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Abstract

This paper proposes and establishes the iteration complexity of an inexact proximal
accelerated augmented Lagrangian (IPAAL) method for solving linearly constrained
smooth nonconvex composite optimization problems. Each IPAAL iteration consists
of inexactly solving a proximal augmented Lagrangian subproblem by an accelerated
composite gradient (ACG) method followed by a suitable Lagrange multiplier update.
For any given (possibly infeasible) initial point and tolerance p > 0, it is shown
that IPAAL generates an approximate stationary solution in O(p > log(p~!)) ACG
iterations, which can be improved to O(p~23 log(p~1)) if it is further assumed that a
certain Slater condition holds.
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1 Introduction

This paper presents an inexact proximal accelerated augmented Lagrangian (IPAAL)
method for solving the linearly constrained smooth nonconvex composite optimization
problem

min{¢(z) := f(2) + h(z) : Az = b}, (1)

where b € R, A : R" > R/ is a linear operator, 1 : R" — (—o00, 00] is a closed
proper convex function, and, for some 0 < my < L, f is areal-valued differentiable
nonconvex function which is m y-weakly convex, i.e., f +my|| - [%/2 is convex, and
whose gradient is L y-Lipschitz continuous.

The method, referred to as 6-IPAAL, depends on a given perturbation parameter
6 > 0 which in turn determines the #-augmented Lagrangian (6-AL) function /J? (z,9)
defined as

L9z, q) = f(2) + h(z) + (1 —6) (g, Az — b) + gnAz —b|%, 2)

where ¢ > 0 is a penalty parameter. Note that when 6 = 0, Ef(-, -) reduces to the
classical quadratic augmented Lagrangian (AL) function which has been thoroughly
studied in the literature (see, for example, [2, 4, 23, 27, 35]). Moreover, when 6 = 1,
LY(-, -) does not depend on ¢ and reduces to the quadratic penalty function frequently
used by penalty methods for solving (1). For a given tolerance pair (o, 17) € R%r 4, the
goal of 6-IPAAL is to find a triple (2, ¢, D) satisfying

Ve V@) +0h@) +A%q, Il =p.  AZ-Dl =7 3

Before discussing 6-IPAAL, we first outline its static version, referred to as the static 6-
IPAAL, which keeps c always constant. Indeed, for a fixed stepsize Ay > 0 depending
on 6, the static 6-IPAAL repeatedly performs the following iteration for any k > 1:
given (zx—1, gx—1) € domh x R/, it computes (zx, i) as

. 1
2k A argmin, {leﬁf(z, qk—1) + EIIZ — Zk—1 |I2} , 4)
qr = (1 = 0)gr—1 + c(Azx — b),

where z; should be understood as a suitable approximate solution of the prox sub-
problem (4). We now briefly describe how z; is computed without elaborating on the
inexactness criterion used to solve (4). First note that since f is m -weakly convex,
the objective function of (4) is strongly convex whenever A9 < 1/m . The static
O-IPAAL sets g = 19/m s for some 79 € (0, 1) such that 7 = O(#) and then
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approximately solves the corresponding subproblem (4) by a strongly convex version
of an accelerated composite gradient (ACG) method (see, for example, [3, 19, 30,
33]) to obtain zj. It is shown that each pair (zx, gx) obtained in the above manner can
always be refined to a triple (2, g, ¥) = (Zr, gk, Ux) satisfying the inclusion in (3).

The static 6-IPAAL is then stopped whenever 0 = vy satisfies the first inequality in
(3). Moreover, it is shown that the static 6-IPAAL satisfies the following properties:
@i) it stops in OO /2p72c/?log(c)) ACG iterations'; (ii) every refined iterate 2
satisfies ||AZx—b|| = OO~ Le=1/2y. and (iii) if & in (1) satisfies some mild assumptions
such as the Slater condition int (domh) N {z : Az = b} # @, then every Z; satisfies
Az — b|l = OO~/ 1).

Observe that the above property (ii) and/or (iii) guarantees that 7 = Z; is a near
feasible point, i.e., satisfies the second inequality in (3), only when c is sufficiently
large. The 6-IPAAL method on the other hand adaptively increases ¢ so as to also
obtain the desired near feasibility, and hence a triple (z, ¢, V) satisfying (3). More
specifically, it chooses an initial penalty parameter ¢ and it repeatedly: (a) invokes the
static 6-IPAAL with the current ¢ to obtain a triple (Z, ¢, 0) satisfying the inclusion
and the first inequality in (3); and (b) doubles ¢ whenever the second inequality in (3)
is violated, until it obtains a triple (Z, g, ) satisfying all the conditions in (3). It is
then shown that the ACG iteration complexity of this adaptive variant in terms of the
tolerance pair (4, /) and the parameter 6 only is O(0~"/>7~! s~ log(7~1)). Moreover,
if some mild additional assumptions hold, then the ACG iteration complexity of 6-
IPAAL improves to O(0~13/4471/2 52 1og(7~1)). It is worth emphasizing that all the
results mentioned above are derived without assuming that the initial point zg € domh
is feasible, i.e., it satisfies Azg = b. Moreover, the iteration complexities which are
mentioned here refer to the effort of obtaining an approximate stationary point as in
(3). Note that even though these complexities are described as bounds on the number
of (possibly ACG) iterations, they are also bounds on the total number of A-resolvent
computations and/or gradient evaluations of f.

Related Works. Iteration-complexity analysis of penalty- and/or AL-type methods
for solving convex versions of (1) was considered in [1, 2, 22, 23, 27, 28, 32, 34, 38].
Inexact proximal point methods for solving convex-concave saddle point problems
and monotone variational inequalities that use accelerated gradient algorithms to solve
their prox subproblems were previously considered in [6, 11, 12, 15, 31].

We will now focus on methods for solving the nonconvex CO problem (1). Iteration
complexities for proximal quadratic penalty (PQP) methods were developedin [16, 17,
21, 26]. More specifically, the first bound, namely, (D(ﬁ_1 ,6_2), was obtained in [16],
which was then improved to O(7~'/2 5> 1og(1/7)) in [26] under the assumption that
h is Lipschitz continuous on its domain and that the aforementioned Slater condition
holds. AL methods for solving (1) with function /4 identically zero were studied in
[13,37].

! Since each ACG iteration of IPAAL requires O(1) resolvent evaluations of 4 and/or gradient evaluations
of f, the ACG iteration complexity also bounds the number of i-resolvent computations (i.e., evaluations
of (I +noh)~! for n > 0) and gradient evaluations of f performed by 6-IPAAL.
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This paragraph discusses AL methods for solving (1) with nontrivial composite
function /. Paper [10]? studies an unaccelerated proximal AL method based on the 6-
AL function (2) with 6 in (0, 1] and establishes an O(1/(7*+ 5%)) iteration complexity
to compute an approximate stationary point for (1). Each iteration of this method
exactly solves a prox subproblem such as (4) except that f in (2) is replaced by its
linearization at zx—1 and the prox term ||z — z¢—1||? is replaced by ||z — zx—1[|5. 5 for
some suitably chosen matrix B.

Paper [36] studies the iteration complexity of a non-proximal AL-type method for
solving a nonlinearly constrained version of (1) which uses the AG method of [8] to
obtain approximate stationary points of L, (-; gx—1) for increasing values of cy. It is
worth mentioning that [36] assumes a strong condition relating the feasibility of an
iterate to its stationarity and shows that it holds in the setting of problem (1) with &
being the indicator function of a bounded polyhedron or a 2-norm ball. After the first
release of our paper, [24] proposed a non-proximal AL method related to [36] where
each AL subproblem is solved by an inexact proximal inner accelerated method.

We now describe other papers that are tangentially related to this paper.

Paper [5] considers a primal-dual proximal point scheme and analyzes its complex-
ity under strong conditions on the initial point. Paper [14] considers a penalty-ADMM
method that solves an equivalent reformulation of (1). Paper [39] presents a primal-
dual first-order algorithm for solving (1) with & being the indicator function of a
Euclidean box. Additional discussion of how 6-IPAAL compares with [39] is given
in Sect. 6.

