
Lecture 5

535decomposition
M3-manifold(irreducible)

=>collection 4of tori in Mst.

MI5 =M,u...uM

each Mi is serfectfibered or atoroidal

gap
ofTCM) has vertergroups 4,(M) each o
->

E edgegroups ***

amalgams:A, G, H groups, injective homon
4,:A -6,42:A

-H

Set s <6AH

3 =(4,(a)f(a - ))acAS
then6 *p,H =

6 *

Hxs

example:twisted I-bundle over Kleinbundle

consider f(x,y,z) =(x+),y,z)



g(x,y,z)
=( -x,y +1, - z)

v =(2x) -2,"c))/
K:groupgen by fig

GN
=

T
2

observe thatfgfg- so

π,(N) =k =(x,y)xyx=y
-Y

π,(2) =(x,y)
a LO factabout 1:

it has only 4 LO's, all comingfrom

1 -4y)+k-2+0

take copies K,Km ofK. A =E*E

define 4:A+K, 42: A +K2

4, (0.1) =Y, 4210,1) =x2

4,(1,0) =x, 42(10)
=

Yz



try to LO K,*, Ka

eg supposing 14,X,Xi
# #
xYu

thiscauses a problem, since any orderingof K2
islex., where ye is"infinitely small

1/

can be made concrete

Conclusion:Itis notLO and it of

a 3-manifold

Recall (0(0) =3Pc61P apos comes

thishas a baction:gop=gpg-
call a subset NcL016) normal ifitis6-invariant



Th(Bludox-Glass):

Suppose A,6, H aregroups with inhomom as above
4,:A -6,42:A -H

then 6*4 H is LO
E

Anormal families N, c LOC), N2 <L01A) s.t.

FPENi, J QEN;st.4,(P) =4,(a) for every e,j e91,23

corollary:
A.C, H as above

If Aisinfinite cyclic, then O*pH isLO ifC, H are

If:N, =L0(6)

N2 =L0(H)

If PEN, then 34,4P), 4,"(P-)3=20(.A)

Q EN, then 34,(9), 42(0-13 =L0(A)
so matching or "compatibility"is eq



ThA/C, Lidman, Watson):

M, M2 3-manifolds, incompressible boundaries
↓: 2M,- 6M

W=M, vpM.z
it.I< st. i, (m, (1) and , (M1 14y()) are 10

and W isirreducible
then 5,(w) is10

If:let6i =4,(m,)

fi:**-6: inclusion of(2mi)

St. 4yof, =fz

let 9,16, -- 6./x2) 9.:0.- Cry(4x(a)2h

now consider cases:Whatare thepossibilities for
(a) (MD) and (4x17 1 π,(2Ma)?

could be EanEE*E
e

easy
1.Cyclic

*
gives torsionso not
LO



if both cyclic, use
I:9,(π,(2m,)) -> q2(π,(m))

weget
fe

EDE ->62
92

f.t ↓
2

02/6,-- 6,02 (4x())
I

40.
homom I

92 ........

xxx
*G2/<x] -> 6. Fi <4x(a)))

IS 10 by last result (cyclicamalgam)
because of 10 quotient, ii(w) is

How strong isthis?
Th(C, L,W):completelyhandles integer homology

sphere graph manifolds
so theyhave 10 it, (except S, I12,3,51)

Question:Are there examples where this is notenough?
Yes



example:Thistechnique fails ingeneral
:e. JM,, M2 4:2M, + 2Me st. TIM,VpMe) isLO

but9 st, .1M(a)) is LO and

π(M14))) is LO

thepieces M, =trefoil complement
π(m,) =(0,0),,0,0 =0,0,02)

M2=twisted I-bundle over Kleinbottle

4,(M2) =(x,y)xyx=y
-

1)

4,(2m,) =(02,4) X =0 6

11

e W =0,020,

π(2M2) =(y,x4 thismap is

4(82) =y
- 1

4(02) =y
- 'x2

thisistosurgeryon figI

top:it(w) cannotbe leftordered by above the



(w =M,vpM1)
If:only4x() =hy, x2) thatgives

4,(M1(4x(a))) 20 is

41(2) =y

so on M, side, ii) M, (m.)) world have to be 10

but its not

Conclusion:need to build normal families

thiscan be done usingDehornoyordering
In general, ifwe are tryingto L0 6Ag, I

the "bestcase scenario"world be if

JPEG, QCHst.4, "(P) =4
=
"(a)

?N?

6*4,ItisLO

Conjecture:if M, M2, : 3M,WM
then H, (m, vpM2) i5LO

El



5 0π, (m,), Q (π,(M1)
St. 4"(Q) =P (i.e. theyagree)

another version:

#(M) is LO

⑮

4x05,(0(π,(m,))) es2(0(π(M1)) =0
here s,, Se are slope maps

if you ask for a PC, (M.) st,

S(P) < s (gPg-1)
then we say s(P) isorder-detected.


