
Introduction to Heegaard Floor HonologyI
T
~rvine Dai

thepations and formal properties of3-mfe He
2)-3) Sketch of construction of 3-mAd HE

4) Applications and formal properties of knot Floor homology
5) Sketch ofconstruction of KHE; surgery formula

Whatcan HE do for you?
Luestions about 3-mfds

1) L-space conjecture
2) Thurston norm:

given 4tHelT;E) can ask:
whatis minimalgenus ofa
surface SCY with[S]= b

3) Every 3-ifissurgeryon a link, whatisthe

minimal # of components
Is Y surgery on a

knot?



Loestions about4-manifold thatgo between 3-mfds

1) Any T istheboundary of some smooth
4-mfd X

is the boundaryof a positive definite X?
2 11 negativi

21 11

2) givena EHS"Y. Does Y bound an EHBY?

always a topological EABYthat itbounds
·Freedman)

Formal prop. of examples

FF(Y): this is avector space over F1
=E/2E)

FF(Y)
=

4 #F)Y;s)
Spin'sis
sonYxs

H2(4,z) =H,(T;z)if s isa torsion spinstructure, then
#F(Yis) has a gradingby a costof



*in

Examples:1 FF (53) =IFox
grading

4FF(:(2,3,5)) =IF,

3) FF([ 12,3,7)) =IF,* IF,

note: Y isa EHS"= E-grading

gad(,9,r) =1

z(p,9,r) =(x+y9+z in 433nS(0)

4) ((p.g)

#FCT,s)=IFin each spinestr?A
formulafor this

5)

#F(sxss) =FF,*F-z ifs =0E
0 otherwise

Fact:it s is torsion, thenFF(PS) isdim= I



this implies if I is RAS, dim FF(Y)=(A, (4,11

definition:Ya QAS3 isan L-space it:dim HF(4,5)=1
for all s

=>dim #F(Y)
=1H, (Y,E))

definition:let s= sisurface in almostgenus
2g-2

X
- (s) =2 max (-x(si), 0)

let4et(Y;z) ( =H'Y;E))

X(0) =min X-(s)
[s] =4

ThOtsvath -Szabo) fundamental class
↓

x(4) =min[(2, (5) vP.D. (), [Y3> /IF(Ys)=OS
Spin str.
Son Y

so IF "detects"genus of4



AF-(Y) thisisa IFCU]-module

HF(Y) =0 AF-(Y,s)
S spin
str. aY

it s istorsion, thenHFP,s) isgraded by a
costof E in ( deg U = -2)

example:HF-1S") 00
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HF-(2 (2,3,7) X0

↓~Y
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Fact:
anyIFCU]-modules can be written

(*: (F(U]) *(8, (F(r/uni)

e ⑰ ·hi e

& I
⑧

② ·4 ne
: U torsion

e

U non torsion
towers
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If Y isa RAS, then HF-(Y.S) has exactly
-

ore

U-nonforsiontower

14 I-space -> HF-(is) has only U-motorsion
tower)

example:HF-((p9),5) =FCU) insome grading

Deff:Ya GHS3

d (45) =gradingoftop of"the"
U-nontorsion tower



Th (OS):Yan EH.S"

if Ibounds a neg. definite & then d(i)I0

it L pos L d(Y) = 0

Sobordism maps inHF

ifW isa cobordism from Y, to ic
and s isa spin star on w

-1 or-
↓
eor-

Fus:HF(Y,sI,) -> HFlY, slin
↓
H2W;z)