Contributions. We now compare the iteration complexity of 6-IPAAL to the ones
obtained for others methods for solving (1) under the same assumptions made in this
paper (and hence without assuming that £ is the indicator function of a Euclidean
box as in [39] or making the strong assumption as in [36]). An O(f/‘l/zﬁ_z) ACG
iteration complexity had already been established in [26] for a prox quadratic penalty-
type method and in [25] for the aforementioned hybrid inexact proximal type method.
Paper [25] also establishes a similar ACG iteration complexity for an inexact proximal
point method applied to (1) (i.e., to the function defined as ¢ (z) if z is feasible and
~+o00 otherwise where ¢ is as in (1)), where each (strongly convex) prox subproblem is
either solved by a penalty-type method or an AL-type method (and hence its adjective
hybrid). Our work though is the first one to establish the aforementioned iteration-
complexity bound for a prox AL method directly applied to (1). Furthermore, it has the
following features: 1) it updates the Lagrange multiplier after every ACG call to solve
a composite unconstrained subproblem; ii) its initial point can be infeasible; and iii)
it is a generalization of the prox AL method in Section 3 of [35] to nonconvex setting
of (1). The prox AL method of [10] also satisfies properties i)—iii), but its iteration
complexity is worse, i.e., O(1/ (ﬁ4 + ,64)), and is established under the restrictive
assumption that the initial point z¢ is feasible, i.e., satisfies Azg = b and zp € domh.

Organization of the Paper. Section 2 is divided into three subsections. Section 2.1
provides some notation and basic definitions. Section 2.2 reviews the ACG variant

2 This method generates prox subproblems of the form argmin, ¢ y {A(x)+[c/2]|Ax —b 12/2+11/2])1x—
X0 ”%3*B }, which are assumed to be exactly solvable for any xq, ¢, A and matrix B.
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that is used to approximately solve the prox subproblems of the 6-IPAAL method.
Section 2.3 states our main problem of interest and our assumptions. Section 3 contains
two subsections. The first one states the static -IPAAL method and its main iteration-
complexity results. The second subsection introduces an adaptive variant of the static
0-IPAAL method and establishes its iteration-complexity bounds. Section4 contains
the proofs of Theorems 3.1. This section contains two subsections. The first one is
devoted to the proof of the first two statements of Theorem 3.1, while the second
subsection contains the proof of the last statement of Theorem 3.1. Section 5 presents
the proof of an auxiliary technical result. Section 6 presents some concluding remarks.
The appendix contains some basic auxiliary results.

2 Notation, Basic Definitions, and Background Material

This section contains three subsections. The first one describes some basic notation and
definitions used in our presentation. The second one reviews an accelerated composite
gradient (ACG) variant which will be used as a subroutine by the main algorithm of
this paper. The third subsection presents our problem of interest and our assumptions.

2.1 Basic Notation and Definitions

Let R" denote the n-dimensional Euclidean space with inner product and associated
norm denoted by (-, -) and || - ||, respectively. We use R!*" to denote the set of all I x n
matrices. The image space of a matrix S € R'*" is defined as Im(S) := {Sx : x € R"},
and Py denotes the Euclidean projection onto Im (). The smallest positive eigenvalue
of (§*$)1/2 is denoted by o1 (S). If S is a symmetric and positive semidefinite matrix,
the seminorm induced by S on R", denoted by || - || s, is defined as || - || s := (S(-), -) 172,
The distance of a point x to a closed convex set X is denoted by dist x (x). The normal
cone of X at a point x € X, denoted by Nx(x), is defined by Nx(x) = {v € R" :
(v,z—x) <0, Vz € X}. Fort > 0, we define B(0,¢) := {z € R" : ||z|| < ¢} and
log]Ir (t) := max{logt, 1}. The domain of a function g : R* — (—o00, 00] is the set
domg := {x € R" : g(x) < +o0o}. Moreover, g is said to be proper if g(x) < oo for
some x € R". The set of closed proper convex functions defined in R" is denoted by
Conv R". The e-subdifferential of a function g € Conv R” is defined by

0:8z2) ={uelR":g(Z)>g@ + w7 —z)—¢e, VI eR", Vzedomg.
)

If  : R" — Ris differentiable at 7 € R", then its affine approximation £y (-, ) at
Z is defined as

Ly(z;2) =¥ @)+ (VY (@),z—2Z) VzeR" (6)
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2.2 An ACG Variant

This subsection reviews and describes the iteration complexity of an ACG variant
which will later be used in the context of the method outlined in the Introduction to
approximately solve the prox subproblem (4).

For the purpose of this subsection only, consider the following composite optimiza-
tion problem:

min{y (x) := ¢ (x) + y@ () 1 x e R, (7)

where the following conditions are assumed to hold:

(A1) ™ e ConvR";
(A2) ¥ is convex differentiable on domy ™ and there exists (io, M) € R? such
that My > o > 0 and

pollu — x[1?/2 < ¥ (u) — £y (u: x) < Mollu — x|1*/2 (8)

for every x, u € domy ™, where Ly (50) is as in (6).

We are now ready to state the ACG variant.

ACG

(0) Let a pair of functions (), v ™) satisfying (A1) and (A2) for some (g, M) €
Rﬁ_, a scalar ¢ > 0, and an initial point yg € domy, be given; set xo = yo,
Ao=0,70=1,¢ =1/(Mo — o), and j = 0;

(1) compute the iterates

(T + /(€T + 474 . Ajyj+ajx;
aj = > v Ajpr=Aj+aj, xj=—j;‘,+1]],
J

Tj+1 = Tj + Moaj,
- 5 o) Mo -2
Yj+1 = argmingcgn 1€y (¥ Xj) + ¥ () + 7”)’ —X;ll” ¢,

1
Xj+l = ——
Tj+1

a; ~
— | j+1 = E)) + toa;yj+1 + f.ix./} ;
J

¢

(2) compute the quantities

X0 — Xj+1
Ujrl = po(yj+1 — Xj+1) + ————
Ajr

)

2 2.
Nj+1 = (leo = yj+1llm = tirtllxjer — yjell )

2Aj+1
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(3) if the inequality
lujitl® + 205501 < o llyo — yjp1 + ujr1l?

holds, then stop and output (y, u, ) := (¥j+1, 4 11, nj+1); otherwise, set j =
j + land goto (1).

Some remarks about ACG follow. First, the most common way of describing an
iteration of ACG is as in Step 1. Second, the auxiliary iterates {u ;} and {5} computed
in Step 2 are used to develop a stopping criterion for ACG when it is called as a
subroutine for solving the subproblems generated in Step 1 of static #-IPAAL in
Sect. 3.

Third, it can be shown (see, for example, [7, 19]) that ACG (without Steps 2 and
3) with pp = 0 corresponds to the well-known FISTA algorithm.

Fourth, the sequence {A ;} has the following increasing property:

1 2 26-1)
wz g 2 (e [
My — o 4 4(Mo — 100)

The next result, whose proof can be found, for example, in [19, Lemma 2.13],
summarizes the main properties of ACG used in this paper.

Proposition 2.1 Let {(y;,uj, n;)}j>1 be the sequence generated by ACG applied to
(7), where ('), ™) is a given pair of data functions satisfying (A1) and (A2).
Then, the following statements hold:

(a) forevery j > 1, we have nj > 0 and u; € oy, W + 1//("))()’1‘);
(b) for any oy > 0, the ACG method outputs a triple (y, u, n) € R" x R" x [0, +00)
satisfying

u€ WS + ™) lul®+2n < oglyo—y+ul?

M,
[3,/—0 log Qo—‘ ©)
Mo

412 3)M,
Qp = Lz)o. (10)

)

in at most

iterations, where
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2.3 Problem of Interest and Assumptions

This section contains notation, basic definitions, and assumptions considered in this
paper.

The main problem of interest in this paper is (1) with f, 2 : R" — (—o0, o0],
A :R" — Rl and b € R/ satisfying the following assumptions:

(B1) A is a nonzero linear operator and the feasible set F := {z € domh : Az =

b} # 0;
(B2) h € Conv R" and there exists kj, such that

dh(z) € B(0, ky) + Ny(z), Vz € H :=domh;

(B3) the diameter Dy, := sup{|lz — Z’|| : z, z’ € H} is finite;
(B4) f is nonconvex and differentiable on H, and there exist Ly > my > 0 such
that, for every z, 7/ € H,

IVfE) = V@I <Lsllz —zll,  fE&)—£r(E52) = —%IIZ/ — 2%
(11)

Some results of this paper also assume (in addition to the above assumptions) that
the following Slater condition holds:

(B5) there exists z € int H such that Az = b.

