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Abstract

This paper presents two inexact composite gradient methods, one inner accelerated
and another doubly accelerated, for solving a class of nonconvex spectral compos-
ite optimization problems. More specifically, the objective function for these prob-
lems is of the form f; + f, + h, where f; and f, are differentiable nonconvex matrix
functions with Lipschitz continuous gradients, & is a proper closed convex matrix
function, and both f, and & can be expressed as functions that operate on the sin-
gular values of their inputs. The methods essentially use an accelerated composite
gradient method to solve a sequence of proximal subproblems involving the linear
approximation of f; and the singular value functions underlying f, and /. Unlike
other composite gradient-based methods, the proposed methods take advantage of
both the composite and spectral structure underlying the objective function in order
to efficiently generate their solutions. Numerical experiments are presented to dem-
onstrate the practicality of these methods on a set of real-world and randomly gener-
ated spectral optimization problems.
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1 Introduction

There are numerous applications in electrical engineering, machine learning, and
medical imaging that can be formulated as nonconvex spectral optimization prob-
lems of the form

Jmin 3 G(U) :=£U) +(fyo0 JU) +( h o0 )U) ¢, (1)
—— Vv

h h

where o is the function that maps a matrix to its singular value vector (in nonin-
creasing order of magnitude), f; and fZV are continuously differentiable functions
with Lipschitz continuous gradients, and /" is a proper, lower semicontinuous, con-
vex function. For this paper, we are interested in solving instances of (1) where:
(i) the resolvents of A0k and A0hY, i.e., evaluations of the operators (I + Adh)~! and
(I + A0hY)™!, are easy compute for any A > 0; (ii) the resolvents of A(Vf, + dh) and
/I(szv + 0h”) cannot be computed exactly for any A > 0; and (iii) both fZV and 1Y are
absolutely symmetric in their arguments, i.e., they do not depend on the ordering or
the sign of their arguments.

We now describe some practical instances of (1) that satisfy all three assump-
tions above. To avoid repetition, we let R =R, + R, and P be two sparsity-
inducing regularizers, where R, and P are continuously differentiable functions
with Lipschitz continuous gradients and R, is a proper, lower semicontinuous,
and convex function.

e  Matrix Completion Let A € R™" be a given data matrix and let » = min{m, n}.
Moreover, let Q denote a subset of the indices of A. The goal of the general
matrix completion problem is to find a low rank approximation of A that is
close to A in some sense. A nonconvex formulation (see, for example, [20]) of
this problem is

in { SIPaX = A + Roo)) }.
where Py, is the function that zeros out the entries of its input that are not in Q.
Note that this problem is a special instance of (1) in which f; = ||Po(-) — A||12,/2,
f¥=Ry,andhV =R,

o Phase Retrieval Given a vector x € R", let x[w] denote its discrete Fourier
transform for some frequency w. Moreover, for some unknown noisy signal
X € R" and a frequency set Q C R,, suppose that we are given measurements
{|%[@]|},eq and vectors a,, € C" such that |[{a,,X)| = |X[w]| for every o € Q.
The goal of the phase retrieval problem is to recover an approximation x of ¥
such that |{a,,x)|*> ~ |{a,,X)|* for every @ € Q. A nonconvex formulation of
this problem is
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{21400 - bl + (RoAX) : X >0},
XER\SZ\X\SH

where A denotes the function that maps matrices to their eigenvalue vec-
tor, X > 0 means that X is symmetric positive semidefinite, and the quantities
A RI®XIQ S R and b € R are given by

AL, = tr(a,a’X), b, =|Xw]’, VX 0)cRXxq

Note that this problem is a special instance of (1) in which f; = || A(:) — blllzp /2,
fV R, and Y =R, + 5R\SZ\ where 5R\i2\ is the indicator for the nonnegative ort-
hant of R, It is worth mentioning that this formulation is a generalization of
the one in [3] where the convex function tr X is replaced with the nonconvex
function k.

e Robust Principal Component Analysis Let MeR™bea given data matrix and
let » = min{m, n}. The goal of the robust principal component analysis problem
is to find an approximation M + E of M where M is low-rank and E is sparse. A
nonconvex formulation of this problem is

,min { M = (M + E)|2 + (Roo)(M) + P(E) }

Note that this problem 1is a special instance of (I) in which
fi=IM=1¢) - ENl3/2+P, fy =R,, and k¥ =R,. It is worth mention-
ing that this formulation is a instance of the one in [19] where more structure is
imposed on the functions R and P.

A natural approach for finding approximate stationary points of the above instances
is to employ the exact composite gradient (ECG) method that, when applied to (1),
exactly solves a sequence of matrix subproblems of the form

min {L[VG ARG 0 O]+ SIU-Y IR @
where 4, > 0 is an appropriately chosen stepsize and the point Y,_; is the previous
iterate. Its computation primarily consists of computing a singular value decompo-
sition (SVD) at the point ¥, :=Y,_, — 4,V(f; +/2)(¥,_,) and an evaluation of the
resolvent of Zk()hv at o-(f’k). Accelerated ECG (A-ECG) methods solve subproblems
similar to (2) but with ¥,_, selected in an accelerated manner. Notice that both of
these approaches do not exploit the spectral structure in f.

Our goal in this paper is to develop two efficient inexact composite gradient
(ICG) methods that find approximate stationary points of (1) by exploiting the spec-
tral structure in both f, and h. Our first prototype, called the static inner accelerated
ICG (IA-ICG) method, inexactly solves a sequence of matrix prox subproblems of
the form

min (ARG 0 AW +HO] + 31U =YL G)
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where 4, > 0 is an appropriately chosen stepsize and the point Y,_; is the previ-
ous iterate. It is shown (see Sect. 4.1) that the effort of finding the required inexact
solution Y, of (3) consists of computing one SVD and applying an accelerated gra-
dient (ACG) algorithm to find an approximate solution to the related vector prox
subproblem

min { 2 [0 = ey + R0] + 3 P} )
where r = min{m,n} and ¢,_; = 6c(¥;_; — 4, Vf(Y,_,)). Notice that (4) is a prob-
lem over the vector space R”, and hence, has significantly fewer dimensions than
(3) which is a problem over the matrix space R™". The other prototype, called the
static doubly accelerated ICG (DA-ICG), solves a subproblem similar to (3) but with
Y,_ selected in an accelerated manner (and hence its qualifier “doubly accelerated”).
Notice that the static IA-ICG (resp. DA-ICG) can be viewed as an inexact version of
ECG (resp. A-ECG) where, instead of & in (2), the function f, + h is viewed as the
composite term, i.e., the part that is not linearized in the subproblems. Moreover,
neither IA-ICG nor DA-ICG are able to solve (3) (or its accelerated version) exactly
due to assumption (ii) made in the first paragraph of this section.

Motivation of our approach. For high-dimensional instances of (1) where
r = min{m,n} is large, we have that the larger the Lipschitz constant of szv is, the
better the performance of the ICG methods is compared to the performance of their
exact counterparts. This fact immediately follows from the following two claims:

(i) the ICG methods inexactly solve fewer matrix subproblems compared to their
exact counterparts when the Lipschitz constant of szv is large; and

(i) the work of exactly solving (2) or inexactly solving (3) is comparable when r
is large.

The justification of claim (i) is as follows. First, recall that the larger the stepizes
A¢’s (resp. /le) are, the smaller the number of generated subproblems (3) (resp. (2))
is. Second, the CG stepsizes chosen in either (2) or (3) to guarantee convergence of
the underlying CG method are inversely proportional to the Lipschitz constant of
the gradient of the function being linearized. Hence, since the inexact CG methods
linearize f; only and the exact CG methods linearize both f; and f,, claim (i) fol-
lows. Some specific applications where the Lipschitz constant of Vf;’ may be large
in practice can be found, for example, in [1, 18, 20]. The justification for claim (ii) is
due to the following two observations: (a) all of the above CG methods require one
SVD per subproblem; and (b) when r is large, the computational bottleneck for solv-
ing a single subproblem is the aforementioned SVD.

Contributions and Main results To the best of our knowledge, this paper is the
first to present ICG methods that exploit both the spectral and composite structure
in (1).

When f, is convex or, more generally, a key inequality is satisfied at every itera-
tion of ACG applied to (4), it is shown that for any given p > 0, both the static IA-
ICG and the static DA-ICG always obtain a pair (¥, V) satisfying the approximate
stationarity condition
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Ve VA + VA +ond), IV < h. Q)

by inexactly solving O(p~2) matrix prox subproblems as in (3). If, in addition, f;
is convex, it is shown that this bound improves to O(5~2/3) for the static DA-ICG
method.

When f; is nonconvex, the static IA-ICG and the static DA-ICG may fail to obtain
a pair as in (5). To remedy this, we develop dynamic IA-ICG and DA-ICG methods
that repeatedly invoke their static counterparts to solve (1) with (f},f,) replaced by
(frehre) = (fi = ¢l - I12/2.f, + €|l - 11?/2) for strictly increasing values of & > 0.
These dynamic versions always obtain a pair as in (5) because: (i) f| +/f, =fi ¢ + /o
for every & > 0 and (ii) there always exists £ > 0 such that f, . is convex due to the
fact that Vf, is Lipschitz continuous. )

Numerical experiments are also given to demonstrate the practicality of our pro-
posed methods. More specifically, our experiments demonstrate that the dynamic
methods are substantially faster (usually 10x) than other first-order methods at mini-
mizing the primal residual || V|| in terms of runtime.

Related works The earliest complexity analysis of an ACG method for solv-
ing nonconvex composite problems like the one in (1) is given in [6]. Building on
the results in [6], many other papers [5, 7, 13] have proposed similar ACG-based
methods.

Another common approach for solving problems like (1) is to employ an inexact
proximal point method where each prox subproblem is constructed to be convex,
and hence, solvable by an ACG variant. For example, papers [4, 9, 10, 16] present
inner accelerated inexact proximal point methods whereas [12] presents a doubly
accelerated inexact proximal point method.

Organization of the paper Section 1.1 gives some notation and basic definitions.
Section 2 presents some necessary background material for describing the ICG
methods. Section 3 is split into three subsections. The first one precisely describes
the problem of interest, while the last two present the IA-ICG and DA-ICG methods.
Section 4 describes an efficient way of solving problem (3) by modifying a solution
of problem (4). Section 5 presents some numerical results. Section 6 establishes the
iteration complexity of the ICG methods. Finally, some auxiliary results are pre-
sented in Appendices A to D.

1.1 Notation and basic definitions

This subsection provides some basic notation and definitions.

