = j + 1 and go to step 1.

Some comments about the above algorithm are in order. First, step 1 is essen-
tially a standard step of an ACG variant (see, for example, [13, 15]) applied to the
problem min{(;(x) + [lx = xo|I?/2 : x € R"} with the exception that it also com-
putes in (3.9) the quantities ; and ; which, together with x;, determine the termi-
nation criteria for the method. Second, it is shown in [15, Lemma 9] that a sim-
plified version of the above algorithm, namely, one that does not include the two
tests performed in step 2 and stops whenever the inequality in (2.14) is satisfied
with (z4_y, 2, Vi €4) = (X, X;, 45, 17;), implements step 1 of the GIPP framework in
[15]. Finally, it is well-known (see, for example, [13, Proposition 2.3]) that the
scalar A; updated according to (3.5) satisfies
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. 2(-1)
1 7 < ;4) .
A > —maxq —, (1+4/—= Vi > 1. 3.14
"L {4 VaL G119

The next result establishes the iteration-complexity bound and some properties of
the R-ACG algorithm.

Proposition 3.2 The R-ACG algorithm satisfies the following statements:

(a) it stops (either with success or failure) in at most

[1 + <2m> log; (|28 +1 )] (3.15)

iterations, where

2
~ 2
M+1 [ 0
C:= 1 , |1 — ; .
max + - l + 0—2] (3.16)

(b) if it stops with success then its output (x, u, n) satisfies

llxg — x + ull* < 0[$(x0) - $(x)]; (3.17)

(c) ifcz(“) + || - =xolI?/4 is convex then it always terminates with success and its
output (x, u,n) solves Problem A.

Proof

(a) See “Appendix 2”.

(b) This follows from the fact that when the R-ACG algorithm stops with success,
the last iterate (x, u) = (x;, ;) satisfies (3.13). _

(c) It follows from [15, Proposition 8(c)] that if ¢ + || - —x,||*/4 is convex, then
the itgate (x;, u{ r]j,Aj) satisfies (3.10) and the inclusion
u; € dnj(d) + I - =x0lI*/2)(x;) for every j > 1. Hence, since the aforementioned
inclusion and the definition of y in (3.3) imply (3.11), we conclude that the
R-ACG algorithm does not terminate with failure (see step 2). As a consequence,
it follows from statement (a) that it must terminate with success. It then follows
from the previous inclusion, and the fact that the last iterate (x, u, ) := (xj, u;, nj)
satisfies (3.12), that # fulfills (3.2). O
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4 A relaxed accelerated inexact proximal point method

This section states and analyzes a relaxed variant of the AIPP method proposed in
[15], namely, the R-AIPP method, for computing an approximate stationary point of
(1.4) asin (2.3).

The R-AIPP method stated below is an instance of the GD framework which
implements its step 1 by repeatedly invoking the ACG variant in Sect. 3 and thereby
generates the method’s iteration sequence. More specifically, if z,_; denotes the pre-
vious iterate in the GD framework and 4 := 4, then the R-ACG algorithm is invoked
to attempt to solve Problem A with curvature M, function pair (qb(s) ¢(”)) and initial
point x; given by

M=M, ¢¥=1ig " =2ih xy=2_,

If it succeeds, it obtains a pair (x, #) which will satisfy condition (3.1) of Problem
A. Consequently, if the triple (4, z;, v;) = (4, x, u) satisfies (2.10), then it is a solu-
tion of step 1 of the GD framework. If the R-ACG algorithm declares failure or the
triple does not satisfy (2.10), then the stepsize 4 is reduced and the above procedure
is repeated.

R-AIPP method.

Input: a tolerance p > 0, a scalar M > 0, a function pair (g, h) satisfying assumptions (A1)-(A3), an initial
point zg € dom h, a scalar A\g > 0, and a pair of parameters (0, 7) € (2,00) x (0, 00);

Output: a pair (2,9) € domh x R" satisfying (2.3);

(0) set A=Xp and k= 1;

(1) apply the R-ACG algorithm to Problem A in Section 3 with inputs M, (¢(*), $(™), 20, and (6, 7), where
M :=XM, &®) :=xg, ™ :=Ah, mo:=zp_1; (4.1)

if the R-ACG algorithm stops with failure then set A = A/2 and repeat this step; otherwise, let (z,u,n)
denote its output triple and go to step 2;
compute (2,9, A) = RP(\, zx—1,z,u) through the refinement procedure; if

—
L&)
=

200M +1)A > 7ju+ 21 — =%,
then set A = A/2 and go to step 1; otherwise, set
Mgy 2k oK) = (N, 2,u), (B, 0x) = (2,0),

and go to step 3;

(3) if ), satisfies

=

loll < . (4.2)

then return (2,9) = (24, 9x); otherwise, increment k = k + 1 and go to step 1;

We now give some comments about the above method. First, it performs two
types of iterations, namely, the outer iterations which are indexed by k and the
inner ones which are performed by the R-ACG algorithm every time it is called
in step 1. Second, if the call to the R-ACG algorithm in step 1 does not stop with
failure then, by Proposition 3.2(b), the triple (x, u,#) output by the R-ACG algo-
rithm together with the stepsize A will satisfy (3.17) where ¢ = A(g + h). Hence, by
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Proposition 3.1(a), the triple (4, z., vk)N: = (4, x,u) will satisfy (2.9). If 4 is also not
halved in step 2 then the definition of M and Proposition 3.1(b) imply that the triple
(A, 24 vy) also satisfies (2.10). As a consequence, a single iteration of the R-AIPP
method implements step 1 of the GD framework. Third, the termination condition
(4.2) and Proposition 2.1, with (4,27, z,v) = (A, Z4_1, - V), imply that the required
solution, i.e., a pair (2, ¥) satisfying (2.3), is obtained when the R-AIPP method ter-
minates. Fourth, since the R-AIPP iterates implement step 1 of GD framework, and
the sequence {4} is bounded below (see Lemma 4.1(b) below), Proposition 2.2
implies that the sequence {¥,} generated by the R-AIPP method has a subsequence
approaching zero, and thus the method must terminate in step 3. Fifth, although the
R-AIPP method does not necessarily generate proximal subproblems with convex
objective functions, it is shown in Proposition 4.2 below that it has an iteration-
complexity similar to that of the AIPP method of [15]. Finally, in contrast to the
aforementioned AIPP method, the R-AIPP neither requires an upper bound on the
quantity m in (2.2) as part of its input nor does it place any restriction on the initial
stepsize 4.

Each iteration of the R-AIPP method may call the R-ACG algorithm multiple
times (possibly just one time). Invocations of the R-ACG algorithm that stop with
success are said to be of type S while the other invocations are said to be of type
O. Let K (resp., K)) denote the total number of R-ACG calls of type S (resp., type
0). The following technical result provides some basic facts about K, K, and the
sequence of stepsizes {1, }.

Lemma 4.1 The following statements hold for the R-AIPP method:

(a) if the stepsize A; < 1/(2m) for some k > 1, then every iteration k > k is of type
S and, as a consequence, A;, = A for every k > k:

(b) K, can be bounded as 2% < max{1,4A,m};

() {A}is non-increasing and satisfies 1/ 4, < max{1/4y,4m} forall k > 1.

Proof

(a) Since A; < 1/(2m), the definition of m in (2.2) implies that A + || - =z, I1?/2is
convex, where ¢ is as defined in (4.1) with A := A;. Hence, Proposition 3.2(c)
together with Proposition 3.1(b) imply that step 1 and step 2 do not halve 4
at the k'™ iteration, which is to say that this iteration is of type S. Since {4, } is
clearly nonincreasing, the same conclusion holds true for every iteration k > k.
Moreover, as A is not halved for subsequent iterations following k, it follows that
A, = Az for every k > k.