Some comments about the above conditions are in order. First, (B2)3 has been previ-
ously used as an assumption in [26] where (up to a logarithmic term) an O(p~27~1/?)
iteration complexity was established for a penalty-type method. Second, it can be easily
shown that the first condition in (11) implies that | f (z') — € (z"; )| < Lfl|2' —z|1?/2
for every z, 7/ € H, and hence that the second condition in (11) holds with m r=Ly.
However, our analysis considers the case in which m s < L since it may poten-
tially lead to better iteration-complexity bounds. Third, the second condition in (11)
is equivalent to the function f(-) +m s|| - [?/2 being convex on H. Moreover, since f
is nonconvex on H, the smallest m ¢ satisfying (11) is positive. Finally, (B4) implies
that H C dom f, and hence H = dom¢, where ¢ is as in (1).

It is well known that, under some mild conditions, if Z is a local minimum of (1),
then there exists g € R! such that (z, ¢) is a stationary point of (1), i.e.,

0eVfE)+0h(@)+ A%, Az—Db=0. (12)

The main complexity results of this paper are stated in terms of the following notion
of approximate stationary point, which is a natural relaxation of (12).

3 It is shown in Lemma A.2 of paper [18], which appeared after this work, that (B2) is equivalent to the
more usual condition that / restricted to its domain 7 is kj,-Lipschitz continuous.
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Definition 2.1 Given a tolerance pair (p, 17) € Ri4+ x Ry, atriple (Z, ¢, v) € R" x
R! x R” is said to be a (p, 7)-approximate stationary point of (1) if it satisfies (3), i.e.,

b e Vf(Z)+0hZ) + A*q, ol < p, Az — b < 7. (13)
Sections 3.1 and 3.2 formally describe the static §-IPAAL method and its adaptive

version, respectively, for finding a (0, 17)-approximate stationary point of (1) in the
sense of Definition 2.1.

3 The 6-IPAAL Method and Main Complexity Results

This section contains two subsections. The first one states the static 6-IPAAL method
and its iteration-complexity bounds. The second subsection presents an adaptive vari-
ant of the static -IPAAL method and its iteration-complexity bounds.

3.1 The Static O-IPAAL Method and its Iteration Complexity

This subsection presents the static -IPAAL method and its iteration-complexity
bounds.
We start by stating the static 9-IPAAL.

Static 6-IPAAL Method

(0) Let parameters 6 € (0, 1) and v > 0, initial point zo € H, tolerance ¢ > 0, and
penalty parameter ¢ > 0 be given, and set go = 0, k = 1, and

Lei=Ly+c||Al? Y hg 1= 2 (14)
= c , Tg:=mny—-,———r, =,
= v 2 88(1 — 0) T mg
where (m ¢, Ly) is as in (B4); also, choose o € (0, 7] and set
. . { v } (15)
o:=mny——,0¢;
VAgLe £1

1) let (zg, vk, k) = (v, u, n) denote the output of the ACG described in Sect. 2.2
with inputs

WO, YD) =, agh), (Mo, po)=(oLe +1,1/2), xo=z2k_1, 0=,
(16)

where

s 1
U = he (L0C, qro1) — h) + 3=zl (17)
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and set
qr = (1 =) gr—1 + c(Azx — b); (18)
(2) compute (Zg, gx, Ux) as

n . lLc+ 1
%k 1= argmin,, {w [Vf() + A*qr] — i, u) + rgh(u) + == ||u — Zk||2} ,

2
(19)
G = (1 = O)qr—1 + ¢ (AZx — b),
Uy 1= Y [(eoLe 4+ D)@k = 20) + 16| + VFGr) — V f(2k) + cA*AGk — 20,
where r is given by
Tk 1= Vg + Zk—1 — k- (20)

3) if |ox|l < p,thenoutput (Z, g, 0) := (Zk, gk, Ux) and stop; otherwise, setk < k+1
and return to Step 1.

We now make a few remarks about the static 6-IPAAL. First, it makes two types of
iterations, namely the outer iterations indexed by k and the ACG iterations performed
during its calls to the ACG method in Step 1. Second, the triple (zx, vk, €x) computed
in Step 1 can be regarded as an approximate stationary solution of subproblem (4) in a
sense that will be described in Proposition 3.1(d) and the remarks following the proof
of this proposition. Third, Step 2 uses (zx, gk, vk) computed in Step 1 to construct a
triple (Zx, gk, Ux) satisfying 0y € V f(Zx) + 0h(Zx) + A*Gx and some other technical
properties described in Lemma 4.1. Fourth, the static 6-IPAAL stops when the kth
residual ¥y is small as described in Step 3. Fifth, the method terminates, it is shown in
Theorem 3.1 that, if ¢ is sufficiently large, then the feasibility residual | AZx — b|| is
also small, and hence that Zj is an approximate solution in the sense of Definition 2.1.
Sixth, using (14) and (15), it can be easily seen that

0 <o =<1 <1/2, max{o, 5} = O(0). 21
Finally, the second paragraph in the Concluding Remarks discusses an equivalent way
of describing the static -IPAAL method in terms of the classical Lagrangian, i.e., the
perturbed Lagrangian Eg (-, ) in (2) with & = 0.

The result below describes some properties of the ACG call in Step 1 of the static
0-IPAAL.

Proposition 3.1 For every k > 1, if we define
V) =9 () + Aoh() = ALY qimn) + 1| - —zk-111%/2, (22)
where W;ES>(') is as in (17), then the following statements hold:
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(a) the function 1//,§S)(-) — ocllA(MN?/2, and hence Vi (-) — rgcl|A(N?/2, is 1/2-
strongly convex; as a consequence both 1//,9) (-) and Y (-) are 1 /2-strongly convex;

(b) v = w}gs) (+) satisfies the second inequality in (8) with Mo = lg L.+ 1, where
(Ao, L) is as in (14);

(¢) the ACG method invoked in Step 1 of the static 0-IPAAL method finds its output
(Zk, Vk, &k) in at most

[ (VEr +JTclAll
I(c) = [6 ( T log@(c)ﬂ (23)

ACG iterations, where (tg, L) is as in (14) and Q(c) is given by

. 292
() = 64[M] max{fz,ofz}; (24)
my

(d) (z«, vk, &k) satisfies

1 -
v € By (MZ(-, i) + 51 —Zk_1||2> (z1),  Noell® + 2ex < &2 [rell?,
(25)

where (o, ) is as in (15) and ry is as in (20).

Proof (a) To prove this statement, it suffices to show that w,is) () — Agc||AC) ||2/2 is
(1/2)-strongly convex as this claim trivially implies all the other three claims in a).
Indeed, first observe that assumption (B4) and the factthat 7y < 1/2 (see (21)) imply
that A9 f(-) + || - |*/2 is strongly convex with modulus 1 — homyp=1—19>1/2.
The aforementioned claim now follows by noticing that w}is) () — rocl|A()|17/2 is
equal to Ay £(-) + || - [|?/2 plus a suitably defined affine function.

(b) The fact that V f is L y-continuous in dom / (see (BS)) and the definitions
of £¢ and " in (2) and (17), respectively, imply that V4" is (.9 L. +1)-Lipschitz
continuous in dom %, and hence that b) holds.

(¢) & (d) First note that (a) and (b) imply that (), ) and (Mo, io) in (16)
satisfy the assumptions of Proposition 2.1. Now, from the definitions of Qg in (10),
o in (15), and (uo, My, o) in (16), we have

42 3IM 16M,
Qo = ( MO—Z )Mo = ~20 < 16My(AgL. + l)max{v_z,a_2}
Ioh o

= 16M§ max {v_z, 0_2} .
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On the other hand, using the definitions of (Ag, L.) in (14) and M in (16), we have

t(Ls +cllAl?) 1< (to + DLy + ctgllAlI?)
my my

. 2
- 2<L/ + Toc||All )

my

My= L.+ 1=

where the last inequality is due to the fact that my < Ly and 79 < 1 (see (B4)
and (14)). It follows from the above two inequalities and the definition of Q(c)
in (24) that Q¢ < Q(c). Hence, statement (c) follows from (9), the last displayed
inequality above, and the fact that o = 1/2. Statement (d) follows immediately
from Proposition 2.1(b).

m}

We now give some comments about (25). First, observe that if (vg, gx) = (0, 0)
then (25) implies that z; is an optimal solution of (4). Second, the quantity || v || 2426
in (25) can be viewed as the size of the residual pair (v, &), which in turn measures
the inexactness of z; as an approximate solution of (4). Finally, the inequality in (25)
requires the size of (vx, &) to be small relative to |7 |12, and hence it is a criterion that
does not involve the tolerances p and 7).

