
Lecture 4

-projectivise
a slope a is an elementofPH, (2M; IR)

where a t H, (8M; (R) 903

if M isa knot complement, then H, (2M;2) = i,(2m)
has generators (m, x3

any [a] with.E.T. (M) can be written MOX <> Ply

We'll address , (M1P)) where

M(P1) =MUf(sxD) Dehn fill

and therefore
i(M(P(a)) =4(ny,mx24)

↑

is this leftorderable or not?

Here, we get homology E/PE, and wegetirreducible
almostalways



We shouldget!
Lonj:M a knot complement
ifJr E Q rT0 st. (M1r)) isnotLO

then it, (M(P1)) is20 - P/qt(-x, 2g(k) - 1)

Ispecial case of L-space conjecture)
Take away:Sometimes

LO

sometimes not

↳

need tools for each

To show Dehn fillings are LO:
11) somehow createPs:4.(M) -> Homeo_s) w/nonabelainmage(ii) givena =ePx8finds st s factors

*(m) -Homeo, IS'

↓ *
x,(M(x))

(ii) conclude i,(M1al) isCO, adjustthe COf so that
[f] =id=H2



minerynon-abelian 10 group isinfinite
If:iffisa circular order on a finite group

6

consider
0 +E ->1 +6 +1 from last time

4
0

=>If is torsionfree, virtuallycyclic
=>If iscyclic (Stallings)
=>c iscyclin-

Iso where last time needed a image but
now only require non-abellain)

Start with figure I

-
calculate

6 =(x,y)wx =yw)
w =xy

-xy



here xrepresents m
x =

yxyx2yxy
we can find reps p:6 - PSL(2,4)

by solvingthe Riley, polynomial
infacts, real solutions cangive repts

into PSL(2, (R)

for saand +=2s-5-3 =R

we getPs:6
- PSL (2, 1)

es(x) =(6,-)
ps(y) =2

++2+t

C II-t +t
find all Plat St. Is with s (MPx4) ==I



Eventuallyarrive at [0,4) iswhatworks

12. P/gt [0,4) -> Is St. Ps factors

through 4,(M(P(a))
=>π, (M(P/) isCO

all surgeries irreducible ->Ia subgroup
H =π,(M1-)) that is
20 with , (M(P1))/A cyclic

=>[4,(M(P/9)), π,(M(8/9))] = H and so
it isLO

Remark:

2) Can produce (0f of TT,(M(p/g)) with

[7] =id =H
=
=π, (m(09) isLO

(ii) thisgives 20 for all P/gt(-4,4)
(iii) other techniques use folts or flows toget s

noteall surgenes on fig 8 L0 butonly recentlydone



Techniques for obstructingit, (M(P19)) LO

for a LO group 6, recall

LO(6) =SPC6)P a poscone3
↑

space ofLO's
whenever I = 6 there's a restriction map

r:(0(6) -> L0(H)
P1P1H

example:thespace L0(**)
givenLCI can make a 20 of E2

↳
X
irrational slope

-

- 9
get I orderings%⑧ ②

labone or below (ine)
R & & 0



O ↓ rational slope
P Q &

O D

labove, below and. 4 LO's crossposo o &

In fact, all orderings arise thisway
givenPtL0124 End p'c L0(k)
L(P) =4x=1R2) every bid ofX contains pts of

P'and (P's3
so there isa map 2O(24-IRP'

Pr[(0)]

So, ifM isa knot complement, there is a map



s:20(π,(n)) =(0(π,(xM1) ->s(n)
=z stopes on M

P1P1π,(2m)1[L(0nπ,(n))]

s is"the slope map"
Prop
M knot comp
ifM(a) is 10 then 16] isinthe image ofs

If:use the short exactsequence
1-xxx +π(n)-π(m(x)) +0

M ↑ a
LO LO

Lexiog raphic
LO P

then check s(P)=(X



Trick:

Gop:Suppose pig,320 and Pa>1520 and

M knot complement
If every ptL0 (i, (m)) satisfies

MP =P =Mx =P

then Falt(r's,"(a), then
4, (m(9/b)) isnotLO

"f":,((M) - from hypothes is
⑧
↓

⑧
0 ·2-can'tbe 10↑⑧

& 4 0

O d ⑧

9/ -



example:(p,9) torus knots
here, the group is6=(9,b1a=b2)

el =bial pj +qi=1

Pc i>0

0> jc -

q

X =a
-P4,P

assume MPX= a> id => a.b> id

(4x)a=aa
-b - l

=aPly-jx id

=>uPx to ex
have no L0 fillings

Is it true that

#(M()) is10 Et [a] isinthe image of s?

No! theDemornoy ordering(pos come is) is a 10

of(a.bla=b7 =By braidgroup



Itsatisfiess(Pp) =M
can show all fillings in (-5,1) are LO

( - ,1) ((m(s)

S: L0(π(m)) ->S(M)

so image contains [-A, 1]