The set of real numbers is denoted by R. The set of non-negative real numbers
and the set of positive real numbers is denoted by R, and R, respectively. The set
of natural numbers is denoted by N. The set of complex numbers is C. The set of
unitary matrices of size n—by-n is U". For t > 0, define logf(t) :=max{1,log(®)}.

Let R" denote a real-valued n—dimensional Euclidean space with norm || - ||.
Given a linear operator A : R" — RP, the operator norm of A is denoted by
I[A]l := sup{l|Az|l/llz]| : z € R",z# 0}. Using the asymptotic notation O, we
denote O,(:) = O(1 + ).
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Let (m,n) € N? and let » = min{m, n}. Given matrices X € R”* and ¥ € R™",
let the quantities o(X) and A(Y) denote the singular values and eigenvalues of X and
Y, respectively, in nonincreasing order. Let dg : R” » R™ and Dg : R™" R’ be
given pointwise by

Cifi=],
[dg Z]ij - { (Z)l, Otlllervjvise, [Dg Z]i = Zi»

for every z € R",Z € R™" and (i,j) € {1, ...,r}%

The following notation and definitions are for a general complete inner product
space Z, whose inner product and its associated induced norm are denoted by (-, -)
and || - || respectively. Let y : Z + (—o0, c0] be given. The effective domain of y is
denoted by domy := {x € Z : w(x) < oo} and y is said to be proper if domy # @.
For € > 0, the e-subdifferential of y at x € dom y is denoted by

ow(@ i={weR" : y@@)2y@+(w —z)—¢V € Z},

and we denote Jy =Jyy. The set of proper, lower semi-continuous, con-
vex functions is denoted by Conv Z. The convex conjugate yw is denoted
by w*. The linear approximation of y at a point z, € domy is denoted by
£, (::20) 1= w(zg) + (Vy(zp), - — 2p)- The indicator of a closed convex set C C Z at
a point z € Z is denoted by 6.(z), which is 1 if z € C and oo otherwise. The local
Lipschitz constant of Vy at two points u, z € Z is denoted by

IVy()=Vy Ol
L,(xy) = =yl » X# Y, Vx,y € domy. 6)
0, x=y,

2 Background material

Recall from Sect. 1 that our interest is in solving (1) by repeatedly solving a
sequence of prox subproblems as in (3). This section presents some background
material regarding (3).

This section considers the nonconvex composite optimization (NCO) problem

min {y () := y,() + v, (W)}, @

where Z is a finite dimensional inner product space and the functions y; and v, are
assumed to satisfy the following assumptions:

B1) y, € Conv Z;
(B2) w, is continuously differentiable on Z and satisfies y, (u) — f%(u;y)
< M|ju — y||?/2 for some M > O and every u,y € Z.

Clearly, problems (1) and (3) are special cases of (7), and hence any definition or
result that is stated in the context of (7) applies to (1) and/or (3).
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An important notion of an approximate solution of (7) is as follows: given p > 0,
a pair (y,, v,) is said to be a p—approximate solution of (7) if

v, € Vy,(v,) + oy, (v,), v, Il < 5. (8)

In Sect. 3, we develop prox-type methods for finding p—approximate solutions of (1)
that repeatedly solve (3) inexactly by taking advantage of its spectral decomposition.
We now discuss the inexactness criterion under which the subproblems (3) are
solved. Again, the criterion is described in the context of (7) as follows.
Problem A : Given (u,0) € [F{{%rJr and z, € Z, find (y,v,e) Edomy X ZX R,
such that

U
veo(w=E1-—IP)o. VP +26 <6y -zl ©)

We begin by making three remarks about the above problem. First, if (v, v, €) solves
Problem A with 8 = 0, then (v, €) = (0, 0), and z is an exact solution of (7). Hence,
the output (y, v, €) of Problem A can be viewed as an inexact solution of (7) when
0 € R,,. Second, the input z, is arbitrary for the purpose of this section. However,
the two methods described in Sect. 3 for solving (1) repeatedly solve (3) according
to Problem A with the input z, at the k" iteration determined by the iterates gener-
ated at the (k — 1)" iteration. Third, defining the function

Ay, v) 1=y () —w) — (v,y —u) + gllu —yII> Yuedomy, (10)

another way to express the inclusion in (9) is A, (u;y,v) < € for every u € domy.
Finally, the relaxed ACG (R-ACG) algorithm presented later in this subsection will
be shown to solve Problem A when y;, is convex. Moreover, it solves a weaker ver-
sion of Problem A involving A 4 (see Problem B later on) whenever y; is not convex
and as long as some key inequalities are satisfied during its execution.

A technical issue in our analysis in this paper lies in the ability of refining the
output of Problem A to an approximate solution (y,,v,) of (7), i.e., one satisfying
the inclusion in (8), in which ||v,|| is nicely bounded. We now present a refinement
procedure that addresses this issue.

Refinement Procedure

Input: a triple (M, s, ;) satisfying (B1)—(B2) and a pair (y,v) € dom,, X Z;
Output: a pair (y,,v,) satisfying the inclusion in (8);

1. set the quantities

. M ‘
v = arguiin {(Vu(y) = v,0) + G u = vl + vnl) | ()
ue
v = v+ My —yr) + Vos(yr) — Vbs(y), (12)

and output (y, v;).
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The result below presents the key properties of the above procedure. For the
sake of brevity, we write (y,,v,) = RP(y,v) to indicate that the pair (y,,v,) is the
output of the above procedure with inputs (M, y,, y,) and (y, v).

Proposition 1 Let (M,y,,y,) satisfying assumptions (B1)—(B2) and a triple
(y,v,€) €domy, X ZX R, be given. Moreover, let (y,,v,) = RP(y,v), denote
L, (") simply by L(-, -) where L, (,-)isasin (6), and let A, be as in (10). Then, the
following statements hold:

@ v, € Yy, (v,) + 0w, 00,);
(b) A,(:y.v) = Mlly, —ylI*/2
(©) ifA,,y,v) < €and(y,v, ) satisfies the inequality in (9), then

(13)

M+ L(y,y,)
vl <6 ll + ——|lly —zll;

\/M

(d) if (y,v,e) solves Problem A, then Aﬂ(u;y, v) L € for every u € domy,, and, as
a consequence, bound (13) holds.

Proof (a) Using the definition of v, and the optimality of y,, we have that
v, =v+ M@y —y)+ Vy,0,) - V() € V() + 0w, (0,).

(b) Let (y,v) € domy, X Z be fixed, and define y, := y, — (v, -). Using Proposi-
tion 19 with (g, h,L) = (W, w,, M) and (z,2) = (y,y,), and the definition of Au in
(10), we have

2y =2l < @+ v)0) = @, + )0

=y -wl)— vy —y) <A,0,.v).

(c) Using the assumption that A M(yr;y, v) < g, part (b), and the inequality in (9), we

have that
2A ,(y,5y,v) 2¢ 0
lly =, S\/"Ts MSTIIy—zOII. (14)
M

Using the triangle inequality, the definition of L(:,-), (14) and the inequality in (9)
again, we conclude that

M+ L(y.y,)
— |y =%l

VM

vl < vl + [M + Ly, y)] - lly =yl <6 ll +
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(d) The fact that A, (u;y,v) < € for every u € domy, follows immediately from the
inclusion in (9) and the definition of A, in (10). The fact that (13) holds now follows
from part (c). O

We make a few remarks about Proposition 1. First, it follows from (a) that (y,, v,)
satisfies the inclusion in (8). Second, it follows from (a) and (c) that if & = 0, then
(¢,v,) =(0,0), and hence y, is an exact stationary point of (7). In general, (13)
implies that the residual ||v, || is directly proportional to ||y — w||, and hence, becomes
smaller as this quantity approaches zero.

Inequality (13) plays an important technical role in the complexity analysis of the
two prox-type methods of Sect. 3. Sufficient conditions for its validity are provided
in (c) and (d), with (c) being the weaker one, in view of (d). When y is convex, it
is shown that every iterate of the R-ACG algorithm presented below always satisfies
the inclusion in (9), and hence, verifying the the validity of the sufficient condition
in (c) amounts to simply checking whether the inequality in (9) holds. When vy is
not convex, verification of the inclusion in (9), and hence the sufficient condition in
(d), is generally not possible, while the one in (c) is. This is a major advantage of the
sufficient condition in (c), which is exploited in this paper towards the development
of adaptive prox-type methods which attempt to approximately solve (7) when y, is
not convex.

For the sake of future reference, we now state the following problem for finding
a triple (v, v, €) satisfying the sufficient condition in Proposition 1(c). Its statement
relies on the refinement procedure preceding Proposition 1.

Problem B : Given the same inputs as in Problem A, find
(y,v,€) € domy X Z X R, satisfying the inequality in (9) and

A0, <&, (15)

where A, (5-,-) is as in (10) and y, is the first component of the refined pair
(¥,.v,) = RP(y, V).

We now state the aforementioned R-ACG algorithm which solves Problem A
when y, is convex and solves Problem B whenever y, is not convex and two key
inequalities are satisfied, one at every iteration (i.e., (16)) and one at the end of its
execution.
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R-ACG Algorithm

Input: a quadruple (p, M, s, 1y,) satisfying (B1)—-(B2) and a pair (6, z);
Output: a triple (y,v,¢) that solves Problem B or a failure status;
0. define v := 1hy + 1, and set 2§ = 29, By =0, 9 =0, and j = 1;

1. compute the iterates

fi— 1+puBj_y b &1+ /& +4E1Bj
J—1 M — L ) j—1 2 )
N Bj_ bi_
Bj=Bj-1+0bj-1, Z-1= #Zj—l + j,ﬁjlzf—h

‘ M -
zj = argmin {l% (us Zj-1) + Un(u) + —|lu — zj,lHZ} ,
ueZ 2
c 1 c ~ C
K [Z]Ll —bj1(M — p)(Zj—1 — 2) + p(Bj1zf_ + b]-,lzj)} ;

2. compute the quantities

~ ~ 14 -
B = lp. (5 Z-1) + o+ 5 —z?

~ ) - o
% =i(2) + (M = ) (Za = 25, = ) + Sl - =%
Bi_, bi_1 28_29
Tj=——Tj 1+ 2=, = L (2 — 2),
J B; J B; J J B; J J

c c K c
7; = max {O,Q/J(ZJ) — Fj(zj) — <rj,Zj - z]-> + EHZ] — Z]_HQ} :

3. if the inequality

1 , )
<1+,1,Bj> I1Bjrj + 2 = zoll” + 2By < ||z — =l (16)

holds, then go to step 4; otherwise, stop with a failure status;
4. if the inequality
llr51% + 205 < 62125 — 0|, (17)
holds, then go to step 5; otherwise, go to step 1;
5. set (y,v,€) = (zj,7j,1;) and compute (y.,v,) = RP(z;,r;); if the condition
Aulyriy,v) <e,

holds then stop with a success status and output the triple (y, v, €); otherwise, stop with a
failure status.