(b) Using the fact that immediately before each iteration of type O, the stepsize A
is halved, we see that the condition A; < 1/(2m) in part (a) would eventually be
satisfied for some iteration k > 1, and hence K, is finite. Now, note that if K, = 0
then the inequality in part (b) follows immediately. Assume then that K, > 1.
It now follows from part (a) and the definition of K,, that 4,/2%0=1 > 1/(2m),
which clearly implies the inequality in part (b).
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(c) The first statement follows trivially from the update rule of 4, in the R-AIPP
method. Now, note that the definition of K, together with the update rule for 4,
imply, for every k > 1, that A,/2%e < 4,. The inequality in part (c) then follows
from the inequality in part (b).

O
In view of Lemma 4.1(a), choosing an initial stepsize A, satisfying 4, < 1/(2m)
results in an R-AIPP variant with constant stepsize, which resembles the AIPP
method described in [15].
The next proposition presents a worst-case iteration complexity bound on the
number of inner iterations of the R-AIPP method with respect to the inputs M, 4,
and z, the quantity m in (2.2), and the tolerance /.

Proposition 4.2 Defining &, := max{1/A,,4m}, the R-AIPP method outputs a p
—approximate stationary point (Z,9) of (1.4) in at most

(’)(\/M +& lw + \//TO] log (49[M + &) )) 4.3)

inner iterations.

Proof Let TIg (resp. TI,) denote the total number of inner iterations performed
during all calls of type S (resp. type O) (see the paragraph preceding Lemma 4.1).
Clearly, the total number of inner iterations is TI := TI; + TI,,. We now bound each
one of the quantities TIg and TI,, separately by using the fact that assumption (A2),
(4.1), and Proposition 3.2(a) imply that the number of inner iterations performed
during each call to the R-ACG algorithm is bounded by

|2v22m + Tog; (ci2am + 1),

where A is the value of A just before the call and C is as in (3.16) with M= M.

We first consider TI,. Note that Lemma 4.1(b) implies that K, is finite.
Since TI, =0 when K, =0, we may assume without loss of generality that
K, > 1. Note that the values of A just before the K, calls of type O are exactly
Aos Ao/ 2 . s Ag/2K0~1 Hence, we conclude that

246M 24,M
T10<22( 0 +1>1og1+<c[2£1 +1]>

Lol [240(M +&))
2i-1

<2 log} (2CAo[M + &)])

i=1

<2(2+V2)\/240(M + &) log] (2C20[M + &),
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where the second inequality is due the fact that Lemma 4.1(b) implies
2171 < 2Ko=1 < 2 )&, for every i < K,
Thus, we obtain

Tl, = 0( Ao(M + &) log! (Ag[M + &) )). (4.4)

We now bound TI. Suppose that K > 1 and observe that the termination criterion
(4.2) is not satisfied in the first K¢ — 1 iterations. Since the R-AIPP method is an
instance of the GD framework, it follows from Proposition 2.2 that

2 [(z0) — ¢,]
PICRPS

Using the fact that Lemma 4.1(c) implies 1/4; < max{1/4y,4m} = &) and 4; < 4,
for every j > 1, we obtain

K; Ky
TIg < 2; (/M + 1) log (C[4M + 1]) < 2; (/4 +&0) ) log (CAIM +&1)

7 < min 517 <0(1+2v7) 45

K1
<2 M+.§0< —L 4 /IKL>log(C/10[M+§O])

K -1

<2/M+§ [@( D Aj> + \//TO] log (CAoIM + &)

J=1

<2 M+§0[ <1+2\/_> M+\/To] log (CAg[M + &),

Hence, we conclude that

TI, = O<\/m lw + \/,1_0] log? (4o[M + fo])) (4.6)

It can be easily seen that the bound in (4.6) trivially holds when Ky < 1in view of
the last term in it. Indeed, to prove this, just assume that Z /1 = 0 in the above
argument bounding TI;. Now, since TI = TI,, + TIj, the bound in (4.3) follows by
adding (4.4) and (4.6).

The last statement of the proposition follows due to Proposition 2.1 and the ter-
mination condition in step 3 of the R-AIPP method. O

Observe that, unless 4, is large or m is small, the first term in (4.3) dominates the
second one.

The numerical experiments in Sect. 6 consider three variants of the R-AIPP method,
two of which are R-AIPP instances with different choices of A,. More specifically,
given an upper bound m on m, one of the R-AIPP instances chooses 4, = 0.9/(2m)
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while the other one chooses A, = 1. For the problem instances considered, the former
choice of 4 is relatively small, while the latter choice is relatively large.

We now end this section by discussing some possible choices of the initial step-
size Ay and how the corresponding R-AIPP instances compare to the AIPP method
of [15]. First, the AIPP method requires knowledge of an upper bound m on m such
that m = O(M), and, as a consequence of a more general iteration complexity bound
derived in [15, Corollary 14], its inner iteration complexity can be shown to be

o( = ()])

Now, if m as above is also known to the R-AIPP and the input 4 is set to 1/(4m),
then its inner iteration complexity (4.3) reduces to

{2 i) s

which is the same as (4.7) up to a logarithmic factor. On the other hand, if A is cho-
sen so that 1 /4, = O(m) then (4.3) reduces to

o Vi Lt g ). o

whose dominant first term is as good as the dominant first term in (4.7) whenever

Vmlog! (AoM) = O(y/m).

5 Arelaxed quadratic penalty AIPP method

This section presents the R-QP-AIPP method for solving a class of line-
arly—set—constrained nonconvex composite optimization problems. Similar to the
QP-AIPP method of [15], the R-QP-AIPP method is a quadratic penalty—based
method that solves a sequence of penalized subproblems, for increasing values
of the penalty parameter, using the R-AIPP method of Sect. 4. The section con-
tains two subsections. The first one describes the main problem of interest, its
underlying assumptions, and the notion of a corresponding approximate station-
ary point which R-QP-AIPP method will provably obtain, and briefly outlines a
cold-started quadratic penalty—based method for obtaining such a point. The sec-
ond one presents a warm-started quadratic penalty—based method, namely, the
R-QP-AIPP method, for obtaining the desired stationary point and establishes its
ACG iteration complexity.
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5.1 The linearly-set-constrained problem

This subsection describes the main problem of interest in this section, namely,
the linearly—set—constrained nonconvex composite optimization problem (5.1), its
underlying assumptions, and a notion of an approximate stationary point of it.
Moreover, it describes the quadratic penalty subproblem (parameterized a penalty
parameter) associated with (5.1) and discusses the relationship between their cor-
responding approximate stationary points. It then outlines a (static and dynamic)
cold—started quadratic penalty—based method and its corresponding iteration-
complexity bound, which turns out to be larger than that of the QP-AIPP method
of [15].

The main problem of interest for this section is the linearly—set—constrained
nonconvex composite optimization problem

@* :=min{p(2) :=f(@)+h(z) : Az€ S, z € R"}, (5.1
where closed convex set S C R”, linear operator A : R" —» RP, and functions

foh @ R" > (—o0, 00], satisfy the following assumptions:

(C1) h € Conv(R") and its diameter
D, :=sup{llz—7| : z,Z € domh} (5.2)

is finite;

(C2) A#0and F :={z€domh : Az € S} # §;

(C3) fis anonconvex differentiable function on dom 4 and there exist a scalar L > 0
such that

IVf(2) = Vil < Lliz —ull  Yu,z € dom h; (5.3)

(C4) ¢; :=inf{p(z) : z€ R"} > —oco.

We make two remarks about the above assumptions. First, Lemma 1 in “Appen-
dix 3” shows that (C1), (C3), and the additional assumption that f be lower semi-
continuous on cl(dom /) imply (C4). Second, denoting m as the quantity (2.2)
with g =f, assumption (C3) implies that m € (0, L]. Moreover, it is shown in
Theorem 5.3 below that the smaller m is, the better the iteration complexity of the
R-QP-AIPP method becomes.

