
The L-space Conjecture
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Iconjecture
M closed (com, oriented, irreducible) 3-mfd

↓-Space Conjecture
M isLO EM is CTFE>Mis NLS

(Boye. 6-Watson; Nuhnsz)

10:a group 6 =1is left-orderable if Ilinean order on 6

St 94h = fg cfh

Mis 10 if , (m) isleft ordenable
-

I non-trivialhomeo , (m) -> Homeo, (IR)

(Boyen-Rolfsen-Weist)
IF:Mis CTF if it has a co-orientable tant

foliation o



- coordinatechart RR*xIR>L>L M =I leaves of F-
tant:Isimple closed curve WCM that

meets each leafofatransversely
S:Heegaard Floor Homology(Ozsith-Szabo) H. (m)CfislieSFF(M):finite dimilrector space/IF. MK Its3

FF (M) =FF,(n) *#E_ (M)

I dim IF,(r) - dim HE_(M))=(H, (n))

:dimFF(n) 1H, (m) 1

&
M isan I-space if

NLS is nota h-space



Remarks:
(1) H, (M) infinite =>M is

LO IBRWS

EGTF (Gabai)
NLS (Def)

(2) Mis CIF

↓I
Mis LO

I
infinite

Mis NLS

# Th*(OS, Kazez-Roberts, Bowden)
CTF =>NL

(proof goes through contact structures)

CTF-L0? I cit.f.onM
=>I on- IR3



with leaves R2

#,(m) acts on (I, 5)

M(A) Cleares ofE-pt) =1 leafspace

↑ is a simplyconnected manifold

4, (m) acts on 1

if EIR then i (m) ->Homeo, (IR)
non-trivial

:- MisLO

But:1 notnec. Honsdorff

(B) space M hyperbolic:every leafx
ofE - AR- circle to, s'

X
the action of(m) onsal



circle S
- u

(Thurston; Calegari-Dunfield)
Homeo, (IR)
U

1 - * -> Home (R) -> Homeo, (5')+ 1

y
I (m)
*

↑exists ife(p) =H(4,(m))
P =>H(n) =H,(n)

Euler
class iszero

so hyperbolic EHS (ee.H,(m) =0
then Mis CTF => M isinfinite

Conj (OS):let M be a EHS"



Then Mis NLS E> π, (M) infinite

(2e. MES" or PHS)
LO= CTF?

Th*((i) ifg(M) = 2 then M CO - CTF

Is, Rasmussen)

10 =NLS? Idim EF, -dim EE1=1H, (m).1
i. dim EF(m)=(H, (mil
&

Ma strong space
if

Th (Levine - Lewallen):M L0 =>M isnota

strong space

NLS =LO/CTF???



#Geometrization conjecture -> M is either
Seifert Fibered
toroidal (incomp. forrs)
hyperbolic

Th* (BRW; Lisca-Stipsicz, B6w)

the L-space conjecture istrue for Seifert manifolds

M toroidal:Th: the Espace conjecture true for

graph ruts (all partsof USU seif fib.)

Boyen-Hay, Hanselmann -.& S. Rasmussen-Watson
S.Rasmussen

MakHS3 TCM incompressible forus
M =x, V,X2 X;QASod Tos 1=1,2

M X RAST, a a slope CX

- Inotion of a detected⑧-
X

#



1x =L0,CTF, N(S)

Dx(x) =3xE2X:x x-detected inX

x=20(BC]

NLS [HRW]

CTF[Boyel-G-Ha]

In: M =x,u+Xz,if 0(,)10xXd) =0
then M is*

(* =NLS converse istrue)

ThE: M toroidal EAS, then MisNCS Eftekhari

E [.HRW]
10 [B6A]
CTF if some Xi

isfibered

M hyperbolic:5,(m) ->PSL12,e)



approach:conjugate to repto PSL(2,(R)
1-P(2, IR)... =>MisL0.

(Dunfield)

#Imany results on 3rd thatare

(1) Dehn surgery on knots:K(r) reQ
123 n-fold cyclic brached covers ofK:En(k)

KIN) is NLS E= 229I,a
few things known abt(2)

eg. (1) Th*: K composit, then frEKKH:

15 us (Kratovich

ELO (BGH)
CTFIf K has a fibered

summand Delman -
Roberts)



(2) The K princesatellite knot-

Then Fn= L

>(k) is20&NLS BGH

LTF if companionis

fibered

In 152) n=6,,8
known to be NLS

is 14CO?Is it CTF?