It is well-known (see, for example, [8, Proposition 2.3]) that the scalar B,
updated in step 1 satisfies
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" 2-1)
J u .
max —,<1+ —) Vji>1. (18)

4M

The next result presents the key properties about the R-ACG algorithm.

Proposition 2 The R-ACG algorithm has the following properties:

(a) it stops with either failure or success in

o( [1 " \/ﬂ log! [LK,(1 +MK9)]> (19)

iterations, where K, := 1+ \/5/ 0;

(b) ifit stops with success, then its output (y, v, €) solves Problem B;

(c) ify,is p—strongly convex then it always stops with success and its output (y, v, €)
solves Problem A.

Proof (a) See Appendix B.

(b) This follows from the successful checks in step 4 and 5 of the algorithm.

(c) The fact that the algorithm never stops with failure follows from Proposi-
tion 20(c)—(d) in Appendix B. The fact that the algorithm stops with success follows
from the previous statement, the successful checks in step 4 and 5 of the algorithm,
and the fact that the algorithm stops in a finite number of iterations in part (a). O

3 Inexact composite gradient methods

This section presents the ICG methods and the general problem that they solve. It
contains three subsections. The first one presents the problem of interest and gives
a general outline of the ICG methods, the second one presents the IA-ICG method,
and the third one presents the DA-ICG method. For the ease of presentation, the
proofs in this section are deferred to Sect. 6.

3.1 Problem of interest and outline of the methods

This subsection describes the problem that the ICG methods solve and outlines their
structure.

Instead of considering problems having the spectral structure mentioned in Sect. 1,
this section considers a more general NCO problem where its variable u lies in a finite
dimensional inner product space Z (and, hence, can be either a vector and/or matrix)
and presents both ICG methods in this more general setting. Section 4 then presents
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a modification of the ACG subroutine used by both ICG methods that drastically
improves their efficiency in the setting of the spectral problem (1).
More specifically, this section considers the problem

min [u) 1= f,0) +£,(0) + h(w) (20)
where the functions f,f,, and & are assumed to satisfy the following assumptions:

(Al) h e Conv Z;
(A2) f.f, are continuously differentiable functions and there exists (m,, M,) € R?
and (m,, M,) € R? such that, fori € {1,2}, we have

m; 2 M; 2
=7 lu=yII" <fiw) = £ (wy) < —llu=ylI" Vu.y € domh; 21

(A3) fori e {1,2}, we have
IVfiw) = VEDI < Lillu = Il Vu,y € domh,

where L; 1= max{|m;|, |M,|};
(A4) ¢, 1= inf,czPp(u) > —co.

Note that assumption (A2) implies that assumption (A3) holds when the interior of
dom £ is nonempty. Under the above assumptions, the proposed ICG methods find an
approximate solution (9, ) of (20) as in (8) withy, = f; +f, andy,, = h, i.e.

Ve VAG) + VALHG) +0h(), IVl < 5. (22)

We now outline the ICG methods. Given a starting point y, € dom y,, and a special
stepsize 4 > 0, each method continually calls the R-ACG algorithm of Sect. 2 to
find an approximate solution of a prox-linear form of (20). More specifically, each
R-ACG call is used to tentatively find an approximate solution of

min [y() = 4[¢; (20) + (00 + h)] + 3 1u = 11, 23)

for some reference point z,. For the IA-ICG method, the point z; is y, for the first
R-ACG call and is the last obtained approximate solution for the other R-ACG calls.
For the DA-ICG method, the point z; is chosen in an accelerated manner.

From the output of the k™ R-ACG call, a refined pair (9, V) = (§,, V) is generated
which: (i) always satisfies the inclusion of (22); and (ii) is such that min, [|9;|| — O as
k — oo. More specifically, this refined pair is generated by applying the refinement pro-
cedure of Sect. 2 and adding some adjustments to the resulting output to conform with
our goal of finding an approximate solution as in (22). For the ease of future reference,
we now state this specialized refinement procedure. Before proceeding, we introduce
the shorthand notation

M :=max {M;,0}, m] :=max{m,0}, Lxy) := Li(x,y),  (24)
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fori € {1,2}, to keep its presentation (and future results) concise.

Specialized Refinement Procedure

Input: a quadruple (Ma, f1, f2, h) satisfying (A1)—(A2), a scalar A > 0, and a triple (y,v,29) €
domy, x Z x Z;
Output: a pair (,9) satisfying the inclusion of (22);

1. compute (§,v,) = RP(y,v) using the refinement procedure in Section 2 with
1
M =AM +1, =Xl (520) + fo] + Sl —20l%, Yn = A (25)

2. compute the residual

b=

(vr + 20 —y) + V1(§) — V f1(20),

and output (g, ).

The result below states some properties about the above procedure. For the sake
of brevity, we write (3, V) = SRP(y, v, z,) to indicate that the pair (9, ¥) is the output
of the above procedure with inputs (M, f}, />, h), 4, and (y, v, z).

Lemma 3 Let (m;,M,), (m,,M,), and (f,f;,h) satisfying assumptions (A1)—(A3)
and a quadruple (zy,y,v,€) € ZX domy, X ZX R, be given. Moreover, let
(3, V) = SRP(y, v, 2) and define

L+ A[MF + Ly (x, ) + Ly(x, )]

: 26
\J1+ bt 20

for every x,y € Z. Then, the following statements hold:

CA(X,)’) =

(@) V€ Vi) + VAHO) + oh();
(b) if(y,v,e)solves Problem B with (u, y,,w,) as in (28), then

2+6C,(».9)

3 ly = zoll-

9l < |2y (v, w) +

It is worth recalling from Sect. 1 that in the applications we consider, the cost
of the R-ACG call is small compared to SVD computation that is performed before
solving each subproblem as in (23). Hence, in the analysis that follows, we present
complexity results related to the number of subproblems solved rather than the total
number of R-ACG iterations. We do note, however, that the number of R-ACG itera-
tions per subproblem is finite in view of Proposition 2(a).
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3.2 Static and dynamic IA-ICG methods

This subsection presents the static and dynamic IA-ICG methods.
We first state the static IA-ICG method.

Static IA-ICG Method

Input: function triple (f1, f2, h) and scalar quadruple (mq, My, ma, Ma) € R?* satisfying (A1)-(A4),
tolerance p > 0, initial point yp € dom h, and scalar pair (\,0) € Ry x (0, 1) satisfying
1
MM + 62 < o8 (27)
Output: a pair (,9) satisfying (22) or a failure status;
0. let Ay(+;+,-) be as in (10) with g =1, and set k = 1;

1. use the R-ACG algorithm to tentatively solve Problem B associated with (23), i.e., with
inputs (g, M, s, 9y,) and (0, zp) where the former is given by

p=1, M=\MS+1,

‘ 1 9 (28)
hs = XNl (5 20) + fo] + 5“ =2, Yn = Ah,

and zp = yx_1; if the R-ACG stops with failure, then stop with a failure status; otherwise,
let (yg, vk, ex) denote its output and go to step 2;

2. if the inequality Aq(yg—1; Yk, vi) < &k holds, then go to step 3; otherwise, stop with a failure
status;

3. set (§p,0r) = SRP(yk, vk, Yk—1); if ||0x]] < p then stop with a success status and output
(§,0) = (9, O ); otherwise, update k < k + 1 and go to step 1.

Note that the static IA-ICG method may fail without obtaining a pair satisfying
(22). In Theorem 4(c) below, we state that a sufficient condition for the method
to stop successfully is that f, be convex. This property will be important when
we present the dynamic IA-ICG method, which: (i) repeatedly calls the static
method; and (ii) incrementally transfers convexity from f; to f, between each call
until a successful termination is achieved.

We now make some additional remarks about the above method. First, it per-
forms two kinds of iterations, namely, ones that are indexed by k and ones that are
performed by the R-ACG algorithm. We refer to the former kind as outer itera-
tions and the latter kind as inner iterations. Second, in view of (27), if M; > 0
then 0 < A < (1 -26%/(2M,) whereas if M; <0 then 0 < A < co. Finally, the
most expensive part of the method is the R-ACG call in step 1. In Sect. 4, we
show that this call can be replaced with a call to a spectral version of R-ACG that
is dramatically more efficient when the underlying problem has the spectral struc-
ture as in (1).

The next result summarizes some facts about the static IA-ICG method. Before
proceeding, we first define some useful quantities. For A > 0 and u,w € Z, define
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1+ AM; + L, +Ly)

\/1 +AM; - @

Theorem 4 The following statements hold about the static IA-ICG method:

Eyuw) 1= £ (ww) + () + hw), C, :=

(a) itstopsin

— 72
1+60C, | [ - ¢,
o, l\/EL1+ \/EA] [ Oﬁz ] (30)

outer iterations, where ¢, is as in (A4);

(b) if it stops with success, then its output pair (9, 9) is a p—approximate solution of
(20);

(c) if f,is convex, then it always stops with success.

We now make three remarks about the above results. First, if 8 = O(1 /E 1) then
(30) is on the order of

2
o, lﬂh+é] [_(ﬁ(zo;z— ¢*] . 31)

Moreover, comparing the above complexity to the iteration complexity of the ECG
method described in Sect. 1, which is known (see, for example, [16]) to obtain an
approximate solution of (20) in

O

2
VAL, +Ly) + %] [W] (32)

iterations, we see that (31) is smaller than (32) in magnitude when L, is large. Notice
also that the complexity in (31) corresponds to applying the ECG method to (1)
where the composite function is f, + & instead of just 4. Second, Theorem 4(b)
shows that if the method stops with success, regardless of the convexity of f,, then
its output pair (§, ) is always an approximate solution of (20). Third, in view of
Proposition 10, the quantities L, and C, in all of the previous complexity results can
be replaced by their averaged counterparts in (48). As these averaged quantities only
depend on {(y;,9,) }le, we can infer that the static IA-ICG method adapts to the local
geometry of its input functions.

We now state the dynamic IA-ICG method that resolves the issue of failure in
the static IA-ICG method.
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Dynamic IA-ICG Method

Input: the same as the static IA-ICG method but with an additional parameter £, > 0;
Output: a pair (§,0) satisfying (22);

0. set £ =&y, L =1, and

_ 2 _ 2
fi=h 2” [ fz—f2+2H [
my=my+§ M =M —-§ ma=mg—§ My=M+¢;

(33)

1. call the static IA-ICG method with inputs (f1, f2,h), (m1, M1, ma, M2), p, yo, and (X, 6);

2. if the static IA-ICG call stops with a failure status, then set £ = 2¢, update the quantities in
(33) with the new value of &, increment £ = ¢ + 1, and go to step 1; otherwise, let (§,9) be
the output pair returned by the static IA-ICG call, stop, and output this pair.