We now discuss a notion of approximate stationary point for (5.1). Clearly,
(5.1) is equivalent to the problem

min {f(z) + h(z) : Az—s=0,s €S, z€ R"}. (5.4

Moreover, a necessary condition for a point (Z,5) € domh X S to be a local mini-
mum to the above problem is that there exists a multiplier § € R? such that

0 € VF2) +0h() +A*q, A2—3=0, €N, 3eS. 5.5)
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Given a tolerance pair (5, 7) € R?2 ,, a triple ([2,3]1,4,9) € [dom & X S] x R? X R" is

said to be a (p, #)}—approximate stationary point of (1.1) if it satisfies

Ve V@) +oh2)+A%q, Pl <p l[AZ-53]1 <7, geN«5), S§e8.
(5.6)
Clearly, a (p, fj)—approximate stationary point ([Z, 5], g, V) of (5.1) when (5, /) = (0, 0)
means that the pair (Z, §) and the multiplier g satisfy (5.5).
We now describe the quadratic penalty subproblem (parameterized by a pen-
alty parameter) with respect to (5.1). Defining the quadratic penalty function
ps t RV > R, as

ps) = 3l = MW 5.7)

where
II(x) := arg min{|lu —x|| : u € S} (5.8)

for every x € R, the quadratic penalty subproblem parameterized by a penalty
parameter ¢ > 0 with respect to (5.1) is

@' :=min{p.(2) 1= @) +c-ps(Az) : z€ R"}. (5.9)

We now make four remarks regarding (5.9). First, (1.3) is an instance of (5.9) in
which § = {b}. Second, when ¢ = 0, the optimal value of (5.9) coincides with ¢ in
(C4), and hence there is no abuse of notation made here. Third, it is easily seen that

P 22" Y>>0, (5.10)

where ¢* is as in (5.1). Finally, (5.9) is a penalty subproblem involving only the
original variable z of formulation (5.1) rather than the one associated with (5.4)
(constructed as in Sect. 1 with Az = b replaced by Az — s = 0), which involves the
pair of variables (z, ).

The following result shows how a p—approximate stationary point of (5.9)
yields a (p, 7j)—approximate stationary point of (5.1) when the penalty parameter ¢
is sufficiently large.

Proposition 5.1 Let (p,#) € ERL and ¢ > 0 be given and suppose that (Z,V) is a p
—approximate stationary point of (5.9) as in (2.3) with g = f + ¢ - (pg0A). Moreover,
let m be as in (2.2) with g = f and define

g, i=f+c-(pgoA), M, :=L+c|A|> (5.11)
31=MgA2), §:=c(Az—5), T :=2(¢" - +pD,) +mD:, (5.12)

where @* and (pg are as in (5.1) and (C4), respectively. Then, the following state-
ments hold:
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(a) foreveryu,z € domh, the pair (g, M) = (g., M) satisfies (2.1);
(b) the triple ([2, 51, g, V) satisfies the inclusions and the first inequality of (5.6) and

Cian ~ * N R 1
142 =31I* < @" — @) + pD, + 3 (mD}); (5.13)

(c) if, in addition, the penalty parameter c satisfies

I

¢z, (5.14)

=>

then ||AZ — 5|| < 7, and hence ([Z,5], g, V) is a (g, #)-approximate stationary
point of (5.1).

Proof Throughout this proof, we will make use of the well known fact (see, for
example, [1, Theorems 6.39 & 6.60]) that pg is convex, differentiable, its gradient
is 1-Lipschitz, and, for every x € R?,

Vps(x) = x — Ig(x) € Ng(IT5(x)). (5.15)

(a) This follows immediately from the definition of g, in (5.11), assumption (C3),
and the fact that Vpg is 1-Lipschitz continuous.

(b) Using the definitions of § and § given in (5.12), and the fact that (5.15) at x = AZ
implies ¢Vpgy(AZ) = g, observe that: (i) cV(pgoA)Z = cA*Vpy(AZ) = A*G; and
(ii) g € Ny(8). It now follows from the definition of a j—approximate stationary
point of (5.9) with g = f + ¢ - (pgoA) and the previous observations that

D € VFR) + 0h(2) + cV(pgoA)z = VF(2) + 0h(2) + A*q

CVIG) +0h() +AN,G). 1O

Hence, with the additional fact that ||D|| < p from (2.3), it follows that the
inclusions and first inequality of (5.6) hold. Next, observe that the convexity of
ps and the first inclusion in (5.16) imply that ¥ € Vf(2) + 0[h +c- (pSoA)] @
or equivalently,

h(u) + ¢ - pg(Au) > h(Z) + ¢ - ps(A2) + (9 — Vf(Q),u—2) Vue dor?sh.”)
Considering (5.17) at any u € F and using the fact that pg(Au) = 0 for any
u € F, the definition of m in (2.2), and the definitions of pg and §, we conclude
that
§||A2 — 3112 < h(u) — h(Z) + (VF@),u—2) — (D, u—2)
A N A 1 A
<M =+ D@ + 9l = 2l + 5 (mllu = 2117)
A 1
< @) = @(&) + pD, + 5 (mDy).

Taking the infimum over u € F immediately implies (5.13).
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(c) Using (5.14), the fact that p(2) > ¢ , and the definition of 7, it follows from part
(b) that

1

142 = 51> < = [2(¢" - @y + pD,) +mD}] = = < 72,

)

O

In view of the above proposition, we now outline a static penalty method for
obtaining a (p, #j)-approximate stationary point of (5.1). First, let z, € dom#Z be
given and select a penalty parameter ¢ = O(/7~2) satisfying (5.14). Second, obtain
a p—approximate stationary point (Z, 7) of (5.9) using the R-AIPP method of Sect. 4
with starting point z, and inputs M = M_ and (g, h) = (g., h), which satisfy assump-
tions (A1)—(A3) in view of Proposition 5.1(a) and assumptions (C1) and (C3).
Finally, compute the pair (5, §) according to (5.12) and output the triple ([Z, 5], g, V),
which is a (g, 7j-approximate stationary point of (5.1) in view of Proposition 5.1(c).
Using (5.11) with (¢, &) = (0, c), the definitions in (5.11), the fact that ¢ = O(#7?),
and the complexity bound for the R-AIPP method described in Proposition 4.2 with
M = M., it is easy to see that the ACG iteration complexity of the outlined method
is

$0(Pc(20) — @4
O(\/MC +§ [M + \//TO] logt (Ag[M, + .»:O])> =052 logh 1),

(5.18)

where &, := max{1/4,4m} and the last quantity ignores any constants aside from
the tolerances. A drawback of this static penalty method is that it requires in its first
step the selection of a single parameter ¢, which is generally difficult to obtain. This
issue can be circumvented by considering a dynamic cold-started penalty method
in which the static penalty method is repeated for a sequence of increasing values
of ¢ and common starting point z,. It can be shown that the resulting cold—started
dynamic penalty method has an ACG iteration complexity that is still on the same
order as (5.18). Note that the bound (5.18) is actually O(p24~'log} 4~') when
Zy € F (see (C2)) but our interest lies in the case where z, € F since an initial point
Zy € F is generally not known.

The QP-AIPP method of [15] is a modified cold—started dynamic penalty method
like the one just outlined, but which replaces the R-AIPP method called in step 2 of
the static penalty method with the AIPP method of [15]. It has been shown in [15,
Theorem 18] that its ACG iteration complexity bound for finding a (p, #j)-approxi-
mate stationary point of (1.1) is O(5~24~!). This bound is established without
assuming that dom /% is bounded and is clearly better than the one in (5.18).

The next subsection considers a warm—started dynamic penalty method, similar
to the one described immediately after Proposition 5.1, in which the input z, to the
R-AIPP call for solving the next penalty subproblem is chosen to be the output Z
from the R-AIPP call for solving the current one. It is shown in Theorem 5.3 of
Sect. 5.2 that its ACG iteration complexity is O(p~24~! log} #~'), which is the same
as the one for the QP-AIPP method up to a logarithmic factor. As a side remark,

@ Springer



An efficient adaptive accelerated inexact proximal point... 327

we note that although a warm-started version of the QP-AIPP method in [15] can
be also considered, the aforementioned O(5~24~') ACG iteration complexity bound
was derived for its cold—started version.