The following result, whose proof will be given in Sects. 4.1 and 4.2, presents
some iteration-complexity bounds for the static §-IPAAL method, under the assump-
tions introduced in Sect.2.3. Its statement and several proofs below make use of the
quantities

by = Zigjffqﬁ(Z), ¢ = Zienﬂgn ¢(2), (26)

where F is as in (B1). Clearly, ¢, > Q and they can be easily seen to be finite in view
of (B1)—(B4).

Theorem 3.1 Assume that conditions (B1)—(B4) hold and define

_ 88(1 4 2v)?

. _ 2
R (¢* g+meh) i Q27)
Ry = 4 LDy +IIVfzo)l + K (4 v)ym Ry D 3Ry
g = Y e D+ IV o)l + Kn + e n + 5 |

(28)

where tp is as in (14), (¢, 9) is as in (26), and (Ky, H), Dy, (my, L), and Z are as
in (B2), (B3), (B4), and (BS), respectively. Then, the following statements about the
static 0-IPAAL method hold.:

(a) its number of outer iterations is bounded by

. myRy
00(p) = |1+ 35 | (29)
9P
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(b) its output (Z, g, V) satisfies

. . . . PO . IR
e V@) +0h@) +Aq, I0l<p, NAZ-b] < 79; (30)

as a consequence, if

c=co() == =, (31)
n
forsometolerance ) > 0, then (Z, 4, V) is a (p, 0))-approximate stationary solution

of (1);
(¢c) if in addition, the Slater condition (BS) holds, then 7 also satisfies

A

R R
1Az —b| < 79; (32)

as a consequence, l‘f
A | R
c = CG(’?) ‘= min 09(77)7 7 ) (33)

then (Z, q, V) is a (p, n)-approximate stationary solution of (1).

We now make a few remarks about Theorem 3.1. First, it follows from Proposi-
tion 3.1(b) and Theorem 3.1 that, if ¢ is sufficiently large, then the static -IPAAL
successfully terminates with a (0, 17)-approximate stationary solution of (1) in
0y (p)I(c) ACG iterations, where I(c) and Og(p) are as in (23) and (29), respec-
tively. Second, the smaller c is, the smaller the latter complexity is. Hence, if we could
only make a single choice of ¢ so as to guarantee successful termination of the static 6-
IPAAL and (B5) does not hold (resp., (B5) holds), then a safe one would be ¢ = ¢4 (7])
given in (31) (resp. ¢ = ¢ (1) given in (33)), in which case its total ACG complexity
in terms of the tolerances (4, i) would be O(p~27~1) (resp., O(H~27~/?) in view
of (23) and (29). Third, since the quantities ¢y (17) and ¢4 (17) are difficult to compute,
it is usually impossible to have at our disposal a scalar ¢ as in statements c) or d) of
Theorem 3.1, and hence it is not clear how to obtain a (0, 7))-approximate stationary
point of (1) by just solving a single penalized subproblem.

The next subsection presents an adaptive version of the static -IPAAL which adap-
tively updates the penalty parameter ¢ and whose overall ACG iteration complexity
is essentially the same as that of the static -IPAAL method with ¢ = ¢4 (7)) (or with
¢ = Cp(n) if (BS) holds).

3.2 The O-IPAAL Method and its Iteration Complexity

This subsection presents an adaptive version of 6-IPAAL to obtain a (p, 7)-
approximate stationary point to (1). This method basically consists of applying the
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static -IPAAL and repeatedly doubling the penalty parameter until the second inequal-
ity in (13) is satisfied. The main iteration-complexity result of this scheme is also
presented in this subsection.

We start by stating the adaptive version of the 6-IPAAL, which will be simply
referred to as 6-IPAAL method for shortness.

0-IPAAL Method

(0) Let an initial point zg € H, scalars 8 € (0, 1) and v > 0, and a pair of tolerances
(p, ) € Ryt x Ry, be given, choose an initial penalty parameter ¢; > 0 and set
c=cp;

(1) execute the static 9-IPAAL withinput (zg, 6, v, ¢, p),and let (Z, 9, §) be its output;

(2) if |AZ — b|| < 7, stop and output (Z, D, ¢); otherwise, set ¢ < 2¢ and return to
Step 1.

The next result states the overall ACG iteration complexity of 6-IPAAL for obtain-
ing a (0, 1)-approximate stationary point of (1).

Theorem 3.2 Assume that conditions (B1)—(B4) hold and let ¢y (1) and ¢g(1)) as in
(31) and (33), respectively. Then, the following statements hold:

(a) the O-IPAAL method obtains a (p, n)-approximate stationary solution (Z, 4, 0) of
the problem (1) in
[Litog (14 37 + (A + DV Vmés @) 1Al
[
/mf

o

log (Q1(1))106(p)
34

ACG iterations, where Og(p) is as in (29), co(n) is as in (31), x := c1/ce(n),
Q1(H) := Qe + (1)), and the quantity Q(-) is as in (24);

(b) if in addition, the Slater condition (B5) holds, then 6-IPAAL obtains a (p, 1)-
approximate stationary solution (Z, q, 0) of the problem (1) in

VEtog (14 27 + (1 + 02 Vmé M) 141
r
VM

o

tog (11104 (5)
(35)

ACG iterations, where ¢g(1) is as in (33), x := ¢1/¢o(0) and Ql(ﬁ) = Q(c1 +
o ().

Proof (a) First note that the /th loop of the 6-IPAAL method invokes the static 0-
IPAAL with penalty parameter ¢ = ¢;, where ¢; := 2! ’lcl for all/ > 1. Hence, it
follows from the stopping criterion in Step 2 of 8-IPAAL and Theorem 3.1(b) that
0-IPAAL computes a (p, n)-approximate stationary solution (Z, g, v) of (1) in at
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(b)

most [ iterations, where [ := min {/ : ¢; > ¢o(#)} and & (#) is as (31). Hence, we
have

a=c127 <max {1,289} <2(c1 + ) Vi=1,....1. (36)

Moreover, in view of Theorem 3.1(a) and Proposition 3.1(b), we conclude that the
total number of ACG iterations performed by 6-IPAAL is on the order of

1
O 0s(®Y I |, (37)

=1

where I(c) is as in (23) and Oy (,5)_is as in(29). To simplify this bound, note that
the definitions of Q(-) in (24) and Q; (1) in statement (a), combined with (36) and
the fact that 79 < 1/2 (see (21)), imply that

2

L+ TeCzIIAIIZ] {

_— max
my

Qer) = 64 [

vi=1,...,1

b2, 0*2} < 0@l + & M) < Q1 (),

Moreover, (36) and the definition of x in the statement of Theorem 3.2(a) imply
that

I ]
> (VEs +vaalal) = Iy + Vaerlal Yy v2
=1

=1

< IJL; + (1 + V2 /@2 1Al
Lo
< VI log (W) + 8Vl + G IIAI

= (VIstog (4 (1+27")) +8VAF 0w IAL ).

It then follows from the last two inequalities above and the definition of 7(c) in
(23) that

! 1 -
; I(e=0 <¢an (VEstog (14 77") +V/(A+Dwaa @l All) log (Ql(ﬁ))) ,

which combined with (37) proves statement (a).
The proof of this statement follows the same steps of the proof of (a), but uses
Theorem 3.1(c) and the quantities ¢¢ () given in (33) and (¥, 9, (1)) defined in
statement (b), instead of Theorem 3.1(b) and the quantities ¢g (17) given in (31) and
(X, Ql (1)) defined in statement (a), respectively.

O
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We now make some remarks about Theorem 3.2.

First, if the initial penalty parameter c; is chosen so as to satisfy max{j !, ¥} =
O(1) (resp.,max{x ', ¥} = O(1)), then the iteration-complexity bound in (34) (resp.,
(35)) reduces to

09 ()T (Co (M), (resp., Oa (D)1 (Eo (1)), (38)

where I(-) and Og(p) are as in (23) and (29), respectively, i.e., to the ACG iteration
complexity of the static 8-IPAAL (see the paragraph following Theorem 3.1) with
¢ = co(n) (resp., ¢ = ¢y(1)). Second, bound (38) in terms of (o, /) and € becomes

1 1
() (-0 (Gomzmm)) .

due to the definition of ¢ (7)) in (31) (resp., ¢o (17) in (33)), and the fact that (21) implies
that 7y = O(0) and hence that the quantity Ry defined in (27) (resp., Ié@ defined in
(28)) satisfy Ry = O(072) (resp., Ry = OO~/2)).

Third, a choice of ¢ 1 which satisfies the condition in the first remark and does not
depend on Ry (resp., Rg) isc; = k7 -2 (resp., ¢y = k min{n~ 1, }) for some
constant ¥ > 0 that does not depend on the tolerances p and 7 (e.g., k = 1).