Some remarks about the above method are in order. First, in view of (27)
and the fact that M, is monotonically decreasing, the parameter A does not need
to be changed for each IA-ICG call. Second, in view of assumption (A2) and
Theorem 4(c), the IA-ICG call in step 1 always terminates with success when-
ever m, < 0. As a consequence, the total number of IA-ICG calls is at most
[log(2m; /&y)]. Third, in view of the second remark and Theorem 4(b), the method
always obtains a p—approximate solution of (20) in a finite number of IA-ICG
outer iterations. Finally, in view of second remark again, the total number of
IA-ICG outer iterations is as in Theorem 4(a) but with: (i) an additional multi-
plicative factor of [log(2m;r /€ ; and (ii) the constants m; and M, replaced with
(m, +2m; ) and (M, +2m;), respectively. It is worth mentioning that a more
refined analysis, such as the one in [10], can be applied in order to remove the
factor of [log(Zm; /&y from the previously mentioned complexity.

3.3 Static and dynamic DA-ICG methods

This subsection presents the static DA-ICG method, but omits the statement of its
dynamic variant for the sake of brevity. We do argue, however, that the dynamic
variant can be stated in the same way as the dynamic IA-ICG method of Sect. 6.1
but with the call to the static IA-ICG method replaced with a call to the static
DA-ICG method of this subsection.

We start by stating some additional assumptions. It is assumed that:

(i) the set dom /4 is closed;
(ii) there exists a bounded set 2 dom /4 for which a projection oracle exists.

We now state the static DA-ICG method.
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Static DA-ICG Method

Input: function triple (f1, fo, h) and scalar quadruple (my, My, ma, My) € R?* satisfying (A1)-(A4),
tolerance p > 0, initial point yo € dom h, and scalar pair (\,0) € Ry x (0, 1) satisfying

M, + 62 < %; (34)

Output: a pair (§,0) satisfying (22) or a failure status;
0. let Aq(+;+,-) be as in (10) with u = 1, and set Ag = 0, x9 = yo, and k = 1;

1. compute the quantities

1+ /1+4A;-
Uy = L A=A +a,
35
o Ap1yk1 +apTp- (35)
Fpo1 = yh :

2. use the R-ACG algorithm to tentatively solve Problem B associated with (23), i.e., with
inputs (p, M, s, y,) and (0, z9) where the former is as in (28) and zg = Zj_1; if the R-ACG
stops with success, then let (yf, vi,ey) denote its output and go to step 3; otherwise, stop
with a failure status;

3. if the inequality A (yr—1;yf, vk) < ek holds, then go to step 4; otherwise, stop with a failure
status;

4. set (§y, 0x) = SRP(y}, vk, Tx—1) where SRP(,-,-) is described in Subsection 3.1; if [|04] < p
then stop with a success status and output (§,9) = (;, 0x); otherwise, compute
1 _
xj, = argmin = ||u — [zp_1 — ap_1 (vp + Fu_1 — yD]II%,
ueQN 2 (36)
yp = argmin [fi(u) + fo(u) + h(u)],
ue{ye-1.40}

update k < k + 1, and go to step 1.

Note that, similar to the static IA-ICG method, the static DA-ICG method may
fail without obtaining a pair satisfying (22). Proposition 5(c) shows that a suf-
ficient condition for the method to stop successfully is that f, be convex. Using
arguments similar to the ones employed to derive the dynamic IA-ICG method,
a dynamic version of DA-ICG method can also be developed that repeatedly
invokes the static DA-ICG in place of the static IA-ICG.

We now make some additional remarks about the above method. First, it per-
forms two kinds of iterations, namely, ones that are indexed by k and ones that are
performed by the R-ACG algorithm. We refer to the former kind as outer itera-
tions and the latter kind as inner iterations. Second, in view of the update for
¥ in (36), the collection of function values {q’)(yl-)}i.‘=0 is non-increasing. Third,
in view of (34), if M; > 0 then 0 < A < (1 —26%)/(2M,) whereas if M, < 0 then
0 < A < . Finally, the most expensive part of the method is the R-ACG call in
step 2. In Sect. 4, we show that this call can be replaced with a call to a spectral
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version of R-ACG that is dramatically more efficient when the underlying prob-
lem has the spectral structure as in (1).

It is worth mentioning that the outer iteration scheme of the DA-ICG method is
a monotone and inexact generalization of the A-ECG method in [6]. More specifi-
cally, this A-ECG method is a version of the DA-ICG method where: (i) 8 = 0; (ii)
the R-ACG algorithm in step 2 is replaced by an exact solver of (23); (iii) the update
of x; in (36) is replaced by an update involving the prox evaluation of the function
a,_ih; and (iv) both £ and f, are linearized instead of just f, in the DA-ICG method.
Hence, the DA-ICG method can be significantly more efficient when its R-ACG call
is more efficient than an exact solver of (23) and/or when the projection onto € is
more efficient than evaluating the prox of a,_, h.

The next result summarizes some facts about the DA-ICG method. Before pro-
ceeding, we introduce the useful constants

Dh .= Sup ”M—Z”, DQ = Sup ||M_Z”7 Ag :=¢(y0)_¢>w

u,zedom h u,z2€Q
1+0C, G0
~ .

dy = inf {llyo = u'll * ) = .}, Eypi= VaL, +

Theorem 5 The following statements hold about the static DA-ICG method.

(a) itstopsin

E lm{D} + MYl E, g[mt +1/21'/°Dg
p

(38)

outer iterations;

(b) if it stops with success, then its output pair (3, ) is a p—approximate solution of
(20);

(c) if f,is convex, then it always stops with success in

2 2 2/3 2/3 ,-1/3
EA,amIrDh Ez,e[mT]l/zDQ Epdy A /
O, 52 + 5 + 52/3
p p p

(39)

outer iterations.

We now make three remarks about the above results. First, in the “best” scenario
of max{m,m,} <0, i.e., fjand f, are convex, we have that (39) reduces to

2/3
1 2/3 d()
01([L1 + E] lﬁz/?’ ;
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which has a smaller dependence on p when compared to (31). In the “worst” sce-
nario of min{m,,m,} > 0, if we take & = O(1/C,), then (38) reduces to

2r 42
1 mi D, + $(yy) — ¢,
ﬁL1+%] l Lk /320 ],

0

which has the same dependence on j as in (31). Second, part (c) shows that if the
method stops with an output pair (9, ¥), regardless of the convexity of f,, then that
pair is always an approximate solution of (20). Third, in view of Proposition 18, the
quantities L, and C, in all of the previous complexity results can be replaced by
their averaged counterparts in (63). As these averaged quantities only depend on
{(yf.‘, b i,)“ci_l)}f.‘:l, we can infer that the static DA-ICG method, like the static IA-ICG
method of the previous subsection, also adapts to the local geometry of its input
functions.

4 Exploiting the spectral decomposition

Recall that at every outer iteration of the ICG methods in Sect. 3, a call to the
R-ACG algorithm is made to tentatively solve Problem B (see Sect. 3.1) associated
with (23). Our goal in this section is to present a more efficient version of R-ACG
(based on the idea outlined in Sect. 1) when the underlying problem has the spectral
structure as in (1).

The content of this section is divided into two subsections. The first one presents
the aforementioned algorithm, whereas the second one proves its key properties.

4.1 Spectral R-ACG algorithm

This subsection presents the R-ACG algorithm mentioned above. Throughout our
presentation, we let Z, represent the starting point given to the R-ACG algorithm by
the two ICG methods.

We first state the aforementioned efficient algorithm.
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Spectral R-ACG Algorithm

Input: a quadruple (Ma, f1, f¥,hY) satisfying (A1)-(A3) with (f2,h) = (fY,hY) and a triple
(/\7 07 Z0)7
Output: a triple (Y, V,e) that solves Problem B associated with (23) or a failure status;

1. compute
Zy = Zo — AV f1(20), (40)

and a pair (P,Q) € U™ x U™ satisfying Z3 = P[dgo(Z3)Q*;

2. use the R-ACG algorithm to tentatively solve Problem B associated with (4), i.e., with inputs
(u, MY YY) and (6, z) where the former is given by

p=1, M:=\M; +1,

1 41
Wl =AY = (0(Z0), )+ 5l 1P =AY, )

and zp = Dg(P*ZpQ); if the R-ACG stops with success, then let (y,v,e) denote its output
and go to step 3; otherwise, stop with a failure status;

3. set Y= P(dgy)Q* and V = P(dgv)Q*, and output the triple (Y, V,¢).

We now make three remarks about the above algorithm. First, the matrices P and
Q in step 1 can be obtained by computing an SVD of Zé. Second, in view of Propo-
sition 20(a) and the fact that (u, M) in (41) and (28) are the same, the iteration com-
plexity is the same as the vanilla R-ACG algorithm. Finally, because the functions
1//SV and 1//;} in (41) have vector inputs over R’, the steps in the spectral R-ACG algo-
rithm are significantly less costly than the ones in the R-ACG algorithm, which use
functions with matrix inputs over R”*",

The following result, whose proof is in the next subsection, presents the key prop-
erties of this algorithm.

Proposition 6 The spectral R-ACG algorithm has the following properties:
(a) ifit stops with success, then its output triple (Y, V, €) solves Problem B associated
with (23);

(b) if f, is convex, then it always stops with success and its output (Y, V, €) solves
Problem A associated with (23).

4.2 Proof of Proposition 6

For the sake of brevity, let (y,, y,,) be as in (28) and, using P and Q from the spectral
R-ACG algorithm, define for every (u, U) € R" x R"™", the functions

@ Springer



Accelerated inexact composite gradient methods for nonconvex... 693

M(u) :=P(gu)Q*, WU) :=Dg(P*UQ),
w(U) =y, (U) +y, (), yY @) 1=yl W)+, W)

The first result relates (y,, y,) to (w”, y)).

Lemma 7 Let (y,v,€) and (Y, V) be as in the spectral R-ACG algorithm. Then, the
following properties hold:

(a) we have
w o) =w,(). v () +B =y,
where B} 1= 1f,(Zy) — MVA(Zy). Zo) + 1212/ 2;

(b) we have

veo(v-3l-—YIE)m = veo,(w -2~ @)

Proof (a) The relationship between q/)f and y,, is immediate. On the other hand,
using the definitions of Y, f,, and Bg, we have

wlO) + B = Mp(Y) = (Z2.¥) + %Hyui + B}
= 2[00+ 1)+ (V). Y = Z)] + 31Y = Zoll; = ().