5.2 The R-QP-AIPP method

The goal of this subsection is to describe the R-QP-AIPP method, i.e., the
warm-started dynamic penalty method mentioned at the end of Sect. 5.1, and estab-
lish its corresponding ACG iteration complexity.

We start by describing the R-QP-AIPP method.

R-QP-AIPP method.

Input: a problem instance of the form in (5.1), a scalar L > 0, a tolerance pair (p,7) € §Rﬁ+, an initial point
2y € dom h, a scalar Ao > 0, and a pair of parameters (6,7) € (2,00) x (0,00);

Output: a triple ([2, 8], ¢,0) € [domh x S] x RP x R" satisfying (5.6);

(0) set co := L/||A||* and I = 1;
(1) set (¢, 20) := (c1—1,%1-1) and

Me:=L+c|Al?, ge=f+c-(psoA);

call the R-AIPP method on (1.4) with inputs p, M, (ge, h), 20, Ao, and (6, 7), to obtain a p-approximate
stationary point (£,9) of (1.4), and set

(21,01) = (2,0), & =1Is(AZ), G =c(Az —4);

(2) if the residual
Az =&l <9,

then return ([2, 8], 4, 0) = ([Z, 8], @i, ©1); otherwise, set ¢; = 2¢;_1, increment [ = [+ 1, and go to step 1.

Before giving some remarks about the above method, we discuss its general
structure. Every loop of the R-QP-AIPP method invokes in its step 1 the R-AIPP
method of Sect. 4 to compute a p-approximate stationary point of the current penalty
subproblem (5.9). The latter method in turn uses the R-ACG algorithm of Sect. 3
as a subroutine in its implementation (see step 1 of the R-AIPP method). Moreover,
step 1 of the R-QP-AIPP implements a warm—start strategy, namely, the input point
7, of the current R-AIPP call is set to be the output point Z,_; of the previous R-AIPP
call.

We now make three remarks about the R-QP-AIPP method. First, it follows from
Proposition 5.1(b) that, for every [ > 1, the triple (2, §1, g, V) = ([2;, 3,1, g, ;) satisfies
the inclusions and the first inequality in (5.6). Second, since every loop of the R-QP-
AIPP method doubles ¢, the condition (5.14) will be eventually satisfied. Hence,
in view of Proposition 5.1(c), the pair (2, 3) corresponding to this ¢ will satisfy the
condition ||AZ — §|| < 7 and the R-QP-AIPP method will stop in view of its stopping
criterion in step 2. Finally, in view of the first and second remarks, we conclude that
the R-QP-AIPP method outputs a triple ([Z, 5], g, V) satisfying (5.6).
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Before deriving the ACG iteration complexity of the R-QP-AIPP method, we
note that the number of ACG iterations needed in the (I + 1)" execution of its step 1
depends on the quantity (pcl(ﬁl)—gojl (see the left-hand—side of (5.18) with

(¢, z9) = (¢}, ). The result below shows that the warm—start strategy in step 1 of the
method together with the boundedness of dom#/ imply that the aforementioned
quantity has an upper bound that is independent of the size of the parameter c;,.

Lemma 5.2 Let ¢y and %, be as in step 0 and the input of the R-QP-AIPP method,
respectively, and define

So =0, Co) @, Qp i=T+S, (5.19)

where @ and T are as in (5.9) and (5.12), respectively. Then, for every 1 > 0, we
have

?.,C) = o, < Q. (5.20)

Proof The case in which [ = 0 follows trivially from the definition of S, in (5.19).
Consider now the case in which / > 1. Remark that ¢, = 2¢,_; due to step 2 of R-QP-
AIPP and (5.9) and that (;, ;) is a p—approximate stationarsy point of (5.9) with
¢ = ¢;_; due to the warm-start strategy in step 1 of the R-QP-AIPP method. It now
follows from the aforementioned remarks, the last inequality in (5.10) with ¢ = ¢,
and Proposition 5.1(b) with (2, ¢) = (2, ¢,_;), that

ES

C_ A A
0o C) = @), < 0, = 0 = 9 +2| LAz - 5P| - o}
) . A ) 1 , . (5.21)
<o)+ 2[(0 — )+ pD;, + 5 (ﬂDh>] ~ Po-

Grouping terms in the last expression together, using the definition of Q, given in
(5.19), and the fact that ¢(Z;) > ¢, we conclude that

5 * 5 P 1 * * * o
)+ 2[(p — () +pD;, + E(mD,i)] - ¢y <2(¢" — @) +pD,) + mD; =T < Q,.
(5.22)
Combining (5.21) and (5.22) yields (5.20). O

The following result establishes the iteration complexity of the R-QP-AIPP method
with respect to the inputs L, 4, and z;, the quantity m in (2.2) with g = f, and the toler-
ance pair (9, 7).

Theorem 5.3 Given a tolerance pair (p,#) € iﬂi, define
T||A|?
P

where T is given in (5.12). Then, defining &, := max{1/A,,4m}, the R-QP-AIPP
method outputs a (p, fj)—approximate stationary point ([Z,5], g, ) of (5.1) in at most

=, i=L+

(5.23)
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&0
O [1 n é—o]aﬁ l% + \//1_0] log} (4[5 + &) | (5:24)

L

ACG iterations, where Q is as in (5.19).

Proof Define T; := T/4* and let [ be the smallest index such that ¢; ; > T;. Since
the R-QP-AIPP invokes the R-AIPP method with (M, g) = (MCH, gCH), it follows
from Lemma 5.2 and Proposition 4.2, with M = ML.H, that the total number of ACG
iterations at the [ iteration of the R-QP-AIPP method is on the order of

%0
0( M, +5ol\/_°2 - +\/70] log (40[M,,_ +5o]))- (5.25)

5

Hence, the R-QP-AIPP method stops in a total number of ACG iterations bounded
above by the sum of the quantity in (5.25) overl =1, ...,[.
We now focus on simplifying some of the quantities in the aforementioned sum.

Using the fact that L = ¢,||A||?, we obtain the bound

M., =L+c, AN = L+ 2" ¢olIAII < 271 (L + collANP) = 2'collAIP.
(5.26)
Now, if [ = 1, then the above inequality implies that M.  <2c |A|I> = 2L = O(&,).

Assume then that [ >;2. Observe that the definition of / implies that 2'~'¢, < 2T} or,

equivalently, \/% \/5 < 24/T;. Combining the previous inequality with (5.26), we
conclude that

i VM., 46 < Z V2ol +& < V2 (14 V2) 3 2c01AlR + &,

k=1

& £ &)
<8 <”A”2+;Z)Tﬁ=8\/<1+f°>nAn2Tﬁ=o [1+Z°];ﬁ.

and also

(5.27)

log} (M, +&) <logf (2eollAIP + &) <logf (4T, IAIP + &) = O(log] [Z; +&]).
(5.28)

It now follows from (5.25), (5.27), and (5.28) that the R-QP-AIPP method stops in a
total number of ACG iterations bounded by the quantity in (5.24).

The statement that ([Z,5], g, V) is a (g, #)}-approximate stationary point follows
from Proposition 5.1(b) and the termination condition in step 2 of the R-QP-AIPP
method. O

We now make three remarks about the complexity bound in (5.24). First, in
terms of the tolerance pair (p,#), it is O(p~24~" log} #~"), which improves upon the
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complexity in (5.18) by a ©(72) factor. Second, unless 4, is large or m is small, the
first term in (5.24) dominates the second one.

We now end this section by discussing some possible choices of the initial step-
size A, and how the corresponding R-QP-AIPP instances compare to the QP-AIPP
method of [15]. First, recall that the QP-AIPP method requires the knowledge of an
upper bound m on m such that m = O(L), and remark that, under the same assump-
tions of this paper, it can be shown using [15, Theorem 18] that its ACG iteration

complexity is
(9(\/5?[\/?2@) +\/glog;’ <%>]) (5.29)

Now, if m as above is also known to the R-AIPP and the input A is set to 1/(4m),
then the ACG iteration complexity (5.24) reduces to

—| vmQ 1 p
O(\/:nl\/;z o+\/;] logt <Z”>> (5.30)

which is the same as (5.24) up to a logarithmic factor. On the other hand, if 4 is
chosen so that1/4, = O(m) then (5.24) reduces to

(9(\/7[\/— °+\/_l log? (A Eﬁ)), (5.31)

whose dominant first term is as good as the dominant first term in (5.29) when

Vlogf (39 5;) = O(/m).