4 Proof of Theorem 3.1
This section contains two subsections. More specifically, the first subsection contains

the proofs of statements (a) and (b) of Theorem 3.1, whereas the second subsection
presents the proof of its statement (c).

4.1 Proofs of Statements (a) and (b) of Theorem 3.1

The first technical result below describes some important properties about the sequence
{(Zk, G, wr)} computed in Step 2 of static 0-IPAAL.

Lemma 4.1 The sequence {(Zr, qr, Vx)} generated by the static 0-IPAAL and the
sequence {ry} defined in (20) satisfy, for every k > 1, the following relations:

Op € Vf(Gk) +0h(Zk) + A*Gr,  (40)

- ~ R c
Aolltel = (1426 VaaLe T 1) Il 12 = 2l < ————1incll, (41)

ML.+1

where L is as in (14).
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Proof First note that the elements (g, fl), (z, €), and L defined as

~ 1

g =LY, qu1) — 1] — (UK, - — zk) + 5” =21,
h:=xgh, (z,€) = (2, &),

P=igLe+1, (42)

satisfy the assumptions of Lemma A.2. Indeed, the first assumption of Lemma A.2
holds due to (B2), the second and third assumptions hold due to (B4) and by taking
into account the definitions of Lf in (2) and £; in (6) with ¢y = g, (11), and the
fact that Ag = 19/m y with 79 € (0, 1/2] (see (14)). The inclusion in the assumption
of Lemma A.2 holds due to the inclusion in (25) and by taking into account the
definitions of Eﬁ in (2) and e-subdifferential in (5). Note also that the relations g, =
(1 — 0)gk—1 + c(Azx — b) and ry = vi + zk—1 — zk together with (2) and the first
relation in (42) imply that Vg(z) = Ag(V f(zx) + A*qr) — rr. Moreover, (Z, W) in
(81) corresponds to (Zx, (Ag L + 1)(zx — Zx)), in view of the definition of Zx in Step 2
of the static -IPAAL. Thus, it follows from the conclusion of Lemma A.2 that

(voLe+ Dk — 2k) — (2o (V f (k) + A%q) — ri] € 9(hoh) (Zk). (43)

(hoLe + Dllzk — 201 = V2o Le + Dex. (44)

Hence, inclusion (40) follows by dividing (43) by Ag, adding V f(Zx) + A*§x to both
sides of the resulting inclusion, and by noting that A*gy — A*gx = cA*A(Z; — zx) in
view of the identities gy = (1—0)gx—1+c(Azx—b)and g = (1—0)gx—1+c(AZx—b)
given in (18) and (19), respectively. Now, the L y-Lipschitz continuity of V f, the fact
that L, = Ly +c|A 1% (see (14), the definition of O in (19) together with the Cauchy—
Schwarz inequality imply that

MllDell < 1o Le + Dk — 2) + rell + Ao (L + cl AP 12k — z
< lrell + 2o Le + D2k — 2.

Hence, the first inequality in (41) follows from the inequalities in (25) and (44). The

second inequality in (41) immediately follows from the inequalities in (25) and (44).
m}

Note that (40) of Lemma 4.1 implies that the triple (Z, g, 0) := (Zx, g, Ux) satisfies
the inclusion in (13).
The next result describes some relations related to the quantities

Agr = qk — qk—1, Az =2k — k-1, Vk=>1, (45)

which are frequently used in our analysis.
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Lemma4.2 Let {(zk, vk, qk)} be generated by the static 0-IPAAL method and consider
{ri} as in (20). Then, for every k > 1, we have

Agirr = (1 = O)Agi + cAAzy1, (L —0)Irll = 1Azl = (1 + ) Ikl
(46)

Moreover, | Azl < Dy and ||ry|| < 2Dy, where Dy, is as in (B3).

Proof The first relation in (46) follows from (45) and the fact that gy = (1 —6)gr—1 +
c¢(Azx — b). Now, note that the inequality in (25) implies that ||v|| < & ||rk||, where
rr = Vk+2zk—1—2k- Hence, the last relation in (45) together with the triangle inequality
implies that

Il < N Azill + Nkl < 1Azl + &l
Azl = [Azk — vell + vkl = (A + o) Il

The above inequalities clearly imply that both inequalities in (46) hold. The last state-
ment of the lemma follows from the definition of Az in (45), the definition of Dy, in
(B3), the first inequality in (46) and the fact that 6 < 1/2 (see (21)).

The next result describes a preliminary estimate of the sequence {Eg (zk> qr) —
Ef (Zk—1, qk—1)} where £§(~, -) is as in (2). O

Lemma 4.3 Let {(z, vk, qk)} be generated by the static 0-IPAAL method and let {ry}

and {(Aqk, Azi)} be as in (20) and (45), respectively. Then, for every k > 1, the
following relations hold:

1-6)2-0) (1-6)0
£k a0 = L0 ap-1) = —— —— 1 Aqel? + = (llax ] = lae-112).

2¢ 2c
(47)
3m 0
£k ) = LGt gie) = =G Il + ¢IIA e
(1—-6)6 2 2
+ o (e = has-11?). (48)

Proof In view of the definition of Eg given in (2), the fact that gy = (1 — 0)gr—1 +
c(Azy — b), and the first relation in (45), we have

L0 (zi, qi) — L2(zk, 1) = (1 — 0) (Aqi, Azg — b)

— (I = 0)gx—
=(1—9)<A L 2 . )k 1>
1-6
=— [nAqkn2 +6 (Age, qi1) |
Cc

1 2 2 2
= 0 ingul + 5 (11Agk + a1l — 18gulP = i 1?) |
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which immediately implies (47) upon using the identity gx = Agi + gx—1. Now, it
follows from (25), the identity rx = vx + zx—1 — Zk, the second relation in (45), and
the Cauchy—Schwarz inequality, that

1
ALY 2y qr—1) — M L (-1, qr—1) < —EHZk — 2112 4 (ks 2 — z—1) + &k

1 ) lloe | 1—¢62 ) 1 —62
=_§||AZk_Uk|| + T+8k <- > Az — vkl = —

2
TEll™s
57— el

and hence that (48) holds in view of (47) and the facts that Ay = 7g/m s ando < 1/2
(see (14) and (21)). O

While the previous result does not use the fact that 7y is given by (14), the next one
uses (14) to show that the “bad” term || Agx||* in (48) is majorized by a multiple of
l7x]I? and some summable terms.

Lemma 4.4 Let {ri} and {(Aqk, Azx)} be as in (20) and (45), respectively, and define

_20-0) [t 46?2 . 621 +1)
Bo:=—5 [2<1+r9> tredro+— } @
1— ~2
go= 0120 [||AZk||2 4 (&90 +60) + M) ||Vk||2] L 0)
790 Tp

where tg is as in (14), ¢ is as in (15), and m s is as in (B2). Then, the following
statements hold:

(a) there holds By < 1/8;
(b) forevery k > 2, we have

(1-6)2—0) (1-0)3
A + 180l — 18gi-1 1P
c Oc
m ¢ By
< ﬁ—gurknz T— (51)

Proof (a) The definition of By in (49) and the facts that 6 < 79 and 79 < 1/2 (see
(21)) imply that

_70-9) (ot 1) < 21(1 — 6)
—19(1 — 1y,
0 = 0 o\to = 20 0

which proves the conclusion of b) in view of the fact that typ < 6/[88(1 — )] (see
(14).
(b) The proof of this statement will be presented in Sect. 5.

Lemma4.5 Let {ri}, {(Aqk, Azk)}, and {t;} be as in (20), (45), and (50), respectively.
Define

_(1—0)
- Oc

, (-0

0
Mk lAgk e lgell® + 0. Vk = 1. (52)
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Then, for every k > 2, we have

.

L0 (zk, qi) + me + éllrkll2 < L%zk—1, qr—1) + k-1, (53)
e K

L0 qi) + e+ L D nill? < LG, qn) + (54)
4‘1,'9 i

where tg and m ¢ are as in (14) and (B2), respectively.

Proof Inequality (53) follows by combining Lemma 4.4 with (48) and by using the
definitions of {#; } and {5} given in (50) and (52), respectively. Finally, (54) is obtained
by summing (53) from k = 2 to k. O

Lemma 4.5 shows that the quantity £%(zx, gx) + nx plays the role of a (iterate
dependent) potential for the static -IPAAL. The next result provides a lower bound
on the kth potential £f (zk» qx) + ni in terms of the feasibility gap || Az — b|| and the

quantity |[g||.