(b) Let Sy =V + Z(’]l —Yand sy, =v+ o-(Zé) —y, and note that S, = M(s,). Moreo-
ver, in view of part (a) and the definition of y, observe that the left inclusion in (42)
is equivalent to S, € d,(A[f, + h])(Y). Using this observation, the fact that S, and
Y have a simultaneous SVD, and Theorem 23 with (S, s) = (S, s¢), ¥ = Alf, + Al,
and ¥V = /1[f2V + hY], we have that the left inclusion in (42) is also equivalent to
sy € ds(i[fzv + 1Y])(y). The conclusion now follows from the observation that the
latter inclusion is equivalent to the the right inclusion in (42). O

We are now ready to give the proof of Proposition 6.

Proof of Proposition 6 (a) Since (y,v) = (W(Y), V(V)), notice that the successful ter-
mination of the algorithm implies that the inequality in (9) and (15) hold. Using this
remark, the fact that || V||12E = ||v||?, and the bound

0l1z; — zolI* = 02 (lIg11* — 2(z;, Vo)) + 1Z11%) + 02UV = 1Zo11%)
<P (IZll7 - 2Z. Zo) + 1ZylI7) = 0°11Z; = Zy 7.

we then have that the inequality in (9) also holds with (y,v) = (¥, V).
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To show the corresponding inequality for (15), let (Y,,V,) = RP(Y, V) using the
refinement procedure in Sect. 2. Moreover, let (y,,v,) = RP(y,v) and A}}(-;-, -) be as
in (10), where (y,,w,) = (w”, y)). It now follows from (11), (12), Lemma 22 with
Y=y,and S =V +MY - Vy/(Y), and Lemma 21(b) that ¥,,Y,V, and V, have a
simultaneous SVD. As a consequence of this, the first remark, and Lemma 7(a), we
have that

1
e> A0y =y 0 v o) - (ny -y + 1 ylI?
1
=v) —w¥) (V.Y = ¥,) + Y, - Y|I? = A(Y,Y, V),

and hence that (15) holds with (y,v) = (¥, V).
(b) This follows from part (a), Proposition 2(c), and Lemma 7(b). O

5 Computational results

This section presents computational results that highlight the performance of the
dynamic IA-ICG and dynamic DA-ICG methods, and it contains three subsections.
The first one describes the implementation details, the second presents computa-
tional results related to a set of spectral composite problem, while the third gives
some general comments about the computational results.

5.1 Implementation details

This subsection precisely describes the implementation of the methods and experi-
ments of this section. Moreover, all of the code needed to replicate these experi-
ments is readily available online.'

We first describe some practical modifications to the dynamic IA-ICG method.
Given 4 > 0 and (z;, 79) € 22, denote

A = 42| b — 72320 — iz = 2ol
6= ZO ¢Zj’z0 ) Zj Z()

where 7, » 1s as in (29). Motivated by the first inequality in the descent condition (46),
we relax (17) in the R-ACG call to the three separate conditions:
llz; = 2lI> < AJ. lI75l|* < A}, and 27 < A,

We now describe some modifications and parameter choices that are common
to both methods. First, both ICG methods use the spectral R-ACG algorithm of
Sect. 4.1 in place of the R-ACG algorithm of Sect. 2. Moreover, this R-ACG vari-
ant uses a line search subroutine for estimating the upper curvature M that is used

! See https://github.com/wwkong/nc_opt/tree/master/tests/papers/icg.
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during its execution. Second, when each of the dynamic ICG methods invokes their
static counterparts, the parameters A, and y, are set to be the last obtained param-
eters of the previous invocation or the original parameters if it is the first invoca-
tion, i.e., we implement a warm-start strategy. Third, we adaptively update A at each
outer iteration as follows: given the old value of A = A, at the k' outer iteration, the

new value of A = A, at the (k + 1) iteration is given by

Aig r, € 10.5,2.01,
ﬂ.new = )’Old -V 0.5, Iy < 0.5, Ty
dga - V2. 1> 2.0,

o [aoad +2m) + 1l - 3
19, = [AM5 +2m3) + 1] (v = 3l

Fourth, we take y = 1/2 rather than y = 1 for each of R-ACG calls in order to
reduce the possibility of a failure from the R-ACG algorithm. Fifth, in view of (43),
we relax condition (17) in the vector-based R-ACG call of Sect. 4.1 to

2 2 2
l7511° +2m; < 07 lz; — l1” + 7,

where 7 := 0%(||Z |7 — lIzll*) > 0. Finally, both ICG methods choose the common
hyperparameters (&, 4,0) = (M;,5/M,, 1/2) at initialization.

We now describe the five other benchmark methods considered. Throughout their
descriptions, we let m =m, + my,, M =M, + M,, and L = max{m,M}. The first
method is Nesterov’s efficient ECG method of [15] with (4,7,,7,) = (100/L,2,2).
The second method is the accelerated inexact proximal point (AIPP) method of [10]
with (4,0,7) = (1/m, 4, 10[AM + 1]) and the R-AIPPv2 stepsize scheme. The third
method is a variant of the A-ECG method of [6, Algorithm 2], which we abbre-
viate as AG. In particular, this variant chooses its parameters as in [6, Corollary
2] with Ly replaced by M, i.e., f, = 1/(2M) for every k (implying a more aggres-
sive stepsize policy). It is worth mentioning that we tested the more conservative
AG variant with §, = 1/(2Ly) and observed that it performed substantially less
efficient than the above aggressive variant. The fourth method is a special imple-
mentation of the adaptive A-ECG method in [7] with (y;, 75, 73) = (0.4,0.4,1.0) and
(6,0) = (1072,10719), which we abbreviate as UP. More specifically, we consider
the UPFAG-fullBB method described in [7, Section 4], which uses a Barzilai-Bor-
wein type stepsize selection strategy. The last is the A-ECG method of [13], named
NC-FISTA, with (¢, A) = (1.05m,0.99/M), which we abbreviate as NCF.

Finally, we state some additional details about the numerical experiments. First,
the problems considered are of the form in (1) and satisfy assumptions (A1)—-(A4)
with f, = fZV oo and h = hYoo. Second, given a tolerance p > p z}nd an initial point
Y, € dom#h, every method in this section seeks a pair (¥,V) € domh x R™"
satisfying

: . . . 4] R
Ve VA + V(Y oo)(Y) + o(h oo )(V), < p,
! 2%¢ ’ IV (V) + (Fon) Yl +1 "

and stops after 1000 seconds if such a point cannot be found. Third, to be concise,
we abbreviate the IA-ICG and DA-ICG methods as IA and DA, respectively. Finally,
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Table 1 Description of the MC

data matrices A € R"™" Name ¢ n % mnonzero  min;; A, max;; Ay
Anime? 506 9437 10.50% 1 10
FilmTrust? 1508 2071 1.14% 0.5 8

2See the subset of the ratings from https://www.kaggle.com/Coope
rUnion/anime-recommendations-database where each user has rated
at least 720 items.

3See the ratings in the file “ratings.txt” under the FilmTrust section
in https://www.librec.net/datasets.html

all described algorithms are implemented in MATLAB 2020a and are run on Linux
64-bit machines that contain at least 8 GB of memory.

5.2 Spectral composite problems

This subsection presents computational results of a set of spectral composite optimi-
zation problems and contains two sub-subsections. The first one examines a class of
nonconvex matrix completion problems, while the second one examines a class of
blockwise matrix completion problems.

5.2.1 Matrix completion

Given a quadruple (a, f, u,0) € [R{i 4 a data matrix A € R, and indices Q, this
subsection considers the following constrained matrix completion (MC) problem:

.
min —
UeRmxn

stlUIl; < Vén - max |A,],
LJ

|1Po(U _A)”}zc + KMOO'(U) + 7,00(U)

where Py, is the linear operator that zeros out any entry that is not in Q and

o) =P zn:1o 14 @) =apf|1-ex <11
= — —_— . T = —_ ——
W=y 48 0 w P\ 20

for every z € R". Here, the function K, +17, is a nonconvex generalization of the
convex elastic net regularizer (see, for example, [17]), and it is well-known (see, for
example, [20]) that the function k, — || - ||, is concave, differentiable, and has a
(2p1/6%)-Lipschitz continuous gradient.

We now describe the different data matrices that are considered. Each matrix
A € R¥*" is obtained from a different collaborative filtering system where each row
represents a unique user, each column represents a unique item, and each entry rep-
resents a particular rating. Table 1 lists the names of each data set, where the data
originates from (in the footnotes), and some basic statistics about the matrices.

We now describe the experiment parameters considered. First the starting point
Z, is randomly generated from a shifted binomial distribution that closely follows
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Function Value Subgradient Size
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Fig. 1 Function values and minimum subgradients for the Anime dataset with § = 107!

the data matrix A. More specifically, the entries of Z; are distributed according to a
BINOMIAL(q, /a) — A distribution, where y is the sample average of the nonzero
entries in A, the integer a is the ceiling of the range of ratings in A, and A is the min-
imum rating in A. Second, the decomposition of the objective function is as follows

K021 ||1] b0 W= IR 00
(44)

where F = {U € R™" ! ||U||p £ V¢n-max;; |A;|} is the set of feasible solutions.
Third, in view of the previous decomposition, the curvature parameters are set to be

2pu 2ap ~36 ap
m1=0, M1= . m2=7+TCXp(T>, M2=7, (45)

1
fi = 5lIPg( —AIZ =u

where it can be shown that the smallest and largest eigenvalues of V?7,(z) are
bounded below and above by —2af exp(—360/2)/6 and af /0, respectively, for every
z € R". Finally, each problem instance uses a specific data matrix A from Table 1,
the hyperparameters (a, f, u) = (10,20,2) and j = 107, different values of the
parameter 6, and Q to be the index set of nonzero entries in the chosen matrix A.

We now present the results. Figure 1 presents two subplots for the results of the
Anime dataset under a value of = 10!, The first subplot contains the log objec-
tive value against runtime, while the second one contains the log of the minimal
subgradients, i.e. min; ||\7i||, against runtime. Tables 2 to 3 present the minimal
subgradient size obtained within the time limit of 1000. Moreover, each row of these
tables corresponds to a different choice of 6 and the bolded numbers highlight which
algorithm performed the best in terms of the size obtained in a run.