6 Numerical experiments

This section presents computational results that highlight the performance of the
R-AIPP and R-QP-AIPP methods. It contains three subsections. The first subsec-
tion compares three variants of the R-AIPP method against three state-of-the-art
nonconvex composite optimization algorithms. The second subsection uses the
six algorithms in the first subsection as subroutines in a quadratic penalty method
similar to the one in Sect. 5. More specifically, given an algorithm A out of the
six algorithms in the first subsection, a corresponding quadratic penalty method is
considered in which steps 0-2 of the R-QP-AIPP method in Sect. 5 are executed
with algorithm A replacing the R-AIPP method. The third subsection presents a
summary of the numerical experiments.

We first describe the three different R-AIPP variants considered. While the
second variant does not assume knowledge of an upper bound m on the quantity
m in (2.2), the first and third variants do in order to determine their initial step-
size Ay. More specifically, the first variant, referred to as R-AIPPc, is the R-AIPP
method with initial stepsize chosen to be 4, = 0.9/(2m). As opposed to the two
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algorithms explained below, which can adaptively change 4, between iterations,
this algorithm is a constant stepsize method (see Lemma 4.1 and the paragraph
following it). The second variant, referred to as R-AIPPv1, is the R-AIPP method
with initial stepsize chosen to be 4, = 1. Since 4, is relatively large in the experi-
ments considered, A is halved in some of its outer iterations. The third variant,
referred to as R-AIPPv2, is a variant of the R-AIPP method with initial stepsize
chosen to be A, = 1/(5m). This variant modifies the R-AIPP method by adding
conditions that allow the stepsize A to increase between subproblems. More spe-
cifically, the R-AIPPv2 method doubles the value of A at the end of iteration k
when: (a) 4 has never been halved in step 1 or 2 and (b) the number of inner itera-
tions performed by the R-ACG algorithm in step 1 is less than 250. All R-AIPP
variants are run with 8 =4, a problem—specific value of z, and adaptively esti-
mate the constant M that is used in each iteration of the R-ACG algorithm.

We now make three remarks about the above R-AIPP variants and the AIPP
method of [15]. First, while both the R-AIPPc and AIPP method choose the step-
sizes {4,} to be constant, the former method differs from the latter one in that
it uses a more relaxed criterion, i.e., (2.9) and (2.10), for solving the k™ prox
subproblem (1.6). Moreover, the limited numerical experiments in “Appendix 4”
show that this relaxation drastically improves upon the efficiency of the AIPP
method, regardless of the magnitude of the ratio M/m. As we believe that this
effect would be observed in the other problem instances of this section, we choose
not to include the AIPP method as part of our suite of benchmark algorithms for
the sake of brevity. Second, the R-AIPPv1 and R-AIPPv2 methods differ from the
R-AIPPc method in that they permit the stepsizes {4,} to be significantly larger
than the constant ones chosen for the R-AIPPc method. As will be observed in
the numerical experiments below, this can drastically improve the efficiency of
the adaptive stepsize R-AIPP variants. Third, in view of the descriptions of the
R-AIPP variants in the previous paragraph, both the R-AIPPc and R-AIPPvl
methods are instances of the R-AIPP method while the R-AIPPv2 method is not.
However, the R-AIPPv2 method is clearly an instance of the GD framework, and
hence a similar analysis to the one in Sect. 4 may be used to establish its ACG
iteration complexity. For sake of brevity we omit its analysis in this paper.

We now describe the three other nonconvex composite optimization algo-
rithms considered. The first algorithm is an implementation of the unified
problem-parameter free accelerated gradient (UPFAG) method that is pro-
posed and analyzed in [10]. The particular implementation considered is the
UPFAG-fullBB method, which utilizes a Barzilai-Borwein type stepsize selec-
tion strategy and is described in [10, Section 4]. Its input parameters include
(172> 73) = (0.4,0.4,1.0) and (8,0) = (1072,1071%). The second algorithm is an
implementation of the NC-FISTA method in [20]. The particular implementation
considered uses input parameters (£, 1) = (1.05m,0.99/M). The third algorithm is
an implementation of the accelerated gradient (AG) method that is proposed and
analyzed in [9]. The particular implementation considered is Algorithm 2, which
is described in [9, Section 2].

Finally, we state some additional details about the numerical experiments. First,
for each linearly—set—constrained problem of the form given in (5.1), the quadratic
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Table 1 Iteration counts for QM problems with fixed m

M m () Iteration count

UPFAG NC-FISTA AG R-AIPPc  R-AIPPv1 R-AIPPv2

10> 10° -1.74E-02 3892 2045 8670 8266 7627 1093
10* 100 3.67E-01 9809 8642 7064 3250 3691 1185
100 100 3.84E4+01 23388 11861 7039 1270 1268 1174

penalty method used to solve it starts with the initial penalty parameter chosen to
be ¢, = max{107'°,(1000m — L)/||A||?}. Second, each algorithm is run with a time
limit of 4000 s. If an algorithm does not terminate with a solution for a particular
problem instance, we do not report any details about its iteration count or function
value at the point of termination and the runtime for that instance is marked with a
[*] symbol. Third, the iterations listed in the tables this section include backtracking
iterations if a parameter line search method is used as part of the algorithm. Finally,
all algorithms described at the beginning of this section are implemented in MAT-
LAB 2019a and are run on Linux 64-bit machines each containing Xeon E5520 pro-
cessors and at least 8 GB of memory.

6.1 Unconstrained problems

This subsection examines the performance of the R-AIPP method as a nonconvex
composite optimization solver for solving problems of the form given in (1.4). Given
a function pair (g, k) satisfying assumptions (A1)—(A3) with ¢ = g + h, tolerance
p > 0, and an initial point z, € dom £, each algorithm seeks a pair (2, D) satisfying

11l
Vel +1

Two problems are considered, namely: (1) the quadratic matrix problem; and (2) the
support vector machine problem in [10].

All methods that terminated within 4000 s converged to the same objective value,
which, for each table in this subsection, is given in a column labeled ¢(Z). The bold
numbers in each of the aforementioned tables highlight the algorithm that performed
the most efficiently in terms of iteration count or total runtime.

b€ Vg(2) +oh), <p. 6.1)

6.1.1 Quadratic matrix problem

2

Given a pair of dimensions (/,n) € N?, scalar pair (a;,a,) € R,

tors B: 8" —» R"and C : §* — R/ defined by
[B(Z)], = <Bj’Z>F’ [C(2)]; = (C;, Z>F7

linear opera-
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Table2 Runtimes for QM problems with fixed m

M m @ (2) Runtime (s)

UPFAG NC-FISTA AG R-AIPPc R-AIPPv1 R-AIPPv2
102 100 —1.74E-02 511.91 151.58 880.19  935.50 981.49 119.87
104 10° 3.67E-01 1304.09  683.95 687.16  287.37 33441 106.54
106 10° 3.84E+01 2804.38  774.74 615.91 100.27 102.29 94.16

Table 3 Iteration counts for QM problems with m = M

M m ) Iteration count

UPFAG NC-FISTA AG R-AIPPc R-AIPPv1 R-AIPPv2

10> 10> —206E+01 18 38 79 161 10 20
104 10* —2.06E+03 19 39 80 217 7 21
10°  10° —2.06E+05 19 39 80 175 8 20

Table 4 Runtimes for QM problems with m = M
M m @) Runtime (s)

UPFAG NC-FISTA AG R-AIPPc = R-AIPPv1 R-AIPPv2

10> 10> —206E+01 1.73 1.71 4.80 16.07 1.23 2.20
104 10* —2.06E+03 1.68 1.91 4.89 19.67 0.70 2.35
10° 106 —2.06E+05 2.06 2.06 4.73 16.32 0.57 2.08

for matrices {B;}7_,, {C; }l_, € R™", positive diagonal matrix D € R™", and vector
d € R!, this sub—subsection considers the following quadratic matrix (QM)
problem:

L a a
min—||Cz) — d||* — = IDB)|1?

z 2 2
st.zeP,

where P, = {z € §" : trz =1} denotes the n—dimensional spectraplex.

