
Orderablegroups,and
3-manifolde

a group is it]a strict total order of its elts St.

gch =fgcth yf.g,h t6

IRO some, justpick (0)
a group isB0 if it's20 andgch=gfchf
a group is20 if JPC6 sit,

(i) P.p < P
(ii)PHp=G sid3 3 =40
(ii) gPg-aP FgE6 then its BO

<1-39t6:gxid3
P gch =gih=P

=x:22



positive
irrational slope

>I -:- (X,*2) round to linea S

/Y
negative (m.n) < 10,0) if myth, 302

=>F:freep on 3x,,x2. ... 3 (Magnus]
1 =2 [[X,, Xz, . . . I

define
m: F -> 2 &X, Ye, ... B

u(x) =1+Xiaixi") =1X+ X?---.
lemma:m is injective
lemma:The group of elements of 1 of theform

1+011) is bi-orderable

:. F biordenable



Prop:Suppose PK, PHCA are positive cones, and

Sid -> 1 =6H -> (id] is a
short exactsequence
them P =i(P) v q"(PA) isa pos come in6

2:6 =(x,y)xyx=y")
1+4y) +6 +x+0

SII

E

=>G is LO, Lot BO
-
-

a group action of
6 onX iseerieifg.x =x4x EX

=>

g =id

: A
group is

LO ifitactseffectivelyon a
totally ordered set

Lorden-preserving)



#

:(3) acton itself
#Suppose 6 acts on (X,)

Choose a well-order - on X (Axiom of choice!)
For each ge 6)Sid] set

xg
=

m(x eX(g.x +x)
declare gtP E) g. g > g

check P
pos come

ThE:If a countable, then6L0E56<> Homeof((R)

I:(E) lastresult

-)6LO

enumerate 6 =(id=g.,9,... 3
build +:6 + IR

+(g) =0

suppose + (9%) done for 12K



+(9,+) =maxs+(g), -..,+(9,)3+! if 9x+9iFz=1,....,
mind i 3-1 if91 +129, F =1 ...,k

+q of 9,9x+9i
and no other ge between

95,9; for e =1..,k

define pit -> Homeo, (IR) by
· p(g)(t(n)) =+ (gh)
· extend to it) by continuity
·Ifgaps remain, extend affinely

Non LO?tursion groups are not10

try to find more interesting
-

Consider 6: Labbababarb-
/

I abababalb")
(Weeks manifold)
hyperbolic so torsion free

not20! rewrite relts to get bal"bab
suppose a sid Case1:baid



Case 2:id <bca

Cases:in<acb

for cases:a b c id

(ba)2 =(a -1b)a -(a -b)
4 Y
pos

neg
now tryothercases

-

Aproperty thatsemigroup PCC can have:
(x) for every finite set Eg., ...,9n3<Ghid
33 =E) st. id sg(P-lid, g", ...,gn)

↑

semigroupgen by: Givena semigroup QCC, thereisa pos. Lone

PC C wrtQ(Sid] <P iff Qhas ()

Proof:() easy, istchoose a sog,">0

(E) suppose a has (*)

Observe:if get did then one ofsg(QUid3,g) or



Sg(QuSid3, g-1) has ()

if not Jh,..., hm and f, ..., for St.
idEsg (QSid,g, h,",..., h,")

no matterthe dis and

id =sg(Q lid, g,f,", ... fam)
no matte, the UI's

=>id= sg(QSid,g h."...h fi..fa)
no matter as, US so afails (*)

Set M =3 semigroups PCC, withQCP
satisfying(*)3

M nonempty, ordered byinclusion, and chains
have uppenbounds bytaking unions-

=>Imeximal P =M
Check P-Sid] isa pos. Cone

6 Sid =pup-1

P1p
=

3,d



E:Gis L0 iffFdg,...,9n3 E.G,did3
=a =I) st. i g(g,", ...,9,)

Low:Agroup isto ifall fog. subgroups are LO

for:All torsionfree abelim groups are 10

Th* (Burns-Aale):

A group 6 isLO iff

Ffig. H =6 I a homom H-2 (onto)
where I isventricalto group

Proof:argue by induction that ifthe subje
Lord issatisfied, we can always
find the

necessary isfor
any 2g, ..., 9n3 c G did



Can
you

do a BO version of any of this?

mostly Yes but no Burns-Hale

e.g. 6 = (x,y)xyx=y-1)

1 -2 +6 -2 +1