5.2.2 Blockwise matrix completion
Given a quadruple (a, g, u,0) € [R{‘jr ! block decomposable data matrix A € RE*n

with blocks {A,-}f.‘=1 C RP*4_ and indices Q, this subsection considers the following
constrained blockwise matrix completion (BMC) problem:
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Table2 Minimum subgradient sizes for the Anime dataset. Times are in seconds and “-
that did not generate a subgradient within the given time limit

”»

indicates a run

Parameters Time Minimum Subgradient Size (min,; || V;[)
@, m, M)T t ECG AIPP AG Uup NCF 1A DA
1 100 1088.6 1421.0 1568.9 1599.4 1488.8 13.0 78.5
169
201
200 1088.6 2219 1510.2 132.6 1362.4 11.6 39.2
400 1088.6 55.6 1284.6 7.5 1147.9 11.6 11.1
800 1088.6 7.7 716.7 7.5 862.7 11.6 11.1
0.1 100 1542.0 1595.8 1593.8 - 1595.0 189.7 1345.1
11443
2001
200 1489.9 1595.0 1591.5 1595.2 1594.2 23.1 378.1
400 1391.0 1587.8 1584.3 1595.1 1592.3 13.0 60.6
800 1276.3 990.5 1557.2 1594.3 1589.2 13.0 13.0
0.01 100 1594.6 1595.9 1595.6 1595.8 1595.9 162.9 452.0
839400
20001
200 1592.8 1595.6 1595.0 1595.8 1595.8 33.5 68.0
400 1589.8 1569.5 1592.2 1595.8 1595.8 15.3 14.7
800 1583.8 861.8 1582.3 1595.7 1595.7 15.3 14.1

Table 3 Minimum subgradient sizes for the FilmTrust dataset. Times are in seconds and “-” indicates a
run that did not generate a subgradient within the given time limit

Parameters Time Minimum Subgradient Size (min,; || V; ]
@, m, M)T t ECG AIPP AG Uup NCF 1A DA
1 100 127.1 328.6 328.5 - 326.2 71.7 342.4
169
201
200 106.7 326.2 326.8 330.0 3194 60.7 203.1
400 106.7 294.6 319.2 330.0 305.9 60.7 186.4
800 106.7 107.4 291.0 251.9 280.5 60.7 186.4
0.1 100 309.0 330.0 329.6 329.9 329.9 71.0 242.3
11443
2001
200 287.0 326.9 327.8 329.9 329.5 71.0 235.4
400 248.0 188.7 321.9 329.8 328.8 71.0 202.7
800 186.9 188.7 301.8 3294 3274 71.0 202.7
0.01 100 330.1 330.2 330.2 - 330.2 91.8 263.9
839400
20001
200 330.0 330.2 330.2 330.2 330.2 91.8 262.1
400 329.7 330.2 330.1 330.2 330.2 91.8 262.1
800 329.2 328.7 329.7 330.2 330.2 91.8 262.1
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Function Value Subgradient Size
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Fig.2 Function values and minimum subgradients for the truncated normal dataset with = 107!

k

.1 2
Urenuérgx"E”PQ(U A+ ; [K”OG(Ui) + TaOO'(Ui)]

stUIl; < Vén - max Al
L

where Py, k,, and 7, are as in Sect. 5.2.1 and U; € RPis the i block of U with the
same indices as A; with respect to A.

We now describe the two classes of data matrices that are considered. Every
data matrix is a 5-by-5 block matrix consisting of 50-by-100 sized submatrices.
Every submatrix contains only 25% nonzero entries and each data matrix gener-
ates its submatrix entries from different probability distributions. More specifi-
cally, for a sampled probability p ~ UNIFORM]O, 1] specific to a fixed submatrix,
one class uses a BINOMIAL(n, p) distribution with n = 10, while the other uses a
TRUNCATEDNORMAL(y, o) distribution with g = 10p, 62 = 10p(1 — p), and upper
and lower bounds 0 and 10, respectively.

We now describe the experiment parameters considered. First, the the decompo-
sition of the objective function and the quantities Z;, (m,M,), (m,,M,), p, and Q
are the same as in Sect. 5.2.1. Second, we fix (a, #, u) = (10,20, 2) and vary (6, A)
across the different problem instances.

We now present the results. Figure 2 contains the plots of the log objective func-
tion value against the runtime for the binomial data set, listed in increasing order
of M,. The corresponding plots for the truncated normal data set are similar to the
binomial plots so we omit them for the sake of brevity. Tables 4 and 5 present the
minimal subgradient size obtained within the time limit of 1000. Moreover, each
row of these tables corresponds to a different choice of 8 and the bolded numbers
highlight which algorithm performed the best in terms of the size obtained in a run.

5.3 General comments

This subsection makes two comments about the results obtained in the previous sub-
section. First, within the alloted time (i.e., 1000 seconds), the DA-ICG and IA-ICG
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Table 4 Minimum subgradient sizes for the binomial dataset. Times are in seconds and “-

run that did not generate a subgradient within the given time limit

”»

indicates a

Parameters Time Minimum Subgradient Size (min,; || V;])
@, m, M)T t ECG AIPP AG Uup NCF 1A DA
1 100 392.4 500.3 501.2 506.0 482.5 339 75.5
169
201
200 392.4 478.4 492.3 506.0 465.0 339 432
400 3924 182.2 455.9 57.1 407.0 339 432
800 3924 36.7 320.6 57.1 284.3 33.9 43.2
0.1 100 489.1 505.9 505.7 - 505.8 434 416.0
11443
2001
200 476.9 505.6 505.3 505.5 505.5 434 76.9
400 449.5 503.4 503.1 505.5 505.0 434 53.8
800 399.4 240.8 496.2 505.3 503.9 434 53.8
0.01 100 505.6 505.9 505.8 505.9 505.9 48.6 137.5
839400
20001
200 505.1 505.9 505.7 505.9 505.9 48.6 58.6
400 504.1 498.1 504.9 505.9 505.9 48.6 58.6
800 502.2 176.9 502.1 505.9 505.9 48.6 58.6

Table 5 Minimum subgradient sizes for the truncated normal dataset. Times are in seconds and “-” indi-

cates a run that did not generate a subgradient within the given time limit

Parameters Time Minimum Subgradient Size (min,; || V; ]
@, m, M)T t ECG AIPP AG Uup NCF 1A DA
1 100 - 564.3 562.7 - 552.2 39.1 362.3
169
201
200 433.5 551.8 554.1 566.6 536.2 30.0 80.3
400 433.5 351.5 526.6 566.6 501.7 30.0 40.8
800 433.5 35.6 433.7 55.8 435.7 30.0 40.8
0.1 100 533.8 566.4 566.2 - 566.2 41.0 465.0
11443
2001
200 507.4 566.1 565.7 566.0 566.0 41.0 81.4
400 478.2 563.6 561.8 566.0 565.6 41.0 50.0
800 417.6 159.0 549.9 565.8 564.4 41.0 50.0
0.01 100 565.5 566.4 566.2 566.4 566.4 45.8 54.3
839400
20001
200 564.6 563.9 565.5 566.4 566.4 45.8 54.3
400 562.7 186.1 563.1 566.3 566.4 45.8 54.3
800 559.1 143.6 555.6 566.3 566.3 45.8 54.3

@ Springer



Accelerated inexact composite gradient methods for nonconvex... 701

methods obtained approximate solutions with small primal residual || Vk [| much faster
than the other first-order methods. More specifically, the former methods were able
to obtain higher quality solutions much sooner than the latter ones, i.e, within the
first 100 seconds. Second, the larger the ratio m/M is, the more efficient the ICG
methods are compared to the other benchmarked methods.

6 Static ICG iteration complexities

This section establishes the iteration complexities for each of the static ICG methods
in Sect. 3.

6.1 Static IA-ICG iteration complexity
This subsection establishes the key properties of the static IA-ICG method.

Lemma 8 Ler {(y;,9;, f/l-)}f;l be the collection of iterates generated by the static IA-
ICG method. For everyi > 1, we have

1 2 7 (v M, 2
H”yi—l = ill" <G = £40iyicy) — 7”)’;’ = Yiall” £ dGi) — oG,
(46)
where Zﬁ is as in (29).

Proof Let i > 1 be fixed and let (y;,v;, ;) be the point output by the i" successful
call to the R-ACG algorithm. Moreover, let A,(-;-,-) be as in (10) with (v, y,)
given by (28). Using the definition of £, step 2 of the method, and fact that
0“,v,€) = (¥, v;, €;) solves Problem 5 in Sect. 2 with (u, w,, y,,) as in (28), we have
that

€= Ay v) = ﬁf¢(}’[§yi_1) = APi_) = (Vi yi = yic) Iy — Yic ”2

Rearranging the above inequality and using assumption (A2), (27), and the fact that
(a,b) > —|la||*/2 — ||b]|*/2 for every a,b € Z yields

AP(yiy) — MN(;,(yi;y,-_l) > (Vi yic1 = Vi) — &+ 1y — yic ”2
1 1 1-06?
= 2l =yl = S (P +26,) > <T> Iy = yiet P

M 1 — AM, — 62
L —)’i—1||2+ <+>”yi_yi—1“2

M, 1
= T”yi —yialI* + Z“yi — vl

(47)

= T”yi

@ Springer



702 W. Kong, R. D. C. Monteiro

Rearranging terms yields the first inequality of (46). The second inequality of (46)
follows from the first inequality, the fact that £ ,(y;;y;_;) + My |ly; — vy 12/2 > ()
from assumption (A2), and the definition of 7. O

The next results establish the rate at which the residual ||7;|| tends to 0.

Lemma?9 Let p > 1be given. Then, for every a,b € R¥, we have

min {{a.b;]} < k7 llall 151l -1-

1<i<

Proof Let p > 1 and a,b € R* be fixed and let ¢ > 1 be such that p~' +¢7' = 1.
Using the fact that (x, y) < [|x]|,|lyll, for every x,y € R, and denoting & and b to be
vectors with entries |a,|'/” and |b |1/1’ respectively, we have that

1<i<

k
k min {la;b by < Y a7
i=1

k 1/q
1
< llall, Nz, —||a||‘/”<2|bi|"/"> = (lall,l5ll,,) "
i=1

Dividing by k, taking the p'™ power on both sides, and using the fact that
p/q =p—1,yields

min {Ia i1} <K Plall bl = kP llall 151 g1

1<i<

Proposition 10 Let {(y;,J;, f/i)}’f: be as in Lemma 8 and define the quantities
] k
L% = ZL Opyi) CF = %Z Ci$i 3.