We now describe the experiment parameters for the instances considered.
First, the dimensions were set to be (/,n) = (50,200) and only 2.5% of the entries
of the submatrices Bj and C,; being nonzero. Second, the entries of Bj, C;, and d
(resp., D) are generated by sampling from the uniform distribution ¢[0, 1] (resp.,
U[1,1000]). Third, the initial starting point is z, = I,/n, where I, is the n-dimen-
sional identity matrix. Fourth, with respect to the termination criterion (6.1), the
inputs, for every z € S’}r, are
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Table 5 Iteration counts for SVM problems

n k [164) Iteration count

UPFAG NC-FISTA AG R-AIPPc  R-AIPPvl  R-AIPPv2

1000 500 2.37E-01 82 3025 783 8234 889 57
2000 1000 1.61E-01 197 8361 1192 22706 1227 85
4000 2000 1.05E-01 1128 - 1347 - 1651 97
8000 4000  6.67E-02 372 - 1647 - - 148

Table 6 Runtimes for SVM problems

n k @ (3) Runtime (s)

UPFAG NC-FISTA AG R-AIPPc  R-AIPPvl  R-AIPPv2
1000 500 2.37E-01 3.58 49.00 12.80 389.39 35.21 1.74
2000 1000 1.61E-01 29.05 473.67 65.79  3626.51 164.56 7.73

4000 2000 1.05E-01 1076.09  4000.00* 437.80  4000.00%  1059.98 47.75
8000 4000 6.67E-02 1118.84  4000.00* 1975.18  4000.00*  4000.00%  177.03

a a
8@ = S0 —dI* = ZIDBQIP,  h@) =6, p=107".

Fifth, the R-AIPP variants used a parameter value of = = 10000. Finally, each
problem instance considered is based on a specific curvature pair (m, M) € mi +
for which the scalar pair (a;,a,) € 9{1 , 1is selected so that M =1 (V2g) and
—m= Amin(vzg)'

We now present the numerical tables for this set of problem instances. We
start with instances in which m is fixed (Tables 1, 2).

We now present instances where m = M (Tables 3, 4).

max

6.1.2 Support vector machine problem

Given a pair of dimensions (n,k) € N?>, matrix U € R™*, and vector
v € {—1,+1}", this sub—subsection considers the following (sigmoid) support
vector machine (SVM) problem

k
mzin % ; [1 — tanh (vi<ul-, z))] + zikHZlIz,
where u; denotes the i column of U.

We now describe the experiment parameters for the instances considered. First,
the entries of U are generated by sampling from the uniform distribution ¢[0, 1],
with only 5% of the entries being nonzero, and v = sgn(U” x) where the entries of
x are sampled from the uniform distribution over the k—dimensional ball centered
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at 0 with radius 50. Second, the initial starting point is z, = 0. Third, the curva-
ture parameters for each problem instance are m = M = (4\/_ 31U /k) + 1/k.
Fourth, with respect to the termination criterion (6.2), the inputs, for every
z € R, are

k
1 1 n _
8@ =7 ; [1 = tanh (v,(u,2))] + 3l A@ =0, =107

Fifth, the R-AIPP variants used a parameter value of z = 5000. Finally, each prob-
lem instance considered is based on a specific dimension pair (n, k) € N2,

We now present the numerical tables for this set of problem instances (Tables 5,
6).

6.2 Linearly constrained problems

This subsection examines the performance of the R-QP-AIPP method as a noncon-
vex linearly—set—constrained composite optimization solver for solving problems of
the form given in (5.1). Given a linear operator A, convex set S, function pair (f, k)
satisfying assumptions (C1)—(C3), tolerance pair (5, #) € R> e and an initial point
Zy € dom A, each algorithm seeks a triple ([Z, 3], p, V) satisfying

o
INfGl+1 =7 62)
lAz=Sl <A, e NyE).

b € VF) + 0h(2) + A*p,

Three problems are considered, namely: (1) the linearly—constrained quadratic
matrix problem; (2) the sparse principal component analysis problem in [11]; and
(3) the bounded matrix completion problem in [35].

The bold numbers in each of the tables in this subsection highlight the algo-
rithm that performed the most efficiently in terms of function value, iteration
count, or total runtime. It is worth mentioning that the methods that terminated
within 4000 s did not all converge to points with the same objective value. This
can be attributed to: (1) the fact that the tolerances p and 7 in this subsection are
relatively large compared to the tolerance p in Sect. 6.1; and (2) the possibility
that each method balances the feasibility of its solution against the stationarity
of its solution differently.

6.2.1 Linearly—constrained quadratic matrix problem

Given a pair of dimensions (/,n) € N2, scalar pair (o, p) € R2
tors A: 5" » R B:S" >R, and C : 57 — R defined by

[AR); = (An2)p  [B@I; = (Bj.2),. [CQI; =(Ci2)p

‘.- linear opera-
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Table 7 Function values for LCQM problems

L m Function value

UPFAG NC-FISTA AG R-AIPPc R-AIPPv1 R-AIPPv2

10" 10  2.259E-01 2.259E—-01  2.259E-01 2.260E-01 2.260E-01 2.259E-01
102 10°  2.258E+00  2.258E+00  2.258E+00  2.258E+00  2.258E+00  2.258E+00
10> 10°  2.258E+01 2.258E+01  2.258E+01 2.258E+01 2.258E+01 2.258E+01

Table 8 Iteration counts for LCQM problems

L m Iteration count
UPFAG NC-FISTA AG R-AIPPc R-AIPPvI R-AIPPv2
10! 100 2148 12758 8739 1797 1675 998
10% 100 1615 8957 5253 1206 1103 1153
10° 100 3967 26383 5926 1570 1489 1555

Table 9 Runtimes for LCQM problems

L m Runtime (s)

UPFAG NC-FISTA AG R-AIPPc R-AIPPv1 R-AIPPv2
10! 10° 274.13 958.47 883.50 205.48 192.35 103.60
10? 10° 218.05 684.10 531.88 124.45 117.54 117.32
10° 10° 481.51 1997.85 615.14 165.38 156.69 164.04

for matrices {A; }l 1 1B; }] Iy {Ci}f=1 C R™"_ positive diagonal matrix D € R™",
and vector pair (b,d) € ERZ x M, this sub—subsection considers the following line-
arly—constrained quadratic matrix (LCQM) problem:

L a a

min—||Cz) — d||* — = IDB)|1?
z 2 2

st. Ax) € {b}, ze€P,

where P, = {z € §" @ trz =1} denotes the n—dimensional spectraplex.

We now describe the experiment parameters for the instances considered.
First, the dimensions were set to be (/,n) = (50,200) and only 1.0% of the
entries of the submatrices Al-,Bj, and C; being nonzero. Second, the entries of
A, Bj, C;,b, and d (resp., D) were generated by sampling from the uniform distri-
bution U[0, 1] (resp., U[1, 1000]). Third, the initial starting point z, was chosen to
be a random point in S” More specifically, three unit vectors v, v,, \/3 € NR" and
three scalars ey, e,, e, e R, are first generated by sampling vectors v, ~ U0, 1]
and scalars d ~ U0, 1] and setting v; = v;/||v;|| and ¢; ='¢; /(Z ey fori=1,2,3.
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Table 10 Function values for sparse PCA problems

K k Function value

UPFAG NC-FISTA AG R-AIPPc R-AIPPv1 R-AIPPv2
5 1 - 1.484E+02 1.484E+02 1.484E+02 1.484E+02 1.484E+02
10 1 1.487E+02 1.486E+02 1.486E+02 1.486E+02 1.486E+02
15 1 - 1.488E+02 1.488E+02 1.488E+02 1.488E+02 1.488E+02

Table 11 Iteration counts for sparse PCA problems

K k Iteration count
UPFAG NC-FISTA AG R-AIPPc R-AIPPv1 R-AIPPv2
5 1 - 21979 34584 4511 5735 6071
10 1 - 23574 34712 4954 5960 5745
15 1 - 27944 32560 5197 5867 5822

The initial iterate for the first subproblem is then set to z, = Z?:] e;v;v!'. Fourth,

with respect to the termination criterion (6.2), the inputs, for every z € S’J’r, are

_% 2_® 2 _
f@) = 7||C(Z) —d|" - 7||DB(Z)|| » h(@) =6p (2),
AR =A@R), S={b}, p=10", H=10"".