Lemma 4.6 Let {(zk, vk, qk)} be generated by the static 0-IPAAL method and consider
{nk} as in (52). Then, for every k > 1, we have:

1—-6)8
a-0% 1 ) llgll*. (55)
C

c

£k qi) + e = ¢ + S Az = bI* +
Proof Noting that (52) and the assumption that 6 € (0, 1) imply that z; > 0, and using
the definitions of Lf and {n,} given in (2) and (52), respectively, we conclude that for
every k > 1,

(1-0)6 (1-6)3
L0y qi) + e = L0, qi) — ————llge > + ——— | Agq|*
2¢ Oc
C
= ¢(z0) + S Az —b|* + (1 —0) (qk , Az — b)
(1—6)0 ,  (1-6)° 5
- — A
SNkl + I Ag]
c (1—6)8
= ¢ () + = 1Az — blI> + ——llqx|?
2 2¢
(1-6)? (1-06)3
+ (@, Agi) + |l Agl?,

Oc

where the second equality follows from the fact that c(Azx — b) = (1 —0) Agx +Oqx,
in view of the relations g = (1 — 0)qr—1 + c(Azx — b) and Agr = qr — qr—1 (see
(18) and (45)). The conclusion of the lemma now follows by noting that the minimum
value with respect to Agy of the expression in the third line of the above inequality
agrees with the right side of (55). O

The next result provides an upper bound on the first potential Lf (z1, q1)+n1 which
is independent of c.
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Lemma 4.7 The first potential E(z (z1, q1)+n1 of the static 0-IPAAL method is bounded
by

11N
LoG1 g +m < T“f’ (56)
where ¢ and 1y are as in (26) and (52), respectively, and Ny is defined as

. myD;
R (57)

Proof Using (47) and (52) both with k = 1 and the fact that gy = 0 (and hence that
Ag1 = q1), we have

L0z, q1) +m — L9211, 90) — 11

(A =0)llgil® _ 3lq1ll?
20c - 20c ’

- [9(2—9) +201 —9)2] (58)

where the last inequality is due to the fact that & € (0, 1). Moreover, noting that (25)
with k& = 1 together with the fact that r| = v| + zo — z1 (see (20)) implies that the
assumptions of Lemma A.3 with q~5 =\ Ef (-, go) hold, the conclusion of this lemma
with s = 1 and z € F, the fact that Ef (z,90) = ¢(2) when z € F (see (2) and (B1))
and 6 < 1/2 (see (21)), then imply that

2
£%(z1, g0) < min {p(z) + De—zpl < Di + min ¢ (2),
¢ T zeF Ao ~ Ae zeF

_myDp
== b =No+o (59)

where the second inequality follows from the definition of Dy, in (B3), the first equality
follows from the fact that Ap = 79/m  and the definition of ¢, in (26), and the last
equality is due to (57). The above inequality, the definition of £7 in (2), the definition
of ¢ in (26), and the fact that go = 0, and hence g; = c¢(Az; — b) in view of (18) with
k = 1, then imply that

[k
2¢
(60)

C C
No = L0z1.q0) = ¢ = (@(G1) = @) + 1Azt = bI = S1Azy — b =

Combining (58), (59), and (60), and the fact that 0 < 6 < 1, we then conclude that

3Ng 4Ny
Eg(ZI’fI1)+m — 1 < Ny +Q+T < 74-9_
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Now, using the definition of #; in (50) and the bounds on || Az, || and ||r || in Lemma 4.2,
we conclude that

13

IA

(14 %)52\1 A —0)m D}
Tg ‘59@

[1+4(6(1+&)+

2
_ Tm g D;, _ 7N9’
T e T 0

where the second inequality is due to the fact that 6 € (0, 1) and 6 < 75 < 1/2 (see
(21), and the last inequality is due to the definition of Ny in (57). The conclusion of
the lemma now follows by combining the above two relations. O

The next result shows that ||AZ; — b|| = O(1/4/c) and ||gk|| = O(/c).

Lemma 4.8 The sequence {(Zi, qr)} generated by the static 6-IPAAL satisfies, for
everyk > 2,

_ _ k —_

o Ry . cRy .~ 2 _MfRy
Az —b <,/—, <3, E il < —=—, 61
|AZx — bl < . gl < 2 Z llvjll 215 (61)

where v and Ry are as in Step 0 of the 0-IPAAL and (27), respectively.

Proof Using the fact that ¢ (z) > 4] (see (26)) and the relations (54), (55), and (56),
we conclude that

c (1 - 0
E”A k= blP+——— ||t]k|| +Z ”rj” < Lz, qr) + nk

_ My o2
¢ (zx) + ; po L]

R

< L2%z1,q1) +m — é( )<%—[¢() Pl —
< L.(z1,q1 Uit k) < ) Zk =80+

where the last inequality is due to the definitions of Ry and Ny given in (27) and (57),
respectively. Hence, since v > 0, the following inequalities hold:

9 2 W Ry
Azi — b <_ JI=6 < § SRR
Az — Dl < 0 llgkll < 29 Irjll~ < 2m 7 (1 + 2v)2
(62)
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Now, using the triangle inequality for norms and the second inequality in (41), we
obtain

AZx — bll — [[Azk — DIl < 1AGk — z) Il < N1 AINZk — 2kl
allAll 1 fmy
< 1l = 5/ —lIrll,
VAL + 1 2V e
where the last inequality is due to the AgL, = [to/myl(Ly + c||A||2) >

[tgc/mf]||A||2 and 6 < 1/2 (see (14) and (21)). Hence, the first inequality in (61)
follows in view of the first and third inequalities in (62), and the fact that v > 0. Since
0 € (0,)and gy = (1 —0)gx—1 +c¢ (Afk — b) (see (19)), it follows from the triangle
inequality for norms, the first inequality in (61), and the second inequality in (62) that

. . |cRy | Ry
lgrll < (A = O)llgi—1ll +cllAZx — bl < >0 +c -

which clearly proves the second inequality in (61). Finally, the last inequality in (61)
follows immediately from the last inequality in (62) combined with the fact that || 0¢ || <
l7%]l (1 4+ 2v) m f /79 in view of the first inequality in (41), the fact that Ay = 19 /m ,
and the definition of & (see (14) and (15)). O

We are now ready to prove statements (a), (b) and (c) of Theorem 3.1.

Proofs of Statements (a) and (b) of Theorem 3.1 (a) The last inequality in (61) implies
that

,,,,,

and hence that the stopping criterion in step 3 of the static -IPAAL is satisfied at
some iteration k < Oy (p) where Og(p) is as in (29).

(b) First note that the output (Z, §, 0) is equal to (Zx, gk, 0x) for some iteration k.
Hence, the inclusion in (30) follows from the one in (40). The first inequality in
(30) follows from the stopping criterion of static -IPAAL given in Step 3. The
last inequality in (30) follows from the first inequality in (61). The last statement
of (b) follows from (30), the assumption on ¢ in (31), and Definition 2.1.

O

4.2 Proof of Statement (c) of Theorem 3.1

This subsection contains the proof of statement (c) of Theorem 3.1. Before presenting
this proof, we establish the boundedness of the Lagrangian multipliers sequence {g }
and its associated sequence {gy}.