— 48)
Dan‘—Lan+ Cavg ﬂl '=<1+Ci>+\/§<2+lL1+9Cﬂ>
k A Ak’ ° )

A A

where C (-, -) and Cc 4 are as in (26) and (29), respectively. Then, we have

1+0C¢ 70) — 172
HLIIP ”f)l” _ ( \/_Lavg \/_l,k] [¢( O)k ¢*] +
= A
Proof Using Lemma 3 with (y,w) = (y;,y;_;) and the fact that C,(:,-) < Z‘A and
L,(-,-) £ L,, we have ||§;]| < &lly; =y, I, for every i < k, where

- 24 AL (y;,yi-1) +0C,0,,y)
i =
A

N>

Vi> 1.
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As a consequence, using the sum of the second bound in Lemma 8 from i = 1 to £,
the definitions in (48), and Lemma 9 with p =3/2,a, = &, and b; = ||ly; — y,_, || for
i = 1to k, yields

1/2
min [9,]] < min &Iy, =y, || < km(Z ><2 Iy = yies >
1+49C5lvg _
< VAL 4 Hcp(z()) qb] )

Vi ‘
We are now ready to give the proof of Theorem 4.

(49)

Proof of Theorem 4 (a) This follows from Proposition 10, the fact that C,(-,-) < C,
and L (-, ) < L;, and the stopping condition in step 3.

(b) The fact that (9,V) = (J, V) satisfies the inclusion of (22) follows from
Lemma 3 with (y, v, w) = (b, v, ¥x—1)- The fact that ||?]| < p follows from the stop-
ping condition in step 3.

(c) This follows from Proposition 2(c) and the fact that method stops in finite
number of iterations from part (a). O

6.2 Static DA-ICG iteration complexity

This subsection establishes several key properties of static DA-ICG method.
To avoid repetition, we assume throughout this subsection that k > 1 denotes
an arbitrary successful outer iteration of the DA-ICG method and let

© & o k
{(a;, Ay y?, Xis Xi—15 Y5 Vis Vis 5[)},':1

denote the sequence of all iterates generated by it up to and including the k' itera-
tion. Observe that this implies that the i DA-ICG outer iteration for any 1 < i < k is
successful, i.e., the (only) R-ACG call in step 2 of the DA-ICG method does not stop
with failure and A (y;_y:;y¥, v;) < ;. Moreover, throughout this subsection we let

7i(w) = O (wsXisy) + o) + h(w),  vi(w) = 7,00 + %(Vi + X =y u—y)).
(50)

The first set of results present some basic properties about the functions ¥; and y; as
well as the iterates generated by the method.

Lemma 11 Let A (+;-, ) be as in (10) with (y,, y,,) given by (28). Then, the following
statements hold for any s € domhand1 <i <k:

@ Springer



704 W. Kong, R. D. C. Monteiro

@ 7,09 =709

(b) x; = argmin,eq{Ad;_y7:() + llu—x;_,>/2}:

() Y—-v= argminuez{/lyi(u) + llu = %y ||2/2};

d) —Mllu-3%_, ||2/2 < 7,(’4) =) <myllu—x_, ”2/2;
) @1 = ¢Ov;) and O = d().

Proof To keep the notation simple, denote

(y(:,»y.,.,y,i) :(y?syi’yi_lsi[_l)v (x+9-x) = (-x[,-xi_l)’

51
A, A a)=(ALA_,a;_), (v,e)=(v;,¢€). D

(a) This is immediate from the definitions of y and 7 in (50).
(b) Define X; 1= x,_; — a;_; (v + X_; — »{). Using the definition of y in (50), we
have that

argmin {Aay(u) + l||u - x||2} =argmin {a(v +Xx -yl u— x) + l||u - x||2}
ueQ 2 ueQ 2

=ar§€mgi11%””— (x—a[v+5c—ya+])||2

.1 2
=argmin —||u - x+|| =x,.
ueQd 2
(c) Using the definition of y in (50), we have that
AVY (YL =v) + 05 =M =X = +E )+ 0] - -%=0,

and hence, the point y; — v is the global minimum of Ay + || - —%||%/2.
(d) This follows from inequality (21) with i = 1 and the definition of 7 in (50).
(e) This follows immediately from the update rule of y; in (36). O

Lemma 12 Let w = X,_,, the pair (v, y,) be as in (28), and A(-;-, ) be as in (10)
with (y,, v, given by (28). Then, following statements hold:

(@) the triple (y{,v;, €;) solves Problem B and satisfies A (y;_;;y{,v;) < €, and hence
lvill +26; < O%lyf =%y I% A Geyfv) <& Vi€ (9,3}, (52)

(b) if f,is convex, then (yi“, v;, €;) solves Problem A;
(©) A1(S§Y?» v;) = Aly,(s) = 7,(9)];
@ A G <.

Proof (a) This follows from step 2 of the DA-ICG method and Proposition 2(b).

(b) This follows from steps 2 and 3 of the DA-ICG method, the fact that # is con-
vex, and Proposition 2(c) with y, =7 + || - =%,_;1|*/2.

(c) Using the definitions of (,, ¥,) and (y,7) in (28) and (50), respectively, we
have that
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A (s v) = (W, + W) 00 — (W, + w,)(8) — (v.yt —s5) + —IIs A

= [0+ 3t = 51] = [476) + 3lls = 1P] = vyt = 5) + 2lls = 2P
= [+ 3ls =31 = [ + 315 = 51] = 216) - 376

(d) If y; = y,_;, then this follows from step 3 of the method. On the other hand, if
y; = y?, then this follows from part (c). a

We now state (without proof) some well-known properties of A; and a;_,

Lemma 13 For everyl <i < k, we have that:

The next two lemmas are technical results that are needed to establish the key
inequality in Proposition 16.

Lemma 14 For everyu € domhandl <i < k, we have that

1 N -
5 (A,'_1 vy = Xy I+ a;_yllu—x_, ||2) < ZDé + ai—lDi-

Proof Throughout the proof, we use the notation in (51). Using the relation
(P + q)* < 2p* + 24 for every p,q € R, Lemma 13(a), the fact that A <A™, x € Q,
and y € dom/, and the definitions of ¥ in (35) and of D, and D), in (37), we con-
clude that

2 2

a A a
Ally = 3II* + allu = 3| = Al =0 =) +af-=@=y)+-—(u-x)
A+ A+ A+
< A (1= 0+ w9+ 20| A = yIP + ||M—x||2
< 22 (= P+l = 21P) + 2all I + f;_”u e

+
< 2[llu = xI* + (1 + @)llu - y|I*] <2[D + (1 +a)D?].

The conclusion now follows from dividing both sides of the above inequalities by 2
and using the fact that D), < D,. O

Lemma 15 For everyu € domh and1 <i < k, we have that
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S/ W [ 1 )
¢(}’)+< 77 >||)’,-—xi—1|| o +2—/1||M—xi||

1
<Ay +ayy(w) + 31 llu = x;_ |17

(53)

Proof Throughout the proof, we use the notation in (51). We first present two key
expressions. First, using the definition of y in (50) and Lemma 11(c), it follows that

min{/ly(u)+l||u—5c||2} =A70%) — <v+5€—y“ v> + 1”V+5€—y“ ’
ueZ 2 + + 2 +

~ra = a 1 = a 2
= 70N = VI = (v x—y4) + —”v T (54)
a1
=/W(y+)—§|lvll2 -||x YR

Second, Lemma 11(b) and the fact that the function ay + || - —x||2/(24) is (1/A)-
strongly convex imply that

1 1 1
ay(x,) + ﬁll)@r —x|I*> < ay(u) + ﬁllu —x|I* - ﬁllu —x,|I%. (55)
Using (54), Lemma 11(d)—(e), Lemma 13(a), and the fact that y is affine, we have
that
1-M . ~/ 4 1,4 -
A, [¢(y+) + < 5 1 >Ilyi - x|’ <A, [y(y+) + 574 —xllz]
N lIvil®
- [ o)
[mln y(u) + || —X|IF ¢ + R
2
A A 2
SA+ y y+ax+ + L y+ax+ _ Ay+ax + ||V|| (56)
A, 2 A, A, 2
a* Ay
=Ay(y) +ay(x,) + m“x x+||2+—|| 12
= )+ ap(x,) + 2l = I + SR
22 * 24
The conclusion now follows from combining (55) with (56). O

We now present an inequality that plays an important role in the analysis of the
DA-ICG method.

Proposition 16 Let A (-, -) be as in (10) with (w,, y,,) as in (28), and define
1 .
0 := A[p0) — p@)] + llu = x> Vi20. (57)

For every u € dom h satisfying A, (u;y?,v;) < e and 1 < i < k, we have that
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Ai ~
2 I = Fall? <o (a1 Dy +2D5) +6,210) = 0,0, (58)

Proof Throughout the proof, we use the notation in (51) together with the notation
m=m_yand r, = ;. Letu € domh be such that A, (u;y}, v) < e. Subtracting A¢(u)
from both sides of the inequality in (53) and using the definition of 7, we have

A
75 10 =AMy =3P = 1] + 7., )
A a ~ 1 p
= 2 [ =AMy, = X2 = IVIP] + A, [60) = ¢00] + 5=l =34 11

< AYO) + @y = Ad) + 3 lu =+l

= aly(w) — pw] +Aly () — o] + z(w).
(59)
Moreover, using Lemma 12(a) and (c), and with our assumption that A, (u;yi, v) <e,
we have that

N A(syl,v) m
r©) =) =y($) =) + ———— < —

Combining (59), (60), and Lemma 14 then yields

||s—5c||2+§ Vs € {u,y}. (60)

A
To =AMl =3P = IVIP] + 7, )

N
o
2

A eA
< —[allu =21 + Ally = %] + T+ + 7(u) < mi (aD} +2D}) + —* + z(u).

A

Re-arranging the above terms and using (34) together with the first inequality in
(52), we conclude that

A
my (aDj + 2D ) + 7() = 7,.0) 2 521 =AMy, =3I = IvIl* = 2]

A, (1 — AM, — 6%) LA, "
> Sl - EP = I - H

O

The following result describes some important technical bounds obtained by
summing (58) for two different choices of u (possibly changing with i) from i = 1to
k.

Proposition 17 Let Ag and d be as in (37) and define

k
1

S, 1= —
CT 4y &

Al =%, 1% (61)
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Then, the following statements hold:

@) Sp = O,(K[mD; + AJ] +k[m +1/21D)
(b) if f, is convex, then S, = O,(kK*m} D; + km¥DZ + d5/ 2).

Proof (a) Let A,(:;-,-) be defined as in (10) with (y,, y,) given by (28). Using (57),
the fact that x;, y{ € €, the fact that A, is nonnegative and increasing, and the defini-
tions of §; and D, in (57) and (37), respectively, we have that

=~

Z[ei—l(yi)_gi(yi)] ZA [pGi_) — ¢ +—2||yl il

=1

(62)

k

<A X 0010 - 900)] + 02 <A p00) - 9] + 2D,
Moreover, noting Lemma 12(d) and using Proposition 16 with u =y, we con-
clude that (58) holds with u =y, for every 1 <i < k. Summing these k inequali-
ties and using (62), the definition of S; in (61), and Lemma 13(b) yields the desired
conclusion.