Fifth, the R-AIPP variants used a parameter value of z = 5000. Finally, each problem
instance considered is based on a specific curvature pair (m, M) € iﬂi . for which the
scalar pair (a,, a,) € R2  is selected so that M = 4., (Vf) and —m = A, (V2/).

We now present the numerical tables for this set of problem instances
(Tables 7, 8, 9).

6.2.2 Sparse principal component analysis problem

Given integer k, positive scalar pair (v, b) € ERi " and matrix X € Si, this sub—subsec-
tion considers the following sparse principal component analysis (PCA) problem:

n

min( X, IT) + 21 9, @) +v Zl |®;
1j= 1j=

st. I1—-d=0, I,®)e F xR

where A = {z € §% 1 0=z =1, trM = k} denotes the k-Fantope and g, is the min-
imax concave penalty (MCP) function given by
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Table 12 Runtimes for sparse PCA problems

K k Runtime (s)
UPFAG NC-FISTA AG R-AIPPc R-AIPPv1 R-AIPPv2
5 1 4000.00%* 142.11 349.87 67.32 83.23 87.99
10 1 4000.00%* 153.18 353.59 72.72 86.98 83.67
15 1 4000.00%* 180.27 328.69 75.37 85.56 84.55

[ =?/@b), if|t] <bv,
(0 := { W22 i), if ff] > by, T ER

We now describe the experiment parameters for the instances considered. First,
the scalar parameters are chosen to be (v, b) = (100, 100,0.1). Second, the matrix
X is generated according to an eigenvalue decomposition X = PAPT, based on a
parameter pair (s, k), where k is as in the problem description and s is a positive
integer. In particular, we choose A = (100, 1, ..., 1), the first column of P to be a
sparse vector whose first s entries are 1/ \/E, and the other entries of P to be sampled
randomly from the standard Gaussian distribution. Third, the initial starting point
is (11, ®,) = (D;,0) where D, is a diagonal matrix whose first k entries are 1 and
whose remaining entries are 0. Fourth, the curvature parameters for each problem
instance are m = M = 1/b. Fifth, with respect to the termination criterion (6.2), the
inputs, for every (11, ®) € St X R are

fUL®) = (. M)+ Y q,( @), h(1,®) =551 +v Y, |®,l,
ij=1 ij=1

AL, ®) =11 -®, S={0}, #=107, p=10"°.

Sixth, the R-AIPP variants used a parameter value of 7 = 100,000. Finally, each
problem instance considered is based on a specific parameter pair (s, k) € N> where
s is part of the process of generating X (see the second description above).

We now present the numerical tables for this set of problem instances
(Tables 10, 11, 12).

6.2.3 Bounded matrix completion problem

Given a dimension pair (p,q) € N2, positive scalar triple (8, u,0) € E){i " scalar
pair (1, 1) € R2, matrix A € R4, and indices €2, this sub—subsection considers

the following bounded matrix completion (BMC) problem:
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Table 13 Function values for BMC problems
p u 0 Function value
UPFAG NC-FISTA AG R-AIPPc R-AIPPv1 R-AIPPv2

172 \/5 2 2.07E+03 - 3.42E+03 2.77E+03 2.79E+03 1.84E+03
1 \/5 2 4.51E+03 - 5.22E+403 4.86E+03 4.60E+03 4.93E+03
2 \/5 2 7.97E+03 - - 8.61E+03 8.64E+03 8.88E+03
Table 14 Iteration counts for BMC problems
p U (2 Iteration count

UPFAG NC-FISTA AG R-AIPPc R-AIPPvI R-AIPPv2
172 \/5 2 73 - 229 21 16 131
1 \/5 2 132 - 324 73 77 70
2 \/5 2 76 - - 210 356 83
Table 15 Runtimes for BMC problems
p u theta Runtime (s)

UPFAG NCFISTA  AG RAIPPc  RAIPPvl  R-AIPPv2
172 \/5 2 1515.79 4000.00* 2498.02 283.48 254.04 1305.06
1 \/5 2 2619.55 4000.00* 3754.03 881.60 900.00 801.55
2 \/5 2 1938.81 4000.00* 4000.00* 2435.49 3657.56 943.33

min{p,q}
.1 )
min [PoX = AP+ Y [k0,X)) = ko0, (X0] + o IXI,
i=1
S.t.lSXl-jSM Vi, ) e{l,...,p} x{1,...,q},

where || - ||, denotes the nuclear norm, the function P, is the linear operator that
zeros out any entry not in £2, the function ,(X) denotes the i largest singular value
of X, and

b
6

Ky 1=

, k(1) :=plog <1 + %) Vi € R.
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We now describe the experiment parameters for the instances considered. First, the
matrix A is the user-movie ratings data matrix of the MovieLens 100K dataset,’
the index set €2 is the set of nonzero entries in A, and the dimension pair is set to
be (p,q) = (610,9724). Second, the initial starting point was chosen to be X, = 0.
Third, the curvature parameters for each problem instance are m = 2fu/6% and
M = max {1, m} and the bounds are set to (/,u) = (0, 5). Fourth, with respect to the
termination criterion (6.2), the inputs, for every X € R™", are

min{p,q}
1
J&X) =§IIPQ(X —AlI*+u Z [K(0:(X)) — koo, (X)].  h(X) = urylIX]l.,.
i=1
AX) =X, S={ZeR™:1<Z;<u (i.j)e{l,....p}x{l.....q}},
7=10"2, p=5x10"2

Fifth, the R-AIPP variants used a parameter value of = = 1000. Finally, each prob-
lem instance considered is based on a specific parameter triple (f, u, 0) € 9{1 +

We now present the numerical tables for this set of problem instances (Tables 13,
14, 15).

6.3 Summary of the numerical experiments

All three variants of the R-AIPP method perform well (relative to the other meth-
ods) in the numerical experiments of this section. The R-AIPPv2 method, in par-
ticular, is the best performing method in a large proportion of both the uncon-
strained and constrained problem instances. A potential explanation is that the
stepsizes {4, } generated by this method may become significantly larger than the
initial stepsize parameters A, = 1 and 4, = 0.9/(2m) used in the R-AIPPv1 and
R-AIPPc methods, respectively, which in view of the third remark following
Proposition 2, speeds up the convergence of the quantity min, ||;]| to zero.

Moreover, the adaptive stepsize R-AIPP variants, namely, the R-AIPPv1 and
R-AIPPv2 methods, have been shown to perform well regardless of the size of the
ratio M/m (see, for example, Tables 1-4). This is a significant improvement over
the AIPP method of [15] which has only been shown to perform well when the
ratio M/m is large (see, for example, Table 16).