We start by recalling a technical result which will be used in the proof of the
subsequent lemma. Its proof can be found, for instance, in [26, Lemma 1].
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Lemma 4.9 Assume that X is a convex set and X € int (X), and let 9 X denote the
boundary of X. Then, dist yx (x) > 0 and

el = STy e x Ve e Ny (o).

dist yx (x)
The following result shows that the component of the inclusion in (40) lying in
dh(Zx) is bounded. It is worth noting that its proof strongly relies on the bound for
I« || derived in Lemma 4.8.
Lemma 4.10 Assume that (B1)—-(B5) hold and let My be defined by
M, ! Lyn 419 ol + Kt YR, 4 3o
0= T = h 20 ht—F— | Dt —F— |,
distyy (2) f V219 ' /20
(63)

where Ry is as in (27), Dy, is as in (B3), and 7 is as in (BS). Let {(Aﬁk, qk, Ux)} be
generated by the static 0-IPAAL method and consider the sequence {&;} given by

E =0k — VG —A*q., Vk=1. (64)
Then, we have ék € 0h(Zx) and ||§k|| < Kj + My, for every k > 2.
Proof The first statement of the lemma immediately follows from (40) and the defini-

tion of & given in (64). It follows from the Cauchy—Schwarz inequality and the first
two inequalities in (61) that

Ro Ry 3R
Ge. A2k — B)] < el A2 — bl <3, =2 [ =2 < 220 k=2 (65)
260 c V20

Qn th_e other hand, since ék € 0h(Zy) for every k > 2, it :follows from (B2) that
& € B(0, Kp,) + Ny(Zr), or equivalently, there exist £; and ;' such that

E=E8+§, & eNnGo, IEI<Kn (66)
Let Z be as in (B5) and note that Az = b. Hence, it follows from Lemma 4.9 with

X = Zk, X = z and X = H, the definition of ék in (64), and the first two relations in
(66) that, for every k > 2,

disty @ IEMN < €2k —2) = (B — &), 5k — 2)
= (0 — VG — &, 5 —2) — (A%, 2 — 2),
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which in view of the Cauchy—Schwarz inequality, the triangle inequality for norms,
the L ¢-Lipschitz continuity of V f, and the inequality in (66), imply that

distar DIEN < (IVF G0 — VGl + IV £l + I+ el ) |
7 — 2kl = (qk, AZk — b)

m g Ry 3R

N 9

< _ JRE— — -
= | Lrllzx —zoll + IV f(zo) | + Kn + NeT) lz — zkll + NeTh
where the last inequality is due to the last inequality in (61) and (65). It then fol-
lows from the above inequality and the definitions of Dj and My in (B3) and
(63), respectively, that ||§,f|| < My, for all k > 2. From the last inequality, the
first and third relations in (66), and the triangle inequality for norms, we obtain
&l < ||§,f Il + ||§,f|| < Kj + My for every k > 2, which proves the last statement of
the lemma. O

In the following, we state a basic result that will be used in the proof of the subse-
quent lemma. Its proof can be found, for instance, in [9, Lemma 1.4].

Lemma4.11 Let S € R'*" be a nonzero matrix and let o1 (S) denote the smallest
positive eigenvalue of (S*S)'/2. Then, for every u € R., there holds

IPs @)l =

! | S*ul|
S*ul|.
ot (S)

The next result shows that the sequences of multipliers {g } and {g; } are bounded by
a quantity which does not depend on the penalty parameter c. This fact easily implies
that ||Azx — b|| = O(1/¢).

Lemma 4.12 Under the assumptions (B1)—(BS), we have

A A

Ry Ry
Ikl < o> gkl = > Vk =2, (67)

where Iég is asin (28).

Proof 1t follows from the definition of ék in (64) and the triangle inequality for norms
that

IA*Gell = 10 = V£ C) = &Il < IV ) — VL Gl + 11V f o)l + 1l + [k
,/mflég
\/21’9 ’

where the last inequality is due to the L p-Lipschitz continuity of V f (see (11)),
the definition of Dj, in (B3), the last inequality in (61), and the last statement of

< LyDp+|IVfQo)ll + Ky + Mg + (68)
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Lemma 4.10. On the other hand, since g9 = 0 and b € Im A, the relations g =
(1 —0)qi—1 + c(Azx — b) and gy = (1 — 0)qx—1 + c(AZx — b) given in (18) and
(19), respectively, imply that gx, g € Im A, for every k > 1. Hence, it follows from
Lemma 4.11 with S = A that ||Gx|| < ||A*Gx|l/lo T (A)], which combined with (68)
imply that

WLng

V219 '

llgell < LyDp + IV f(zo)ll + Kn + Mp +

ot (A)
(69)

The first inequality in (67) then follows from the above inequality, the definitions
of Ry and My in (28) and (63), respectively, and the facts that Dy, /distyp(z) > 1
and 0T (A)/||A|| < 1. Now, from the relations of g; and §; given above, we obtain
gk — Gk = cA(zx — Zx). Then, using the triangle inequality for norms, the second
inequality in (41), the facts that Ay = 79/my and L, = Ly + c||A||2 (see (14)), and
the definition of ¢ in (15), we have

ocllAlllirell _ — vmycllAll

~ ~ vmf
lgrll = Ngell = clAzk — 2ol < Irell = ———=llrell

MoLc+1 = t(Ly+clAl?) Al
v,/mflég
= T
1 Allv/27

where the last inequality is due to the last inequality in (62). Hence, the last inequality
in (67) follows from the above inequality, (69), and the definitions of Ry in (28) and
My in (63), and the facts that Dy, /disty34(Z) > 1 and ot (A)/||A| < 1. O

Now we are ready to prove statement (c) of Theorem 3.1.

Proof of Statement (c) of Theorem 3.1 From the relation gy = (1—0)qx_1+c(AZx —b)
given in (19), we have ¢ (AZx —b) = gx — (1 — 0)gx—1, and then it follows from
the triangle inequality for norms that c||AZx — b|| < |Igx|l + (1 — 0)|lgx—1]l, which
immediately implies that (32) holds, in view of (67) and the fact that 6 € (0, 1). To
conclude the proof, note that if ¢(7) = ¢(7), then the last statement of (c) follows from
the last statement of (b); otherwise, the last statement of (c) follows from the first two
relations in (30), inequality (32), the assumption on c in (33), and Definition 2.1. 0O

5 Proof of Statement (b) of Lemma 4.4

Before presenting the proof of statement (b) of Lemma 4.4, we state and prove a
technical result which provides a preliminary bound on the left-hand side of (51).

Lemma 5.1 Let {(zk, gk, €x)} generated by the static 0-IPAAL and define

1-6)2-90)
Sf = ———
c

(1-0)°
18guI> + = [18q:l® = 1Aga IP]. (70)
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where Tg is as in (14) and {Aqy} is as in (45). Then, for every k > 2, we have

—9)\9 < (A Azg) — —1 [|A ||2 + (Avg, Azg)
S —1, Uk,
20-0) k Zk—1, Az S0+ ) %k ks AZk
+1+ Tg_l)(ﬁk—l + &k). (71)

Proof Let Q denote the positive definite matrix Q := I/2 + cAgA*A and let v be
as in (22).

Then, it follows from Proposition 3.1a) and the above definition of Q that ¥ (-) —
I - ||2Q /2 is convex. Hence, it follows from the inclusion in (25) with k = k — 1 and
Lemma A.1 with ¥ () = ¥4—1(-), §,7) = (1, 79), (¥, v, ) = (Zk—1, Vk—1, Ek—1)»
and u = zy, that

2 —1
(Vk—1, 2k — Zk—1) lzk = zk—1llp — (A + 75 Der—1

< Yr—1(zk) — Yi—1(zx-1). (72)

_|_ -
2(1 + 1)

Similarly, it follows from the inclusion in (25) and Lemma A.1 with ¥ (-) = ¥ (-),
(&,7) =(,7), (y,v,n) = (2k, Vk, &), and u = zx—1, that

(Vk, 21 — 2k) lze—1 — 2&liy — (14 75 e < Yr(ar—1) — Y (i)

(73)

1
+ —
2(1 + 1)

Also, itis easy to see that the definition of ¥ () in (22) implies that ¥ (-) = ¥r—1(-) +
ap—1(-) where ax_1(-) is an affine function such that its constant gradient Vay_ is
given by

Vag_1 = —Azg—1 +r(1 —0)A*Agp—1, Yk >2. (74)

Now, summing (72) and (73), and using the previous observation and the fact that
Azr = zj — 2xk—1 and Avg = v — vip_1, we obtain

— (A, Azg) + Azl — (1 + 75 (et + &) < ax—1(zk—1) — ax-1(z)

(1+ 19)
= —(Vag_1, Azx) = (Azk—1, Azk) — Ao(1 — O)(Agr—1, AAzg).

Rearranging the above inequality and using the fact that O = I /2+cAg A* A, we have

1
Ave, A Azi—1, Azg) — ——— |1 Azkll? + (1 + 75 D (er
(Avg, Azi) + (Azg—1, Azg) 2(1+T9)|| 2"+ A+ 75 )(ek—1 + &k)
loc 5 -
> AAzZ]|” + Ao (1 — 0)(Agr—1, AAzk) =: Sk. (75)
14+ 1
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Now, using the facts that 7p < 1 (see (21)) and AAz;x = [Agr — (1 —0)Agr—1]/c in
view of the first identity in (46), we have

. Ao
ez 52 (1A — (1= 0)Ag 117 +20 = 6)(Agi1, Agk — (1 = 0)Ags_1)]
Ao 2 2 2 2 OkoSk
N PR 1—0 [A — A ]}z—
2 {o—onant+ 1 - 07 [1aql? ~ g P} = 552%

where the last identity is due to the definition of s; in (70). Hence, (71) follows
immediately by combining (75) with the above inequality.
Now, we are ready to prove Lemma 4.4b).