(b) Assume now that f, is convex and let y, be a point such that ¢(y,) = ¢,
and ||y, — v.|| = d,. It then follows from Lemma 12(b) and Proposition 1(d) with
,v) = (), v;) that A, (y,;y{,v;) < e forevery 1 <i < k. The conclusion now follows
by using an argument similar to the one in (a) but which instead sums (58) with
u =y, fromi=1tok, and uses the fact that

: d
> (000 = 0,0.] = 0000 = 0,0 < -l =3P = 52,

i=1
where the inequality is due to the fact that 6,(y,) > 0 (see (57)) and A, = 0. O

We now establish the rate at which the residual || ;]| tends to 0.

Proposition 18 Let S, be as in (61). Moreover, define the quantities

k k
av \Y 1 ~ a
SESTS VAUS MRS B SN
=1 i=1
_ (63)
2+ AL, +6C
erg . _ perg erg 1 1
D =L, +,1C“" 8\/§<f>

where C,(-, ) and C ,are as in (26) and (29), respectively. Then, we have

1+0CE] 5,172
min 7,]l = O, | VLS + H N
i<k \/E k3

NSNS
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Proof Let ¢ = [k/2]. Using Lemma 3 with (z,w) = ()¢,%._,) and the bounds
C,(-,-) £ Cyand Ly(-,-) < Ly we have that ||9;]| < &lly! — X, ||, for every £ <i <k,
where
_ 2+ AL O X )+ 0C,(,5))
o A

As a consequence, using the definition of S, in (61), the definitions in (63),
Lemma 9 with p =3/2, a; = &;//A;, and b, = \/A|ly* = X,_,|| for i € {¢, ...k},
Lemma 13(b), and the fact that (k — £ + 1) > k/2, yields

min < mm & -
min 17 I = %

1 ke k 172
i a = 2
S+ 1)3/2(24 '><;Ail|yi = Xl )

23/2 : 1/2 avg +9C‘1Vg Sk 2
k3/2< ; )4,15k =0, [VaLs — el )

We are now ready to prove Theorem 5.

Proof of Theorem 5 (a) This follows from Proposition 18, Proposition 17(a), the fact
that C,;(-,-) £ C, and LfI (-,+) £ L;, and the termination condition in step 4.

(b) The fact that (9,V) = (§, ;) satisfies the inclusion of (22) follows from
Lemma 3 with (y,v,zy) = (3}, v, %_). The fact that||D]| < p follows from the stop-
ping condition in step 4.

(c) The fact that the method does not fail follows from Proposition 2(c). The
bound in (39) follows from a similar argument as in part (a) except that Proposi-
tion 17(a) is replaced with Proposition 17(b). O

A Technical bounds
The result below presents a basic property of the composite gradient step.
Proposition 19 Let h € Conv (2), z € domh, and g be a differentiable function

on domh which satisfies g(u) — ¢ ,(u;z) < Ll|u — zl|?/2 for some L >0 and every
u € dom g. Moreover, define

% = argmin {fg(u;z) + h(u) + %”” - Z||2}-

Then, it holds that
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L . A

Flz=2° < e+ M@ - (g + M.
Proof Using the definition of 2, the fact that £,(-;z) + h(-) + L] - —z||?/2 is
L-strongly convex, and the assumed bound g(u) — £, (u;2) < Lilu — zII?/2 at u =2,
we have

(¢ +h)(2) = £,(0) + 1(2) 2 £,(&0) + WD) + LIz = 2l> = (g + W) + %IIE — 2%

O

B R-ACG algorithm

This section presents technical results related to the R-ACG algorithm.
The first set of results describes some basic properties of the generated iterates.

Proposition 20 Ify, is u—strongly convex, then the following statements hold:

@ z= argmin, ez { BT;(u) + [lu — z5[1*/2};

(b) T; <wandBy(z) < inf,; {B_,-I;,(u) +llu—zZ5017/2}:
(©) m20andr; €9, (v — ull - =z117/2) ()

(d) it holds that

1
< I+ uB > 1Byr; + 2 = 20ll” + 2Bm; < llz; = %lI”
J

Proof (a) See [14, Proposition 1].

(b) See [14, Proposition 1(b)].

(c) The optimality of zj? in part (a), the p-strong convexity of I';, and the definition
of r; imply that

_ZB_Z; c alr H c12 c c
=t u =z € o0 = Sl =P+ -z - ) )@

J

- a(rj - gn : —zjllz)(z;)-

Using the above inclusion, the definition of #;, the fact that T'; — || - II2/2 is affine,
and part (b), we now conclude that
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H H ey _ Ky e ¢
v - Ll =5lP 2@ - Sl 51 = T = Sl =51 + (o2 - 2)
=w@)+ (2= 5) =

for every z € domy,,, which is exactly the desired inclusion. The fact that n; > 0 fol-
lows from the above inequality with z = z;.
(d) It follows from parts (a)—~(b) and the definition of #; that

1 2
I’]j < F(u) + 2—Bj||1/l - Z()” - W(Zj)

_H c2 1 c c 1 ¢ 2
= 35 =51 = (a0 =55 =) + gl -
= 1 2 1 c12
= 2_lele —2ll” = 2_Bj(1 + uB)llz; —Zj”
1
I

= L - ol
S S S
! 2Bi(1 + uBy)

2
=75 Bjrj 2= %"
J

Multiplying both sides of the above inequality by 2B; yields the desired conclusion.
O

The next result presents the general iteration complexity of the algorithm, i.e.
Proposition 2(a).

Proof of Proposition 2(a) Let £ be the first iteration where

B? B
. ¢ £ 2
m — — > 2>K
" { 41+ uB,) 2 } 0 (64)

and suppose that the R-ACG has not stopped with failure before iteration . We
show that it must stop with success at the end of the #'" iteration. Combining the tri-
angle inequality, the successful check in step 3 of the method, (64), and the relation
(a+ b)? <2a? +2b%for all a, b € R, we first have that

||”f||2+2'7f

1+uB, 1 1 )
< max s —|IB +4B
< { A2 2Bf}<1+/4Bf” erell My

¢

l+uB, 1 2
Smax { ,E mllerf+Zf_ZO||2+2“2f _Z()||2+4Bfi1f

2

Bf
4(1+ﬂBf) 2 2 1 2 2 2
SmaX{B—i’B_f Iz, = zoll SK_;”ZK_ZOH < 0%z — zll%s

and hence the method must terminate at the Z" iteration. We now bound # based on
the requirement in (64). Solving for the quadratic in B, in the first bound of (64), it
is easy to see that B, > 4;4K§ + 2K, implies (64). On the other hand, for the second
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condition in (64), it is immediate that B, > 2K§ implies (64). In view of (18) and the
previous two bounds, it follows that

2(¢-1)
I iy > 2K, (1 + 2uK?)
‘=L 4L = 0

implies (64). Using the bound log(1 +¢) > #/(1 +¢) for ¢t > 0 and the above bound
on 7, it is straightforward to see that £ is on the same order of magnitude as in (19).
O

C Refined ICG points

This appendix presents technical results related to the refined points of the ICG
methods.
The result below proves Lemma 3 from the main body of the paper.

Proof of Lemma 3 (a) Using Proposition 1(a), the definition of ¥, and the definitions
of y, and v, in (28), we have that

D€ L[V0) + 00,5+ w =] + VAG) - Vi)
= 2[AVA 00 + 260) + (= )+ A0hO)] + V,5) = VA, 00
= V) + V() + 0h(s),

(b) Using assumption (A3), Proposition 1(b), the choice of M in (28), and the fact
that A M(yr;y, v) < g, we first observe that

IVAG) = Vil = Li3: 2y = 2oll < L@, 9T = vl

< Ly, 9)/28,00,55,) < 0LG.9)
\/AM + 1 \/AMS +1

Using now (65), the choice of M in (28), Proposition 1(c) with L(-,-) = AL,(:, ), the
fact that 0 < 1, and the definition of C,(-, -), we conclude that

lly = zoll. (65)
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o 1 1 N
Pl < vl + 21y = 20ll + IVAG) = VA @I

140 O[AMI + 14 AL,(,9) + ALy, )] |

4 afaMt +1

240C,(».9)
—— |y = 2ll-

IA

Ll(y,Zo)+ |y_Zo”

IA

L.(y, +
10, 20) ]

D Spectral functions

This section presents some results about spectral functions as well as the proof
of Propositions 6. It is assumed that the reader is familiar with the key quantities
given in Sect. 4.1 (e.g., see (40) and (41)).

We first state two well-known results [2, 11] about spectral functions.

Lemma 21 Let ¥ = ¥Yoo for some absolutely symmetric function ¥ : R" — R.
Then, the following properties hold:

(@) ¥* = (Poo)* = (¥)*oc;
(b) V¥ = (V¥)o0;

Lemma 22 Let (¥, YY) be as in Lemma 21, the pair (S,Z) € Zx dom¥ be fixed,
and the decomposition S = P[dg 6(S)]Q* be an SVD of S, for some (P, Q) € U" X U".
If¥ € Conv R™" and WY € Conv R, then for every M > 0, we have

o(5) € o( ¥+ 41 1P ) (),

M 2
Se 0<‘P+ 3” ) ”F>(Z) = { Z = Pldgo(2)]0".

We now present a new result about spectral functions.
Theorem 23 Let (W,¥Y) be as in Lemma 21 and the point Z € R™" be such
that o(Z) € domPY. Then for every € >0, we have S € 0,¥Y(Z) if and only if
o(S) € 05(5)‘PV(U(Z)), where
£(S) 1= & = [(0(2),0(9) = (Z,9)] 2 0. (66)

Moreover, if S and Z have a simultaneous SVD, then €(S) = e.
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Proof Using Lemma 21(a), (66), and the well-known fact that S € 9, ¥(Z) if and
only if € > W(Z) + ¥*(S) — (Z, S), we have that S € 9, ¥(Z) if and only if

£(8) =& — [(6(2),0(8) — (Z.5)]
> W(Z) +¥*(S) - (Z.S5) — [(6(2), 6(5)) — (Z.S)]
= ¥(6(2)) + (¥V)*(6(S)) — (6(2), 5(S)),

or, equivalently, o(S) € as(s)‘I’V(O'(Z)) and £(S) > 0. To show that the exist-
ence of a simultaneous SVD of § and Z implies £(S) = ¢ it suffices to show that
(6(8),0(2)) = (S, Z). Indeed, if S = P[dgo(S)]Q* and Z = P[dgc(Z)]Q*, for some
(P,0) € U" x U, then we have

(8.2) = (dgo(5), P Pldg o(2)]Q" Q) = (dga(S),dg 6(2)) = (6(5), 6(2)).
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