7 Concluding remarks

Observing the arguments used in the proofs of Proposition 5.1, Lemma 5.2, and
Theorem 5.3, it is straightforward to see that the assumption of dom# being
bounded can be relaxed to assuming that the iterates {Z;} generated by R-QP-
AIPP method of Sect. 5 be bounded. Explicitly assuming that the iterates satisfy

! See the MovieLens 100K dataset containing 610 users and 9724 movies, which is found in https://
grouplens.org/datasets/movielens/.
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IZ;]l £ B, for every [ > 1 and some B > 0, the resulting ACG iteration complexity
of R-QP-AIPP method is (5.24) with Q, replaced by the quantity

9, Go) = ;. +2(0" — @ + pldy + 2B + m|d] + 487]),

where ¢ is as in step O of the method, d;, : = inf{|lu — %,|| : z € F}, the quantity m
is as in (2.2) with g = f, and the quantities 2, ¢., and ¢ are from the input of the
R-QP-AIPP method and (5.9). It should be noted however that we were not able to
show that the iterates {Z;} is bounded. Hence, it is still an open problem to establish
the iteration complexity of R-QP-AIPP when dom / is unbounded.

Note that the description of the R-AIPP (resp. R-QP-AIPP) method of Sect. 4
(resp. Sect. 5) does not actually require knowledge of an upper bound m on the
parameter m in (2.2). This is in contrast to the AIPP (resp. QP-AIPP) method of
[15], which requires m in order to establish its validity and iteration complexity.
In addition, one could consider a R-AIPP (resp. R-QP-AIPP) variant in which
the quantity M (resp. L) is adaptively inferred from its iterates rather than requir-
ing knowledge of its value beforehand. While for the sake of brevity we omit the
formal description and analysis of such a variant in this paper, we conjecture
that the iteration complexity of the R-AIPP (resp. R-QP-AIPP) variant is as in
(4.3) (resp. (5.24)) with M (resp. L) replaced with a quantity that lower bounds
it, e.g., the maximum of the lower estimates of M (resp. L) which are inferred by
the generated iterates.
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Appendix

This appendix contains proofs and statements of several technical results used in the
main body of the paper. It contains three subsections. The first subsection consists
of proofs about the refinement procedure of Sect. 2; the second subsection consists
of proofs about the R-ACG algorithm of Sect. 3; and the third subsection consists of
technical results related to Sect. 5.

Properties of the refinement procedure

Proof of Proposition 2.1 1t follows from [15, Lemma 19] with (f,h,L) = (f;, h;, M)
that 4 > 0 and

M;(z—2) € Vfi(2) + 0h,(2) = AVg(2) + (z— 2= —v) + A0h(3).

Dividing by 4 and rearranging terms yields
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% [ =D+ 0+ - Z)] — Vg(z) € 0h(Z).

Adding Vg(2) to both sides and using the definition of ¥ gives
A1 R - R R A
= [M,(z=2)+ (v +2 —2)] + Vg — Vg(2) € Vg(&) + 0h(2),

which is the inclusion in (2.8).
We now bound 4||9||. Since [15, Lemma 19] implies that ||z — || < \/ZM;IA and
Vg is M-Lipschitz continuous then
AN < IM;=2DN + 1Ilv+2z7 —zll + Al Ve — Vgl
SVIMA+v+27 =zl + AMIz = zll < V2M A+ |y + 27 =zl + M, llz -zl

SN2MA+ v+ 27 =2l + My [2MT A = |lv+ 27 =zl + 2/2M 4,

which is the inequality in (2.8). O

Properties of the R-ACG algorithm

Proof of Proposition 3.2(a) Let £ denote the quantity in (3.15). Assume that the
R-ACG algorithm has performed Z-iterations without declaring failure. In view of
step 2 of the R-ACG algorithm, it follows that both (3.10) and (3.11) hold for every
1 <j < ¢. We will show that it must stop successfully at the end of the #™ iteration,
and hence that the conclusion of the lemma holds. Indeed, note that (3.14), (3.15),
and the fact that log(1 + ¢) > ¢/2 for all t € [0, 1] implies that

2(-1)

2 1 1

A, > —(1+= — >2C> 2. (A.1)
1+2M 2V 1+2m

Combining the triangle inequality, (3.10), the fact that 2/A, <1/C and
(2/A;)? <2/A, <1 from (A.1), and the relation (a + b)*> < 2(a*+b*) for all
a,b € R, we obtain

llu|I* + 21, < max{1/A2,1/QA) YA u 1> + 4A.n,)
< max{1/A%, 1/QA)}QIAus + X — xol1* +2llx, — x0l1> + 4A,n,)

1
< maX{(Z/Af)zyz/Af}”xf —x0||2 < E”xf - x0||2.
On the other hand, using the triangle inequality and the fact that

(a+b)? <(1+s)a>+ (1 +1/5)b* for every (a,b,s) € RXRXR,, (under the
choice of s = 1/(\/6 — 1)), we obtain
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2 2 2
I, — %Il < %o — x, + ulI* + V/Clluy I

Ve
Ve-1
Combining the previous estimates, we then conclude that

1
lu N> + 20, < llxo = x4 + upll® + —=llug 1% (A2)

1
c-+c NG

which, after a simple algebraic manipulation, easily implies that

\/El_ llg =i 7 2 2Vn + (VE = 1)l 2 (VO 1) (P +21,).
(A.3)

Using the first term in the maximum of (3.16) together with the second inequality of
(A.3) immediately implies that (3.12) holds with j = #. To show that (3.13) holds
at j = ¢, observe that the definition of y in (3.3), (3.11) with j = 7, the second ine-
quality of (A.3), and the second term in the maximum of (3.16) imply that

~ ~ 1 1
Dxg) — Pxp) = (up, Xg — Xp) + 11, + §||xf —xl* = 3 [llxg = x, + uell* = (Nlugll* +2n,)]

> 1
2

2 1
1+ (Ve-1) ]nxo—xﬁufnzz5||xo—xf+uf||2.

Results related to Sect. 5

Lemma A.1 Assume that f,h : R" — (=00, 00] satisfy assumptions (C1) and (C3)
in Sect. 5, and that, in addition, f is lower semicontinuous on cl(domh). Then,
@ :=f + his a proper lower semicontinuous function which has a global minimum
over R".

Proof Suppose z € R"\cl(dom#). Since cl(dom#) is closed, there exists € > 0
such that () = oo for every u € R"\cl(domh) satisfying |lu — Z|| < €. Hence,
liminf,_; (1) = co = ¢(Z). Now suppose z € cl(domh). By the lower semiconti-
nuity of fand & we have

liminf @(u) > liminf f (&) + liminf A(u) > f(Z) + h(Z) = @)
u—z u—z Uu—z
and, since fis differentiable on dom #, the function ¢ is proper lower semicontinuous
with dom ¢ = dom A. The last statement of the lemma follows from the well known

fact that infimum of a lower semicontinuous function over a bounded set, namely,
dom ¢, is always attained. a
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-(r)alt)/ll ;::blif:sv??hcg;:ésrrfor M m [169)] Iteration count Runtime
AIPP  R-AIPPc  AIPP R-AIPPc
10" 100 —3.65E-02 - 8920 4000.00* 1098.14
102 10° - 1.74E-02 53276 8317 367223 737.76
100 109 2.05E—02 23645 4424 1547.97  329.06
104 10° 3.67E-01 7797 3250 505.20 215.69
105 10° 3.82E+00 2791 1420 176.64 93.87

106 10° 3.84E+01 3475 1270 222.26 84.84

Comparison with the AIPP method

This subsection presents some computational results that compare the AIPP method
of [15] with the R-AIPPc method described at the beginning of Sect. 6. The main
problem of interest for this sub-subsection is the quadratic matrix problem described
in Sect. 6.1.1.

We now describe the particular implementation of the AIPP method used in
this sub-subsection, which differs from its description in [15] in two ways. First, its
innermost subroutine, namely, the ACG method, stops immediately when a quad-
ruple (4;, 2, vy, &) satisfying (2.14) is found. Second, for each iteration k of the
method, a triple (2,9, 4) is generated from the refinement procedure in Section 2 by
assigning (z, V, 4) = RP(A, Z;_;, %, V;)» and the method stops with the desired output
when ¥ satisfies condition (6.1).

All experiment parameters for the R-AIPPc method and the problem instances
are as described in Sect. 6.1.1 below, while the AIPP uses a parameter input of
(o, 4) = (0.3, 1/(2m)) for its results.

We now present the numerical tables for this set of problem instances (Table 16).
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