Proof of Lemma 4.4b) To prove this result, we proceed to bound the right-hand side of

(71) in terms of ||ry|| and tr—1 — t%.
Indeed, using the fact that (ay, a2) < (]la; 12 + llall?)/2, we have

2 2
< NAZe 7 Az 1

1
Azi—1, Azg) — =—— || Az — Azl
(Azg—1, Azk) 2(1+r9)” ™ == > 2(1+'L’9)” 2kll
1 Ty
=—(laz-11*> = 1A 2) — | Azl?
3 (1801 1? = 182?) + 5= Azl
1 19(1 +6)?
<~ (11Aze_ 1112 = IIA 2) ol +o)” 2
<5 (1801 ” = 182?) + S5l
(76)

where the last inequality is due to the second inequality in (46). Now, using the fact
that Avy = v — vk—1, the Cauchy—Schwarz inequality, the triangle inequality, and
the inequality in (25), we have

Ak, Aze) = (ol + o1 DIAZEN < & el + e DAz
- G+ &)l 360+ &)l
< 50+ &) el + It Dl < Sl
5(1+5) -
= 2 (et 2 = el + 25 1 + )l 77)

where the last two inequalities are due to the second inequality in (46) and the fact that
lre—t el < (lrell? + lre—111?)/2, respectively. The inequality in (25) also yields

~2 2 ~2 2 ~2
o °|Iri—1ll o ||rill ~2 2,9 2 2
it +en < o+ T = & + [ 1P = Il

(78)

Now, combining (71),(76), (77), and (78), and using the definitions of s, By, and #
given in (70), (49), and (50), respectively, we easily see that (51) holds. O
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6 Concluding Remarks

We start by making two remarks about the analysis of this paper.

First, the static 0-IPAAL method was stated using the perturbed Lagrangian (2) but
itcan also be stated in terms of the usual Lagrangian L. (-, ) := Eg(-, -),1.e., the special
case of (2) with & = 0. Indeed, if we define the scaled multipliers px = (1 — 0)gx
and pr = (1 — 0)gy for every k > 1, then we have E‘Z(~, qr) = L:(, pr) and the
multiplier formulae gy = (1—0)gx—1+c(Azx—b) and gy = (1—0)gx—1+c(AZx —b)
given in (18) and (19), respectively, reduce to py = (1 — 0)[pr—1 + c(Azx — b)]
and pr := (1 — 0)[px—1 + ¢ (A%k — b)], respectively. This observation and a close
examination of the statement of the static -IPAAL show that this method can be stated
solely in terms of the Lagrangian £, (-, -) and the multiplier sequences {py} and {p}.

Second, our analysis assumes that dom/ is bounded and that all the constraints are
linear since these assumptions greatly simplifies its analysis. The analysis for the case
where dom#/ is unbounded but all the constraints are still linear can be found in the
first version of this paper (see [29]) and is considerably more involved than the current
one. Although not pursued in this paper, the authors wonder whether the techniques
developed in [18] and in the paper [20] (which was released after the current work)
can be used to extend O-IPAAL to the case where some of or all the constraints in (1)
are smooth nonlinear convex functions.

We now discuss how 0-IPAAL compares with the S-prox-AL method of [39], which
also sequentially solves prox subproblems but updates multipliers in a manner that
differs from the one in this paper. First, it is shown in [39] that S-prox-ALM has
an O(p~2) iteration complexity under the assumption that the function / in (1) is
the indicator of a box in R”. Second, S-prox-AL generates a sequence of proximal
subproblems as in (4) but, instead of solving them by using an ACG-type subroutine, it
applies a single composite gradient step to inexactly solve a variant* of (4). Third, while
the 6-IPAAL method only requires choosing its parameters based on the scalars m ¢
and L ¢ to guarantee convergence, the S-prox-ALM requires choosing its parameters
based on the supremum of a set of Hoffman constants (see the proof of [39, Lemma
3.10] and [39, Lemma 4.8]) that is generally difficult to compute and even to adaptively
estimate. It is worth noting that, after the first release of this paper, the analysis of [39]
was extended to the case where / in (1) is the indicator function of a polyhedron by
[40], for which all remarks above still apply.

We end this section by discussing some possible extensions of our paper. First, it
would be interesting to study an adaptive version of -IPAAL where the prox stepizes
vary from iteration to iteration and are chosen in an adaptive manner. Second, a draw-
back of 6-IPAAL is that the following issues arise as 6 approaches zero: (1) the
complexity bounds in (39) diverge to infinity which make our analysis invalid for the
case where & = 0; and (2) potential deterioration of its computational performance
due to the fact that the prox stepsize Ay defined in (14) converges to zero. Hence, it
would be interesting to develop a prox AL method which does not depend on 6 and
whose Lagrange multiplier update formula is (18) with 6 = 0.

4 Instead of inexactly minimizing the function AL(-; pr—1) + || - —zk—1 H2 /2, the S-prox-AL exactly
minimizes the linear approximation of the function AL(:; px—_1) + [lz — Zx—1 || /2 for a point z; _ different
from zz_1.
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Appendices
A Three Technical Results

This section contains three technical results about the e-subdifferential of a convex
function perturbed by a prox term.
The following result is used in the proof of Lemma 4.4b).

LemmaA.1 Assume that & > 0, € ConvR" and Q € S, are such that  —
&/ - ||2Q is convex and let (y,v,n) € R" x R" x R be such that v € 9,y (y).
Then, for any T > 0,

1+

5 lu—ylIy YueR"

(79

Yw) >y () + (vu—y)— 1+t Hn+

Proof Let Vr, := ¥ — (v, -). The assumptions imply that ¥, has a unique global
minimum y and that

Yo () = ¥y (3) + %nu =55 = () —n+ %nu -5l% (80)

for every u € R”". The above inequalities with u = y imply that (£/2)[|7 — y|% < 1.
Hence, adding and subtracting the term (t7'&/2)||y — y ||%2 in the right-hand side of
(80) and using the inequality T~ !||@||> + [|u’]|?> = (1 4+ )" 'la +u’'||*> withit = u —y
and u’ = y — y, we obtain

-1
Vo) 2 o) — = 5 = vl 4 5 (e = 30 + e 1)
(+o7'¢

> Y (y) — (L + 7+ le = y1%

2

for every u € R". Hence, (79) follows from the above conclusion and the definition
of Yry. O

The next result is used to prove Lemma 4.1. Its proof easily follows from [11,
Lemma 32].
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LemmaA.2 Assume that h € ConvR", § is a differentiable convex function on domb,
and (z, L) € domh x Ry is such that g(u) — £3(u;z) < Lllu — z|12/2 for every
ue domfz, and define

- . ~ L ~ ~ -
Z := argmin,, i@g(u;z)—kh(u)—i—EIIM—ZII2 , w:=L(z—2). (81)

If0 € 8:(3 + h)(z) for some & > 0, then W € V§(z) + 0h(Z) and |W| < v2Le.
The following result is used in the proof of Lemma 4.7.

LemmaA.3 Assu~me that og > 0, (z0,z1) € R" X d0m¢~>, (vi,e1) e R”* xRy, and a
proper function ¢ : R" — (—00, 00] such that ¢ + || - ||?/2 is convex, satisfy

Z l o2 2 ~2 )
v €0 |9+ 2|| -=zoll” ) (z1), vl +2e1 <o7flvi +z0 —z1lI7. (82)
Then, for every z € R" and s > 0, we have

s+ 1
Iz — zoll*.

~ 1 ~ ~
)+ 5 [1=F 45D + 20— 2l =6+

Proof Using the inclusion in (82), the definition of e-subdifferential in (5), and the
fact that |(u, @1)| < [s||lu||> 4+ s~ i||*1/2 forevery u, ii € R” and s > 0, we conclude
that for every z € R”,

T L]
¢@)+———— — o)
2
21— 2
> u+(v1,z—Z1>—<’91
2
lz1 — zoll?
= T%—(vl,zo—m) + (v1, 2 —20) — €1
lz1 — zol? sTHwil>  sllz = 2ol
> - _ _ _ _
> 7 +(vi,z0 —z21) — &1 > 5
2 2
— 1 —
_ llu +z; 1 Sa sl [I|v1||2 +281] _slz 2zoII ,
which immediately implies the conclusion of the lemma in view of the inequality in
(82). O
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